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1. Analytical derivation of illusion cloak condition
	The explicit form of continual boundary conditions in the main text:

For the cloak, the continuous boundary conditions at  can be written as,

	 	

	 	

where .

Since , Eq. (S2) could be further simplified as,

	 	

The boundary conditions at  can be written as,

	 	

	 	

For a bare sphere, the boundary conditions at  can be written as,

	 	

	 	


if  and , after tedious simplification, comparing Eqs. (S1-S7), we conclude that

	 		




If , and  at the FP resonance conditions, a perfect illusion is achieved. Such FP condition can be further written as , i.e., .
 
















2. Analytical illustration in the case of plane wave 
[image: ]
[bookmark: _Hlk89271939]Fig. S1. Three unit-vectors in the spherical polar system








[bookmark: OLE_LINK1][bookmark: OLE_LINK2][bookmark: OLE_LINK8]Consider a free sphere in three dimensions, the incident wave is a plane wave along the x-axis with . For the sake of convenience, we shall use spherical polar coordinates to mathematically represent the behavior of symmetrical wave fronts. The expansion of plane waves in spherical harmonics can be expressed as , where is the Legendre polynomial. Hence, the expansion equation is independent of the azimuthal angle . The incident plane coefficient have been given above, while , ,  and  are coefficients can be determined from Eqs. (S3-S7), then we can plot the pressure diagram in different region as shown in Fig. 2(c) and (d) in the main text.


One specific example of acoustic illusion is acoustic invisibility cloaks. The parameter of the FP shell keeps consistent with the design in Fig. 2 while the density and bulk modulus of the coated sphere are  and , respectively. In this special case, the illusion cloak blends a particular object into the background without any scattering field, which is a perfect invisible device.
[image: ]
[bookmark: OLE_LINK9]Fig. S2. The pressure field patters of (a) the invisible cloak and (b) a sphere with the identical material parameters as background medium at the FP resonance frequency in the case of plane incident wave.











3. The scattering cross section of perfect 3D illusion device
In fact, it is straightforward to calculate the normalized scattering cross section(SCS) given by a simpler algebra, 

                                      




where  is the scattered coefficient of the scattered field, which can be determined with the given coefficient of incident waves. We also plot the total scattering cross section and three lowest orders of coefficients , , and  for the illusion device and the bare sphere under plane incident wave at different frequencies, which corresponds the red curve and black curve shown in Fig. S3, respectively. The parameter employed in the calculation here keeps consistent with the design of Fig. 2. It’s obvious that the FP-structured illusion device and the bare sphere have the identical scattering coefficient at each resonance frequency, as indicated by blue dots, which further confirm the perfect illusion effect . 



[image: ] Fig. S3. (a) The total scattering cross section, (b), (c), and (d)for the single bare sphere and the FP-structure illusion device.










4. The case of point source
In the main text, we consider the case of Gaussian wave incidence, and two examples based on reduced-version illusion cloak have been demonstrated in Fig. 3 and Fig. 4, respectively. In fact, the illusion effect is valid for any kind of incident waves. Here, only the incident source is changed to a point excitation, and other parameters keep consistent with the situation of Fig. 3 and 4, respectively. The verification and comparison of experiments and simulations are carried out. The experimental near field patterns shown in Fig. S4(a) and Fig. S5(b)-(d) are slightly different from the simulated ones, which could be blamed to the source excitation difference in simulation and experiment.
[image: ]
Fig. S4. In the case of point source, other parameters keep consistent with the situation of Fig. 3 in the main text. (a) The simulated and experiment pressure distribution for the illusion device, and (b) the corresponding near-field pattern. (c) The simulated results of pressure distribution for the equivalent sphere, while that of the illusion device as the reference, (d) the corresponding near-field pattern.


[image: ]
Fig. S5. In the case of point source, other parameters keep consistent with the situation of Fig. 4 in the main text. (a) The simulated and experiment pressure distribution for the illusion device, and (b) the corresponding near-field pattern. (c) The simulated results of pressure distribution for the equivalent sphere, while that of the illusion device as the reference, (d) the corresponding near-field pattern.














[bookmark: _Hlk89888316]5. Quantify comparison of illusion functionality 
	In the main text, we show a qualitative comparison between experiment and simulation, and quite agreement verified the accuracy of experiment. Since the experiment will inevitably differ from the simulation due to the error of structure preparation and source excitation, etc. Here, we will analyze the illusion effect from two perspective of simulation comparison and experimental comparison between the illusion device and the equivalent object under different incident waves.
[image: ]
Fig. S5. For the case of Gaussian beam incidence, (a) the numerical near-field pattern of illusion device and equivalent object, (b) the measured near-field pattern of illusion device and equivalent object. For the case of point source, (c) the numerical near-field pattern of illusion device and equivalent object, (d) the measured near-field pattern of illusion device and equivalent object.






6. In the case of XZ plane
	In all above discussion, the incident wave is a Gaussian wave along the x-axis, and the observe plane is located at XY plane with z = 0 mm (central plane of the device). Here, we also show the pressure distribution at XZ plane with y = 0 mm as reference. From the acoustic pressure field shown in Fig. S6, the illusion device is also valid in both Gaussian beam and point source incident cases. 
[image: ]
Fig. S6. Simulation of XZ planes of the illusion device and effective objects with Gaussian beam incidence and point source incidence respectively. (a) Illusion device with core inside at XZ plane with Gaussian beam incidence and (b) Point source incidence, both at y=0 mm (half the device). (c)-(d)The corresponding equivalent object.
7. In the case of tangent plane offset from the symmetry axis 
	For a 3D case, it’s more convincing to compare the tangent plane offset from the symmetry axis of the device. Therefore, we chose the observed XY plane with z = -15mm (quarter of the device), and then compared the acoustic pressure field between the illusion device and equivalent object, as shown in Fig. S7. There is no doubt that both of them are consistent as well.
[image: ]
Fig. S7 Simulation of the illusion device and quivalent objects with Gaussian beam incidence and point source incidence respectively at off center plane. (a) Illusion device with core inside with Gaussian beam incidence and (b) point source incidence, both at XY plane with z = -15 mm. (c)-(d) The corresponding equivalent object. 
8. Omnidirectional validity 
	In practical situations, the incidence direction of the incoming waves is generally unpredicted, it’s worth mentioning that our design is always valid at any incident angle. Here, the pressure distribution of the illusion device and equivalent object have also been demonstrated under the incident Gaussian beam and point source along the y-axis, and the device works well in comparison with Fig. S6, where the acoustic pressure distributions are consistent with those in XZ plane, with both gaussian beam and point source incidence, thus further validate the property of omnidirectional effects.
[image: ]
[bookmark: OLE_LINK4]Fig. S8. Simulation of the illusion device and equivalent objects with Gaussian beam incidence and point source incidence respectively along y axis. (a) Illusion device with core inside with Gaussian beam incidence along y axis and (b) point source incidence, both at YZ plane with x = 0 mm. (c)-(d) The corresponding equivalent object. 







9. Experiments Methods

[image: ]
Fig. S9 Diagram of the experimental setup
[bookmark: _Hlk90048263]Our illusion devices consist of FP shell and inner core are made of photosensitive resin, as well as the effective big sphere (modulus 2460 MPa, density 1.1 g/cm3). A stereo lithography apparatus (with a fabrication tolerance of roughly 0.1 mm) is utilized to fabricate the samples. The inner and outer radii of FP shell sample are 60 mm and 30 mm respectively. A square transducer array consisting of 49 loudspeakers (7*7, 1-in., Hivi B1S), which are connected to a waveform generator (Keysight 33210A), and powered by an amplifier (Aigtek ATA-308) to generate acoustic plane wave normally incident to the samples alone x axis. For point source, we replace the transducer array with single loudspeaker. An acoustic detector (BSWA MPA201 1/2-inch microphone) is mounted on a three-axis moving stage to sweep over the measuring area and record transmitted acoustic wave with a step of 8 mm (about λ/8). The data are collected and analyzed by a DAQ card (NI USB-6361). The acoustic field at each spot is then calculated using 1D Fourier Transform. The overall scanned area is 60 cm by 20 cm. The experiments are carried out in anechoic space and the signal at each position is averaged out of five repeated measurement to reduce the reflection and noise interference.
For the large scanning range, it’s difficult to achieve perfect plane wave due to the limitation of experimental space, resulting in the case of Gaussian wave, as shown in Fig. S9(a) (experimental measure result without any scattering objects). The premise that the simulation and experimental results can be compared is the identical source. Hence, we measured the background acoustic field profile of the Gaussian beam in experiment and then optimized the simulation as much as possible to be consistent at a fixed position. We measured the Gaussian wave distribution in the experiment and fitted the simulation beam as much as possible to be consistent.
[image: ]
Fig. S10. (a) The experiment measured pressure pattern with Gaussian beam incidence in the free space, (b) the fitting curve in experiment and simulation at a fixed position.
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