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Abstract

A low-cost formulation-free sensitivity analysis method based on fixed-point
automatic differentiation (AD) is presented for the topology optimization of mul-
tiphysics and path-dependent problems. With the conventional adjoint variable
method, any change to the constitutive law, material interpolation, objective
function, or coupling with another physical field requires the adjoint recursion
and partial derivatives with respect to the design variables to be derived again
by symbolic expansion, and the formulation and its verification must be redone.
With the proposed method, the adjoint recursion and partial derivatives are
obtained automatically so long as the forward analysis can be evaluated as the
subject of AD. Thus, no formulation specific to a physical model is needed. To
avoid the increasing memory consumption from AD recording every operation of
the forward analysis, the proposed method fixes a consistent tangent at the con-
verged point of each load step. It uses reverse-mode AD to record only once a map
consisting of the evaluation of the residual, the update of the solution, and the
update of the internal variables. Finally, it propagates the sensitivity of the inter-
nal variables through a backward recursion between the steps. Thus, the tape held
at any one time is that of a single analysis step and is independent of the number
of load steps. The proposed method was applied to the topology optimization
of a thermo-elastoplastic multi-material problem based on a von Mises elasto-
plastic model coupled with steady-state heat conduction. In numerical examples,
the sensitivities obtained by the proposed method agreed with those of the ana-
lytical adjoint variable method and reverse-mode AD recording every operation
to within the roundoff error, and the computation time and peak memory of
one gradient evaluation grew with the number of elements and number of load
steps at the same rate as the analytical adjoint variable method while remaining



lower than those of reverse-mode AD. Two-dimensional optimization yielded the
same design regardless of the sensitivity analysis method, and three-dimensional
optimization showed the practicality of the proposed method.

Keywords: Topology optimization, Automatic differentiation, Multiphysics,
Path-dependent sensitivity analysis, Thermo-elastoplasticity, Multi-material

1 Introduction

Gradient-based topology optimization involves searching along gradients of the design
variables to determine the optimal solution that still satisfies the objective and con-
straint functions that define the optimization problem, which is also known as a
sensitivity analysis. Conventionally, sensitivity analyses have been conducted by using
the adjoint variable method (hereafter referred to as the analytical adjoint variable
method). However, the analytical adjoint variable method must be formulated accord-
ing to the functions treated in the optimization problem and the definition of the
physical model, and the formulation must be repeated whenever the problem changes.
This in turn requires the optimization program to be rewritten and verified again,
which imposes a practical burden. For structures undergoing plastic deformation, the
response is materially nonlinear, so the equilibrium equations must be solved itera-
tively. In addition, the response is not determined by the current displacement alone
as the plastic strain and hardening variables at each integration point depend on the
preceding load history. These factors increase the complexity of the physical model
and the number of dependent variables, which makes the analytical adjoint variable
method increasingly impractical and any optimization program difficult to verify[1].
Therefore, a new topology optimization method is needed that solves problems with
arbitrary functions and physical models without requiring the optimization program
to be rewritten for each case.

The analytical adjoint variable method has been applied to the topology opti-
mization of elastoplastic structures, whose formulation is complicated by internal
variables and path dependence[2]. It has since been extended to finite-strain plas-
ticity[3], stress constraints based on the plastic strain[4], elastoplastic composites[5],
and periodic microstructures that maximize plastic dissipation[6]. Alberdi et al.[7]
established a unified framework for sensitivity analysis of nonlinear path-dependent
problems, which Abueidda et al.[8] applied to the optimization of three-dimensional
elastoplastic structures with periodic boundary conditions. Granlund and Wallin[9]
developed an adjoint recursion that mirrors the state-update equations and demon-
strated its application to three-dimensional problems involving millions of degrees of
freedom. These studies demonstrate the applicability of the analytical adjoint method
to large-scale three-dimensional problems. However, changes to the constitutive law,
material interpolation, objective function, boundary conditions, or coupling with other
physical fields may require re-derivation of the adjoint recursion and the partial deriva-
tives with respect to the design variables, as well as corresponding modifications and
re-verification of the optimization code.



Automatic differentiation (AD)[10] eliminates the need to derive complicated
derivative expressions analytically. It evaluates derivatives of a target function by
applying the chain rule to the derivatives of individual operations in its computa-
tional graph. Because sensitivity analysis involves differentiating the objective and
constraint functions with respect to the design variables, AD enables sensitivity analy-
sis without requiring manual derivation of problem-specific sensitivity expressions. In
topology optimization, the number of design variables is typically proportional to the
number of elements. Therefore, computing gradients with respect to all design vari-
ables requires an approach whose computational cost is comparable to that of a single
forward analysis. Reverse-mode AD is well suited to this setting. By recording the
operations performed during the forward analysis and propagating derivatives back-
ward through the computational graph, reverse-mode AD can automatically compute
sensitivities following changes to the constitutive law or coupling with other physical
fields, potentially addressing limitations of the analytical adjoint method. Ngrgaard
et al.[11] applied AD to topology optimization of unsteady flow problems, comparing
gradients obtained using CoDiPack and Tapenade with those derived manually using
an adjoint method. Chandrasekhar et al.[12] presented AuTO, a JAX-based frame-
work for topology optimization of linear elastic problems. Yin et al.[13] unrolled the
time integration of elastoplasticity into a computational graph using JAX, enabling
topology optimization without manually deriving the sensitivities. However, recording
every operation retains the computational history of all load steps, including global
Newton iterations and local return-mapping iterations. Consequently, the memory
required to store the tape (i.e., the sequence of operations recorded by reverse-mode
AD[10]) scales with the number of load steps, the number of iterations per load step,
and the number of elements. The authors[14] previously combined reverse-mode AD
with checkpointing[15] to reduce memory requirements in elastoplastic multi-material
topology optimization. However, checkpointing reduces the memory required to store
the computational history at any given time by recomputing parts of the forward
analysis during the backward pass, thereby trading computational time for memory.
Other researchers have combined AD with parts of the analytical adjoint derivation.
Jia and Zhang[16] performed three-dimensional multi-material topology optimization
of finite-strain elastoplasticity using FEniCSx. They derived the adjoint recursion for
each internal variable and used AD to compute the individual partial derivatives.
Although this approach reduces the need for manual derivative calculations, deriving
the adjoint equations remains the most complex step and depends on the underlying
physical model. Thus, this approach does not fully eliminate the formulation-specific
derivation required by the analytical adjoint method.

With recent developments in machine learning, the forward analysis itself can
be included in the scope of AD, and some researchers have focused on making the
finite element framework differentiable. Because a forward analysis involves a large
amount of computation, AD must find the derivatives while minimizing its memory
consumption. Dolfin-adjoint[17, 18] derives the discrete adjoint automatically from a
forward analysis written in variational form. Because the solution to the nonlinear
equations is differentiated by the implicit function theorem, the Newton iterations
are not recorded. Xue et al.[19] developed JAX-FEM, which uses AD of the element



residual to compute the element tangent matrix, enabling the construction of forward
analyses without manually deriving the tangent matrix, even for constitutive models
such as J2 plasticity. For inverse problems, the discretized governing equations are
treated as a single constraint, and the sensitivities of the solution are computed using
the implicit function theorem. However, Xue et al. considered only inverse problems
such as full-field inference for a linear Poisson equation and compliance minimization
of linear elastic structures subject to volume, eigenfrequency, and stress constraints.
These problems involve no load history and require only a single solve. In contrast, an
elastoplastic forward analysis involves sequential load steps, with the solution at each
step depending on the internal variables from the preceding step, such as stress and
plastic strain. These internal variables also depend on the design variables. The adjoint
formulation developed by Xue et al. addresses a single system of governing equations
but does not explicitly formulate the backward propagation of sensitivities across load
steps through the history-dependent internal variables. To realize this propagation,
one approach is to embed the solve of each load step in the computational graph as
a single operation differentiated by the implicit function theorem and the chain of all
load steps traversed backward by reverse-mode AD. Such a construction can be real-
ized with the custom differentiation rules provided by frameworks such as JAX[20].
However, to the best of the authors’ knowledge, it has not been applied to the topol-
ogy optimization of rate-independent elastoplasticity with a yield surface, and neither
the formulation of the sensitivity analysis, the condition under which a single differ-
entiation at the converged solution coincides with the differentiation by the implicit
function theorem, a verification of the gradients, nor a quantitative comparison of the
computational cost has been reported for it. A second approach to propagating the
sensitivity back to the previous step involves constructing a separate adjoint recursion
between steps. Sharma et al.[21] applied this approach to material parameter iden-
tification by implementing the constitutive update as a custom differentiation rule
based on the implicit function theorem and computing sensitivities using a discrete
adjoint that propagates backward through the load history. The finite element library
torch-fem[22] similarly implements a procedure that solves the adjoint equation at
the converged Newton solution of each load increment and reevaluates the residual
to propagate sensitivities to the state variables of the preceding increment and the
design parameters. However, to the best of the authors’ knowledge, the computational
cost of sensitivity analysis using these frameworks has not been quantitatively com-
pared with that of the analytical adjoint variable method for elastoplastic topology
optimization.

The concept of differentiating the result of a converged iteration without record-
ing the course of the iteration has long been part of AD. Christianson[23] showed, for
a computation containing a convergent iteration, that the gradient can be obtained
in reverse mode by reusing the computational graph of a single iteration at the fixed
point. Griewank and Faure[24] developed this into a method that obtains reduced gra-
dients and Hessians from the fixed-point iteration of a state equation, and a systematic
treatment is given by Griewank and Walther[10]. Fixed-point AD has been used for
practical applications such as aerodynamic shape design in the discrete adjoint of the
flow solver SU2[25] and the AD library CoDiPack[26]. In the field of machine learning,



Blondel et al.[27] established a framework for fixed-point AD that gives any solver
routine a derivative based on the implicit function theorem. Other researchers have
discussed the validity of an approximation that differentiates only the last iteration
of an iterative algorithm|[28, 29]. However, these studies treated a single and station-
ary fixed point, and fixed-point AD has not been applied to elastoplastic problems in
which a fixed point appears at every load step and its solution is handed to the next
step through internal variables, nor has it been used in topology optimization.

In this study, a low-cost formulation-free sensitivity analysis method based on
fixed-point AD was developed for multiphysics and path-dependent problems. In the
proposed method, the adjoint recursion and partial derivatives with respect to the
design variables are obtained by AD, so they need not be derived by symbolic expan-
sion and handled individually for each physical model. So long as the forward analysis
can be evaluated as the subject of AD and the tangent at the converged point is con-
sistent, the procedure need not be changed when the constitutive law or coupling is
changed. To reduce the enormous computational cost of AD, Mehmood and Ochs’[30]
approach was adopted for fixed-point AD, where the map is only recorded once at
the point at which the iteration has converged and is differentiated by reverse-mode
AD. Because the tape of a single analysis step is discarded after the backward prop-
agation, the amount of tape held at one time is independent of the number of load
steps, and the procedure does not depend on the features of a particular AD library.
To demonstrate the proposed method, it is applied to the topology optimization of a
thermo-elastoplastic multi-material problem involving a von Mises elastoplastic model
coupled with steady-state heat conduction. The remainder of the paper is organized
as follows. First, we present the formulation of fixed-point AD for path-dependent
finite element elastoplastic analysis, including the conditions under which a single
recording at the converged solution yields sensitivities equivalent to those obtained
by differentiating the discrete solution via the implicit function theorem. We also
describe how sensitivities are propagated through the internal variables and the heat
conduction analysis. Second, we demonstrate that the computed sensitivities agree
with those obtained using the analytical adjoint variable method and reverse-mode
AD that records every operation for the same discrete problem, up to roundoff error.
Furthermore, the computation time and the peak memory of one gradient evaluation
are shown to stay at a computational cost comparable to the analytical adjoint vari-
able method and vastly lower than that of reverse-mode AD recording every operation
and checkpointing. Third, two- and three-dimensional optimizations are presented
to demonstrate how the proposed method reduces the high computational cost of
conventional AD recording every operation and can solve practical problems.

2 Governing equations

The topology optimization of a quasi-static thermo-elastoplastic model involves mul-
tiphysics, history dependence, and material nonlinearity. The governing equations of
the heat conduction problem and elastoplastic problem associated with this model are
given below.



2.1 Heat conduction problem

The temperature field T obeys the following steady-state heat conduction equation
without heat generation:

~V - (kVT)=0 inQ,

T=T on I'p, (1)
—kVT -n=gq on I'y,

where k is the thermal conductivity, n is the outward unit normal vector, ¢ is the
prescribed heat flux, I'; denotes the heat-flux boundary, and I'r denotes the boundary
on which the temperature T is prescribed. The remaining boundary is adiabatic. The
weak form of Eq. (1) is given by

/ EVT -V§T dQ2 :/ @oT dr, (2)
Q Ty

where 6T is the virtual temperature. Discretizing with finite elements gives the
following equation for the nodal temperature vector T

K:T=Q

KT:/B}kBTdQ
Q
Q- [ Nfqar.

Fq

where N7 denotes the temperature shape functions, By is the temperature gradient
operator, K is the thermal conductivity matrix, and @ is the prescribed heat-flux
vector.

In general, heat conduction is transient. However, under time-invariant thermal
boundary conditions, the transient temperature field approaches the steady-state solu-
tion, provided a steady state exists. If deformation occurs sufficiently slowly relative
to thermal diffusion, the temperature field can be approximated by this steady-state
solution. Rate-independent elastoplasticity has no intrinsic material time scale; the
load steps represent pseudo-time increments used to discretize the loading path in a
quasi-static analysis. Accordingly, the present formulation assumes that the structure
reaches a steady-state temperature field before being subjected to quasi-static loading.

2.2 Elastoplastic problem

The elastoplastic problem can be formulated as a boundary value problem in which
the equilibrium equation and the constitutive law are coupled. Specifically, the Cauchy
stress o in the equilibrium equation is not an independent variable but depends on
the deformation history through the constitutive law and the evolution of internal
variables. Consequently, the equilibrium problem cannot be formulated independently
of the constitutive law, and both must be solved as a coupled system. This section



presents the equilibrium equation, boundary conditions, their discretization, and the
numerical solution procedure. The constitutive definition of o is provided in Section 3.
The equilibrium equation of the quasi-static problem is as follows:

V.-o=0 in(,
u=1u on Iy, (4)
on=t only,

where wu is the displacement vector and €2 is the domain occupied by the solid. Body
forces are neglected for simplicity. The prescribed displacement = is imposed on
the Dirichlet boundary I',,, while the prescribed traction vector  is applied on the
Neumann boundary I';. The weak form of Eq. (4) is given by

/a’:éedQ:/ t-dudl. (5)
Q Iy

The infinitesimal strain is given by € = %(Vu + VauT). Discretizing the space by the
finite element method gives the following discrete equations:

Fint(U) — cht

Fint = / Bl o dQ
Q

F = A N tdr,

where F'™ and F°** denote the internal and external force vectors, respectively, U
is the global nodal displacement vector, Ny is the shape function matrix, and By is
the strain—displacement matrix.

Because the stress in an elastoplastic problem depends on the deformation history,
the loading path is discretized into N load steps, and the equilibrium solution is
determined at each step n. Defining the residual at step n as R,,(U) = F"(U)—F>t,
the Newton—Raphson method obtains the solution by solving the following linearized
equation:

OR,

oU |y
where k denotes the Newton—Raphson iteration number. The displacement is updated
according to U**D = U®) L AU. The stress o appearing in the equilibrium equation
above is determined by the constitutive law and the evolution of internal variables.
Specifically, at each load step, the stress is implicitly determined through a return-
mapping algorithm that enforces consistency with the yield surface by incorporating
the yield condition, flow rule, and hardening law. Consequently, global equilibrium in
Eq. (6) and local constitutive consistency are coupled and must be satisfied together.
The outer Newton—Raphson iteration enforces global equilibrium, while the return-
mapping algorithm performs local iterative calculations at each integration point to

AU = —R,,(UW), (7)




enforce constitutive consistency. Accordingly, the equilibrium solution and internal-
variable updates at load step n are organized as follows:

(8)
h, = Hn(un; hn—hT)a

{Rn(un7 hn—laT) =0
where u,, denotes the unknown nodal displacement vector at load step n, h,, denotes
the internal variables at all integration points, and T' denotes the temperature field
described in Section 2.1. The semicolon separates the unknowns to be determined at
the current step (left) from the prescribed inputs (right); this notation is used through-
out the paper. H,, denotes the set of return-mapping conditions at all integration
points.

3 Thermo-elastoplastic model

The thermo-elastoplastic model couples the equilibrium equation, Eq. (4), with the
constitutive law, yield condition, flow rule, hardening law, and evolution equations
of internal variables. The relations below are not a separate system of equations
that holds independently of the equilibrium equation; together with the equilibrium
equation, they constitute the coupled system of the elastoplastic problem.

3.1 Constitutive law

An isotropic von Mises elastoplastic model with isotropic hardening was adopted[31].
The total strain e is additively decomposed into elastic strain ¢, plastic strain ?,
and thermal strain et as follows:
c=¢ef+eP +eth
e = (T -Ty) I, (9)
where « is the coefficient of linear thermal expansion, Tj is the reference temperature,
and I is the second-order identity tensor. The temperature 7" is obtained by solving

the heat conduction equation (3). The stress is determined from the elastic strain
using Hooke’s law:

o=C:¢

=C:(e—€eP)—a(T-Tp)C: I, (10)

where C is the fourth-order isotropic elasticity tensor. Factoring out Young’s modulus
E obtains

EC

@}
|

1
— T @I+ ——T% 11
3(1—2v) ol 1+v™ 7 (11)

)
I



where v is Poisson’s ratio and I9¢V is the fourth-order tensor that extracts the devi-
atoric part. The tensor C depends only on Poisson’s ratio. Introducing the thermal
stress coefficient 2 = E«[32] gives « C = EC, and Eq. (10) becomes

o=C:(e—e?’)-E(T-Ty)C: I

=C:(e—e?)— ——1. (12)
The thermal stress affects only the hydrostatic component of the stress. In this study,
Young’s modulus F; and the thermal stress coefficient =; = F;a; for each material
are interpolated separately, as described in Section 4.1. The constitutive law is then
given by Eq. (12). For problems without thermo-elastoplastic effects, = = 0. The
yield function f is defined below based on the von Mises yield criterion with isotropic
hardening.

flo,a) = q(o) - ay(a)
)=/ ls] (13)
s=1%":¢o

K

where ¢ is the von Mises equivalent stress, s is the deviatoric stress, o, is the yield
stress, and @ is the equivalent plastic strain. Introducing the plastic multiplier -y, the
associated flow rule defines the plastic strain rate and the equivalent plastic strain
rate as follows:

2 s (14)
a=A.

The yield function and plastic multiplier satisfy the following Karush—-Kuhn—Tucker
conditions to determine whether plastic flow occurs:

f<0
> (15)
f3=0,
3.2 Nonlinear hardening law
The yield stress of isotropic hardening is given by the Voce law[33]:
oy(@) = 0yo + (0o — Tyo) (1 — efba) , (16)

where 0y is the initial yield stress, o is the saturation stress, and b controls the rate
of saturation. With the Voce hardening law, the plastic multiplier cannot generally be
obtained in closed form during the return-mapping procedure described in Section 3.3;
therefore, a local Newton—Raphson iteration is required.



3.3 Return mapping

Return mapping is used to determine the stress at each integration point of the finite
element analysis[31]. The elastic trial state is defined according to the total strain
€nt1 Of step n + 1 and the internal variables (€2, @&,,) of the previous step:

E(T-To)

ot = Ct (e — ) — T

3
i =[Nl

If f(off,1,a,) <0, the step is elastic, and the trial state is accepted as the solution.
Otherwise, the discretized governing equations are solved:

3
eni1 =€h+ A’Y\/;Vnﬂ

54n+1 = Qgn + A’)/

(17)

(18)

w

On+l = Uffﬂ — 2y 3 Vn41

q(ont1) — oy(@nt1) =0,

where A~ is the discretized plastic multiplier, vy, 11 = sty /||str, || is the flow direc-
tion, and u = E/[2(1 + v)| is the shear modulus. For the von Mises model, the flow
direction is deviatoric, so the deviatoric trial stress retains its direction during the
return mapping. Consequently, ¢(6,41) = ¢ify; — 3uA~y, and Eq. (18) reduces to the
scalar equation ~

(A7) = iy — 3pAy — oy (@ + Ay) =0, (19)
where A~ is the only unknown. Owing to the Voce hardening term in Eq. (16), Eq. (19)
is solved using a local Newton—Raphson method. Once A~ is determined, the stress
and internal variables are updated using Eq. (18). The consistent tangent used in
Eq. (7) is given in the literature[31]:

CP=kI®T+2u01% —2fv, 1 @ vy

3ulry
0=1-—

T (20)
0= ! —(1-0),

¥ 0} (@) /310

where k = E/[3(1—2v)] is the bulk modulus. Because the thermal stress is independent
of the displacement, it does not contribute to the consistent tangent. The internal
variables at all integration points are collected into h, in Eq. (8), while applying
Eq. (18) at all integration points defines the map H,,.

10



4 Topology optimization

4.1 Multi-material topology optimization

Density-based topology optimization reformulates the problem of finding an opti-
mal structure as one of determining the optimal material distribution within a fixed
design domain. To accommodate multiple materials, fictitious densities representing
the presence of each material at spatial position X are defined as follows:
0<z(X) <1 (i=1,2,...,Npn), (21)
where N, is the number of candidate materials, excluding the void phase. A value
of z;(X) = 1 indicates that position X is fully occupied by material i. The design
domain is discretized into N, elements, with element-wise design variables x.;, where
e=1,2,..., N.. Thus, the total number of design variables is N,, x N.
To mitigate checkerboard patterns and mesh dependence, a density filter[34, 35]
is applied:
o Dien, WeiVs i
T Y en, weV (22)
we;j = a1 — || Xe — X,
where Z; is the filtered design variable, X, is the centroid of element e, Vj is the
volume of element j, and N, is the set of elements whose centroids lie within a distance
rq1 of X,. Because density filtering tends to produce intermediate density values, the
Heaviside projection[36] is applied to obtain the physical density Ze; and promote a
black-and-white design:

= _ tanh(Bn) + tanh[5(Ze; — n)]
“ tanh(fBn) + tanh[B(1 —n)] ’

(23)

where 1 and 8 are parameters that represent the threshold and sharpness, respectively,
of the projection.

The discrete material optimization (DMO) method[37] is used for material inter-
polation in multi-material topology optimization. In the elastoplastic model, the
parameters of the hardening law are interpolated with the design variables in addi-
tion to Young’s modulus E. The DMO method interpolates the material properties
¢ € {E,04,0,b,Z,k} as follows:

NW‘L ~ an ~
¢ = o + Z 2 | | (L=22) | (6 = ¢o), (24)
i=1 j=1
i

where ¢ and ¢; denote the properties of the void phase and material i, respectively,
and p is the penalization exponent that controls intermediate density values. The
Young’s modulus of the void phase, Ey, is assigned a small positive value for numerical
regularization. A separate penalization exponent p is specified for each property.

11



4.2 Optimization problem

To maximize the total energy received by the structure along the loading history, the
optimization problem is defined as follows:

N
max f(x) = Z/Qan (en —€n_1)dQ (25)

st gil@) = i/ FdQ-7,<0  (i=1,...,Np), (26)
Va Jo

Kr(x)T = Q, (27)

R, (uy; , h,_1,T) =0, (28)

hy, = H,(uy; @, hy_1,T), (29)

O0<zpm <z <1, (30)

The objective function f is defined as the sum, over all load steps, of the stress—strain
increment product integrated over the entire domain. Under displacement control, this
quantity corresponds to the work done by the reaction force through the prescribed
displacement and is represented by the area under the load—displacement curve. Max-
imizing f yields a structure that maintains resistance to the prescribed deformation
even after substantial plastic deformation. The constraint g; limits the volume of each
material i, where vy is the volume of the design domain and v; is the upper bound
on the volume fraction of material i. Eqgs. (27), (28), and (29) represent the govern-
ing equations for heat conduction (Eq. (3)), elastoplastic equilibrium (Eq. (6)), and
internal-variable updates (Eq. (8)), respectively. Through the material interpolation
in Eq. (24), these equations depend on the design variables @ and are expressed as
Kr(x), R, (un; ¢, hyp—1,T), and H, (u,; x, h,_1,T), respectively. Their solutions
are the temperature T', displacement u,,, and internal variables h,,, respectively, each
of which can also be regarded as a function of &. The lower bound @,;, is imposed on
the design variables to ensure that finite element analysis remains feasible in regions
representing void.

5 Proposed method

The proposed method solves each governing equation and applies AD at the con-
verged point where the solution has been obtained. Thus, the sensitivity analysis is
independent of the objective function and physical model without requiring the for-
mulation of the analytical adjoint variable method. For multiphysics problems with
path dependence and internal variables such as elastoplastic models, the derivation of
the adjoint equations[1, 7-9, 16] for each physical model and the writing of a program
to solve them become unnecessary. Consequently, topology optimization can be per-
formed merely by defining the optimization problem to be solved without needing to
consider the sensitivity analysis. Mathematically, the proposed method is equivalent

12



to the discrete adjoint variable method, but because it is derived by AD, no formula-
tion specific to each optimization problem is needed. The computations shown below
are carried out automatically by the AD library, and no analytical formulation by
symbolic expansion is required for the sensitivity analysis. Nevertheless, their internal
computation is explained to clarify the workings of the proposed method. The general
form is given first in Sections 5.1 to 5.3, the computational flow is given in Section 5.4,
and its application to the thermo-elastoplastic model is given in Section 5.5.

5.1 Generalization of the forward analysis
Forward analysis solves a problem by evaluating a sequence of governing equations.
Each system is solved in a separate analysis step, indexed by k& = 1,2,..., N,. At
analysis step k, the unknown vy, is determined by solving

{Rk(yk§ z;) =0 (31)

zi = (2, {w;}jepm),

where Ry, is the residual, and zj is the input of analysis step k comprising the design
variables  and outputs of the set P(k) of preceding analysis steps. The output of
analysis step k is given by

(32)

ar = @r(Yr; 2K) + Z aj,
JjeP(k)

where hj denotes the set of internal variables constructed from the converged
solution. If no internal variables are defined, as in the heat conduction equation, hy is
an empty vector. The quantity ¢y, is the contribution of analysis step k to the objective
function, and aj is the cumulative contribution through that step. The objective
function is therefore given by the accumulated value at the final analysis step, f = an,.
In the following formulation, Ry, H}, and ¢y are evaluated as functions of y; and
zr. Weakly coupled multiphysics problems, in which multiple governing equations
are solved independently, fit naturally within this formulation. For strongly coupled
multiphysics problems, in which multiple physical fields are solved simultaneously as
a single system, the coupled system is treated as one analysis step. Similarly, transient
or time-dependent governing equations are accommodated by treating each time step
as one analysis step. Thus, Egs. (31) and (32) retain their generality.

5.2 Map at the converged point and implicit differentiation

Let wy; denote the converged solution at analysis step k, and let K; =
ORy/0yi(y;, z1) denote the tangent matrix evaluated at that solution. Define Mj, =
(K3;)™!, which is fixed and independent of y and zj. The following map can then be
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constructed for analysis step k:
Sik(y; z1) =y — MeRy(y; 21), (33)

Because Ry (yj; zx) = 0, then Si(y}; zx) = y;. At the converged point, the following
holds:

L)
dy OYx (34)
% —_M IRy,
8zk o kazk

This map corresponds to the fixed-point formulation of the convergent iteration
y = ®(y,u) described by Christianson[23]. When Newton’s method is used with the
consistent tangent, 9y /0y = 0 at the fixed point, so the adjoint iteration converges
in a single step. Even when y; is treated as constant with respect to the input and Sj,
is differentiated only once, the resulting partial derivative of the output agrees with
the derivative of the discrete solution, as follows from the implicit function theorem:

dy; —(K*)ilaRk o 8Sk

dzk

Neglecting the derivative of M}, with respect to z; does not introduce a gradient error
at the converged solution because Ry = 0 there. In practice, the forward analysis
leaves a residual Ry (y5; zx) within the convergence tolerance. The resulting gradient
error is of the same order as the residual[23], so the gradient accuracy is comparable
to that of the forward solution. The output of an analysis step includes not only
Y, but also the internal variables hy = Hk(y,':; zy,) and the objective contribution
@k(y;; zi), both evaluated at the corrected state y,:' = Si(y; zx). Although y,':
equals y; at convergence, its derivative is given by Eq. (35). If hy, is instead evaluated
using the fixed value yj, the term (0H}/0yx)(dyx/dzk) is omitted, and the gradient
contribution propagated through the history variables is lost. Thus, the complete map
wy, = Gi(zy) for analysis step k is represented by evaluating Sy, Hy, and ¢y once at
the converged point.

The above result holds under two conditions. First, R; must be continuously
differentiable with respect to yi and zj in a neighborhood of the converged point. At
nonsmooth points, such as when an integration point lies exactly on the yield surface,
the gradient corresponds to the branch selected at convergence. Care is also required
when verifying the gradient using finite differences. These considerations are the same
as those encountered with the analytical adjoint variable method. Second, K must
be the exact Jacobian evaluated at the converged point and must be nonsingular. If
the tangent is inexact and S /0y # 0, a single differentiation is generally insufficient
to obtain the exact gradient, resulting in an error. However, an exact tangent stiffness
(i.e., the consistent tangent) is typically used in nonlinear finite element analysis to
achieve efficient convergence with the Newton-Raphson method. Thus, this condition
is generally satisfied in standard forward analyses.
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5.3 Backward propagation

Let wy = 0f /0wy, be the adjoint of the output of each analysis step. Traversing the
analysis steps in reverse order gives

G\
W= Y (8 ’“) Wy,

k:jeP(k) wj
252y

The initial value sets the ay, component of wy, to 1 and all other components to 0.
For analysis step k, define the adjoint of the output as wy, = (yx, hi, ax). Tracing the
computations in Egs. (32) and (33) backward, the adjoint of y;" is first accumulated

as follows: . .
8Hk a(pk
= h . 37
Up = yk+<8k> k+ak<ayk> (37)

As the solution update in Sy is traced backward, the following adjoint equation is
solved:

K} ¢ = Ui (38)
The adjoint of the input is given by
_ OHL\ " . dor ORL\ "
= h —_— .
Zy, ( 07 > k+ Gk (8zk> ( 97 ) Ck (39)

Splitting this expression into contributions from the design variables and the outputs
of the preceding analysis steps yields the terms in Eq. (36). For the accumulated
objective function, a; = ax is added.

Eq. (38) has the same form as the discrete adjoint equation for each analysis
step, with {; corresponding to the adjoint variable of analysis step k. However, this
equation is not derived analytically through symbolic expansion; instead, it is obtained
automatically by tracing the solution update in Eq. (33) backward. In the analyti-
cal adjoint variable method[l, 7-9, 16], this equation and each term in Eq. (39) are
derived analytically for each physical model. In the proposed method, this deriva-
tion is automated. Moreover, when reverse-mode AD is applied to the evaluation of
G, the transposed products in Eq. (39) are computed without explicitly forming the
Jacobian matrices. All partial derivatives in Eqgs. (36) to (39) are obtained by evaluat-
ing Ry, Hy, and ¢i. Consequently, the adjoint equations need not be rederived when
the constitutive law, physical coupling, or objective function changes. Exact sensitiv-
ities are obtained automatically for any objective function and physical model whose
forward analysis can be evaluated.

Another advantage of the proposed method is that it computes sensitivities at a
computational cost comparable to that of the analytical adjoint variable method, with-
out requiring the adjoint equations to be derived separately for each physical model.
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In contrast, applying reverse-mode AD directly to every operation in the forward anal-
ysis[13] requires recording the entire computational process, including the load steps,
Newton—Raphson iterations for convergence, and tangent stiffness matrix assembly,
as a computational graph. Storing this graph and its intermediate data can require
an enormous amount of memory, while the additional computational overhead can
make this approach slower than the analytical adjoint variable method. Checkpoint-
ing[14, 15] reduces memory consumption but increases computational cost because
the forward analysis must be recomputed. Because the recording for a single analysis
step includes all its Newton iterations, applying checkpointing to nonlinear, history-
dependent three-dimensional problems remains challenging. In contrast, the proposed
method begins with the converged state obtained by solving the governing equations,
allowing the forward analysis, including the Newton iterations, to be excluded from
the scope of AD. Furthermore, because a tape is recorded for each analysis step in
Eq. (31) and discarded after being traced backward, only the tape for a single anal-
ysis step needs to be stored at any given time. Thus, the memory required to record
the computational graph does not depend on the number of analysis steps. Only the
storage required for the converged states scales with the number of analysis steps,
and this storage is also required by the analytical adjoint variable method. Conse-
quently, the proposed method substantially reduces the computational cost compared
with recording every operation of the forward analysis using AD, while achieving sen-
sitivities at a computational cost comparable to that of the analytical adjoint variable
method without requiring model-specific adjoint formulations.

5.4 Computational flow

The computational workflow of the proposed sensitivity analysis is shown in Algo-
rithm 1. Hereafter, the sequence of operations recorded by reverse-mode AD is referred
to as the tape[10]. The procedure described in this section is independent of any partic-
ular AD library and can be implemented using any library that supports reverse-mode
AD.

In the forward analysis, each analysis step is solved using the standard solution
procedure, and all converged solutions are stored. This stage is not subject to AD.
Storing the converged solutions is also required in the conventional analytical adjoint
variable method. In contrast, AD applied to every operation of the forward analysis
also records this stage, potentially requiring an enormous amount of memory. The
proposed method avoids this overhead.

During sensitivity computation, the analysis steps are traversed in reverse order.
For each step, the following operations are performed. First, the tangent stiffness
matrix is assembled at the stored converged solution yj:

K — aRkJ

k= Tyk(yz; zp). (40)

Here, K is excluded from AD and treated as a constant input. With y; held constant
and the analysis-step input zj designated as the AD input, the following computation
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is executed once and recorded on the tape:

ri = Ry (yi; 2x)
.K';CK Vi =Tk

+ _
Y —y;:-—'Uk

he = Hy,(y;"; i)

(41)

ar = Pk yk ) Zk E Q.
JEP(k)

The first three equations define the map Sy in Eq. (33), while the fourth and fifth
equations define the output in Eq. (32). The recorded operations comprise assembly
of the residual Ry, a single solution update using the fixed tangent K (i.e., the
second and third equations of Eq. (41)), and re-evaluation of the residual at y;‘. The
internal variables H}, and the objective contribution ¢j are evaluated together with
the stress at each integration point during residual evaluation. Thus, they are obtained
simultaneously when the residual is re-evaluated at y,':

The solution of the linear system in the second equation of Eq. (41) is recorded
on the tape as a single operation with its own differentiation rule. Because K is
constant, the rule mapping the adjoint vy of the output v, to the adjoint 7 of the
input ry is given by

KZT T = Vg. (42)
The linear system is differentiated using this rule rather than by recording the oper-
ations performed inside the solver. This is a standard differentiation rule for linear
systems, not an adjoint equation specific to a physical model. From the third equation
of Eq. (41), ¥y, = —y. Therefore, Eq. (42) is equivalent to Eq. (38), and 7, = — (.

Seeding the recorded tape with the output adjoint wy = (g, hx,ar) and tracing
it backward yields 2 in Eq. (39), the adjoint of the input z; = (, {w;};cp)). This
adjoint is then split into its components and accumulated:

df df
de T dx T (2],
W < w; + [z w, j € Pk),

; (43)

where [-]z and [-],; denote the components corresponding to the design variables
and the output of the preceding analysis step j, respectively. Because the tape for
each analysis step is discarded after being traced backward, only the tape for a sin-
gle analysis step needs to be stored at any given time. The outputs of preceding
analysis steps are passed to subsequent steps while remaining subject to AD. In the
thermo-elastoplastic problem, these outputs include the temperature field, allowing
sensitivities to propagate along this path through the dependence of the temperature
field on the design variables.

The return mapping (i.e., the local iteration at each integration point) is executed
within the tape as in the forward analysis, with each iteration recorded separately.
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Algorithm 1 Sensitivity analysis of the proposed method

Require: design variables a; Ry, Hy, ¢k, P(k) of the analysis steps k =1,..., N,
Ensure: df/dx
Forward analysis
: for k = 1,...,Na do
zp < (@ {w; }iep)
solve Ry (yx; zx) = 0 to obtain the converged solution yj;;
hi < Hi(yg; zk), ax < ok 28) + 2 jepp) 4
store wy, + (y;, by, ar)
end for
Backward propagation
df/de + 0, w, <0 (k=1,...,N,), an, + 1
8: for k=N,,...,1do

A A

n

K} « ORy/0yi(Y5; zk) > fixed as a constant
10: start recording the tape with z; as the subject of automatic differentiation
11: T Rk(yz; zi), solve Kjvi, = 7y, ylj —Yp— Uk
12: hi < Hy(y; zx), ak < ou(ys zx) + Zjep(k) aj
13: stop recording the tape
14: give the adjoint of the output wy and trace the tape backward to obtain the

adjoint of the input zj
15: df/dx « df/dx + [Zk]«
16: Wj — W; + [Zk]w, (€ PKk))
17: discard the tape
18: end for

Because the local Newton method uses the exact slope, the derivative of the con-
verged solution coincides with the derivative of Ay obtained using the implicit function
theorem[24]. Because the local equation is scalar and requires few iterations, its
contribution to the tape is small.

5.5 Example

The application of the proposed method to the thermo-elastoplastic model is presented
here as an example. In practice, the formulation below is carried out by AD, so the
designer does not have to formulate the sensitivities. Analysis step k = 1 corresponds
to heat conduction analysis, and analysis step k = n+1 corresponds to the elastoplastic
analysis of load step n=1,..., N, so N; = N 4 1. The heat conduction analysis uses
Eq. (3):

y1 =T

R (y1; z1) = Kr(z)T — Q(x)
p1=0
P(1) =0.

The heat conduction analysis has no internal variables. In analysis step £ = n+ 1, the
elastoplastic analysis for load step n uses the equilibrium and update of the internal

(44)
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variables of Eq. (8) and the n-th term of Eq. (25):

Y = Uy
Rk(yk; zk) = Rn(“ny m7hn—17T)
Hk(yk; zk) = Hn(una xvhn—laT)

PE = / o (en —€n—1)dQ
Q

Plk) = {k -1, 1}.

On the right-hand side, R,, and H,, are defined in Eq. (8). They take as inputs the
output wy_1 of the preceding load step and the output w; of the heat conduction anal-
ysis. The objective function is f = ay41. For problems without thermo-elastoplastic
coupling, no heat conduction analysis is required. In this case, load step n corresponds
to analysis step k = n, with P(n) = {n — 1}. The dependence on the design variables
in zj, is captured by the filter in Eq. (22), the projection in Eq. (23), and the material
interpolation in Eq. (24).

The two conditions stated in Section 5.2 are satisfied as follows. The differentiabil-
ity condition requires the elastic or plastic state at each integration point to remain
unchanged in a neighborhood of the converged solution. If an integration point lies
exactly on the yield surface, the derivative corresponds to the branch selected at con-
vergence. Regarding the tangent condition, the heat conduction analysis is linear, so
K7 = Kr is the exact tangent. The elastoplastic analysis uses the consistent tangent
defined in Eq. (20).

The backward propagation traverses the elastoplastic analysis in reverse load-step
order,n = N, N—1,...,1. At each step, the adjoint w,, is propagated to the preceding
load step, and the adjoint contributions to the temperature field are accumulated as

follows:
N T
- a(;nJrl _
T = n+1s 46
; ( oT ) Wn+1 (46)
where 0G,,+1/9T represents the dependence arising from the thermal stress defined
in Eq. (17). Finally, the heat conduction analysis is traced backward. Because this
analysis step has neither internal variables nor an objective function contribution,
Egs. (38) and (39) reduce to

Kixr =T
(aacil)Twl = (g)TAT - [WT"T’ (47)

where Ap = ;. The first equation of Eq. (47) follows from the general formulation in
Eq. (33) and reduces to the adjoint equation for heat conduction. Thus, no separate
thermo-structural coupled adjoint equation needs to be derived. The dependence of
the thermal conductivity on the design variables is captured by O(Kr(x)T)/0x.
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Table 1: Material properties

Material ~E [MPa] v oy [MPa] 0o [MPa] b Z=[MPa/K] k[W/(mK)]
1 70,000 0.3 500 700 50 1.61 130
2 190,000 0.3 255 2,000 5 3.23 15

6 Verification of the sensitivities

6.1 Analysis model and conditions

Fig. 1 shows the two-dimensional shear problem used to verify the sensitivities. A
1000 mm x 2000 mm plane-strain domain was divided into four-node quadrilateral
elements, where the bottom edge is fully fixed, a horizontal prescribed displacement u,
is applied to the top edge, and the vertical displacement of the top edge is constrained
to 0. The prescribed displacement follows the one-cycle history shown in Fig. 1(c),
which comprises N = 80 steps. The prescribed displacement has a maximum value
of Umax = 125 mm. Two cases were examined: elastoplastic and thermo-elastoplastic.
In the thermo-elastoplastic case, the bottom edge was at the reference temperature
Ty = 0, the top edge was at the temperature 7', and the left and right edges were
adiabatic, where T' = 1000 K. To keep the computational cost reasonable, the analysis
mesh was set to 5 x 10 = 50 elements. Two design variables were assigned to each
element, so there were 50 x 2 = 100 design variables in total, which were given for
each component by uniform random numbers. Fig. 2 shows the distribution of design
variables for each design field. The same design was used in both cases.

Table 1 lists the material constants. The thermal stress coefficient = corresponds
to Eq. (12), and the values in the table are given directly. The void phase was set
to a value of 1.0 x 1073 for Young’s modulus, the initial yield stress, the parameters
of the Voce hardening law, and the thermal conductivity and to a value of 0 for
the thermal stress coefficient. Based on preliminary studies, the DMO penalization
exponent was set to p = 3 for Young’s modulus F, the thermal stress coefficient =, and
the thermal conductivity k, which govern the stiffness, and to p = 1 for oy, 0, and
b, which govern yielding and hardening. Based on preliminary studies, the projection
parameters were set to § = 5 and n = 0.5. The same penalization exponents and
projection parameters are used in subsequent numerical examples.

The gradients gg,y of full AD, which records every operation of all load steps on
a single tape, and of central differences (Appendix A) were adopted as benchmarks.
If g is the gradient obtained by each method, then the following relative L? error can
be used to assess the validity:

Ere] = w (48)
llgsun |2
Computations were carried out on an Apple M3 Ultra with 256 GB of memory
using the Apple clang 21.0.0 compiler. CoDiPack v3.1.2[26] was used as the AD library.
Comparisons of the computational cost were run on a single thread with each method
executed in turn in a separate process.
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Fig. 1: Analysis model and boundary conditions of the two-dimensional shear prob-
lem: (a) thermal boundary conditions, (b) structural boundary conditions, and (c)
history of the prescribed displacement. The thermal boundary conditions are imposed
only in the thermo-elastoplastic case: T'= T on the top edge, T = Tp on the bottom
edge, and adiabatic left and right edges. As structural boundary conditions, the bot-
tom edge Iy is fully fixed, and the horizontal prescribed displacement ., is applied
to the top edge I',,.
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Fig. 2: Distribution of design variables used for verification of the sensitivities: (a)
21 of design field 1 and (b) z2 of design field 2.

6.2 Verification results

Table 2 presents the verification results. The proposed method using fixed-point AD
agreed with full AD to within the roundoff error for both cases and agreed with
the analytical adjoint variable method (Appendix B) for the elastoplastic case. The
thermo-elastoplastic case was outside the scope of the comparison because the ana-
lytical adjoint variable method could not be used to consider the thermal stress.
Fig. 3 shows the sensitivities of each design field for the elastoplastic case, and Fig. 4
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Table 2: Relative L? error of the gradients with respect to full AD

Case Proposed method  Analytical adjoint variable method
Elastoplastic 2.4 x 10710 2.9 x 107
Thermo-elastoplastic 1.2x 10714 -

1.0x 107
z Z
= =
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D ‘B 5.0 x 10° -
=1 =
3} 5)
%) %)
04 ¢
T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
Element number Element number
(a) (b)

—— Proposed method o Central difference (h=1.0 x 107%)

Fig. 3: Sensitivity distributions of the two-dimensional elastoplastic case: (a) design
variable z1 and (b) design variable z5.

shows those for the thermo-elastoplastic case by superimposing the results of the pro-
posed method and central differences. In both cases, the distributions of the proposed
method and central differences coincided, which indicates that the proposed method
gives the correct sensitivity distribution. Fig. 5 shows the equivalent plastic strain at
the final load step of the design. The contour shows the average over the integration
points of each element. In both cases, the plastic zone spread over almost the entire
design domain, so the sensitivities were compared in a state that included path depen-
dence. Thus, the topology optimization results obtained with the proposed method
were verified.

7 Computational cost

The computational cost of the proposed method was evaluated on an elastoplastic
problem whose sensitivities were formulated by the analytical adjoint variable method
(Appendix B). Fig. 6 shows the analysis model and boundary conditions of a three-
dimensional shear problem, where the 1000 mm x 2000 mm x 1000 mm domain was
obtained by extruding the two-dimensional domain in Section 6.1 in the thickness
direction. The model was divided into eight-node hexahedral elements. The bottom
face was fully fixed. A horizontal prescribed displacement with the same history as
shown in Fig. 1(c) was applied to the top face. The other two components on the
top face were constrained to 0. The design was uniform with all design variables set
to x; = 0.5. The material properties and computing environment were the same as
those described in Section 6.1. The growth rate of the computational cost with respect
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Fig. 4: Sensitivity distributions of the two-dimensional thermo-elastoplastic case: (a)
design variable 1 and (b) design variable xs.
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Fig. 5: Equivalent plastic strain @ at the final load step: (a) elastoplastic case and
(b) thermo-elastoplastic case.

to the number of elements was examined by varying the total number of elements
over N, € {16, 128, 1,024, 8,192, 31,250} to obtain the computation time and peak
memory. The growth rate of the computational cost with respect to the number of load
steps was examined by fixing the total number of elements and varying the number
of load steps.

7.1 Comparison with other sensitivity analysis methods

Table 3 compares the proposed method with other sensitivity analysis methods. For
the analytical adjoint variable method, the derivation of the adjoint equations and
the explicit partial derivatives are all given in closed form, and the sensitivity analysis
(Appendix B) does not consider heat conduction or the effect of thermal stress (i.e.,
T = 0). Hybrid adjoint variable methods[19, 21, 22], which derive the adjoint equations
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Fig. 6: Analysis model and boundary conditions of the three-dimensional shear prob-
lem. The bottom face I';, is fully fixed, and the horizontal prescribed displacement .
is applied to the top face I',,. The history of the prescribed displacement is the same
as shown in Fig. 1(c).

analytically and build only the partial derivatives by AD, were not included in the
comparison because their backward recursion of the adjoint depends on the physical
model.

Full AD corresponds to reverse-mode AD where the operations of all load steps,
which includes the global Newton iterations and the local iterations of the return
mapping, are recorded on a single tape, and the gradient is obtained in a single reverse
sweep. Checkpointing[15] stores the state every two steps in the forward analysis; in
the reverse sweep, the required steps are recomputed from the stored states while all
operations of one step were recorded and replayed backward. For an 80-step problem,
this means that 40 states are stored. The tape held at one time is reduced to that of a
single step, but that tape contains all Newton iterations, and the computational cost
increases owing to the recomputation. The proposed method obtains the sensitivities
at a computational cost comparable to that of the analytical adjoint variable method
while keeping the generality of AD, which requires no formulation.

7.2 Growth rate according to the number of elements

Table 4 summarizes the computation time and peak memory required for sensitivity
analysis according to the total number of elements. Fig. 7 graphs the results on log—
log axes. Full AD and checkpointing are shown up to the size that could be executed
with the present implementation. Every method is almost a straight line on the log—
log plot, and the computation time and peak memory increase approximately linearly
with the number of elements. In other words, the computational costs of the sensitivity
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Table 3: Comparison of sensitivity analysis methods

Method Derivation of the Tape held at one time
sensitivities
Analytical adjoint Analytical derivation of -
variable method Appendix B
Full AD All operations All N steps
Checkpointing All operations including One step
recomputation
Proposed method Map at the converged point One analysis step
only

Table 4: Computation time and peak memory required by different
sensitivity analysis methods according to the number of elements: (a)
analytical adjoint variable method, (b) proposed method, (c) check-
pointing, and (d) full AD

Ne Computation time [s] Peak memory [MiB]
(@ (b)) (o (d) | (a) (b) (c) (d)
16 0.24 0.31 1.20 1.06 22 43 108 4,184
128 1.86 223 977 880 65 99 847 34,341
1,024 17.3 19.9 88.8 - 419 636 7,236 -
8,192 193 211 867 - 2,995 4,648 53,582 -
31,250 | 1,228 1,299 - - | 11,792 17,9046 - -

analysis methods differed by constant factors. For the proposed method, the compu-
tation time and peak memory showed the same growth rate as the analytical adjoint
variable method. At the maximum number of 31,250 elements, the computation time
was 1.06 times and the peak memory was 1.5 times those of the analytical adjoint
variable method. Compared with checkpointing, the proposed method requires about
1/4 of the computation time; for 1024 elements and more, it requires about 1/11 of
the peak memory. Full AD required an enormous amount of memory and could be
executed only up to a very small number of elements. Thus, the proposed method
greatly reduced the computational cost compared with full AD and checkpointing
while obtaining sensitivities at a computational cost comparable to that the analytical
adjoint variable method. Consequently, the proposed method can replace the ana-
lytical adjoint variable method in terms of computational cost without requiring the
derivation of adjoint equations for each physical model.

7.3 Growth rate according to the number of load steps

The proposed method records and discards the tape for each analysis step, so the
amount of tape held at one time does not depend on the number of load steps. To
confirm this, the total number of elements was fixed at 128, and the one-cycle loading
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Fig. 7: Log—log plots of the (a) computation time and (b) peak memory required by
different sensitivity analysis methods according to the number of elements.

path shown in Fig. 1(c) was divided into N € {20, 40, 80, 160, 320, 640} load steps to
measure the computation time, peak memory, and largest amount of tape held at one
time. Because the loading path is the same and only its division changes, increasing NV
decreases the load increment per step, which affects the number of Newton iterations.
The computation times and tape sizes below therefore include this effect as well.

Table 5 summarizes the computation time, peak memory, and tape size for different
sensitivity analysis methods. For each method, the computation time was almost
proportional to N. The computation time of the proposed method was about 1.2
times that of the analytical adjoint variable method, and this ratio did not depend
on N. In contrast, checkpointing required more than four times the computation
time of the proposed method, because it re-solves each step from the stored states.
Because topology optimization requires a sensitivity analysis to be performed at every
iteration, this difference in computation time translates directly into a difference in
the total optimization time, and a constant-factor difference has a large impact.

Fig. 8 shows (a) the tape size and (b) the peak memory on log—log axes. The peak
memory can be approximated by the sum of the tape held at one time for backward
propagation and the converged states stored in the forward analysis (i.e., the state
variables and internal variables). The proposed method had a constant tape size of
about 30 MiB regardless of the number of load steps V. This is because the tape was
recorded for each analysis step and discarded after it had been traced backward. In
contrast, the tape size for full AD grew in proportion to /N because the operations of
all load steps were recorded on a single tape. It reached about 33 GiB at N = 80, and
full AD could not be executed at N = 160 on a computer with 256 GB of memory. For
checkpointing, the tape size was for a single step and therefore did not depend on N.
However, it contained all of the Newton iterations of that step, so the tape size was
about 20 times that of the proposed method. This difference in tape size is reflected in
the peak memory. For the proposed method and analytical adjoint variable method,
the peak memory increased with N because the state variables and internal variables
of the converged state of every load step were stored at once for all analysis steps.
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Table 5: Computation time, largest tape held at one
time, and peak memory of different sensitivity analysis
methods according to the number of load steps N (three-
dimensional, 128 elements): (a) analytical adjoint variable
method, (b) proposed method, (c) checkpointing, and (d)
full AD
N | Computation time [s] | Tape size [MiB] Peak memory [MiB]
@ () (9 @[k (o @ [@@ (b)) () (@

20 | 0.51 0.60 2.78 2.46 | 30 721 9,545 | 44 77 921 9,670
40 [ 0.96 1.14 5.16 4.60| 30 680 17,931 | 51 82 876 18,146
80 | 1.86 2.24 9.82 8.80| 30 627 33,979 | 66 99 838 34,340

160 | 3.58 4.32 19.0 - 30 627 - 94 126 874 -
320 | 7.11 8.57 37.7 - 30 584 - 152 186 885 -
640 | 14.3 17.2 74.5 - 29 579 - 266 298 912 -

Thus, the proposed method and analytical adjoint variable method had comparable
computational costs. For checkpointing, the peak memory was almost constant at
about 1000 MiB regardless of N. The stored converged states amounted to N/2 steps,
and the peak memory increased with IV, but this increase was not conspicuous because
the tape of a single step dominated the peak memory. For full AD, the peak memory
was almost the tape size itself, so an enormous amount of memory was required.

Thus, the computational cost of the proposed method is comparable to that of the
analytical adjoint variable method because the tape is limited to a single analysis step.
Checkpointing similarly limits the tape to a single step, but that tape contains all
of the Newton iterations, which increases the tape size. In addition, the computation
time is more than four times longer because of the recomputation. When the number
of load steps N is large and the storage of converged states dominates the peak
memory, both the proposed method and checkpointing need to thin out the storage of
the converged states and recompute the steps without stored states during backward
propagation. However, the computation time increases with recomputation, so there is
a tradeoff between memory and computation time. This is the same for the analytical
adjoint variable method. Within the range of this study, the proposed method had
a peak memory below 300 MiB even at N = 640, so it could be used as it is. The
computational cost of the proposed method showed the same growth rate as the
analytical adjoint variable method with respect to the number of load steps IV, and the
difference between the two was constant regardless of V. In path-dependent problems,
the load steps must sometimes be refined to follow the stress and strain histories
accurately. Even in such cases, the computational cost of the proposed method stayed
comparable to that of the analytical adjoint variable method, and the tape did not
grow with the number of steps as in the case of full AD.

8 Numerical example of a two-dimensional problem

8.1 Analysis model and conditions

To demonstrate that the proposed method can solve topology optimization problems
of a practical size, steady-state heat conduction was added to the two-dimensional
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Fig. 8: Log-log plots of (a) the largest tape held at one time and (b) peak memory
against the number of load steps IV for different sensitivity analysis methods applied
to the 128-element three-dimensional model.

multi-material shear problem shown in Fig. 1 to obtain a thermo-elastoplastic
optimization problem. The domain was divided into 40 x 80 = 3,200 four-node quadri-
lateral elements, and the number of design variables was set to 6400. The boundary
conditions and history of the prescribed displacement were the same as described in
Section 6.1. As shown in Fig. 1(b), the bottom edge was fully fixed, and a prescribed
displacement with a maximum of @y, = 125 mm was applied to the top edge over
one cycle of N = 80 steps following the profile shown in Fig. 1(c). The thermal bound-
ary conditions were also the same as described in Section 6.1: the bottom edge was
at the reference temperature Ty = 0, the top edge was at the temperature 7', and the
left and right edges were adiabatic. The top edge with the prescribed displacement
was hot while the fixed bottom edge was cold, so heat flowed from the top edge to the
bottom edge. Two temperature cases were considered: T = 0 (no heat) and 1000 K.
The T' = 0 case retained the heat conduction analysis while setting the thermal stress
to 0, which reduced the problem to elastoplastic optimization without heat.

The materials corresponded to the two materials listed in Table 1 and the void
phase. The DMO penalization exponent was 3 for F, =, and k and 1 for o9, 0o,
and b. The initial design was z.; = 0.5 for all elements and both design fields, and
the lower bound of the design variables was x;, = 0.001. The upper bounds of the
volume were o7 = U5 = 0.2. The projection parameters were § =5 and n = 0.5. The
method of moving asymptotes (MMA)[38] was used as the optimization algorithm,
which updates the design variables based on the sensitivity distribution obtained from
the sensitivity analysis.

8.2 Results

Fig. 9 shows the topology optimization results, the temperature field in the resulting
structure, and the equivalent plastic strain after one cycle of loading. Gray denotes the
void phase, blue denotes material 1, and red denotes material 2. For T' = 0, material 1
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crossed at the center to resist the applied shear deformation, and material 2 occupied
the tips of the arms extending to the four corners and center of the crossing. The
result was symmetric top to bottom. For T" = 1000 K, the overall crossing structure
resisting the shear deformation was the same, but more of material 2 was placed on
the cold lower side, and more of material 1 was on the hot upper side.

The structure changed with the thermal load owing to the difference in the thermal
stress coefficient = between the materials. Table 1 indicates that the thermal stress
coefficient = of material 2 was about twice that of material 1, so a large thermal
stress was more likely to arise. In a problem where expansion is constrained at the
top and bottom edges, a material placed at a hotter location receives a compressive
thermal stress proportional to = and reaches the plastic range more easily. Therefore,
placing material 2 with its larger thermal stress coeflicient = near the cold lower
part suppresses plastic behavior and allows the structure to resist the prescribed
displacement more strongly.

Fig. 10 shows the iteration histories of the objective function and volume con-
straints. In both cases, the increase in the objective function became gradual after
about 30 iterations, and thereafter the volume constraints remained satisfied. In the
initial stage of optimization, the value of the objective function decreased consider-
ably. This is because the optimization started with the design variables set at an initial
value of 0.5, which violated the volume constraint of 0.2. Thus, the optimization algo-
rithm first updated the design to satisfy the volume constraints. Eventually, however,
the value of the objective function became higher than that of the initial structure
while the volume constraints were maintained, and the optimization converged, so the
topology optimization was carried out properly.

For the T = 0 case, optimization was performed with different sensitivity anal-
ysis methods, and the computational costs were compared. The computations were
run on a single thread, with each method executed in turn in a separate process.
Table 6 compares the computation time and peak memory of 100 optimization iter-
ations and the relative L? error of the obtained design variables with respect to the
analytical adjoint variable method. The proposed method had a computation time
and peak memory that were 1.11 times and 1.10 times, respectively, those of the ana-
lytical adjoint variable method. In contrast, checkpointing had a computation time
and peak memory that were 3.1 times and 2.0 times, respectively, those of the ana-
lytical adjoint variable method. The designs obtained by the three methods agreed
to within the roundoff error. Fig. 11 shows the iteration histories of the objective
function and volume constraints obtained with the proposed method and analytical
adjoint variable method. The two curves overlapped at every iteration, which indi-
cates that they followed the same optimization path. Hence, the proposed method can
replace the analytical adjoint variable method as it gives the same optimization result
at a comparable computational cost while not requiring complicated formulations for
multiphysics and path-dependent problems.
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Fig. 9: Topology optimization results for the two-dimensional thermo-elastoplastic
problem. The rows correspond to the temperature 7. The columns correspond to the
material layout of the optimized design, the temperature field, and the equivalent
plastic strain after one cycle. The material layout is drawn element by element as
the material number (0 for the void phase, 1 for material 1, and 2 for material 2)
interpolated with the weights of Eq. (24) (p = 1).
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Fig. 10: Iteration histories for optimization of the two-dimensional thermo-
elastoplastic problem: (a) total energy normalized by the value of the initial design,
(b) volume constraint of material 1, and (c) volume constraint of material 2.
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Table 6: Computational cost of the two-dimensional elastoplastic optimiza-
tion (3,200 elements, N = 80, 100 iterations) for each sensitivity analysis

method.
Method Computation Peak memory Relative L? difference
time [min] [MiB] of the design variables
Analytical adjoint variable method 18.2 947 -
Proposed method 20.1 1,037 4.2 x 10713
Checkpointing 57.2 1,938 5.8 x 10713
o 0.00 4 1.5 9 1.5 o
2 = -
S —0.25 g g
;g, 5 1.0 £X 1.0+
o —0.50 1 23 2 =
3 S S
& -0.75 1 o 0.5 ok 0.5
| £ & £ &
g -1.00 E =
S S 0.0 S 0.0
Z —1.25 4 = >
T T T T T T T T T T T T T T T
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100
MMA iteration MMA iteration MMA iteration
(a) (b) (c)
== Analytical adjoint variable method -+« Proposed method

Fig. 11: Tteration histories with different sensitivity analysis methods: (a) normalized
objective function, (b) volume constraint of material 1, and (c) volume constraint of
material 2.

9 Numerical example of a three-dimensional problem

9.1 Analysis model and conditions

The proposed method was also applied to a three-dimensional problem with a corre-
spondingly larger computational cost to demonstrate its effectiveness. Fig. 12 shows
the analysis model and boundary conditions. The design domain was set to 400 mm
x 400 mm x 100 mm. Owing to the symmetry of the analysis model, a quarter of the
domain with the symmetry planes X = 200 mm and Y = 200 mm was analyzed. The
quarter domain was divided into 40 x 40 x 20 eight-node hexahedral elements, which
corresponded to 32,000 elements and 64,000 design variables.

For the structural boundary conditions, the side faces of the plate were fully fixed,
and only the normal displacement was constrained on the symmetry planes. As shown
in Fig. 12(c), a prescribed displacement was applied in the —Z direction with a maxi-
mum of %yax = 10 mm to the 40 mm x 40 mm area at the center of the top face over
one cycle divided into N = 80 steps. For the thermal boundary conditions, three tem-
perature cases were applied at the location of the prescribed displacement: T'= 0K,
T = 500K, and T" = 1000 K. The fully fixed outer boundary was at the reference
temperature Ty = 0, and the other faces were adiabatic. For the T' = 0 case, no
temperature distribution arose in the body, and no thermal stress occurred, which
reduced the thermo-elastoplastic problem to the elastoplastic problem. The materials
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Fig. 12: Plan view of the analysis model and boundary conditions of a three-
dimensional plate: (a) thermal boundary conditions, (b) structural boundary condi-
tions, and (c) history of the prescribed displacement. The plate thickness is 100 mm.
Thermally, the side faces are at T' = Tp, the 40 x 40 mm area at the center of the top
face is at T = T, and the other faces are adiabatic. Structurally, the side faces T,
are fully fixed, and the prescribed displacement @, is applied to the same area at the
center of the top face. The dark part is the analyzed quarter domain, and the dashed

lines are the symmetry planes.

corresponded to the two materials listed in Table 1 and the void phase. The DMO
penalization exponent was 3 for I/, =, and k and 1 for oy, 0o, and b. For the initial
design, all elements and both design fields were set to z.; = 0.5. The lower bound of
the design variables was Zmin = 1072, and the upper bound of the volume for each
material was v7 = v3 = 0.1. Based on preliminary studies, the projection param-
eters were § = 5 and n = 0.5. MMA[38] was used as the optimization algorithm
with a maximum of 100 iterations. The design variables were updated based on the
sensitivities obtained by the proposed method. The three cases were run simultane-
ously as separate processes with eight threads each. Therefore, the computation times
described below are for wall-clock times with eight threads and are not equivalent to
the computation times described in Section 7.

9.2 Results

Fig. 13 shows the material layouts on the top face, at mid-thickness, and on the
bottom face. Fig. 14 shows the vertical section through the center. Fig. 15 shows
the three-dimensional view with the void phase removed. All show the results of the
quarter domain mirrored back to the full domain. In all three cases, an arch-like
structure rising in the thickness direction from the fully fixed side faced the prescribed
displacement at the center of the top face. The upper chord of the arch was occupied
by material 2, and the diagonals around the fixed ends were occupied by material 1.
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When 7" # 0 and the effect of thermal stress was added, the structural form changed.
While the T' = 0 case had a horizontal member of material 1 directly below the loading
point at mid-thickness, it became shorter for the 7' = 500 K case, and it disappeared
and was replaced by material 2 for the T' = 1000 K case. Fig. 16 shows the temperature
field and equivalent plastic strain at mid-thickness. Because the fully fixed side faces
were cooled, the temperature decreased from the prescribed displacement toward the
outer boundary, and the average temperature of the structure stayed at about 25%
of T'. The total energy increased with 7', and the fraction of plastic integration points
was almost the same in the three cases. Fig. 17 shows the iteration histories. The
volume constraints were satisfied, and the objective function was almost constant
after 60 iterations. This indicates that the optimization converged properly. Similar
to Section 8.2, the objective function deteriorated considerably in the initial steps of
the optimization because the initial structure violated the volume constraints, so the
design variables were first updated to ensure that the constraints were satisfied.

These results show that the proposed method can be applied to the topology
optimization of multiphysics and path-dependent three-dimensional problems of a
practical size. The proposed method resolves the high computational cost of conven-
tional AD without requiring the complicated formulations of the analytical adjoint
variable method.

10 Conclusions

The proposed method used fixed-point AD for the topology optimization of path-
dependent problems at a reasonable computational cost. Rather than evaluating every
operation of the forward analysis by AD at once, the proposed method fixes the con-
sistent tangent at the converged point of each analysis step, records the fixed-point
map consisting of the evaluation of the residual vector only once by reverse-mode AD,
updates the solution with the fixed consistent tangent, updates the internal variables,
and computes the sensitivity of the internal variables through a backward recursion
between analysis steps. This avoids the complicated formulations of the analytical
adjoint variable method while computing the sensitivities required for topology opti-
mization at a comparable computational cost. The main findings and remaining issues
are discussed below.

¢ Problems in which several governing equations are solved in sequence can be gener-
alized as a sequence of analysis steps, and a general formulation independent of the
physical model is presented where recording the fixed-point map once at the con-
verged point of each analysis step yields the derivative of the discrete solution by
the implicit function theorem, which includes the sensitivity that goes back across
steps through the internal variables. This formulation extends fixed-point AD to
path-dependent problems with internal variables and is the main contribution of the
proposed method. The complicated adjoint equations need not be rederived when
the coupled physical model, constitutive law, objective function, or interpolation of
the material properties by the design variables is changed.

e The proposed method was verified for elastoplastic and thermo-elastoplastic prob-
lems, which have a yield condition and branching. The gradient of the proposed
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Fig. 13: Material layouts of three-dimensional designs after thermo-elastoplastic opti-
mization. The rows correspond to the temperature T. The columns correspond to the
top face, mid-thickness, and bottom face. The interpolation of the material number
is the same as in Fig. 9.

method agreed with the analytical adjoint variable method, reverse-mode AD, and
central differences, which shows that it gives the correct sensitivities.

¢ The computation time and peak memory of the proposed method showed the same
growth rate as the analytical adjoint variable method with respect to the number of
elements. They were much smaller than those of checkpointing, which allowed the
proposed method to solve problems of a size that cannot be handled by reverse-mode
AD. These results quantitatively demonstrate that the proposed method can be
used to conduct a sensitivity analysis requiring no formulation at a computational
cost comparable to that of the analytical adjoint variable method.

¢ The amount of tape held at one time by the proposed method is constant regardless
of the number of load steps. The peak memory increases in proportion to the number
of analysis steps because the converged states of all steps are stored, but it is kept
small compared with full AD. The proposed method was confirmed to handle three-
dimensional optimization problems without difficulty. This property is shared with
the analytical adjoint variable method, and the computational cost can be reduced
further if necessary by thinning the converged states as in checkpointing.
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Fig. 14: Vertical section (Y = 200 mm) of the three-dimensional designs after thermo-
elastoplastic optimization: (a) T'= 0K, (b) 500K, and (c¢) 1000 K.

¢ When applied to two-dimensional optimization, the proposed method obtained the
same design as the analytical adjoint variable method at a comparable computa-
tional cost. The same sensitivity analysis was applied without modification to the
three-dimensional thermo-elastoplastic problem to which the analytical adjoint vari-
able method is inapplicable. Thus, the proposed method can replace the analytical
adjoint variable method in terms of both computational cost and generality.

¢ The computational cost for the topology optimization of path-dependent problems
primarily comes from the forward analysis. Large-scale parallel computation may
be a solution, but its combination with the proposed method has not yet been
examined and will be the subject of future work.
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Appendix A Verification of the gradients by central
differences

The central differences (Section 6) were computed for each component of the design

variables as follows:

8f Nf(m+heei)_f(x_heei)

8:1:61' - 2h ’
where e.; is the unit vector whose only nonzero component is z.; and the filter,
projection, and forward analysis are all recomputed for each perturbation. Because
no AD is used, this check does not depend on the evaluation of the forward analysis
shared by full AD and fixed-point AD. The step h was chosen by comparing the
relative L? error with respect to full AD over the range from 1.0 x 10~% to 1.0 x 10~
and was unified to h = 1.0 x 1075 for which the error was below 1.0 x 107° in every
problem. Decreasing the step reduced the truncation error, and decreasing it further
increased the error again by roundoff, so the minimum lay within this range.

(A1)

Appendix B Sensitivity analysis by the analytical
adjoint variable method

The analytical adjoint variable method was formulated by deriving the adjoint
equation by hand for the discretized path-dependent problem in Eq. (8)[1, 7],
which was adapted to DMO multi-material interpolation and Voce hardening. Every
equation below has to be derived again whenever the constitutive law, material inter-
polation, or objective function was changed. In contrast, fixed-point AD uses none of
these equations.

B.1 Adjoint equations and backward recursion

The contribution of step n to the objective function is written as

On(Up; U1, hp_1,&) = / on (e —€p_1)dQ. (B2)
Q

Because the stress o, is determined by the return mapping from w,, h,_; and the
physical densities &, ¢,, depends on these and on the displacement w,_; of the pre-
vious step. With the equilibrium and the update of the internal variables of Eq. (8)
as constraints, the Lagrangian is defined as

L=

WE

|:$0n(un; un—lahn—lai)*AIRn(un; hn—la::é)ful(hann(una hn—17i)):|a

(B3)
where A, is the adjoint variable for the equilibrium (placed on the nodal degrees of
freedom excluding those with prescribed displacement) and p,, is the adjoint variable
for updating the internal variables (placed at each integration point). The stationarity

n=1
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condition with respect to h,, gives

Opni1  [(ORni1)' OH, 1\
pr— _— 4
T ( ah, ) T Ton, ) Bt (B4)

and the stationarity condition with respect to w,, gives

0pn  Opni1 0H,, T
K™\, = n
n ow, " ow, \ouw, ) ™

(B5)
OR,

ou,,

n =

Because hy and uy do not appear in any later step, the terminal conditions are
pn =0, Ayt1 =0, and dpn11/0uny = 0. The adjoint variables are obtained in the
order of n = N, N —1,...,1 by first determining p,, from Eq. (B4) and then solving
Eq. (B5) for A,. The gradient with respect to the physical densities is accumulated as

Z dpn <8Rn>TA . <6Hn)T
oz \oz ) ez ) M
Backward recursion requires the converged states (w,,h,) of all steps, which are

stored in the forward analysis. For the von Mises model with the associated flow rule,
K, is symmetric, and the transposed solve of Eq. (B5) is needed only once per step.

(B6)

B.2 Partial derivatives at the integration points

The partial derivatives of the residual R, = fQ BTo,,dQ and the update of the
internal variables H,, are obtained by assembling the partial derivatives of the stress
and internal variables at each integration point:

R, oo
BT —"BdO
aun /Q Oe,
Jo
T Y%n B
0H,,
ou,, (’)sn

At integration points in the plastic state, the consistency condition of Eq. (19) is
differentiated as an implicit function to obtain the partial derivatives of the plastic
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multiplier. Because 9q* /0e®' = 2u+/3/2 v,

0A~y 0A~y 2u+/3/2

= — = 174
Oen, dey_ 3u+o

A~ oy

(B8)

O%n_1 _3u + 0'2/17

where o}, = o, (). From Eq. (16), 0} (@) = (05 — 0y0) be™"*. The partial derivative

of the flow direction is
ov 24

den  |Isv

Substituting these into Eq. (18) obtains the partial derivatives of the stress:

(Hde" —vQv). (B9)

oo, oo,
= — = €p
Dey, el | ¢

(B10)
8o'n . 2[&\/3/20; v
0,1 - 3#4—0;

)

where the consistent tangent of Eq. (20) appears. The partial derivatives of the internal
variables are

OeP 3 0A ov
ﬁ: 2<V® 8E:+A’}/aen>
Oeb Oeb
Oey_y T e
deb \/§ DA~
dan1  V20a, . (B11)
oa,  0Ay
Oe,, - Oe,
0dn, OA~
der,_y T Oe,
oa, 3u
00y—1 - 3u+ 0;'

p _
n—1

At integration points in the elastic state, Ay = 0, do,,/0e,, = C, and 0o, /0e
—C. The internal variables are carried over unchanged from the previous step.

B.3 Design derivatives

The partial derivative with respect to the physical density Z.j, where the strain and
internal variables of the previous step are fixed, is obtained by differentiating the
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consistency condition of Eq. (19) with respect to Tep:

tr
o5 O
aA’y o 8$ek 8xek 8$ek n (B12)
8§ek 3M + ng;(dn) ,
where
04" _ ¢ Op
ag:cek o ai'ek
o 0 . 00 . L Ob
gy _ gyO e—ba + g (1 _ e—ba) + (Uoo _ UyO) ae—ba .
axek a@ axek axek: Lek

Because the direction of the deviatoric part of the trial stress does not depend on
the elastic constants, the design derivative of the flow direction is zero. Therefore the
design derivatives of the stress and internal variables are

do,  OC . \/5 ( ou 8Av>
— = —=— e =20/ | =—Ay+pu—
8i@k ai’ek © 2 (%ek 7 Maﬂz’ek i

oeb \/§ oAy (B13)

OZer, V2 0Fep
da,  OAvy
a*%ek aéek

Because Poisson’s ratio does not depend on the design, the design derivatives
of the elastic constants are Op)0Zer = (OE/0Zcr)/[2(1 4+ v)] and Ok/0Te, =
(OE/0Zek)/[3(1 — 2v)].

The design derivative of a property ¢ is obtained by writing the weight inside the
square brackets of Eq. (24) as w; = 2%, (1= igj). The closed-form derivative is

given by

6’(1)1* :p_l ~

— =pzxl I | 1—2zP.
0% Pei ’ ( e])

J#i
(B14)

v _ pinint T -d0) (i),
8iek ’

JF#uk

and then as 0¢ /0%, = Zjﬁ;(awi/a%ek) (¢i — ¢o). The only difference from a single-
material problem is this design derivative of the properties. Eqs. (B8)—(B13) and the
backward recursion of the adjoint apply the same equations to each material field.
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B.4 Partial derivatives of the objective function

Based on Ae,, = B(u,, —u,_1), the contribution of Eq. (B2) to the objective function
has the partial derivatives

Dipn _ T (qep .

T, /QB (CP: Aep + 0,,) A2
O = —/ B'o,dQ

a'u/n_l Q

(B15)

Oon oo, \ '
= : Ae,, dQ
Oh,_1 /Q (c’mnl) &n

O :/ 9%n . Ae, dq.
ai’ek Qe 8‘%8]6

Opn /Oun,_1 enters the right-hand side of the adjoint equation (B5) of the previous
step, and dy,, /Oh,,_; enters the right-hand side of Eq. (B4).

B.5 Gradient through the filter and projection

Eq. (B6) is the gradient with respect to the physical densities. The gradient with
respect to the design variables is obtained by tracing the projection of Eq. (23) and
the filter of Eq. (22) in reverse order:

Y 0% O Af
dmji B ; 65(}ji OTe; dg:jei

Oiei _ B{1l - tanh®[B(Zei —n)]}
0% tanh(Bn) + tanh[B(1 — )]’

(B16)

The gradients of the volume constraints are obtained by the same equation.

Of the equations above, Sections B.2 and B.3 are specific to the von Mises model,
Voce hardening, and DMO interpolation, and Section B.4 is specific to the objective
function. To treat thermal stress, another constitutive law, or another objective func-
tion, each has to be derived again. This is why the scope of the analytical adjoint
variable method was limited to this configuration in this study.

Replication of results

The formulation and the algorithm of the proposed sensitivity analysis are described
in Sections 2 to 5 and Algorithm 1, and the analysis models, the material properties,
the boundary conditions, and the optimization settings are given in Sections 6 to 9,
so that the results can be reproduced from the information in the manuscript. The
numerical data of the figures and tables and further details of the implementation are
available from the corresponding author on reasonable request.
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