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1 Proof of Theorem 1

Suppose that any ZD strategy p of player X in G1 is also a ZD strategy in G2. Then for any α,β ,γ , and p = αSω1
X +βSω1

Y +
γ1+p0, there exists α ′,β ′,γ ′ such that p = α ′Sω2

X +β ′Sω2
Y + γ ′1+p0. Then the following equations has at least one solution:

α
′R2 +β

′R2 + γ
′ = αR1 +βR1 + γ,

α
′S2 +β

′T2 + γ
′ = αS1 +βT1 + γ,

α
′T2 +β

′S2 + γ
′ = αT1 +βS1 + γ,

α
′P2 +β

′P2 + γ
′ = αP1 +βP1 + γ.

(1)

Notice that the first three equations of (1) have a solution:

α
′ =

1
2

(
(α +β )(2R1−T1−S1)

2R2−T2−S2
+

(α−β )(S1−T1)

S2−T2

)
,

β
′ =

1
2

(
(α +β )(2R1−T1−S1)

2R2−T2−S2
− (α−β )(S1−T1)

S2−T2

)
,

γ
′ = αR1 +βR1 + γ−R2

(α +β )(2R1−T1−S1)

2R2−T2−S2
.

(2)

Since det

 R2 R2 1
S2 T2 1
T2 S2 1

= (T2−S2)(2R2−S2−T2) 6= 0, (2) is the unique solution of the first three equations of (1) . Then

0 =α
′P2 +β

′P2 + γ
′−αP1 +βP1 + γ,

=
(α +β )(2R1−T1−S1)

2R2−T2−S2
P2 +αR1 +βR1 + γ−R2

(α +β )(2R1−T1−S1)

2R2−T2−S2
−αP1 +βP1 + γ

=α

(
2R1−T1−S1

2R2−T2−S2
(P2−R2)+(R1−P1)

)
+βα

(
2R1−T1−S1

2R2−T2−S2
(P2−R2)+(R1−P1)

)
.

By the arbitrariness of α,β ,γ ,
2R1−T1−S1

2R2−T2−S2
(P2−R2)+(R1−P1) = 0. (3)

Then (3) is equivalent to
R1−P1

2R1−S1−T1
=

R2−P2

2R2−S2−T2
.

On the contrary, suppose that R1−P1
2R1−S1−T1

= R2−P2
2R2−S2−T2

. For any α,β ,γ , and p = αSω1
X +βSω1

Y + γ1+p0, take α ′,β ′,γ ′ as

(2). Then (1) holds if R1−P1
2R1−S1−T1

= R2−P2
2R2−S2−T2

. Thus, any ZD strategy p of player X in G1 is also a ZD strategy in G2.
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2 Proof of Corollary 1
Suppose that player X’s any equalizer strategy p in G1 is also an equalizer strategy in G2. Then for any β ,γ , and p =
βSω1

Y + γ1+p0, there exists β ′,γ ′ such that p = β ′Sω2
Y + γ ′1+p0. Then the following equations has at least one solution:

β
′R2 + γ

′ = βR1 + γ,

β
′T2 + γ

′ = βT1 + γ,

β
′S2 + γ

′ = βS1 + γ,

β
′P2 + γ

′ = βP1 + γ.

(4)

The first two equations of (4) have a solution:

β
′ = β

R1−T1

R2−T2
,

γ
′ = βR1 + γ−βR2

R1−T1

R2−T2
.

(5)

Since det
[

R2 1
T2 1

]
= R2−T2 6= 0, (5) is the unique solution of the first two equations of (4). Then the last two equations of

(4) are converted to:

β
R1−T1

R2−T2
= β

R1−S1

R2−S2
,

β
R1−T1

R2−T2
= β

R1−P1

R2−P2
.

(6)

By the arbitrariness of β ,γ , we have
R1−P1

R2−P2
=

R1−T1

R2−T2
=

R1−S1

R2−S2
.

On the contrary, suppose that R1−P1
R2−P2

= R1−T1
R2−T2

= R1−S1
R2−S2

. For any β ,γ , and p = βSω1
Y + γ1+p0, take β ′,γ ′ as (5). (4) holds if

R1−P1
R2−P2

= R1−T1
R2−T2

= R1−S1
R2−S2

. Thus, player X’s any equalizer strategy p in G1 is also an equalizer strategy in G2.

3 Proof of Corollary 2
For any φ ,χ > 1, and p = φ [(Sω1

X −P11)−χ(Sω1
Y −P11)]+p0, we want to find if there exists φ ′,χ ′ such that

p = φ
′[(Sω2

X −P21)−χ
′(Sω2

Y −P21)]+p0,χ
′ > 1. (7)

(7) is equivalent to the following equations:

φ
′[(R2−P2)−χ

′(R2−P2)] = φ [(R1−P1)−χ(R1−P1)],

φ
′[(S2−P2)−χ

′(T2−P2)] = φ [(S1−P1)−χ(T1−P1)],

φ
′[(T2−P2)−χ

′(S2−P2)] = φ [(T1−P1)−χ(S1−P1)].

(8)

If φ 6= 0, we have φ ′ 6= 0. The first two equations of (8) have a solution:

φ
′ =

φ [(S1−P1)−χ(T1−P1)](R2−P2)−φ [(R1−P1)−χ(R1−P1)](T2−P2)

(R2−P2)(S2−T2)
,

χ
′ =1− φ [(R1−P1)−χ(R1−P1)]

φ ′(R2−P2)
.

(9)

Then the last equation of (8) is converted to:

φ
′[(T2−P2)−χ

′(S2−P2)]−φ [(T1−P1)−χ(S1−P1)]

=φ
′
[
(T2−P2)−

(
1− φ [(R1−P1)−χ(R1−P1)]

φ ′(R2−P2)

)
(S2−P2)

]
−φ [(T1−P1)−χ(S1−P1)]

=φ
′(T2−S2)+

1
R2−P2

φ [(R1−P1)(S2−P2)−χ(R1−P1)(S2−P2)− (T1−P1)(R2−P2)+χ(S1−P1)(R2−P2)]

=
φ

R2−P2
[−(S1 +T1−2P1)(R2−P2)+(R1−P1)(T2 +S2−2P2)+χ(T1 +S1−2P1)(R2−P2)−χ(R1−P1)(T2 +S2−P2))]

=
φ

R2−P2
[(1−χ)((R1−P1)(T2 +S2−2P2)− (S1 +T1−2P1)(R2−P2))]
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Thus, φ ′[(T2−P2)−χ ′(S2−P2)]−φ [(T1−P1)−χ(S1−P1)] = 0 if R1−P1
2R1−S1−T1

= R2−P2
2R2−S2−T2

. Besides,

χ
′ =1− [(R1−P1)−χ(R1−P1)](S2−T2)

[(S1−P1)−χ(T1−P1)](R2−P2)− [(R1−P1)−χ(R1−P1)](T2−P2)

=1− (1−χ)(R1−P1)(S2−T2)

(S1−P1)(R2−P2)− (R1−P1)(T2−P2)−χ((T1−P1)(R2−P2)− (R1−P1)(T2−P2))

Since (S1−P1)(R2−P2)− (R1−P1)(T2−P2)−χ((T1−P1)(R2−P2)− (R1−P1)(T2−P2))< 0, we have χ ′ > 1. Actually, if
φ = 0, we have φ ′ = 0 and p = p0 = [1,1,0,0]T . Then p is also an extortion strategy in G2.

4 Proof of Corollary 3
For any φ ,χ > 1, and p = φ [(Sω1

X −R11)−χ(Sω1
Y −R11)], we want to find if there exists φ ′,χ ′ such that

φ
′[(Sω2

X −R21)−χ
′(Sω2

Y −R21)] = p. (10)

(10) is equivalent to the following equations:

φ
′[(P2−R2)−χ

′(P2−R2)] = φ [(P1−R1)−χ(P1−R1)],

φ
′[(S2−R2)−χ

′(T2−R2)] = φ [(S1−R1)−χ(T1−R1)],

φ
′[(T2−R2)−χ

′(S2−R2)] = φ [(T1−R1)−χ(S1−R1)].

(11)

Similar to the proof of Corollary 2, if φ 6= 0, the first two equations of (12) have a solution:

φ
′ =

φ [(S1−R1)−χ(T1−R1)](R2−P2)−φ [(R1−P1)−χ(R1−P1)](T2−R2)

(R2−P2)(S2−T2)
,

χ
′ =1− φ [(R1−P1)−χ(R1−P1)]

φ ′(R2−P2)
.

(12)

Also, φ ′[(T2−R2)−χ ′(S2−R2)] = φ [(T1−R1)−χ(S1−R1)] if R1−P1
2R1−S1−T1

= R2−P2
2R2−S2−T2

. Besides, we also have

χ
′ =1− (1−χ)(R1−P1)(S2−T2)

(S1−R1)(R2−P2)− (R1−P1)(T2−R2)−χ((T1−R1)(R2−P2)− (R1−P1)(T2−R2))

If (S1−R1)(R2−P2)− (R1−P1)(T2−R2)− χ((T1−R1)(R2−P2)− (R1−P1)(T2−R2))< 0, we have χ ′ > 1. Thus, p is an
extortion strategy in G2 when φ 6= 0. Actually, if φ = 0, we have φ ′ = 0 and p = p0 = [1,1,0,0]T . Then p is also a generous
strategy in G2.

5 Proof of Theorem 2

Sωi
X , Sωi

Y , and 1 are orthogonal since det

 Ri Ri 1
Si Ti 1
Ti Si 1

= (Ti−Si)(2Ri−Si−Ti) 6= 0. Denote Φi as the space spanned by Sωi
X ,

Sωi
Y , and 1. Consider Li = [2Pi−Si−Ti,Ri−Pi,Ri−Pi,Ti +Si−2Ri]

T . Then we have

LT
i Sωi

X = (2Pi−Si−Ti)Ri +(Ri−Pi)Si +(Ri−Pi)Ti +(Ti +Si−2Ri)Pi = 0,

LT
i Sωi

Y = (2Pi−Si−Ti)Ri +(Ri−Pi)Ti +(Ri−Pi)Si +(Ti +Si−2Ri)Pi = 0,

LT
i 1 = (2Pi−Si−Ti)+(Ri−Pi)+(Ri−Pi)+(Ti +Si−2Ri) = 0.

Also, ||Li||22 = (2Pi−Si−Ti)
2 +2(Ri−Pi)

2 +(Ti +Si−2Ri)
2 > 0. Thus, Sωi

X , Sωi
Y , 1, and L2 are orthogonal in R4, and Li is

orthogonal to Φi. According to Press and Dyson1, the nonzero canonical angles between φ1 and φ2 is

θ =arccos
LT

1 L2

||L1||2||L2||2
.

For any α,β ,γ , there exists α ′,β ′,γ ′ such that αSω1
X +βSω1

Y + γ1 = α ′Sω2
X +β ′Sω2

Y + γ ′1+ξ
L2
||L2||2

, where ξ = ||p||2sinθ

is the norm of the projection from αSω1
X +βSω1

Y + γ1 to L2
||L2||2

.
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For any f = [ f1, f2, f3, f4]
T ∈ R4,p′ = [p′cc, p′cd , p′dc, p′dd ]

T ,q′ = [q′cc,q
′
dc,q

′
cd ,q

′
dd ]

T , let

D(p′,q′, f) = det


p′ccq′cc−1 p′cc−1 q′cc−1 f1
p′cdq′dc p′cd−1 q′dc f2
p′dcq′cd p′dc q′cd−1 f3
p′ddq′dd p′dd q′dd f4

 .
According to Press and Dyson1,

α
′uω2

X (p,q)+β
′uω2

Y (p,q)+ γ
′ =

D(p,q,α ′Sω2
X +β ′Sω2

Y + γ ′1)
D(p,q,1)

,

Then

D(p,q,α ′Sω2
X +β

′Sω2
Y + γ

′1) =det


pccqcc−1 αR1 +βR1 + γ qcc−1 α ′R2 +β ′R2 + γ ′

pcdqdc αS1 +βT1 + γ qdc α ′S2 +β ′T2 + γ ′

pdcqcd αT1 +βS1 + γ qcd−1 α ′T2 +β ′S2 + γ ′

pddqdd αP1 +βP1 + γ qdd α ′P2 +β ′P2 + γ ′



=det


pccqcc−1 αR1 +βR1 + γ qcc−1 ξ

1
||L2||2

(2P2−S2−T2)

pcdqdc αS1 +βT1 + γ qdc ξ
1

||L2||2
(R2−P2)

pdcqcd αT1 +βS1 + γ qcd−1 ξ
1

||L2||2
(R2−P2)

pddqdd αP1 +βP1 + γ qdd ξ
1

||L2||2
(T2 +S2−2R2)



=ξ
1

||L2||2
det


pccqcc−1 αR1 +βR1 + γ qcc−1 2P2−S2−T2
pcdqdc αS1 +βT1 + γ qdc R2−P2
pdcqcd αT1 +βS1 + γ qcd−1 R2−P2
pddqdd αP1 +βP1 + γ qdd T2 +S2−2R2


=||p||2sinθ

1
||L2||2

D(p,q,L2).

Thus,

α
′uω2

X (p,q)+β
′uω2

Y (p,q)+ γ
′ = ||p||2sinθ

1
||L2||2

D(p,q,L2)

D(p,q,1)
.

Actually,
D(p,q,L2)

D(p,q,1)
= vcc(2P2−S2−T2)+ vcd(R2−P2)+ vdc(R2−P2)+ vdd(T2 +S2−2R2),

where

vcc =−
1

D(p,q,1)
det

 pcdqdc pcd−1 qdc
pdcqcd pdc qcd−1
pddqdd pdd qdd

 , vcd =
1

D(p,q,1)
det

 pccqcc−1 pcc−1 qcc−1
pdcqcd pdc qcd−1
pddqdd pdd qdd

 ,
vdc =−

1
D(p,q,1)

det

 pccqcc−1 pcc−1 qcc−1
pcdqdc pcd−1 qdc
pddqdd pdd qdd

 , vdd =
1

D(p,q,1)
det

 pccqcc−1 pcc−1 qcc−1
pcdqdc pcd−1 qdc
pdcqcd pdc qcd−1

 .
According to Press and Dyson1, vxy ∈ [0,1],xy ∈ {cc,dc,cd,dd}, and vcc + vcd + vdc + vdd = 1. Then∣∣∣∣D(p,q,L2)

D(p,q,1)

∣∣∣∣6 max{|2P2−S2−T2|, |R2−P2|, |R2−P2|, |T2 +S2−2R2|}= ||L2||∞.

Therefore, |α ′uω2
X (p,q)+β ′uω2

Y (p,q)+ γ ′|6 ||p||2 ||L2||∞
||L2||2

sinθ ,∀q.

6 Proof of Theorem 3
For any α,β ,γ , we have

αuω2
X (p,q)+βuω2

Y (p,q)+ γ

=
D(p,q,αSω2

X +βSω2
Y + γ1)

D(p,q,1)
,
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Acutally,

D(p,q,α ′Sω2
X +β

′Sω2
Y + γ

′1) =det


pccqcc−1 αR1 +βR1 + γ qcc−1 αR2 +βR2 + γ

pcdqdc αS1 +βT1 + γ qdc αS2 +βT2 + γ

pdcqcd αT1 +βS1 + γ qcd−1 αT2 +βS2 + γ

pddqdd αP1 +βP1 + γ qdd αP2 +βP2 + γ



=det


pccqcc−1 αR1 +βR1 + γ qcc−1 (α +β )(R2−R1)
pcdqdc αS1 +βT1 + γ qdc α(S2−S1)+β (T2−T1)
pdcqcd αT1 +βS1 + γ qcd−1 α(T2−T1)+β (S2−S1)
pddqdd αP1 +βP1 + γ qdd (α +β )(P2−P1)

 .
Thus, we have

αuω2
X (p,q)+βuω2

Y (p,q)+ γ

=vcc(α +β )(R2−R1)+ vcd(α(S2−S1)+β (T2−T1))+ vdc(α(T2−T1)+β (S2−S1))+ vdd(α +β )(P2−P1),

where vxy,xy ∈ {cc,dc,cd,dd} is the same in the proof of Theorem 2. Since vxy ∈ [0,1],xy ∈ {cc,dc,cd,dd}, and vcc + vcd +
vdc + vdd = 1, we have

min(Γ)6 αuω2
X (p,q)+βuω2

Y (p,q)+ γ 6 max(Γ), (13)

where
Γ = {(α +β )(R2−R1),α(S2−S1)+β (T2−T1),α(T2−T1)+β (S2−S1),(α +β )(P2−P1)}.

7 Proof of Corollary 4
When player Y chooses the always cooperate (ALLC) strategy, (uωi

X ,uωi
Y ) is on (Ri− Si)u

ωi
X +(Ti−Ri)u

ωi
Y = Ri(Ti− Si) in

Gi, i ∈ {1,2}. For any β 6= 0,γ , suppose player X chooses an equalizer strategy p = βSω1
Y + γ1+p0 in G1. When player Y

choose the ALLC strategy, player X get the supremum of its expected utility, ūω1
X , in G1. ūω1

X is the solution of the following
equations: {

βuY + γ = 0,
(R1−S1)uX +(T1−R1)uY −R1(T1−S1) = 0.

Then ūω1
X =

R1(T1−S1)+(T1−R1)
γ

β

(R1−S1)
.

According to Theorem 3, min(Γ1)6 βuω2
Y (p,q)+ γ 6 max(Γ1), where

Γ = {β (R2−R1),β (T2−T1),β (S2−S1),β (P2−P1)}.

Thus, |βuω2
Y (p,q)+γ|6 |β |δ , where δ =max{|R2−R1|, |S2−S1|, |T2−T1|, |P2−P1|}. Then uω2

Y 6 δ− γ

β
. u1

X =
R2(T2−S2)−(T2−R2)(δ−

γ

β
)

(R2−S2)

is a solution of the following equations:uY = δ − γ

β
,

(R2−S2)uX +(T2−R2)uY = R2(T2−S2).

Also, u2
X =

R2(T2−S2)−(R2−S2)(δ−
γ

β
)

(T2−R2)
is the solution of the following equations:uY = δ − γ

β
,

(T2−R2)uX +(R2−S2)uY = R2(T2−S2).

When a1
i

γ

β
> b1

i , i ∈ {1,2}, we have

[(R1−S1)(T2−R2)− (R2−S2)(T1−R1)]
γ

β
> (R2−S2)R1(T1−S1)− (R1−S1)R2(T2−S2)+δ (R1−S1)(T2−R2),

[(R1−S1)(R2−S2)− (T2−R2)(T1−R1)]
γ

β
> (T2−R2)R1(T1−S1)− (R1−S1)R2(T2−S2)+δ (R1−S1)(R2−S2).

Thus, u1
X > ūω1

X , and u2
X > ūω1

X . Since u1
X and u2

X is lower than player X’s utility when player Y chooses ALLC strategy, the
supremum of player X’s expected utility in G2 is higher than it in G1.
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8 Proof of Corollary 5
For any φ ,χ > 1, suppose player X chooses extortion strategy p = φ [(Sω1

X −P11)−χ(Sω1
Y −P11)]+p0 in G1. When player Y

choose the ALLC strategy, player X get the supremum of its expected utility, ūω1
X , in G1. ūω1

X is the solution of the following
equations: {

uX −P1 = χ(uY −P1),

(R1−S1)uX +(T1−R1)uY = R1(T1−S1).

Thus, uX = χ[R1(T1−S1)−P1(T1−R1)]+P1(T1−R1)
χ(R1−S1)+(T1−R1)

.
According to Theorem 3, min(Γ2)6 φ [(uX −P2)−χ(uY −P2)]6 max(Γ2), where

Γ2 = {φ(1−χ)(R2−R1),φ(S2−S1)−φ χ(T2−T1),φ(T2−T1)−φ χ(S2−S1),φ(1−χ)(P2−P1)}.

Thus,

|(uX −P2)−χ(uY −P2)|6 max{(χ−1)|R2−R1|, |S2−S2|+χ|T2−T1|, |T2−T1|+χ|S2−S2|,(χ−1)|P2−P1|}6 (χ +1)δ .

Then uX −P2−χ(uY −P2)>−(χ +1)δ . u1
X = χ[R2(T2−S2)−P2(T2−R2)]+P2(T2−R2)−(χ+1)δ (T2−R2)

χ(R2−S2)+(T2−R2)
is the solution of the following

equations: {
uX −P2−χ(uY −P2) =−(χ +1)δ ,
(R2−S2)uX +(T2−R2)uY = R2(T2−S2).

Also, u1
X = χ[R2(T2−S2)−P2(R2−S2)]+P2(R2−S2)−(χ+1)δ (R2−S2)

χ(T2−R2)+(R2−S2)
is the solution of the following equations:{

uX −P2−χ(uY −P2) =−(χ +1)δ ,
(T2−R2)uX +(R2−S2)uY = R2(T2−S2).

When a2
i χ2 +b2

i χ + c2
i < 0, i ∈ {1,2}, we have u1

X > ūω1
X , and u2

X > ūω1
X . Since u1

X and u2
X is lower than player X’s utility when

player Y chooses the ALLC strategy, the supremum of player X’s expected utility in G2 is higher than it in G1.

9 Proof of Corollary 6
When player Y chooses the always defect (ALLD) strategy, (uωi

X ,uωi
Y ) is on (Ti−Pi)u

ωi
X +(Pi−Si)u

ωi
Y = Pi(Ti−Si) in Gi, i ∈

{1,2}. For any φ ,χ > 1, suppose player X chooses generous strategy p = φ [(Sω1
X −R11)−χ(Sω1

Y −R11)]+p0 in G1. When
player Y choose the ALLD strategy, player X get the infimum of its expected utility, uω1

X , in G1. uω1
X is the solution of the

following equations: {
uX −R1 = χ(uY −R1),

(T1−P1)uX +(P1−S1)uY = P1(T1−S1).

Then uX = χ[P1(T1−S1)−R1(P1−S1)]+R1(P1−S1)
χ(T1−P1)+(P1−S1)

.
According to Theorem 3, min(Γ2)6 φ [(uX −R2)−χ(uY −R2)]6 max(Γ2), where

Γ2 = {φ(1−χ)(R2−R1),φ(S2−S1)−φ χ(T2−T1),φ(T2−T1)−φ χ(S2−S1),φ(1−χ)(P2−P1)}.

Thus,

|(uX −R2)−χ(uY −R2)|6 max{(χ−1)|R2−R1|, |S2−S2|+χ|T2−T1|, |T2−T1|+χ|S2−S2|,(χ−1)|P2−P1|}6 (χ +1)δ .

Then we have
uX −R2−χ(uY −R2)>−(χ +1)δ .

Let u1
X = χ[P2(T2−S2)−R2(P2−S2)]+R2(P2−S2)−(χ+1)δ (P2−S2)

χ(T2−P2)+(P2−S2)
be the solution of the following equations:{

uX −R2−χ(uY −R2) =−(χ +1)δ ,
(T2−P2)uX +(P2−S2)uY = P2(T2−S2).
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Also, let u2
X = χ[P2(T2−S2)−R2(T2−P2)]+R2(T2−P2)−(χ+1)δ (T2−P2)

χ(P2−S2)+(T2−P2)
be the solution of the following equations:{

uX −R2−χ(uY −R2) =−(χ +1)δ ,
(P2−S2)uX +(T2−P2)uY = P2(T2−S2).

When a3
i χ

2 +b3
i χ + c3

i < 0, i ∈ {1,2}, we have u1
X > uω1

X , and u2
X > uω1

X . Since u1
X and u2

X is lower than player X’s utility when
player Y chooses the ALLD strategy, the infimum of player X’s expected utility in G2 is higher than it in G1.
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