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1 Proof of Theorem 1

Suppose that any ZD strategy p of player X in G is also a ZD strategy in G,. Then for any o, 3,7, and p = OtS?(’1 + ﬁs?‘ +
y1+ po, there exists o', B/, ¥ such that p = a/S§? + B’Sy”? +¥'1 + po. Then the following equations has at least one solution:

ad'Ry+B'Ry+7Y = aRy + BR +7,
'S+ B Th+7yY =aS +BTi+v,
o' T +ﬁ/52—|—’)/ =aTl,+BS1+7,
o' P+ Pty = aP + PP+ 7.

ey

Notice that the first three equations of (1) have a solution:

o L ((a+l3)(2R1 —TNi=S)  (a=B) —Tl))’

2 2Ry —Th =51 S,—T»
[3’:1 (@+B)2R —Ti =S,) (a—p)(S1—T1) @
2 2Ry, —Th — S S$—1 ’
(04 B)(2R; —T1 — Sy)
=aR R —R .
4 1+BRI+7—Ry T —
Ry Ry 1
Sincedet | S T 1 | =(1h—52)(2Ry— S, —T») # 0, (2) is the unique solution of the first three equations of (1) . Then
L S 1

0=a'P, + B/PQ + }/ —aP +BP +7,

:(a+/3)(2R1 -1 —SI)P2+O£R1 4 BR +7—Ry (c+B)2R—Th —S1)

— oP P
2Ro—Tr— S, 2Ro—Tr— S, 1+BR Y

2R — T, — S, 2R — T — S
=a( (P, —Ry) + (R — P o =2l p R+ (R —P) ).
(G p g (R + (R -2 ) + B (S5 (P )+ (R - P1)
By the arbitrariness of o, 3,7,
2R —T1 — S
— (B —R Ry —P)=0. 3
2R2—T2—52(2 2)+ (R —Pr) 3)
Then (3) is equivalent to
Ri—P R,—P,

2Ri—§1—-T7 2R, —S,—T’

On the contrary, suppose that ZRfiEIPLT, = 2Rfi§2PfT2. For any a, 3,7, and p = aSy' + BSy" + 71 + po, take o', B', 7 as

(2). Then (1) holds if ZRf‘_ElP ]_Tl = 2R§3E: iTz' Thus, any ZD strategy p of player X in G is also a ZD strategy in G.




2 Proof of Corollary 1

Suppose that player X’s any equalizer strategy p in G is also an equalizer strategy in G,. Then for any 3,7, and p =
BSy! + 71+ po, there exists B’, 7 such that p = B’Sy”> + 71+ po. Then the following equations has at least one solution:

B/RZJ'_,/:ﬁRl +7,
B'T+7Y =BT+,

4
B'S2+Y =BSi1+7,
B'Pr+y =BP +y.
The first two equations of (4) have a solution:
B =pa—i
R —T’ (5)
R —T

=pPR — PR .
Y =BRi+v—-B -

R, 1
T 1
(4) are converted to:

Since det [ ] =Ry —T, # 0, (5) is the unique solution of the first two equations of (4). Then the last two equations of
Ri—-T1 Ri—S$
Ry—T " Ry—S,’
Ri-Tv ,Ri—P ©
R—T "R—b

By the arbitrariness of 3,7, we have
Ri-Pi _R-Ti R -5
R—P, R-T, R—5
On the contrary, suppose that 1’2:2 = 1’2:2 = 1’2:3. For any 3,7, and p = ﬁSf‘," + Y1+ po, take B, ¥ as (5). (4) holds if
g :IIZ L= g;:g = ﬁ;:gé. Thus, player X’s any equalizer strategy p in G is also an equalizer strategy in G,.

3 Proof of Corollary 2

For any ¢, > 1, and p = ¢[(S¥' —P11) — x(Sy" — Pi1)] + po, we want to find if there exists ¢’, x’ such that
p=9'[(Sy’ —P1) —x'(Sy> = PB1)] +po,x' > 1. @)
(7) is equivalent to the following equations:
¢'[(Ry—P2) — X' (Ry = P2)] = §[(R1 — P1) — X (R — P1)],
¢'[(S2—P) =X (T — P2)] = 0[(S1 — P1) — x(T1 — P1)], ®)
¢'(T—Po) = X' (S2— P2)] = 0[(T1 — P1) — x(S1 — P1)].
If ¢ # 0, we have ¢’ # 0. The first two equations of (8) have a solution:
P[(S1 —P1) —x(Ti —P)](Ro = P2) = 9[(Ri — P1) — x(Ri —P)|(T> — P»)
(R2—P) (82— T>) ’
O[(R1 —P1)—x(R — Py)]
¢'(Ry— P2) '
Then the last equation of (8) is converted to:

O'[(Ta—Pr) = %' (S2—P2)] = O[(Th — P1) — x(S1 — P1)]

=¢’ {(Tz —P)- (1 - O _(P{D(II)QZ__XI(JSI _Pl)]) (S2 —Pz)} = O[(T1 = P1) — (51— P1)]

9 =
©)

X =1-

=¢'(Ta—$2) + RZ_P2<P[(R1 —P)(S2=Py) = x(Ri = P1)(S2 = P2) = (T = P1)(Ry = P2) + X (S1 = P1) (R — P»))]
:de_)Pz [—(S1+T1 —2P))(Ra —P2) + (R1 — P1)(To + S2 — 2Py) + (T +S1 —2P))(R2 — Py) — X (R1 — P ) (T2 + S2 — P»))]
¢

=2 p, (1= 2)(Ri = P)(T2 + 52 = 2P2) = (S1 + Ty = 2P1) (R, = )]
2 2
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Thus, §'((Ts — P2) — ' (S2 — P2)] = @ [(Ti = P1) — x(S1 — P)] = 0 if g = lcfar Besides,

Iy [(Ri—P1)—x(Ri —P)|($2—Ta)
X =S =P = 2(T = P)I(Ro— P) — [(Ri — 1) — 2 (Ri — P)| (T — P»)
(I=2)Ri—P)(S2—1)
(S1=P)(Ra—P)— (R =P ) (T, —P) = x((T1 — P1)(Ro — P») — (R — P )(T2 — P»))

Since (Sl P])(Rz —Pz) (Rl Pl)(Tz —Pz) —){((Tl —Pl)(Rz —Pz) — (R1 —P1)(T2 —Pz)) < 0, we have )(/ > 1. Actually, if
¢ =0, we have ¢’ =0 and p = po = [1,1,0,0]”. Then p is also an extortion strategy in G,.

=1—-

4 Proof of Corollary 3
For any ¢,x > 1, and p = ¢[(S¥' —R11) — x(Sy" —R;1)], we want to find if there exists ¢, " such that

9'[(S* — Ra1) = /(Sy* — Ral)] = p. (10)
(10) is equivalent to the following equations:

¢'[(Py—Ra) — X' (P — R2)] = ¢[(PL — R1) — x (P — Ry)],
¢'[(S2 —R2) — X' (T — R2)] = [(S1 — R1) — x (T — R1)], (11)
O'[(Ta = R2) — /(2 — R2)] = ¢[(T1 — R1) — x(S1 — R1)].

Similar to the proof of Corollary 2, if ¢ # 0, the first two equations of (12) have a solution:

o _O[(S1 = Ri) = x(T1 = R1)|(Ra — Py) = $[(R1 — Pr) — X (R1 — P)|(T2 — Ro)
(R2—P2)(S2—T) 7
4 =1 PR =P = (R =~ P1)]
¢'(Ry — Py) '

Also, ¢'[(Ta —R2) — X' (S2 —R2)]| = ¢ [(T1 — Ry) — x(S1 — Ry)] if ZRfiglPl 2sz§2 . Besides, we also have

(I=2)(Ri—P)(S2—T7)
(S1=R1)(R2—P2) — (Ri —P1)(T —R2) — x((T1 —R1)(R2 — P2) — (R1 — P ) (T2 — R2))

If (S[ —Rl)(Rz —Pz) — (R] —P[)(Tz —Rz) —X((T] —R])(R2 —Pz) — (R] —P])(Tz —Rz)) < 0, we have X/ > 1. Thus, P is an
extortion strategy in G» when ¢ # 0. Actually, if ¢ = 0, we have ¢’ =0 and p = po = [1,1,0,0]”. Then p is also a generous
strategy in G».

(12)

1 =1-

5 Proof of Theorem 2

Ri R 1
S)a()", S;’i, and 1 are orthogonal sinceder | S; T; 1 | =(T;—S;)(2R; —S; —T;) # 0. Denote ®; as the space spanned by S;)",
TS 1

S;”, and 1. Consider L; = [2P, — S; — T;,R; — P;,R; — P, T; + S; — 2R;]". Then we have

LTSy = (2P, — Si = T)Ri+ (Ri— P,)S; + (Ri — P.) T+ (T; + Si — 2R;)P = 0,
LTS;” = (2P,—S;i—T)Ri+ (R — P)T; + (Ri — P,)Si + (T; + S; — 2R;)P, = 0,
L{1= (2P —S; = T;) + (Ri— P) + (R; = P) + (T; +-S; = 2R;) = 0.

Also, ||Li||3 = 2P, — Si — T})® +2(R; — P)* + (T; + S; — 2R;)? > 0. Thus, Sy, Sy", 1, and L, are orthogonal in R*, and L; is
orthogonal to ®;. According to Press and Dyson!, the nonzero canonical angles between ¢; and ¢, is
L',

0 =arccos —————.
[IL1][2]|L2] |2

For any a, 3,7, there exists o, B/, such that aSy" JrﬁSwl +y1=a'Sy> +B'Sy? +Y1+E ﬁ where & = ||p||2sin6

is the norm of the projection from OcSw' + ﬁS +7y1to HL Hz
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Forany f=[f1, f2, f3, fa]T € R0 = [Dle, Py Plies Paa) 4 = [@oes @por Ao 4Ly Tet

p/ccqgc -1 p/cc -1 q/cc -1 fl

I, P/d%j P/d -1 qzi» f2
D(p,q7f):d€t /C i § ,c_l

pflcqu pﬁic q,cd f3

Paa9aa Paa 44 fa

According to Press and Dyson',

D(p,q,'Sy* + B'Sy” +71)

o'uy? (p,q) + B'uy* (p,q) +7 =

D(p,q,1) ’
Then _
Decqec — 1 (XR1+,BR1+'}’ qee —1 a/R2+ﬁ/R2+7/
aS1+BTi+y qa OC/Sz-i-ﬁ/Tz-f—’J/
D(p, ,OC/SwZ + g2 +91) =det Pcd{dc ¢
(p.q, &’Sy* +BSy” +71) Pdcqcd ali+BS1+y qua—1 dDH+B'SH+Y
| Pddqdd aP +BPi+Y  qua aP+BP+Y
[ pcchc_l (XR1+ﬁR1+'}/ CICc_l éHLZH (2P2 S2 T2)
—det Ped9dc aS1+BTi+7Y  qae ngsz( P)
Pdcqed ali +BS1+7 Gea—1 ‘gHLsz (Ry—Py)
| Pdd4dd aP +BPi+Y  qua gHL;H (T 482 —2R»)
pcc‘]cc_l OCR1+I3R1+Y QCC_I 2PZ_SZ_TZ
—& det | Pedddc aS1+BTi+y  qac R, — P,
[1L2||2 Pdcqed ali +BS1+Y qua—1 R—P
pa’ded oP +BPi+Y  qaa I +S5—2R
=||pl|2sin® ————D(p,q,L2).
||L II2
Thus,
D(p qaL2)
o'ug*(p,q) + B'uy*(p,q) + ¥ = ||p||25in6 s
X |IL H D(p,q,1)
Actually, D( L)
—p.4.72) _ Vee 2P — 82 — 1) +vea(Ry — Po) +vge(Ry — Po) +v44(Th + 52 — 2R),
D(p,q,1)
where
1 [ Pcd9dc  Pcd — 1 qdc 1 PccYee — I pec—1 qec — 1
Vee = —————det | Pycqcd Pdc Gea—1 5 Ved = ———~det | Pacqcd Pdc qea—1 y
D(p,q,1) » D(p,q,1)
| Pdd9dd Pdd qdd Paddqad Pdd qdd
1 [ pccqcc - 1 Pce — 1 qcc - 1 1 pccqcc - 1 Pcc — 1 CIcc - 1
Vdec = —mdﬁ Pcd9dc Peda—1  qac s Vdd = mdﬂ Pcdqdc Pea—1  qac
T | Pddqdd Pdd qdd b DdcYed Ddc Gea — 1

According to Press and Dyson', vy, € [0,1],xy € {cc,dc,cd,dd}, and Ve +Veg + Vae +vaa = 1. Then

’ D(pa qaLZ)
D(p.,q,1)

< max{\ZPZ -5 —T2‘,|R2 —P2|,|R2—Pz|7 |T2+S2—2R2|} = ||L2||oo.

Therefore, |o/u$? (p,q) + B'uy (p,q) +¥| < [[p|| 1 Z{=sin, vq.

6 Proof of Theorem 3
For any «, 3,7, we have
auy® (p,q) + Buy*(p,q) + v
D(p,q, 8%’ +BSy” +71)
a D(p.q,1) ’
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Acutally,

pcc‘]cc_l OCRH—BRH-V q“’_l aRZ"’ﬁRZ""Y
S1+ﬁTl+’y q4 (XSQ+[3T2+')/

D(p, 7O‘/Sa)z_"_ /Sa)2+ 1) —det Pcdqdc (04 c

(P, @'Sy* + By +Y ) =det | - GBS tY 1 aTytBSyty

Pddqdd aPi+BPi+Y  qaa ab,+BP+y

ch'QCL-*l aR1+ﬁR1+Y LICC*I ((X+ﬁ)(R2*R])
Pedddc aS1+BTi+7Y  qac a(S;—S81)+B(L—-T)
Pdcqed ali +BS1+7 qua—1 o(Th—Ti)+B(S2—S1)
Pdaqdd aPi+BPi+Y  qua (a+B)(P,—Pr)

=det

Thus, we have

auy’ (p,q) + Buy* (P, q) +¥
=Vee(0t+B)(Ro—R1) +vea(0(S2 = S1) + B(Ta —Th)) +vac(a(To — T ) + B(S2 — S1)) +vaa(ot + B) (P, — P1),
where vy, xy € {cc,dc,cd,dd} is the same in the proof of Theorem 2. Since vy, € [0,1],xy € {cc,dc,cd,dd}, and vee +veq +
Vae +vaa = 1, we have
min(I") < cuy” (p,q) + Buy* (p, q) + 7 < max (D), (13)
where
F={(a+B)(R2—Ry),0($2=51) +B(T2 = Th), (T = Th) + B(S2 = $1), (@ + B) (P, — P1) }.

7 Proof of Corollary 4

When player Y chooses the always cooperate (ALLC) strategy, (u}‘?", u;”) is on (R; — S,-)u)“(”' +(T; — Ri)u,(fi =R,/(T; —S;) in
Gi,i € {1,2}. For any 8 # 0,7, suppose player X chooses an equalizer strategy p = BSy" + y1 +po in G;. When player Y
choose the ALLC strategy, player X get the supremum of its expected utility, ﬁ;" ,in Gy. ﬁ;?‘ is the solution of the following
equations:

Buy +y=0,
(Rl —Sl)uX+(T1 —Rl)uy—Rl(Tl —Sl) =0.

—o RI(TI*SI)JF(TI*RI)%
Then iiy' = RS

According to Theorem 3, min(T'y) < Buy?(p,q) + ¥ < max(I'), where
I={B(R:—R\),B(T2—Th),B(S2—$1),B(P—P1)}.

Rz(Tz*Sz)*(Tszz)@*%)

Thus, |Buy? (p,q) +7| < |B|8, where § =max{|Ry —Ry|,[S2 — Si|,|To—Ti|,|P,— Pi|}. Thenuy? < & — Feuy =
is a solution of the following equations:

(R2=52)

Y
87 no
B
(Rz — Sz)ux + (Tz —Rz)uy = Rz(TQ — SQ).

Uy =

Ry(T2—S$2)—(Ry—S2)(6— %
Also, u% = > 2)(T2(_;2) 207p) is the solution of the following equations:
Y
Uy = o— )
B
(T2 — Rp)ux + (R2 — S2)uy = Ro(To — S2).
When a}% > b},i € {1,2}, we have

[(R] —S])(TQ—Rz) — (Rz—Sz)(T1 —Rl)] > (Rz—Sz)R](Tl —Sl) — (R] —S])Rg(Tz —Sz) +6(R1 —Sl)(Tz —Rz),

[(R] —S])(Rz—Sz) — (Tz —Rz)(T] —Rl)] > (T2 —Rz)R](Tl —Sl) — (Rl —Sl)Rz(T2—52)+5(R] —S])(Rz—Sz).

™R ™I

Thus, u} > iiy', and u% > iy'. Since u} and u% is lower than player X’s utility when player ¥ chooses ALLC strategy, the
supremum of player X’s expected utility in G, is higher than it in G.

5/7



8 Proof of Corollary 5

For any ¢, x > 1, suppose player X chooses extortion strategy p = ¢[(Sy' — Pi1) — x(Sy' — P11)] +po in G;. When player ¥
choose the ALLC strategy, player X get the supremum of its expected utility, ﬁ;?‘ ,in Gy. ﬁ;?‘ is the solution of the following
equations:

ux —Pr = x(uy —P),
(Rl —Sl)ux + (T] —Rl)uy =R1(T1 —Sl).
2[R (1 =S1) =PI (T —R)|+P (T —Ry)

AR =S1)+(T1—Ry) :
According to Theorem 3, min(I;) < ¢[(ux — P) — x(uy — P»)] < max(I'y), where

Thus, uy =

Do={¢(1—-x)(R2—R1),¢(S2—81) = ox(To—T1),0(Ta —T1) — o x(S2 — S1), (1 — ) (P — P1) }.
Thus,
|(ux —P2) — x(uy — Py)| <max{(x — 1)|R2 = R1|,|S2 = Sa| + x| T2 = T1 |, | T2 = T | + x|S2 = Sa|, (x = 1) [P = P1|} < (x +1)6.

Then uy — Py — x(uy —Po) = —(x +1)8. uy = X[Rz(T2‘S2>_PZ(?(;?);;}EE%:%;_WH)S(TZ_RZ)

is the solution of the following

equations:
ux —Py—x(uy —P) = —(x +1)86,
(Rz — Sz)ux + (Tz —Rz)uy = Rz(Tz — Sz).
Also, u} = £ [Ro(To=S2)=F, 2<1§52(;2SE£51;2((1§§:§§)) —(tDI(R=52) i the solution of the following equations:

ux —P— x(uy —P) = —(x +1)8,
(Tz —Rz)ux + (R2 —Sz)uy = RQ(TZ —Sz).

When a?y? + b7y +c? < 0,i € {1,2}, we have u} > iy, and u% > ity". Since u} and u% is lower than player X’s utility when
player Y chooses the ALLC strategy, the supremum of player X’s expected utility in G, is higher than it in G.

9 Proof of Corollary 6

When player Y chooses the always defect (ALLD) strategy, (u;)", u;)") ison (T; — P,')u)(?" +(P— Sl-)u)cﬁ)" =P(T;—S;)in G;,i €
{1,2}. For any ¢, x > 1, suppose player X chooses generous strategy p = ¢[(Sy' —R11) — 2(Sy" —R11)] + po in G;. When
player Y choose the ALLD strategy, player X get the infimum of its expected utility, g;”, in Gy. gg?l is the solution of the
following equations:

ux — Ry = x(uy —R1),
(Tl —P])Mx+(P| —S])uy =P1(T] —S]).
X[PL(T1 =S1)—Ry (P =S1)]+R, (P —S1)

x(Ti—=P1)+(P1—=51) '
According to Theorem 3, min(I’) < ¢[(ux — R2) — x(uy — R2)] < max(I'2), where

Then uy =

Do={¢(1—=x)(R2—R1),¢(S2—51) —0x(To—T1),0(Ta —T1) — o x(S2 — S1), (1 — ) (P — P1) }.
Thus,
|(ux —Ra2) — x(uy — Ry)| <max{(y — 1)[Ry —Ri[,|S2 = Sa| + x| T2 — 1|, |T> = T | + x|S2 = Sa|, (x — 1) [P — Py |} < (x +1)6.

Then we have
ux —Ry—x(uy —R2) > —(x+1)4.

2P (Th—52) =Ry (P =)+ Ry (Pa—Sp) —(x +1) (P2 —$»)
X(T—Py)+(P—S$2)

Letu} = be the solution of the following equations:

uxy —Ro — x(uy —Ry) = —(x +1)9,
(T2 7P2)MX + (Pz 752)1/{)/ = P2(T2 752).

6/7



Also, let uy = £ L Z(TZ_SZ)_RZ(?(;; 27);;1?(%:522))_(ZH)S(TZ_PZ) be the solution of the following equations:

ux —Ry — x(uy —Ry) = —(x +1)8,
(P2 —Sz)ux + (Tz —Pz)uy = P2(T2 —Sz).

When & x? + b}y +c <0,i € {1,2}, we have u} > uy', and u% > uy". Since u) and u% is lower than player X’s utility when
player Y chooses the ALLD strategy, the infimum of player X’s expected utility in G is higher than it in G;.
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