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Abstract

This study addresses the random vibration analysis of a seven-degree-of-freedom full vehicle model with
repeated or closely spaced natural frequencies. It first revisits existing results: the literature has established that an
ideal symmetric vehicle without anti-roll bars, with the origin of the reference frame at the center of the sprung mass,
possesses four identical natural frequencies associated with the vertical displacements of the wheels. The study then
generalizes these results by accounting for both the anti-roll bars and the height of the center of gravity. Closed-form
expressions are derived for the critical heights at which two body frequencies coincide, in addition to the four
identical wheel frequencies. For the symmetric vehicle, the heave-pitch frequency coincidence occurs at a critical
height of 0.761 m, whatever the stiffness of the anti-roll bars. The heave-roll coincidence occurs at a critical height
of 0.408 m without anti-roll bars and 1.280 m with them. For the asymmetric vehicle, by contrast, no coincidence is
observed for the heave—pitch coupling; the roll frequency, however, coincides with a body mode at critical heights of
0.356 and 0.522 m without anti-roll bars, and 1.089 m with them. For the vibration analysis, two excitations are
considered: a stationary white noise and a sinusoidal speed-bump profile, both applied to the four wheels with time
delays determined by the wheelbase, the track and the vehicle speed. Two types of correlation are identified in the
autocorrelation matrix of the generalized velocities: the modal cross-correlations and the correlations between the
wheel excitations. Omitting the former, which produces the 75% error reported by Long et al. when a single wheel is
excited, no longer matters when all four wheels are excited: the error remains below 0.16% under white noise and
0.8% under the speed bump, including at the critical heights. Omitting the latter, which amounts to assuming that the
wheels are excited independently, leads instead to errors of 1,453 to 6,064% in roll and of several hundred percent in
heave and pitch at low speeds. Such an omission removes both the left-right compensation and the interference
between axles that govern the body response. The critical speed range of the vehicle lies between 5 and 30 km/h,
where the delays between axles and between sides are equal to half a period of the pitch or roll vibration. Since the
speed bump is a deterministic transient excitation, the RMS indicator is replaced by the vibrational energy. For an
aspect ratio of 1/10, the body energy is maximal between 5 and 15 km/h, well below the 50 km/h threshold reported
in the literature, whereas the wheel energy increases linearly with speed: maximum loading and maximum error
therefore do not occur at the same speeds.
Keywords: Random vibration, Modal analysis, Repeated natural frequencies, Frequency coincidence, Vehicle
dynamics, Interwheel correlations, RMS, Vibrational energy.

1. Introduction

The dynamic analysis of road vehicles has been a major concern for several decades, both for
occupant safety and for ride comfort [1,2]. On a real road, the vehicle is permanently excited by pavement
irregularities, which can only be described probabilistically [2,3]. Its response is therefore analyzed as that
of a multi-degree-of-freedom mechanical system subjected to a random process, and the determination of
its natural frequencies is the first step in characterizing the vibration modes associated with the motions of
the body and the wheels. These frequencies are obtained from the eigenvalue problem of the system [4].
Beyond their mere identification, particular attention must be paid to possible frequency coincidences.
Unlike a distinct natural frequency, which corresponds to a unique mode shape, a multiple frequency
generates an eigenspace with no preferred basis: any linear combination of the associated eigenvectors
remains admissible [4,5]. Lubliner and Elishakoff [6] showed that the non-uniqueness of the modal basis
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does not affect the statistical quantities of the response, which are invariant under an orthogonal change of
basis within the eigenspace, but that the modal cross-correlations become essential and can no longer be
neglected. To our knowledge, this problem has been addressed for vehicles only by Long et al. [7] and by
Elishakoff [5]. These authors established the existence of four identical frequencies for the running gear of
an ideal symmetric vehicle without anti-roll bars, with the origin of the reference frame at the center of the
sprung mass. They showed that the off-diagonal terms of the zero-lag autocorrelation matrix of the
physical velocities are then no longer negligible. This matrix describes both the distribution of vibrational
energy among the vehicle motions and the degree of coupling between these motions; omitting these terms
distorts the representation of the overall behavior of the system.

The methodological framework for this type of spectral analysis is now classical. Established by
Crandall and Mark [8] and later systematized by Lin [9] and Newland [10], it consists in deriving the
spectral density matrix of the response from that of the excitation, the autocorrelation matrix then being
obtained by inverse Fourier transform, generally evaluated by the residue method. On the excitation side,
the description of the road profile as a stationary Gaussian process with a power-law spectral density dates
back to Dodds and Robson [11] and underlies the ISO 8608 classification. Robson [12] explicitly
introduced the cross-spectral density matrix of the multi-wheel excitation, accounting for the time lag
between the four contact points; in the present work, this mechanism generates the interwheel delays,
whose role proves decisive. More recently, Mikhlin et al. [13] studied a ten-degree-of-freedom vehicle
model, which also exhibits pairs of very close natural frequencies, under harmonic, random and half-sine
excitations, the latter representing the crossing of an obstacle. Their analysis, carried out by time-domain
simulation, includes a delay between axles but assumes that the profiles on the two sides are uncorrelated.
The consequences of this assumption for the vibration analysis of the vehicle, particularly for the roll
response, are quantified precisely in the present work.

The work of Long et al. [7] nevertheless calls for a few remarks. The excitation is applied to a single
wheel, with no delay between contact points, which is not representative of a moving vehicle and
underestimates the transmitted energy by a factor of four. The error attributed to the omission of the modal
cross-correlations is measured relative to the complete modal sum, obtained by the normal-mode method
under the assumption of proportional damping, rather than relative to an exact solution independent of this
assumption. The anti-roll bars and the height of the center of gravity, which modify the roll and pitch
frequencies and hence the coincidences, are not taken into account. These authors do note, however, that
for repeated frequencies the truncated response depends on the basis chosen in the eigenspace. This non-
uniqueness is recovered in the present study at the critical heights of the center of gravity, a case not
examined by the previous authors.

This paper deals with the random vibration analysis of a seven-degree-of-freedom full vehicle with
coincident natural frequencies. Its first objective is to establish a complete analytical formulation of the
seven natural frequencies of the model, including the stiffness and damping of the anti-roll bars, and to
recover the results of the literature in the particular case where the origin of the reference frame is at the
center of the sprung mass and the anti-roll bars are absent. The second objective is to derive closed-form
expressions for the critical heights of the center of gravity at which two body frequencies of the symmetric
vehicle coincide, with and without anti-roll bars. The heave-pitch frequency coincidence, which is
independent of the presence of anti-roll bars, and the heave-roll frequency coincidence are both
highlighted; in the latter configuration, the critical height increases with the bar stiffness. Finally, the third
objective is to establish the correlation matrix of the generalized velocities for two distinct excitations,
accounting for the four wheel-road contact points and their mutual delays, and to quantify both the error
due to the omission of the modal cross-correlations and the error due to the omission of the correlations
between the wheel excitations.

The paper is organized as follows. The equations of motion of the full model are first derived and
then linearized under the assumption of small pitch and roll angles. The speed-bump profile and the
interwheel delays are then modeled. The modal analysis is carried out for the symmetric and asymmetric
configurations, and the frequency coincidences are discussed as functions of the height of the center of
gravity and of the anti-roll bar stiffnesses. The autocorrelation matrix is computed by the residue method,
unlike in Gao et al. [2], where it is evaluated by Monte Carlo simulation. The computation is first
performed under stationary white noise and then for the crossing of a hump-type speed bump.



2. Equations of motion

The vehicle considered is a full model composed of a sprung mass m, and four unsprung masses (two
front wheels, each of mass m,;, and two rear wheels, each of mass m,,). In addition to the heave motion,
the pitch motion of the body, and the vertical displacements of the wheel centers, the roll motion of the
body is also considered. To this end, two rotating frames attached to the vehicle are defined with respect
to the road-fixed frame R (0, Xq, Vg, Zo): the body—pitch frame R, (G, x7, V1, 2;) and the body—roll frame
R, (G, %5, Y5,23). The vehicle body, of mass m,, is located by its center of gravity G. Its motion relative
to the road is characterized by three translational motions: a translation along the x axis corresponding to
the forward motion, a translation along the y axis corresponding to sideslip or drift, and a translation along
the z axis corresponding to heave. These three translational motions are supplemented by two rotational
motions: pitch, denoted 6; and roll, denoted ¢. The longitudinal speed of the vehicle v is assumed to be
constant throughout the motion, and the drift motion is neglected.

Body-pitch frame: The body—pitch frame R, (G.,X;,V7,2,) is obtained by a rotation through an angle
about y; = yq, corresponding to the pitch motion. This motion is illustrated in Figure 1, where the plane
rotation used for the projections is also defined.
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Figure 1 Pitch motion of the vehicle body (side view)

The distances ||A3 GC” = L, and ||A1 GC” = L, correspond to the half-wheelbases of the vehicle. We also

define ||G—GC)|| = h; (the distance separating G, the centre of gravity of the body, from its orthogonal

projection G, onto the bottom of the body). The quantities z,.3(t) and z,,(t) denote respectively the
heights of the contact points of wheels 3 and 1 with the road surface.

Body-roll frame: This frame is denoted R, (G, X3,V5,Z,). It is obtained by a rotation through an angle ¢
about x, = X7, corresponding to the roll motion. This motion is illustrated in Figure 2, where the plane
rotation used for the projections is shown. The quantities z,3(t) and z,4(t) denote respectively the heights
of the contact points of wheels 3 and 4 with the road surface.
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Figure 2 Roll motion of the vehicle body (rear view)

Angular velocity vector: The angular velocity of the vehicle body is defined by the composition of its
rotational motions (pitch and roll) (see Figures 1 and 2). The vehicle body is located in R, by the
coordinates of the center of gravity G. The distance between G, the center of gravity of the vehicle body,
and its orthogonal projection G, onto the lower part of the body is denoted h;. All the rotation axes are

assumed to pass through the point G.. Thus, the angular velocity vector a (2 /R,) of the body is given by:
5(25/R0)|R3 = ¢%; + (8 cos ¢)y; — (6 sin@)z; 1),

where X denotes the full vehicle.

The expression of a (Zs/Ry) in the frame R, makes it possible to compute the rotational kinetic energy of
the rigid body about its center of gravity G, since the inertia matrix at G is expressed in this frame.
Moreover, this angular velocity vector also allows the velocity of any point of the rigid body to be
expressed, once the velocity of one point of the body is known. In that case, it is expressed in one of the
appropriate bases.

Position vector: From the definition of the various translational motions of the vehicle body, the position
of G in Ry is given by:

with

0G, = xxo + 2z and G.G = h;z;
where x is the advance and z is the heave of the vehicle model.

Taking this expression into account, relation (2) giving the position of the centre of gravity of the vehicle
in the absolute frame R is finally obtained as



06 = (x + hg cos @ sin@)xy, — hg sin@y, + (z + hg cos @ cos )z, 3,

Instantaneous velocity vector: The instantaneous velocity vector of the vehicle body defined in this

section is the derivative of the position vector 0G with respect to time ¢ in the frame R,. After
computation, its expression is given by:

% — hg (¢ singsin® — 6 cos ¢ cos 6)
V(Ge R2)|R0 = —hg¢ cos ¢ @) ,
Z—hg(@singcosf + 60 sinb cos @) o

Equations of motion: The vehicle considered is a full model, allowing analysis of the body's pitch, heave,
and roll motions, as well as the vertical displacements of the wheels.

The inertia matrix of the system (Xs), expressed in the vehicle-fixed frame R, at its centre of gravity G, is
given by:

]xx 0 _]xz
JsGm)=1| 0 J,, O ®),
_]zx 0 ]zz R,

where iy, Jyy, Jzz and [, denote respectively the moment of inertia about the x, y and z axes and the
product of inertia associated with the roll-yaw coupling, all expressed in kg-m?.

The products of inertia J., = J,x and J,, = J,, vanish owing to material symmetry [14]. Indeed, the
vertical plane (x,Gz,) is a plane of symmetry of the body. This left-right symmetry is common to both
vehicles (symmetric and asymmetric) studied in Section 5. In this study, the distinction between the
symmetric and asymmetric vehicles concerns the front—rear symmetry: the symmetric vehicle is front—rear
symmetric, whereas the so-called asymmetric vehicle is not. It is further assumed that this front—rear
symmetry or asymmetry affects only the equality (or not) of the half-wheelbases and the characteristics of
the front and rear suspensions. Moreover, the product of inertia J,,, which might remain nonzero for the
asymmetric vehicle, is also neglected in what follows.

Finally, the kinetic energy of the vehicle system can be written as:

1 . . 1 ) .
T(Zs/Ry) = Emc(x2 +22) + 5 [(mchE + Jyy) cos? @ + ], sin? ¢]6?

—mchg[(Xsin@ + Z cos @) sing + (x cos @ — zsin )0 cos ¢|
1 2 . 2 . 2 1 . 2 . 2 (6) b
+ 2 (mchi + [ @® + (Mg + myp)x* + Emrl (z1 +75)
+ lm (72 +22)
5 Mr2\Z3 T 24
Where m, represents the sprung mass, and m,.; and m,., the unsprung masses of the front and rear wheels,
respectively.

Crossing a speed bump by a wheel: The suspension spring transmits no horizontal component to the
vehicle body, since its connection point to the chassis is generally a joint. The transmitted force acts only
in the vertical direction, at the articulation point of wheel B;. The suspensions are modeled by passive



springs and dampers. For each suspension 7 of axle j, the elastic force of the spring F,i}, and the damping

force FC‘j in the suspension-fixed frame are given by:

Fl = k.d:
VO i=Tdand j=12
F;, = ¢d;
with
di=z—z;+ (—1)ij cos @ sinf — (—1)'E*sin¢
dj=2 — 7 + (—1)ij(—<p sin ¢ sin 6 + 6 cos @ cos 9) — (=1)E*¢ cos @
where

e k; is the spring stiffness of axle j;

e ¢ is the damping coefficient of axle j;

e 7z is the vertical displacement of the body;

e z; is the vertical displacement of the center of wheel i;
e 0 is the pitch angle of the body;

e @ is the roll angle of the body;

e L;is the half-wheelbase (front or rear);

e E isthe track (front or rear) and E* the half- track;

e jis the index of the four wheels of the full vehicle;

e jisthe index of the two axles of the full vehicle.

The dynamic equations of the full vehicle model are given by:

m.z — mChG((ﬁ cos @ sin @ + ¢ cos 6 cos @ — 6 sin @ cos ¢ — 62 cos O cos (p)

+ kl(dl + dz) + kz(d3 + d4) + Cl(dl + dz) + Cz(dg + d4,) = O

[(]yy + mché) cos® @ +Jz, S_inz QD]é - (mch(z; +/yy —]ZZ)G sin 2¢
—mehg(—%0sin® — Zsin — 26 cos 0) cos
+ mchg@(x cos 6 — ZsinB) sing

+mchg[(X cos@ — Zsin@)@ sing — (& sin 6 + z cos )6 cos ¢

—kqL,(dy +dy)cospcosO + k,L,(d; + dy) cos @ cos 8
—¢1L,(dy + dy) cos @ cos 6 + c;L,(ds + dy) cos @ cos @ = 0

Usx + Mch2)p — mohg(Xsin@ + 2z cos 8) @ cos ¢
- mChG(J'cé cosf + Zcosf — 20 sin@)sinq)
1 . _
+ E(mché +Jyy = Jzz)0%sin2¢ + ¢, @7 + k(pfq)f +ky o
+ mChG[(J'c sinf + z cos 8)¢ cos @ — (x cos @ — zsin H)6 sin (p]

+ ki[(Lysin@sin@ + E* cosp)d; + (L, sin@sin@ — E* cos ¢)d,]

+ ky[(—L,singsin® + E* cos p)ds + (—L, singsinf — E* cos ¢)d,]
+ clLl[(Ll sing sin@ + E* cos ¢)d; + (L; singsin@ — E* cos (p)dz]
+ CZLZ[(—L2 sing sin@ — E* cos ¢)dz + (L; sing sin@ + E* cos (p)d4]

+cp, 9 =0

()

(®)

©)

(10)

(11



. ; . 99" do” 12
MyqZy — (kady + crdy) + [ke1 (20 = 2p1) + €01 (21 — 21)] + or a0 +ky,——=0 (12)
1

. ; . dp" (13)
My 7y — (kydy + c1d) + Ukt (22 — 2,2) + €01 (22 — 2y2)] + Cq)ra_z.z + kq’ra_zz =0

, - . ¢’ ¢’ (14)
MypZs = (kads + c2d3) + [kea (23 — 2p3) + 2 (23 — 2r3)] + C(pfa—z.3 + k(pfa_Z3 =0

and,

n ' ' . U U (15)
MypZy — (k2d4 + C2d4) + [ke2(za — Zpa) + c12(Zs — Zra)] + Cor 07, * k(pf 0z, =0

where k;; and k., are the vertical stiffness of one front and rear tyre, ¢,y and c;, are the damping
coefficient of one front and rear tyre , k, ; and kg, are the torsional stiffness coefficient of the front and

rear anti-roll bars, and ¢, ; and ¢, are the torsional damping coefficient of the front and rear anti-roll
bars.

The anti-roll angles for the front and rear wheels, respectively, are given by [15]:
Z,—Z

Zy — Z
o =t (2p) =0

These angles represent the relative rotational motion between the vehicle body and the axles.

(16)

3. Modeling of the speed bump

Finding a highly realistic mathematical model to describe road surface profiles is complex, if
possible at all, as pointed out by Ata et al. [16]. Consequently, the literature offers several approaches for
the mathematical modelling of the road surface: [1,11,12,16-24]. For instance, in works by Ata et al. [16]
and Mohammadzadeh et al. [25], the road surface is modeled using a trigonometric function to represent a
speed bump. In other works, such as Davis et al. [17], ISO 8608 [18], Bouazara [19], Robson [12], Dodds
et al. [11], and Kropa¢ et al. [20], the road surface is described by means of a power spectral density
(PSD). Lombaert et al. [23] propose a piecewise-defined function, whereas Danho et al. [26] use a
function defined by the characteristic equation of an ellipse. Other models are also mentioned: a discrete
function in Garcia-Pozuelo et al. [24], a circular function in Danho et al. [1], and a pothole-modeling
example in Pesterev et al. [27].

Road modeling: The vertical height of wheel 1 (front left wheel) when crossing a hump-type speed bump
is given by:

(@ [1 — cos <2nv(t — tl))] if tu<t<t,
2 (8) = iz b (17)
otherwise

where



t, =%, t, =t1+;b and tg _Latls
with
e hy : height of the speed bump;
e t, : starting time of the speed bump
e t, : ending time of the speed bump
e tg :time delay due to the total wheelbase of the vehicle
e t,. :time delay of the front right wheel with respect to the front left wheel when reaching the

oblique speed bump

L, : Distance between the origin and the approach point of the first speed bump.

e [, : width of the speed bump

e [, : longitudinal offset between the point at which the left wheel meets the obstacle and the point
at which the right wheel of the same axle meets it (Figure 3.b).

e v :magnitude of the longitudinal speed of the vehicle.

@ I,.=0 ) le =0

Figure 3 Speed bump with an orthogonal axis (a) and with an oblique axis (b) with respect to the
longitudinal axis of the vehicle [28].

Thus, according to relation (17), the excitations of the various wheels of the vehicle (Figure 3), taking its
geometry into account, are:

o wheell: z.,(t)

o wheel2: z.,(t) =z (t — toc)

e wheel3: z.3(t) =z,(t —ts)

o wheeld: z.,(t) =z (t — toe — ts)

It is assumed in this study that [, < L; + L, that is, no two wheels of the vehicle reach the speed bump
at the same instant.

4. Linearized dynamic equations

The dynamic equations obtained are strongly nonlinear. The roll and pitch angles are assumed to
remain small, which makes it possible to “linearize” the trigonometric functions and to retain only the
terms of order less than or equal to 3 which, once differentiated, yield terms of order at most equal to 2.
Thus, taking this assumption into account, we define the linearized equations of the dynamic system.

mez + 2(cy + ¢3)2 + 2(cyLy — €1L1)0 — €12y — €125 — Cp23 — Cpzq + 2(ky + k)2 (18)
+ Z(kzLZ - lel)Q - k1Z1 - k122 - kng - k2Z4, = O



(Jyy + mch2)8 + 2(coLy — c1L1)2 + 2(c2L5 + ¢113)0 + ¢ L2y + ¢1L12; — ¢3Ly25
- C2L224 + Z(kZLZ - lel)Z + Z(kzL% + le%)Q + k1L1Z1 + lelzZ
- k2L2Z3 - k2L224 =0

2 o x2| . * C(pf . * C(pf .
Uyx ¥+ mchi)p + [c(pf + ¢y, +2(c1 + ¢2)E ](p — (clE + ?) Z; + (clE + ?) Zy

E* C§0r s * CQDT 7 *2
—1C +? Z3+ C2E +? Z4+|:k(pf+k(pr+2(k1+k2)E ](p

k k k
* (p * <p * T
- <k1E + ?f) zZy + <k1E + ?f> Zy — <k2E + EL) Z3

* k‘/’r
+ sz +? Z4=0

. C C C
M%) — C12 + ¢, L6 — (clg* + %) ¢+ <c1 + o + %) 2 — %zz — K1z + ky 1,0
k k k
* Pr g3 3 _ .
— <k1E + 5 )(p + <k1 + _E >+ kt1>zl — _E >Zy = Cr1Zr1 + Ke1Zi
.. . ; % C<Pf . C<Pf . C(Pf .
My1Zy — C1Z + C1L19 + C]_E + F QY — le + Cq1 + Ct1 + F Zy — klz + k1L19
k k k
* Pf Pr Pr .
+ klE +— (e ey Zq + k1 + ktl + ey Zy = C1Zr2 + ktlzrz
E E E
Cor

R C C
mr223 - sz — C2L29 — (CZE* + )(p + <C2 + Ce2 + %)Z?) —ﬁZ‘L — kzZ — k2L29

E

* k‘Pr k(Pr k‘Pr .
- sz + ? @ + k2 + ktZ + I 2 Z3 —FZ4 = C¢2Zy3 + ktzzrg

. . . C(Pr . C(Pr . Cq’r .
MygZy — C2Z — C3L,0 + (CZE* + E )(p - Fz3 +{cytcpp + z? Zy —kyz —kyL,0

k
* Pr
+ <k2E +=

k‘Pr k‘Pr .
@ — T Zg + | ky + kep + 72 Zy = CoZry + KepZpy
and one obtains, like in [7,29,30]:

Mg+ Cq+Kq=KX+CX

(19)

(20)

21

(22)

(23)

24

(25)

where M, C, C;, K, K; are respectively the mass matrix of the vehicle system, the damping matrix of the
vehicle system, the tyre damping matrix, the stiffness matrix of the vehicle system and the tyre stiffness
matrix; q , X and F are respectively the generalized displacement, the excitation and the generalized force

vectors; ¢ is a generalized velocity vector and § is a generalized acceleration vector,
with
qT =[z 0 @ z; z; z3 24, X' = [Zr1 Zr2 Zyz  Zp4]



m, 0 0 0 0 0 0 1
0 (Jyy +mchd) 0 0o 0 0 0
0 0 Jux + mch2) 0 0 0 0
M=]o 0 0 m,y 0 0 0 |
0 0 0 0 myq 0 0
0 0 0 0 0 my, 0
| 0 0 0 0 0 0 my, |
r 0 0 0 0 1 r 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Kt = ktl 0 0 0 . Ct = Ctl 0 0 0
0 ky O 0 0 ¢1 O 0
0 0 ke 0 0 0 ¢ O
[0 0 0 kgl [0 0 0 ¢l
20k, + k) 20keyLy —kiLy) 0 —k, —k, —k, —k,
2(kyLy — kyLy)  2(k,L5 + kyL3) 0 keyLy kiLy —kyL, —kyL,
k k k k
0 0 Kss —<k1E* +%> (klE* +%> —<sz* + bi’) (sz* + bi’)
k k
—k, kyL, - <k1E* + %) Ko —% 0 0
K=
k k
—k, kyLy <k1E* + %) % Kss 0 0
—k, —kyL, - (sz* + kEi> 0 0 Kee - ];iz
—k, —kyL, (sz* + kEi> 0 0 —% Ky,
2(c; + ¢3) 2(cyLly —c1Lq) 0 —C —C —C —C
2(cLy — ¢1Lq) Z(CZL% + C1Li) 0 c1Lq Ly —CL, —cL,
_ * _Yr * ﬂ _ * Pr * C(Pr
0 0 C33 (ClE + > (ClE + E ) (CzE + E ) (CzE + E )
c C
o —C C1L1 - (C E* + %) C4_4 - % 0 0
- C C
- oLy (clE* + ﬂ) —% Ces 0 0
c c
—c, —cyL, (CZE* + gr) 0 0 Ces - Eq);
C C
—c, —c,L, (CZE* + 1‘5") 0 0 —ﬁ Cyy
with
% k k -
K33 = kqaf + k’P‘r + 2(ky + k)E g ; Kag = K5 = (k1 + ke +%)§ Keo = K77 = (kz + ke, +E_¢2)

2 Co Coy
C33 = Cop; +Cp, + 2(c1 + C)E™ ; Cas = Cs5 = (Cl tcy t E_f)a Coo = Cy7 = (Cz tCep t %)

5. Mode shapes and natural frequencies

In the dynamic analysis of mechanical systems, particularly in linear vehicle dynamics, determining
the natural frequencies is a fundamental step in characterizing the vibration modes associated with the
various degrees of freedom. These frequencies, obtained from the eigenvalue problem associated with the
system, represent the natural responses of the structure in the absence of external excitation. However,
beyond their mere identification, particular attention must be paid to possible frequency coincidences [7].
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In complex mechanical systems such as road vehicles, such coincidences may lead to significant
interactions between apparently independent motions (for example, heave, roll, and pitch), resulting in
amplified vibrations or counterintuitive dynamic responses in the random vibration setting. Thus, an
excitation near a common frequency may activate several modes simultaneously, increasing the risk of
resonance and degrading performance in terms of stability, comfort, and road-holding. The eigenvalue
problem governing these natural frequencies is given by:

det (K—M)=0, 1=w? (26)

Equation (26) is solved for two configurations of the model: the symmetric model and the asymmetric
model. In all that follows, the crossing is oblique (Figure 3.b): the front right wheel reaches the speed
bump with a spatial offset [, (taken equal to 0.6 m in this study) with respect to the front left wheel.

5.1 Asymmetric vehicle model
In the table below, we present the realistic asymmetric vehicle model and corresponding parameters.

Description Symbol Value

Unsprung mass (front/rear) m,; and m,, | 40/40 kg

Sprung mass me 1,375.9 kg

Sprung moment of inertia about the x/y axes Jxx and ], 484.4/2,344 .4 kgm?
Vertical stiffness of one tyre (front/rear) k¢ and ko 182,087/182,087 N/m
Suspension stiffness per wheel (front/rear) k, and k, 20,984.8/19,121.7 N/m
Damping coefficient of one tyre (front/rear) Cy1 and ¢, 1,820.9/1,820.9 Ns/m
Suspension damping per wheel (front/rear) ¢; and ¢, 209.8/191.2 Ns/m
Distance between the x axis and the front/rear tyres L, and L, 1.125/1.511 m
Distance between the left and right tyres E 1.44 m

Torsional stiffness coefficient of the front and rear anti-roll bars ke, ; and k. 62,085/58,098 N.m/rad
Torsional damping coefficient of the front and rear anti-roll bars Cor and ¢, 620.85/580.98N.m.s/rad

Table 1: Realistic asymmetric vehicle model and corresponding parameters [7].

9 T T T 10

9

8

log(w?)[rad/s]?
(>}
=

0 0.‘5 ’; 1.‘5 2 0 015 1‘ 1‘.5 2
hem] ha[m]
Figure 4: Squared natural frequencies of the realistic asymmetric vehicle model k, = 0 N m/rad (a) and

k, # 0 N m/rad (b)

Figure 4 highlights the natural-frequency coincidences of the asymmetric model, and the corresponding
critical values of the center-of-gravity height hg are summarized in Table 2. The natural frequencies
associated with the four wheels split into two pairs of close frequencies. In addition, changing the height
of the center of gravity leads to further coincidences between the natural frequencies associated with the
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body modes. More precisely, the heave and roll modes have identical frequencies whether the anti-roll
stiffness is zero (k,, = 0) or not (ko # 0). By contrast, the coincidence between the pitch and roll modes is
observed only in the absence of anti-roll stiffness.

Table 2: Realistic asymmetric vehicle model: squared natural frequencies w2, modal damping ratios
¢n and maximal damping-coupling coefficient 14 at the critical heights hg of the center of gravity. (bold
identifies coincident frequencies)

h¢; (m) 0.3558544546 0.5217358001 1.0893504852
1 56.7889 55.4165 53.2856
2 45.8828 43.5589 30.9793
3 56.7889 43.5589 53.2856
w2 (rad*/s?) 4 5.0805 x 103 5.0820 x 10° 6.5870 x 10°
5 5.0822 x 10° 5.0796 x 10° 5.0814 x 10°
6 5.0362 x 10° 5.0360 x 10° 6.4410 x 10°
7 5.0329 x 103 5.0323 x 10° 5.0350 x 103
1 0.0377 0.0372 0.0365
2 0.0339 0.0330 0.0278
3 0.0377 0.0330 0.0365
&a 4 0.3564 0.3564 0.4058
5 0.3564 0.3564 0.3564
6 0.3548 0.3548 0.4013
7 0.3547 0.3547 0.3548
Nap 7.4081 x 1073 7.1016 x 1073 6.0081 x 1073
coincidence of‘natural Heave-roll Pitch - roll Heave-roll
frequencies
where &y = Choaa/(2Wy) and  Cpoq = VTCV is the modal damping matrix (V: mass-normalized
modes).
Ngp = Max |Caﬁ| a#*f

\ Caa CBB ’
where w is the natural frequency associated with mode «, Cqg is the modal damping coupling between

modes a and f,, and C,, and Cgp are the generalized damping coefficients of modes a and f,
respectively.

5.2 Symmetric vehicle model

The values presented in Tables 1 and 3 are taken from Long et al. [7]. To these initial parameters have
been added the mechanical characteristics of the anti-roll bar, which allow the additional contributions to
the stiffnesses and dampings, denoted k, , k, ., ¢, and ¢, o 10 be included [31].

r Pf
Description Symbol Value
Unsprung mass (front/rear) m,, and m,, 40/40 kg
Sprung mass me 1,3759 kg
Sprung moment of inertia about the x/y axes Jxx and |5, 484.4/2,344.4 kgm?
Vertical stiffness of one tyre (front/rear) ki and kyp 18,208,700/18,208,700 N/m
Suspension stiffness per wheel (front/rear) k, and k, 20,984.8/20,984.8 N/m
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Damping coefficient of one tyre (front/rear) ctq and ¢y 182,087/182,087 Ns/m
Suspension damping per wheel (front/rear) c; and ¢, 209.8/209.8Ns/m
Distance between the x axis and the front/rear tyres Lyand L, 1.511/1.511 m

Distance between the left and right tyres E 1.44m

Torsional stiffness coefficient of the front and rear anti-roll bars ky ; and k. 62,085/62,085N.m/rad
Torsional damping coefficient of the front and rear anti-roll bars Cor and ¢, 620.85/620.85 N.m.s/rad

Table 3: Ideal symmetric vehicle model and corresponding parameters. The values of ¢, ; and ¢, , which

were not provided in the study by Yun et al. [15], were readjusted so as to satisfy the prescribed ratio
c/k = 0.01. c and k are the damping and the stiffness coefficients, respectively.

g &

o
T
g

888

log(w?)[rad/s]?
oo

2f 4T — ]

0 0.5 1 1.5 2 0 0.5 1 1.5 2
ha[m] hg[m)

Figure 5: Squared natural frequencies of the ideal symmetric vehicle model for the following data: m. =
1,375.9 kg, my = 40 kg, [« = 484.4 kg.m?, J,, = 2,344.4 kg.m?, k = 20,984.8 N/m, k, = 18,208,700 N/m,
L=1511m, E=144m, ky,=0N m/rad (a) and k, # 0 N m/rad (b)

Each pair of modes has its own critical height, and hg determines the order of the three body frequencies
(Figure 5 and Table 4). As hg increases, the pitch and roll frequencies decrease while the heave frequency
remains unchanged. The four wheels have identical natural frequencies, reflecting the degeneracy of the
modes associated with the unsprung masses. Three additional frequencies correspond to the global body
modes: heave (bounce), pitch and roll. In this configuration, these modes remain decoupled from the
wheel dynamics. When the center of gravity is offset, the modal spectrum exhibits, in addition to the
wheel frequencies, two identical natural frequencies corresponding to the heave and pitch modes.
IntroducingIntroducing the anti-roll bars lifts the degeneracy of the wheel modes, initially characterized
by four identical natural frequencies. The pair of frequencies associated with the heave and pitch modes,
however, remains unchanged, since the anti-roll stiffness (k) acts exclusively on the roll dynamics.

Table 4: Ideal symmetric vehicle model: squared natural frequencies ®,?, modal damping ratios &, and
maximal damping-coupling coefficient 7,5 at the critical heights hg of the center of gravity. (bold

identifies coincident frequencies)

Torsional stiffness _
coefficient ke=0 ko#0
hg (m) 0.2122577716 | 0.4078474349 | 0.7610637953 | 0.7610637953 | 1.280266805

1 60.9365 60.9365 60.9365 60.9365 60.9365
2 79.5477 74.3890 60.9365 60.9365 41.6171

w? (rad?/s?)
3 79.5477 60.9365 33.9206 130.2868 60.9365
4 4.5574 x 10° 4.5574 x 10° 4.5574 x 10° 4.5574 x 10° 4.5574 x 10°
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5 4.5574 x 105 | 4.5574 x 10° | 4.5574 x 105 | 4.5724 x 105 | 4.5724 x 10°
6 4.5574 x 105 | 4.5574 x 10° | 4.5574x 105 | 4.5724 x 105 | 4.5574 x 10°
7 4.5574 x 105 | 4.5574 x 10° | 4.5574 x 105 | 4.5574 x 105 | 4.5724 x 10°
1 0.0390 0.0390 0.0390 0.0390 0.0390
2 0.0446 0.0431 0.0390 0.0390 0.0322
3 0.0446 0.0390 0.0291 0.0571 0.0390
¢a 4 3.3754 3.3754 3.3754 3.3754 3.3754
5 3.3754 3.3754 3.3754 3.3810 3.3810
6 3.3754 3.3754 3.3754 3.3810 3.3754
7 3.3754 3.3754 3.3754 3.3754 3.3810
Nap 7.7581 x 107¢ | 7.7584 x 107® | 7.7577 x 107 | 5.5441 x 107% | 7.7581 x 107°
coincifdence of.natural Pitch —roll Heave —roll | Heave — pitch | Heave — pitch | Heave —roll
requencies

Tables 2 and 4 give the modal damping ratios and the maximum normalized modal coupling coefficients
for the two vehicle configurations studied: the ideal symmetric model and the realistic asymmetric model.
The results show that the maximum modal coupling 14 remains very small for all the configurations
considered, with values between 7.7584 x 107° and 7.4081 x 107°. For the realistic asymmetric model, the
maximum coefficient reaches only 7.4081 x 107>, despite the absence of anti-roll stiffness. Introducing a
longitudinal offset of the center of gravity and/or an anti-roll stiffness changes the level of modal coupling
only marginally. Although some configurations show slightly higher coefficients than the other cases,
these values remain very small. The modal damping matrix V7 CV, where V denotes the modal matrix, can
therefore be regarded as nearly diagonal. It is thus reasonable to neglect its off-diagonal terms in the
modal projection, which leads to a system of approximately decoupled modal equations. This
approximation is adopted in the remainder of the study.

When this approximation is not valid, a direct approach based on the state-space representation and the
Lyapunov equation can be used. This method yields the covariance matrix of the response without
neglecting the damping coupling terms and without modal truncation. Zhang et al. [35] also used this
approach to obtain the zeroth- and second-order spectral moments.

For specific center-of-gravity heights hg, the modal spectrum exhibits a particular configuration in which
two natural frequencies of the vehicle body coincide while the four natural frequencies of the wheels
coincide with one another. The seven modes of the system then split into two degenerate eigenspaces, of
multiplicities 2 and 4 respectively, and one mode associated with a simple natural frequency. This
configuration is the most pronounced case of modal degeneracy among those studied. We therefore seek
closed-form expressions for the critical heights hg at which these natural-frequency coincidences occur.

Thus, by solving equation (26) and taking the symmetry of the vehicle into account, with L = L; = Lo,
k =ky=ky, ky=kyr =Ky, mi=myy =my, and k; = ky = k;,, the squares of the natural
frequencies are obtained as follows:

dkm, + (k + k) me — /02,

w? =
2m,.m,
w? = 4kL? my + (k + k¢) (Jyy + mchd) — /2,
2m, (Jyy +mch?)
o2 (2ky + kKE*)m, + (k + ke + ZELZ"’) Uxx +mchd) — /023

2 mT (]XX + mChfz;)
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(k + k) E* + 2k,

2 _
@a = m, E2
w0 = 4km, + (k + k) mg + /04
2m,.m,
w2 = 4kL2m, + (k + k) (Jyy + mch2) + /0,

2m, (Jyy + mché)
s (ki RE?)m o+ (Je+ b+ el ) Unx +meh3) +/05

w37
2 mT (]XX + mchg)

Where

0, =[(k + k) m, — 4km,)? + 16k? m,m,

Qy = [k + ko) (Jyy +mch2) — 4k12m,]” + 16k212 (I, + mchZ) m,

, 2k, NS 2k,\? ,
= [(2ky + KE?)m, — | k + ki 2 Uxx + mch2)| +4( kE = Usx + mch2) m,

From the analytical expressions of the natural frequencies w? and the coincidences between them, the
following closed-form expressions are obtained for the critical heights hg for the modes of the body and of
the unsprung masses (the wheels):

Jmc(mcLz —Jyy)
e , if meL? > ]y, vk, (heave — pitch)
14+ 2k, 2 14 2Ke 2k,
E? E
he =< kEZ —]x—x, if kE2 >]x—x , vk, (heave — roll)
4 14 2Ke 2k m, 4 1+ Zk me
AE2 AE2
EZ]yy - 4L2]xx ]
_— if 4122 < E? < 4]7, k,=0 11 — pitch
m. (412 — E7) i N @ (ro pitch)

with

_(k+k)m —4km, +./0,
- 2m,

6. Computation of the autocorrelation matrix [Rq q (0)]

Equation (25) can be rewritten in the following matrix form:

Mi+Cq+Kq=F(t) 27)
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where F(t) denotes the vector of the external forces applied to the vehicle, induced by the contact of the
wheels with the speed bump.

In this section, two types of excitation are considered for the external forces F (t). The first corresponds to
stationary random processes, modeled by a white noise of constant spectral intensity S, following the
approach of Long et al. [7]. The second concerns the crossing of a speed hump whose geometric profile is
described by Equation (17). The external forces associated with these two types of excitation are written
as follows:

Fi(t) 0
F, (1) 0
F5(t) 0
F(t) =< F,(t) p =< CtaZra + kaZyrs } (28)
Fs(t) CtsZrs + KesZrs
Fg(t) CeoZre T KieZre
\F, (t)/ \Ct7Zy7 + kt72Zyp7)

Introducing the modal transformation g = VQ, where V denotes the mass-normalized modal matrix and Q
the vector of modal coordinates, the response of the system can be expressed in modal space. For the
configuration corresponding to h; = 0.7610637953 m, the modal matrix V reads:

—0.019063 —0.019063 0.000000 —0.000007 0.000000 0.000008 0.000000
0.012616 —0.012616 0.000000 0.000005 0.000000 0.000005 0.000000
0.000000 0.000000 0.027936 0.000000 0.000000 0.000000 —0.000008

V=1| -0.000044 0.000000 0.000023 0.111456 0.079057 —0.008810 0.079057

—0.000044 0.000000 —0.000023 0.111456 —0.079057 -—0.008810 —0.079057
0.000000 —0.000044 0.000023 —0.008810 -—0.079057 -—0.111456 0.079057
0.000000 —0.000044 -0.000023 -0.008810 0.079057 —0.111456 —0.079057

Thus, we obtain, after computation, for mode a:

Qy + 284wy 0y + w2Q, = Fy(t), a=1,7 (29)
with
7
Fo(d) = Y veaF(®),  a=17 (30)
k=4

where vy, is the element located at the intersection of the 4-th row and the a-th column of the modal
matrix V, and F;, denotes the k-th component of the excitation vector F (t). The parameters &, and w, are
respectively the damping ratio and the natural angular frequency associated with mode o.

The transfer function of the system, relating the excitation to the modal response, is written :

Hy(w) = ! | =V-1 (31)

(w2 — w?2) + 2i¢ waw’

Hence, from (29), we have:
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{Qa(ao = Ha(w)Fa(w) (32)
Qu(w) = iwHy (w)Fq(w)
where [F, (w) is the Fourier transform of [F, (t)
Thus, the correlation matrix of the generalized velocities is [6]:
+o0
Rou0,(0) = | (i0Ho(@)Fe()) - (~iwHj(@)Fj(w)) do (33)
which may also be written in the form
oo w?Fq(w) - Fg(w)
Ry 5.(0) = f : - dw (34)
QaQp —o [(WE — w?) + Zlfawaw][(wfg — w?) - 2ifgwpw]

where (*) denotes the complex conjugate.
Finally, the autocorrelation matrix R4 (0) = [Rqan(O)], after returning to the initial variables, is
written:

Ry 4 (0) = VRy ¢ o)vT (35)
and, in index form,
7 7 7
qu, d; (0) = Z viavjaRQa 0q (0) + Z Z UiavjﬁRQa Qﬁ (0) ) l;] = 1'7 (36)
a=1 a=1p=1
a*f

The errors on the mean-square velocity due to the omission of the modal cross-correlations

ﬁqi ¢ (0) = 71 vizaRQa 6, (0) are obtained, as indicated in Long et al. [7], from:

R(Ii 4; (0) = Ry, 4, (0)
Ry, 4, 0)

n =

x 100, i=17 (37)

and the correlation coefficient p;; is given by:
R('Ii q; 0)

pij = ’
\/qu' i (0) Rl?j qj (0)

Lj=17 (38)

6.1 Case 1: stationary white noise

In this part, the contact forces between the wheels and the road are modelled by a stationary white
noise of intensity S, applied to the front left wheel and then reproduced on the other wheels with the
following time delays: At, = 0 (front left wheel), Ats = t,. (front right wheel), Aty = ts (rear left
wheel) and At; = t,. + ts (rear right wheel). Thus, the cross power spectral density (CPSD) of the
excitations applied to modes a and £ is:
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7 7
Fo(@) F3(@) =S5 ) > vqujg e~ @(40) (39)

k=4j=4

Thus, the correlation matrix of the generalized velocities Q;, is written, setting T = At — At;:

[ 7
[so 2 ) Ve (@ + 61 (0) ) ke, ifa=p
4<k<j<7 k=4
Rogop (=14 . (40),
So Z (vkavjﬁ G2 (1) + Vjg kg G, (—T)) + G,(0) Z Vka Vg, fa#* P
| 4sk<j<7 k=4
where
c +00 wze—iwr p
1(T) - J‘_oo (wé _(1)2)2 + (Zfawaw)z w
+00 w?2. e—iw‘r (41)
6@ = | _ R
—oo [(WE — w?) + Zlfawaw][(wfg — w?) - 2i§pwpw]
After computing (41) by the residue method and for every ¢4, g > 0, one obtains:
2m e ATl
Gy (D)=———[2PCw (I7D) + BSw (D], (42)
With
Ao = §qWq, Wo = wczr(l - fozc): /1[3 = Eﬂwﬂv W[i’ = w[z)’(l - Eé)
where, for any real W and any t > 0,
sin(\/Wt)
cos(\/Wt), wW>0 VW ’ w>0
Cw() =141, w=0, Swt) =1t W = (43)
cosh(—VWt), W <0 sinh(vV-Wt)
—, W<O0
V=W
A= (02— wd)" + 42252 + w3) + 4(%w} + B2wd), P =240} + Agwd
o ift20, A=12 W=Ws, B=ws(wi—wp)—21zP
o ifT1<0,A=12y W=W, B=wi(w—wi)—21,P
and for @ = [, we have
7 e Aaltl
61 (1) =[G, (I7D) = AaS, (12D)) (44)
a

We observe that, for T = 0, the obtained results coincide with those of Long et al. [7] for a single applied
force. Our approach nevertheless differs from their work in that it accounts for the excitations of all four
wheels, rather than a single force applied to one wheel, which would introduce a double summation in
computing the autocorrelation matrix.
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Note: In the remainder of this section, the intensity S, of the stationary white noise is set to
1 m?.s/rad. Since the system’s response is linear with respect to the excitation, the mean-square

velocities are proportional to Sy and the root-mean-square values are proportional to ,/S,.

Table 5. Comparison of the mean-square velocities obtained with the complete modal sum Ry, 4, (0) and
by neglecting the modal cross-correlations ﬁ(h g; (0), together with the corresponding relative errors 7;.

Results for an ideal symmetric vehicle with a single wheel excited, for hg = 0 m and hg = 0.761 m, with
and without anti-roll bars.

k,=0 k, = 62,085 N.m/rad
DOF (h; = 0m) - ~
Ry;q;(0) Ry q,(0) 1:(%) Ryiq;(0) Ry, 4, (0) 1:(%)
Heave z 3.6109 x 1072 3.6110 x 1072 0.00 3.6109 x 10712 3.6110 x 10712 0.00
Pitch 0 21195 x 1072 21195 x 1072 0.00 2.1195 x 10712 2.1195 x 10712 0.00
Roll ¢ 1.0258 x 107! 1.0259 x 10711 0.00 3.9454 x 1071 3.9462 x 107! 0.02
Wheel 1 (excited) 43083 x 1077 1.0771 x 1077 75.00 43013 x 1077 1.0753 x 1077 75.00
Wheel 2 8.4208 x 10°'8 1.0771 x 1077 - 59223 x 107" 1.0753 x 1077 -
Wheel 3 6.7545 x 1071® 1.0771 x 1077 - 4.0790 x 1071 1.0753 x 1077 -
Wheel 4 24301 x 1077 1.0771 x 1077 - 4.1069 x 107'¢ 1.0753 x 1077 -
k,=0 k, = 62,085 N.m/rad
R R Ry, 4j (0) R‘?i 4 (0) 1:(%) Ry, 4j ©) Rdi 4 (0) 1:(%)
Heave z 3.6109 x 1072 3.6461 x 10" 0.97 3.6109 x 1072 3.6290 x 10712 0.50
Pitch 0 1.5816 x 1072 1.5662 x 10°'? 0.97 1.5816 x 10712 1.5737 x 1072 0.50
Roll ¢ 38767 x 1072 3.8767 x 107" 0.00 1.4897 x 107! 1.4897 x 107! 0.00
Wheel 1 (excited) 43083 x 1077 1.1934 x 1077 72.30 43013 x 1077 1.6135 x 1077 62.49
Wheel 2 21111 x 1077 1.1934 x 1077 - 59139 x 1078 1.6135 x 1077 -
Wheel 3 2.6637x 107" 9.6080 x 107* - 15111 x 107'¢ 53715 x 107 -
Wheel 4 26638 x 107 9.6080 x 107* - 15111 x 107'¢ 53715 x 107 -

Table 5 gives, for hg =0 and h; = \/ m, (mcL2 - ]yy) /m. = 0.761 m, the mean-square velocity response
of each degree of freedom computed with the direct modal sum, Ry, a; (0), and with the modal cross-

correlation terms omitted, ﬁqi 4; (0), together with the relative error n; on the mean-square velocity. The

dashes indicate relative errors that are not meaningful for the non-excited wheels, whose exact responses
are of the order of 107'® to 107'8, For h; = 0 m, we obtain an error of 75% on the excited wheel, as
reported by Long et al. [7], with and without anti-roll bars. For h; = 0.761 m, by contrast, the error due
to the omission of the cross-correlations falls to 72.30% without anti-roll bars and to 62.49% with them.
Heave and pitch coincide (see also Table 4), with errors of 0.97% without bars and 0.50% with bars,
whereas for roll, which is decoupled from the other two body modes, the error remains zero. For the
symmetric vehicle with a single wheel excited, omitting the modal cross-correlations is therefore of no
consequence for the body modes (< 1% even at the critical heights) and affects only the excited wheel.

Two types of correlation enter the computation of the mean-square responses: the modal cross-
correlations, corresponding to the terms o # [ between different modes, and the correlations between the
wheel excitations, associated with the terms k # j, since the four wheels follow the same road profile with
time delays. When a single wheel is excited, only the modal cross-correlations are involved. When all four
wheels are excited, both types of correlation coexist, and their omission is examined separately in Figures
6and 7.
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Figure 6: Omission of the modal cross-correlations (o # ) for a symmetric vehicle without anti-roll bars,
with hg = 0.761 m, under stationary white noise applied to the four wheels with time delays: (a) relative
error on Ry, a; (0) for the body degrees of freedom; (b) relative error for the wheel degrees of freedom; (c)

absolute error th 4: (0) — Ry, ¢, (0)| for the body degrees of freedom; and (d) absolute error for the
wheel degrees of freedom.

When moving from single-wheel excitation (Table 5) to correlated excitation of the four wheels with
delays, for hg = 0.761 m and without anti-roll bars (Figure 6), the errors due to the omission of the modal
cross-correlations are negligible for all degrees of freedom. For the body (Figure 6.a), heave shows two
peaks, 0.034% at 9 km/h and 0.10% at 27 km/h, and then vanishes around 60 km/h, while pitch reaches
0.02% at 7 km/h and 0.041% at 13 km/h. Roll remains below 0.01% up to about 63 km/h and then
increases to 0.15% at 120 km/h. For the wheels (Figures 6.b and 7.d), the errors are of the order of 1074%
in relative terms and 107'? in absolute terms, and are practically identical for the four wheels. In absolute
terms (Figure 6.c), the discrepancy for the body degrees of freedom is of the order of 10715, i.e., four
orders of magnitude below their mean-square values. The error nevertheless remains below 0.16% over
the whole speed range considered (0 to 120 km/h), and below 0.013% for heave and pitch. This result
confirms and extends that of Table 5: omitting the modal cross-correlations, which produces a 75% error
on the excited wheel when a single wheel is excited, becomes inconsequential when all four wheels are
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excited, because the cross terms of the four nearly degenerate wheel modes cancel out between the contact
points. The correlated excitation of the four wheels thus regularizes the truncated modal sum.

Wheel-to-wheel correlations omitted - body DOFs  (a) 10° Wheel-to-wheel correlations omitted - wheel DOFs  (b)
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Figure 7: Omission of the correlations between the wheel excitations (k # j, wheels assumed independent)
for a symmetric vehicle without anti-roll bars, with hg = 0, under stationary white noise applied to the four
wheels with time delays: (a) relative error on Ry, 4, (0) for the body degrees of freedom; (b) relative error

for the wheel degrees of freedom; (c) absolute error ﬁéh‘ ; (0) — Rg, ¢, (0)| for the body degrees of
freedom.

The omission of the correlations between the wheel excitations (k # j, wheels assumed independent) for all
modal terms is examined in Figure 7. The results show that this approximation can lead to significant
discrepancies, underlining the essential role of the correlation terms in evaluating the vibration response of
the vehicle. The roll error exceeds 2,000%, whereas the heave and pitch errors remain below 610%. The
roll error (Figure 7.a) is not monotonic: it peaks at 2,130% around 21 km/h, falls back to 1,453% around
35 km/h and then rises to 6,064% at 120 km/h. Heave and pitch reach their maximum values, 501% and
607% respectively, around 5 km/h. For the wheels (Figure 7.b), the errors are of the order of 10°%.
Figure 7.c shows the absolute errors of the body modes. The roll error is practically constant above 20
km/h, at about 1.5 x 107! rad®/s>. In absolute terms, heave suffers the largest error at high speed, 3.47 x
107" m?/s? at 120 km/h. In the modal superposition, the small roll response results from a compensation
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between the self-term of each wheel and the wheel-to-wheel cross terms, whose signs are opposite for the
left and right wheels. Removing these terms therefore breaks the compensation and leaves a residual that
depends little on speed. The two types of correlation thus carry very different weights: the modal cross-
correlations can be omitted when all four wheels are excited (Figure 6), whereas the interwheel
correlations can under no circumstances be omitted, especially for roll (Figure 7.a). Omitting the
interwheel correlations would amount to computing the response of a vehicle whose four wheels run on
four different, unrelated roads. In a real vehicle, the left and right wheels of the same axle encounter the
same profile up to a lateral offset, and the rear axle encounters what the front axle encountered

(L, + L,)/v seconds earlier.

7
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Figure 8: RMS values of the generalized velocities of the rotational (a) and translational (b) degrees of
freedom as functions of vehicle speed, for stationary white noise.

The RMS values of the generalized velocities under stationary white-noise excitation are shown in Figure
8 as functions of vehicle speed. The RMS values of the four vertical wheel displacements are independent
of speed: they equal 6.56 x 10™* m/s for both the front and rear wheels over the whole range considered
(Figure 8.b). This behavior is consistent with the nature of the excitation. Since the white-noise spectral
density is constant, speed enters only through the delays between the contact points, which affect only the
cross terms and not the dominant diagonal terms of the wheel modes. The RMS value of heave, by
contrast, is much smaller and varies little: over the whole range it remains about one hundred times lower
than the wheel RMS values, at 5.5 x 107° m/s on average. The rotational degrees of freedom, shown in
Figure 8.a, both decrease monotonically above 30 km/h after reaching maxima at low speeds: 4.65 x 107
rad/s at 29 km/h for pitch and 6.83 x 107 rad/s at 5 km/h for roll. This decrease reflects the fact that, as
vehicle speed increases, the delays between axles become shorter and the four excitations become more
alike, which favors heave at the expense of pitch and roll. The small mean-square value of the roll velocity
explains the magnitude of the relative errors in Figure 7.a. For comfort, the critical speeds under white
noise are therefore the low speeds, not the high speeds at which the four excitations become alike and only
heave remains.
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Figure 9: RMS values of the generalized velocities at 50 km/h: single-wheel excitation (blue) and
excitation of the four wheels with delays (red), white-noise case.
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Figure 9 compares, at 50 km/h, the RMS values of the seven degrees of freedom for single-wheel
excitation and for excitation of the four wheels with delays. With a single wheel excited, only that wheel
responds, at 6.56 x 10~* m/s, whereas with four wheels excited each wheel responds at the same level, so
that the energy injected into the vehicle is four times greater. The RMS value of the excited wheel is the
same in both cases, which shows that the interwheel delays do not affect the individual mean-square
velocities of the unsprung masses. The body responses are invisible at this scale in both configurations.
The configuration of Long et al. [7] therefore underestimates the total vibrational energy by a factor of
four and concentrates the response on a single wheel; it is this concentration, not the response level, that
governs the 75% error it reveals.

Figures 10 and 11 show side by side, in discrete form, the coefficients of the autocorrelation matrix and
the correlation coefficients of the physical degrees of freedom, for single-wheel excitation and for
excitation of the four wheels with delays. A color-map representation, commonly used for modal
comparison matrices [32], provides an overall view.
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Figure 10: Color map of the autocorrelation matrix Ry, 4, (0) at 50 km/h for stationary white noise: (a)

single wheel excited (zi1); (b) four wheels excited with delays.
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Figure 10 shows the autocorrelation matrix of the generalized velocities at 50 km/h. Its diagonal terms,
which correspond to the mean-square velocities, largely dominate the off-diagonal terms. With a single
wheel excited (Figure 10.a), only the front left wheel (wheel 1) responds, at 4.3083 x 1077 m?/s?, whereas
with four wheels excited (Figure 10.b) each wheel shows this same value, confirming the previous results.
Heave, pitch and roll remain much smaller and do not appear at this scale. The off-diagonal terms remain
small compared with the diagonal terms. The residual correlations arise because the four wheels are not
subjected to independent excitations but to one and the same excitation, delayed according to their
position on the vehicle.

correlation coefficient p;; - wheel 1 only, v = 50 km/h (a) correlation coefficient p;; - v = 50 km/h (b)
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Figure 11: Correlation coefficient p;; of the vehicle degrees of freedom at 50 km/h for stationary white
noise: (a) single wheel excited (z1); (b) four wheels excited with delays.

Figure 11 shows the correlation coefficient p;;, which measures the spatial coupling between two physical
degrees of freedom, at 50 km/h for stationary white noise. With a single wheel excited (Figure 11.a),
wheel z; is uncorrelated with all other degrees of freedom, but the residual responses of the other degrees
of freedom are fully correlated with one another, with coefficients close to 1 in absolute value. These
extreme values reflect the fact that, under a single excitation, the small responses of the non-excited
degrees of freedom are all driven by the same signal transmitted through the structure and are therefore
proportional to one another, up to a sign. With the four wheels excited (Figure 11.b), all off-diagonal
terms remain below 0.10 in absolute value, except for the heave—roll coupling, which is close to 0.2. The
vehicle degrees of freedom can therefore be regarded as practically uncorrelated. This result must not be
confused with those of Figures 6 and 7. The low coefficients observed here concern the spatial coupling,
i.e., the correlation between the responses of two physical degrees of freedom, whereas the errors in
Figures 6 and 7 concern the cross terms between modes (o # B) or between wheels (k # j) in the
computation of each diagonal term. Nearly uncorrelated degrees of freedom therefore by no means imply
that the interwheel correlations are negligible: their omission produces errors of more than 1,800% in roll,
40% in heave and 50% in pitch at 50 km/h (Figure 7.a), whereas the largest correlation coefficient does
not exceed 0.2.

6.2 Case 2: Speed-bump crossing
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In this part, the obstacle is represented by the speed bump given by equation (17). Wheels k£ and j

belonging to different axles never engage the obstacle simultaneously. The vehicle considered is
symmetric. [, and h denotes the half-width and the height of the speed bump, respectively.
Unlike the stationary white-noise case, the speed-bump crossing is a deterministic transient event: the
excitation acts only once, over the finite time interval T = t, — t; (t; and ¢, are the starting and ending
times of the speed bump, respectively). Ensemble averages and power spectral densities are therefore not
defined here. The quantity to be computed in this case is thus the time-integrated product of the modal
velocities, which follows from Parseval's theorem. The distinction between power and energy spectral
densities for transient signals, together with the corresponding form of Parseval's identity, is discussed in
detail in [33,34]. Here the autocorrelation is understood in its deterministic sense, as the time integral of
the product of two finite-energy signals rather than as an ensemble average; its value at zero time lag is
accordingly expressed in m?/s:

1 +00
EQaQﬁ = ﬁf_m (ina(w)]Fa(w)) : (—inE(a))]FE(a))) dw (45)

The cross-energy spectral density of the excitations applied to modes «a and f is:
7 7

Fo(@) F3(@) = | ) Vi (ke (@) + @) || D vy (kejziy @) + iy @)

k=4 j=4
From the road profile (equation 17), the Fourier transform of z,4 (t) is obtained in the form:
. wlb
hg sm(z—v)

o -z

21 @) = 20(@) - e @05 and  zo(w) =

For wheel k£ we have the following relations:

21 (@) = 73 (@) - €708 o
Zre(@) = iwz (w) - e @Ak
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—iw(t1+t2) .
Fr(w) = (ke + iweg ) - zo(w) - e 2 ) - gm0l
Consequently, we obtain:
7 7
Fo () - Fp(w) = |zo(w)]? (z Vg (kexe + iwCpi ) - e—iwAtk> Z vig (kej — iwcy; ) - el
k=4 ]:4
which gives, for k¢, = kyj = ki and ¢ = ¢pj = ¢¢
7 7
Fo(@) - Fj(@) = [20(@)PIK @) D> vqvjg. e™(k-0) (47)
=4 j=4

Here |K (w)|? = k2 + w?c?.

Finally, from (45), the autocorrelation matrix of the generalized velocities for the speed-bump crossing is
written:
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J2(0) = f_m [(wE — w?) + 2i§gwao][(wf — w?) - 2ifpwgw] dw

The calculation of these two integrals (J; and J,) is given in the Appendix. We now consider a speed
bump of height and width hy = 10 cm and [, = 100 cm respectively, that is, an aspect ratio hy/l, =
1/10. This value corresponds to the reference configuration proposed by Danho et al. [1], who showed
that the amplification of the v vehicle's vibrational responses increases as soon as this ratio exceeds 1/10,
and that a speed of 50 km/h then constitutes a threshold beyond which this amplification becomes critical.
Adopting this value, therefore, makes it possible to assess the effect of the cross-correlations in a limiting
configuration, prior to any geometric amplification.
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Figure 12: Speed bump: omission of the modal cross-correlations (o # B), four wheels excited with
delays, symmetric vehicle without anti-roll bars, hg = 0.761 m: (a) relative error on Ej, 4, for the body

degrees of freedom; (b) relative error for the wheel degrees of freedom; (c) absolute error for the body
degrees of freedom; and (d) absolute error for the unsprung-mass degrees of freedom.

As can be seen in Figure 12, the error due to the omission of the modal cross-correlations also remains
small for the hump-type speed bump. For the vehicle body, however, these errors are five to ten times
larger than under white noise. They nevertheless remain below 0.8% over the whole speed range, roll
being the only degree of freedom that is sensitive above 40 km/h (Figure 12.a). The difference from white
noise lies in the transient nature of the excitation. Its spectrum, concentrated around the speed-bump
angular frequency Q = 2nv/l,, sweeps through the band of the body modes between 5 and 50 km/h, which
reduces the compensation between body modes and wheel modes. The wheels (Figures 12.b and 13.d) are
affected only at very low speeds, when the crossing duration T = [, /v becomes long compared with the
period of the wheel mode. In absolute terms (Figure 12.c), the discrepancies remain three to four orders of
magnitude below the body energies. The white-noise conclusion is thus confirmed for an obstacle: when
all four wheels are excited, modal truncation has no effect on the results.
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Figure 13: Speed bump: omission of the interwheel correlations (k # j, wheels assumed independent),
four wheels excited with delays, symmetric vehicle without anti-roll bars, hg = 0.761 m: (a) relative error
on Eg, 4, for the body degrees of freedom; (b) relative error for the wheel degrees of freedom; (c) absolute
error for the body degrees of freedom.

The omission of the interwheel correlations (Figure 13), by contrast, remains unacceptable, especially at
low speeds. Roll peaks at 2,920% around 21 km/h and exceeds 5,600% at 120 km/h. Heave and pitch
reach 1,000% and 1,320% around 5 km/h before falling below 100% above 40 km/h (Figure 13.a). Under
white noise (Figure 7.a), the relative roll error was large because the exact mean-square roll velocity, in
the denominator of #i, was itself very small. This is no longer the case for the speed bump: at 5 km/h, the
discrepancy reaches 1.18 rad?/s in roll, 0.29 m?/s in heave and 0.13 rad*/s in pitch (Figure 13.c). The
interpretation is the same as for Figure 7. The two wheels of the same axle cross the obstacle at very close
instants, so that the roll motion of the body arises solely from the lateral offset between the left and right
wheels. The rear axle then crosses the same obstacle with a delay (L, + L,)/v. The independent-wheel
assumption removes both of these links: the excitations of the four wheels become four unrelated events,
which generates a roll motion with no physical existence and destroys the ordered succession of the two
pulses that governs pitch. A model based on this assumption would overestimate the roll loading when
crossing speed bumps, and hence the required roll stiffness, while failing to reproduce the crossing speeds
that are most unfavorable for comfort.
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Figure 14: Speed bump: vibrational energies Ej, 4, of the rotational (a) and translational (b) degrees of

freedom as functions of vehicle speed, four wheels excited with delays.

Figure 14 highlights the essential differences between crossing an obstacle and driving on a random road.
The wheel energy increases linearly with speed, from zero to 1.68 m?/s at 120 km/h. Since the vehicle
moves in a straight line, the vertical velocity imposed on the vehicle, and hence on the wheels, is
proportional to the factor h2Q* (Eq. A2), and therefore to I, /v. The shorter the crossing, the larger the
vertical impulse transmitted to the wheel. The body, by contrast, receives energy only at low speeds.
Heave reaches 0.28 m?/s around 13 km/h, pitch 0.10 rad?/s around 8 km/h and roll 1.75 rad*/s at 5 km/h,
i.e., seventeen times the maximum pitch value; this last maximum corresponds to the speed at which the
lateral offset [,./v between the left and right wheels equals half a roll period. Above 30 km/h, the body
response becomes negligible and the energy supplied by the speed bump is almost entirely absorbed by
the unsprung masses. Two consequences follow. For the aspect ratio of 1/10, the critical range for comfort
lies between 5 and 30 km/h, i.e., below the 50 km/h threshold established by Danho et al. [1]. Moreover,
the critical speeds depend on the indicator considered: the body energy is maximal between 5 and 15
km/h, whereas the relative truncation error is maximal at 21 km/h and again above 100 km/h. The former
measures the transfer of energy from the obstacle to the modes; the latter measures the weight of the cross
terms relative to the diagonal terms, which is greatest when the diagonal terms become small.
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Figure 15 confirms, for the obstacle, the result obtained for white noise (Figure 9). The energy per wheel,
0.69 m?/s at 50 km/h, is the same whether one wheel or all four are excited, and the total energy
transmitted to the vehicle is four times greater in the second case. It should also be noted that, for the
speed bump, unlike for white noise, heave and pitch retain non-negligible energies: 0.02 m?/s for heave
and 0.01 rad?/s for pitch.

Energy matrix E,, - speed bump, wheel 1 only, v = 50 km/h (a) Energy matrix E,, - speed bump, v = 50 km/h (b)
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Figure 16: Color map of the energy matrix Eg, 4, at 50 km/h: (a) single wheel excited (z1); (b) four

wheels excited with delays, speed-bump case.

Figure 16 reveals a feature absent from the white-noise case. When the four wheels are excited (Figure
16.b), the cross terms between the two wheels of the same axle (z1—z» and z3—z4) are negative, at about -0.3
m?/s. This is because, at 50 km/h, the lateral offset l,./v = 0.043 s is of the same order as the crossing
duration T = [, /v = 0.036 s, so that the velocities of the two wheels of an axle are partly out of phase
while the obstacle is being crossed. The terms between axles remain small, since the delay (L, + L,)/v =
0.21 s is large compared with T.
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Figure 17: Correlation coefficient p;; of the physical degrees of freedom at 50 km/h: (a) single wheel
excited (z1); (b) four wheels excited with delays, speed-bump case.

Figure 17 shows the correlation coefficients of the vehicle degrees of freedom at 50 km/h for a single
wheel excited and for four wheels excited with delays, in the speed-bump case. For a single wheel excited
(Figure 17.a), the previous results are recovered (Figure 11.a). For four wheels (Figure 17.b), the spatial
coupling is stronger than under white noise. The wheels of the same axle are anticorrelated, with a
coefficient of —0.4 reflecting the negative cross energy in Figure 16.b, and roll is correlated with the four
wheels with coefficients of +0.3 whose sign depends on the side. A localized obstacle therefore induces a
genuine spatial correlation between the body and the wheels, as well as between the wheels of the same
axle. The remark made about Figure 11 still holds: a spatial correlation coefficient of at most 0.4 coexists
with an error exceeding 1950% (at v = 50 km/h) when the interwheel correlations are omitted (Figure
13.a), since these two quantities do not measure the same thing.

7. Conclusion

This work has addressed the random vibration analysis of a seven-degree-of-freedom full vehicle
model with repeated or closely spaced natural frequencies. A complete analytical formulation of the
squares of the seven natural frequencies has been established, including the stiffness of the anti-roll bars.
It reproduces the four identical wheel frequencies of Long et al. [7] in the absence of anti-roll bars and
with the origin of the reference frame at the center of the sprung mass. It also provides closed-form
expressions for the critical heights of the center of gravity. For the symmetric vehicle studied, with the
known characteristics given above, the heave and pitch frequencies coincide at a critical height of 0.761
m, whatever the bar stiffness. The heave and roll frequencies coincide at critical heights of 0.408 m
without anti-roll bars and 1.280 m with them. For the asymmetric vehicle, heave—pitch coupling prevents
any coincidence between these two modes, but the roll frequency coincides with a body mode at critical
heights of 0.356 m and 0.522 m without bars, and 1.089 m with bars.

The autocorrelation matrix of the generalized velocities has been obtained by the residue method for
two distinct excitations. Accounting simultaneously for the four wheel contact points, rather than for a
single force applied to one wheel as in Long et al. [7], introduces a double sum over the wheel pairs £ and
J» each pair (, j) entering only through the delay 7;; with which wheel j encounters the profile already
encountered by wheel £.

For zero delay, the expressions obtained coincide with those of the literature, and the 75% error on
the excited wheel reported in [7] is recovered exactly. This error stems from the omission of the cross-
correlations between modes in the single-wheel configuration. It reduces to a few tenths of a percent on
the body at the critical heights and vanishes as soon as the four wheels are excited with their delays, under
both white noise and the speed bump, over the whole range from 1 to 120 km/h. By contrast, omitting the
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correlations between the wheel excitations, which amounts to subjecting the four wheels to unrelated
excitations, is acceptable in neither case. It produces a roll motion with no physical reality, with errors of
1,453 to 6,064%, and suppresses the interference between axles on which pitch depends. The main risk is
therefore not neglecting the correlations between modes, but neglecting the correlations between the
wheel excitations, which would lead to overestimating the required roll stiffness and to missing the speeds
that are most unfavorable for comfort.

Extending the computation to low speeds reveals the critical range of the vehicle: between 5 and 30
km/h, the delays between axles and between sides equal half a pitch or roll period, and the body response
is maximal for both excitations. The energy analysis of the speed bump distinguishes several critical
speeds: for the aspect ratio of 1/10, the body energy is maximal between 5 and 15 km/h, below the 50
km/h threshold established by Danho et al. [1], whereas the truncation error is maximal at 21 km/h and
again above 100 km/h, and the wheel energy increases linearly with speed; maximum loading and
maximum error do not occur at the same speeds. Crossing an obstacle also induces a negative cross energy
and an anticorrelation between the wheels of the same axle, which are absent under white noise.

Anti-roll bars, which are standard on passenger cars, must be included in the model, since they shift
the coincidences involving roll, halve the effect of the heave—pitch coincidence on the body and couple the
wheels of the same axle.

Appendix A: Evaluation of the integrals J;(t) and J,(t) by residue method
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.z(wT>_1 1. 1 . _2<wT)_1 1 o
S )T 271 2 € or sin? (—-) = — > cos(w
hence
1 1 1
h@) = ho 2° [Ell(f) mgh=D =gt T)] .
A.3)
1 1 1 (
Jo(0) = W0* [ 1y(®) = 3 ha(r = T) = 3 (e + )]
with
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Here C denotes the real axis indented below w = +(), where the splitting of the squared sine, by removing
its double zero, has created double poles. Their contributions cancel in the combination (A.3), so the result
is independent of the indentation. After computation in Matlab, using the residue method, one obtains:

—AB‘LL

“0Z4 [X/)’SWB W) — YpCw, (u)] , u=>0,
Iz(u) = s (A.5)

Here 4 is the denominator of G, defined in the main text,
A= (02— w3)" + 42 25(w2 + w3) + 423w} + Bwd),
with A, = & w, and W, = w2(1 — &2); Cy and Sy, are the functions defined in Eq. (43).

Foru = 0,

— 02 2 2 — 2 2 _ 2 2 7 oo—
o Pg=wi—wj+2A5+ 2245, Qp = 2(Ag + 2g),
* Up=GgPp — HgQgWp. Vs = GpQp + HgPp,
L4 RB = k? + Cg(a)é - 2112;), iﬁ = —ZCEAB,
L Xﬂ = RﬂUﬁ + IﬁVBWB’ YB = IBUB - RBVB

Foru < 0,

o E,=0%—w2+22% G, =E2—422W,, 0, = E2+ 4A2W,, H, = 4E,,,
o Pp=wp— i+ 205+ 22445, Qp = 2(Ag + Ap),

o Uy=GaPy— ﬁaQaWaa Va = Ga@a + Hapas

o Ry =k?+ ct(wk+223), [,=2c?,,

e X,=R,U,—-1,VW, Y, =IU,+R,V,.

where

w(k? + c20?)

7o, [I;(w)cos(Qu) — Tz (u)sin(Qu)], u<o (A.6)

Io(u) = -

with
o IR(w) =Kglg + KiL;(w), I;(w) = KgL;(u) — KiLg, Oy =mgmg

o mg=Ap+Bi my=A%+Bi; Kx=AqAg+ByBg, K; =ApgBy —AyBpg
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o L. = 2¢20 _l+2(.(2Aa—AaBa)+2(!2AB—ABBB) )
R ™ kzsczoz 0 my mg ’
2(2Bg+A,A 2(2Bg+AgA
. Ll(u):_u_ (2Bg+Aq a)+ ( BT/B ﬁ)

me mg
o Ay =wi—0%; By =202, Ag = wj—0?; Bg =210 ;

The integral of I; can be derived from I, by setting « = §. We therefore obtain:

— Imod(u): u= 0,
h(w) = {Imod(u) +I,(w), u<o. (A7)
with
T e_)'(xlul - _
Lnod(W) = -=——— (2o A + W, B) Sy, (lul) + (A — 2,B)Cy,, (IuD)], (A.8)
24,050
and
n(k? + c20?
Io(uw) = % [ucos(Qu) + Lgsin(Qu)], u<0 (A.9)
My
where

o R=k}+c?(w?—212),E=0%—w?+222,
o G=E?—-4)iW,,0 =E?+412W,,

e A=RG—8c?A2EW,, B = —21,(c?G + 2RE),
2¢tn 1 +4(:2/10,—/10,130,)

T kZ+cZ0?2 0 my

° LR
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    𝜔 4 2 =


     ( k +   k  t )     E 2 + 2   k  𝜑    m  r     E 2


    𝜔 5 2 =


    4 k     m  r +  ( k +   k  t )     m  c +    𝛺 1  2     m  r     m  c


    𝜔 6 2 =


    4 k   L 2     m  r +  ( k +   k  t )    (   J  y y +   m  c  h  G 2 ) +    𝛺 2  2     m  r    (   J  y y +   m  c  h  G 2 )


    𝜔 7 2 =


     ( 2   k  𝜑 + k   E 2 )   m  r +  ( k +   k  t +   2   k  𝜑    E 2 )  (   J  x x +   m  c  h  G 2 ) +    𝛺 3  2     m  r    (   J  x x +   m  c  h  G 2 )


    𝛺 1 =    [  ( k +   k  t )     m  c − 4 k     m  r ] 2 + 16   k 2     m  c     m  r


      x 2 → =     x 1 →


    𝛺 2 =    [  ( k +   k  t )    (   J  y y +   m  c  h  G 2 ) − 4 k   L 2     m  r ] 2 + 16   k 2   L 2    (   J  y y +   m  c  h  G 2 )     m  r


    𝛺 2 =    [  ( k +   k  t )    (   J  y y +   m  c  h  G 2 ) − 4 k   L 2     m  r ] 2 + 16   k 2   L 2    (   J  y y +   m  c  h  G 2 )     m  r


    𝛺 3 =    [  ( 2   k  𝜑 + k   E 2 )   m  r −  ( k +   k  t +   2   k  𝜑    E 2 )  (   J  x x +   m  c  h  G 2 ) ] 2 + 4    ( k E +   2   k  𝜑  E ) 2  (   J  x x +   m  c  h  G 2 )     m  r


    𝛺 3 =    [  ( 2   k  𝜑 + k   E 2 )   m  r −  ( k +   k  t +   2   k  𝜑    E 2 )  (   J  x x +   m  c  h  G 2 ) ] 2 + 4    ( k E +   2   k  𝜑  E ) 2  (   J  x x +   m  c  h  G 2 )     m  r


    𝜔  i 2


   h  G =  {         m  c  (   m  c   L 2 −   J  y y )    m  c ,     if         m  c   L 2 >   J  y y   ,     ∀   k  𝜑                                                  ( 𝐡 𝐞 𝐚 𝐯 𝐞 − 𝐩 𝐢 𝐭 𝐜 𝐡 )          E 2 4     1 +   2   k  𝜑  k   E 2  1 +   2   k  𝜑  A     E 2 −     J  x x    m  c ,             if           E 2 4     1 +   2   k  𝜑  k   E 2  1 +   2   k  𝜑  A     E 2 >     J  x x    m  c   ,     ∀   k  𝜑                      ( 𝐡 𝐞 𝐚 𝐯 𝐞 − 𝐫 𝐨 𝐥 𝐥 )        E 2   J  y y − 4   L 2   J  x x    m  c  ( 4   L 2 −   E 2 ) ,     if       4   L 2     J  x x    J  y y <   E 2 < 4   L 2 ,                 k  𝜑 = 0                                        ( 𝐫 𝐨 𝐥 𝐥 − 𝐩 𝐢 𝐭 𝐜 𝐡 )                                                                                                                                                                                                            


  A =    ( k +   k  t )     m  c − 4 k     m  r +    𝛺 1  2     m  c


   [   𝑹      𝒒 .       𝒒 .    ( 𝟎 ) ]


  𝑴   q ¨ + 𝑪   q . + 𝑲 q =   𝑭    ( t )


  𝑭  ( t )


    z  r 3  ( t )


    𝑭    ( t )


    S 0


    𝑭    ( 𝒕 ) =  {      F 1  ( t )     F 2  ( t )     F 3  ( t )     F 4  ( t )     F 5  ( t )     F 6  ( t )     F 7  ( t ) } =  {    0   0   0     c  t 4     z .  r 4 +   k  t 4   z  r 4     c  t 5     z .  r 5 +   k  t 5   z  r 5     c  t 6     z .  r 6 +   k  t 6   z  r 6     c  t 7     z .  r 7 +   k  t 7   z  r 7 }


  𝒒 = 𝑽 𝑸


  𝑽


  𝑸


   h  G = 0 . 7610637953   m


  𝑽


  𝐕 =  (    − 0 . 019063  − 0 . 019063  0 . 000000  − 0 . 000007  0 . 000000  0 . 000008  0 . 000000   0 . 012616  − 0 . 012616  0 . 000000  0 . 000005  0 . 000000  0 . 000005  0 . 000000   0 . 000000  0 . 000000  0 . 027936  0 . 000000  0 . 000000  0 . 000000  − 0 . 000008   − 0 . 000044  0 . 000000  0 . 000023  0 . 111456  0 . 079057  − 0 . 008810  0 . 079057   − 0 . 000044  0 . 000000  − 0 . 000023  0 . 111456  − 0 . 079057  − 0 . 008810  − 0 . 079057   0 . 000000  − 0 . 000044  0 . 000023  − 0 . 008810  − 0 . 079057  − 0 . 111456  0 . 079057   0 . 000000  − 0 . 000044  − 0 . 000023  − 0 . 008810  0 . 079057  − 0 . 111456  − 0 . 079057 )


  𝛼


    z  r 4  ( t )


      Q ¨  𝛼 + 2   𝜉  𝛼   𝜔  𝛼     Q .  𝛼 +   𝜔  𝛼 2   Q  𝛼 =   𝔽  𝛼  ( t ) ,     𝛼 =   1 , 7 -


    𝔽  𝛼  ( t ) =   ∑  k = 4 7    v  k 𝛼   F  k  ( t ) ,     𝛼 =   1 , 7 -


    v  k 𝛼


  𝑽


    F  k


    𝑭    ( 𝒕 )


    𝜉  𝛼


    𝜔  𝛼


    H  𝛼  ( 𝜔 ) =  1   (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ,     i =  − 1


   {      Q  𝛼  ( 𝜔 ) =   H  𝛼  ( 𝜔 )   𝔽  𝛼  ( 𝜔 )                     Q .  𝛼  ( 𝜔 ) = i 𝜔   H  𝛼  ( 𝜔 )   𝔽  𝛼  ( 𝜔 )  


   ℛ 0


    𝔽  𝛼  ( 𝜔 )


    𝔽  𝛼  ( t )


    R      Q .  𝛼     Q .  𝛽  ( 0 ) =   ∫  − ∞  + ∞   ( i 𝜔   H  𝛼  ( 𝜔 )   𝔽  𝛼  ( 𝜔 ) ) ∙  ( − i 𝜔   H  𝛽 ∗  ( 𝜔 )   𝔽  𝛽 ∗  ( 𝜔 ) ) d 𝜔


    R      Q .  𝛼     Q .  𝛽  ( 0 ) =   ∫  − ∞  + ∞      𝜔 2   𝔽  𝛼  ( 𝜔 ) ∙   𝔽  𝛽 ∗  ( 𝜔 )   [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ] d 𝜔


    𝑹      𝒒 .       𝒒 .    ( 𝟎 ) =  [   R      q .  𝛼     q .  𝛽  ( 0 ) ]


    𝑹      𝒒 .       𝒒 .    ( 𝟎 ) = 𝑽   𝑹      𝑸 .       𝑸 .    ( 0 )   𝑽  T


    R        q .  i         q .  i    ( 0 ) =   ∑  𝛼 = 1 7    v  i 𝛼   v  j 𝛼   R        Q .  𝛼         Q .  𝛼    ( 0 ) +   ∑     𝛼 = 1   𝛼 ≠ 𝛽 7    ∑  𝛽 = 1 7    v  i 𝛼   v  j 𝛽   R        Q .  𝛼         Q .  𝛽    ( 0 ) ,     i , j =   1 , 7 -  


      R ~        q .  i         q .  i    ( 0 ) =   ∑  𝛼 = 1 7    v  i 𝛼 2   R        Q .  𝛼         Q .  𝛼    ( 0 )


    𝜂  i =  |       R ~        q .  i         q .  i    ( 0 ) −   R        q .  i         q .  i    ( 0 )    R        q .  i         q .  i    ( 0 ) | × 100 ,     i =   1 , 7 -


    𝜌  i j


    G  c


    𝜌  i j =     R        q .  i         q .  j    ( 0 )     R        q .  i         q .  i    ( 0 )     R        q .  j         q .  j    ( 0 ) ,     i , j =   1 , 7 -


    S 0


  ∆   t 4 = 0


      ∆   t 5 =   t  e c


  ∆   t 6 =   t  𝛿  


  ∆   t 7 =   t  e c +   t  𝛿


  𝛼


  𝛽


    𝔽  𝛼  ( 𝜔 ) ∙   𝔽  𝛽 ∗  ( 𝜔 ) =   S 0   ∑  k = 4 7    ∑  j = 4 7    v  k 𝛼   v  j 𝛽     e  − i 𝜔  ( ∆   t  k − ∆   t  j )


      Q .  i ,


   h  G


  𝜏 = ∆   t  k − ∆   t  j


    R      Q .  𝛼     Q .  𝛽  ( 0 ) =  {      S 0  [ 2   ∑  4 ≤ k < j ≤ 7 ​    v  k 𝛼   v  j 𝛼     G 1 ​  ( 𝜏 ) +   G 1  ( 0 )   ∑  k = 4 7    v  k 𝛼 2 ] ,  if  𝛼 = 𝛽     S 0  [   ∑  4 ≤ k < j ≤ 7 ​   (   v  k 𝛼   v  j 𝛽     G 2 ​  ( 𝜏 ) +   v  j 𝛼   v  k 𝛽     G 2 ​  ( − 𝜏 ) ) +   G 2  ( 0 )   ∑  k = 4 7    v  k 𝛼   v  k 𝛽 ] ,  if  𝛼 ≠ 𝛽


   {      G 1  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2   e  − i 𝜔 𝜏     (   𝜔  𝛼 2 −   𝜔 2 ) 2 +    ( 2   𝜉  𝛼   𝜔  𝛼 𝜔 ) 2 d 𝜔                                                                                         G 2  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2 .   e  − i 𝜔 𝜏   [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ] d 𝜔


    𝜉  𝛼 ,   𝜉  𝛽 > 0


    G 2  ( 𝜏 ) =   2 𝜋     e  − 𝜆  | 𝜏 |  𝛥  [ 2 P   C  W  (  | 𝜏 | ) + B   S  W  (  | 𝜏 | ) ] ,


    𝜆  𝛼 =   𝜉  𝛼   𝜔  𝛼 ,       W  𝛼 =   𝜔  𝛼 2  ( 1 −   𝜉  𝛼 2 ) ,       𝜆  𝛽 =   𝜉  𝛽   𝜔  𝛽 ,       W  𝛽 =   𝜔  𝛽 2  ( 1 −   𝜉  𝛽 2 )


  W


  t   ≥  0


    C  W  ( t ) =  {     cos ⁡   (  W t ) ,                             W > 0   1 ,                                                               W = 0    cosh ⁡   ( −  W t ) ,                 W < 0 ,       S  W  ( t ) =  {       sin ⁡   (  W t )   W ,                             W > 0   t ,                                                               W = 0      sinh ⁡   (  − W t )   − W ,               W < 0


  𝛥 =    (   𝜔  𝛼 2 −   𝜔  𝛽 2 ) 2 + 4   𝜆  𝛼   𝜆  𝛽  (   𝜔  𝛼 2 +   𝜔  𝛽 2 ) + 4  (   𝜆  𝛼 2   𝜔  𝛽 2 +   𝜆  𝛽 2   𝜔  𝛼 2 ) ,     P =   𝜆  𝛼   𝜔  𝛽 2 +   𝜆  𝛽   𝜔  𝛼 2


    m  r 2 )


    G  c


  i f   𝜏 ≥ 0 ,     𝜆 =   𝜆  𝛽 ,     W =   W  𝛽 ,     B =   𝜔  𝛽 2  (   𝜔  𝛼 2 −   𝜔  𝛽 2 ) − 2   𝜆  𝛽 P


  i f   𝜏 ≤ 0 ,     𝜆 =   𝜆  𝛼 ,     W =   W  𝛼 ,     B =   𝜔  𝛼 2  (   𝜔  𝛽 2 −   𝜔  𝛼 2 ) − 2   𝜆  𝛼 P


  i f   𝜏 ≤ 0 ,     𝜆 =   𝜆  𝛼 ,     W =   W  𝛼 ,     B =   𝜔  𝛼 2  (   𝜔  𝛽 2 −   𝜔  𝛼 2 ) − 2   𝜆  𝛼 P


  𝛼 = 𝛽


    G 1  ( 𝜏 ) =   𝜋     e  −   𝜆  𝛼  | 𝜏 |  2   𝜆  𝛼  [   C    W  𝛼  (  | 𝜏 | ) −   𝜆  𝛼   S    W  𝛼  (  | 𝜏 | ) ] .


  𝜏 = 0


   S 0


  1    m 2 . s / rad


   S 0


    S 0


    𝛺 →  (   𝛴  s /  ℛ 0 )


    R        q .  i         q .  i    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


    𝜂  i


   h G = 0   m


   h G ≈ 0 . 761   m


   (  h  G = 0   m )


    k  𝜑 = 0


    k  𝜑 = 62 , 085   N . m / r a d


    R        q .  i         q .  j    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


       𝛺 →  (   𝛴  s /  ℛ 0 ) |   ℛ 3 =   𝜑 .     x 1 → +  (   𝜃 .   c o s ⁡  𝜑 )     y 2 → −  (   𝜃 .   s i n ⁡  𝜑 )     z 2 →


    𝜂  i  ( % )


    R        q .  i         q .  j    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


    𝜂  i  ( % )


   (  h  G = 0 . 761   m )


    k  𝜑 = 0


    k  𝜑 = 62 , 085   N . m / r a d


    R        q .  i         q .  j    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


    𝜂  i  ( % )


    𝛴  s


    R        q .  i         q .  j    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


    𝜂  i  ( % )


   h  G =    m  c  (   m  c   L 2 −   J  y y ) /   m  c ≈ 0 . 761   m


    R        q .  i         q .  j    ( 0 )


      R ~        q .  i         q .  i    ( 0 )


    𝜂  i


   h  G = 0   m


   h  G ≈ 0 . 761   m


    R        q .  i         q .  j    ( 0 )


    𝛺 →  (   𝛴  s /  ℛ 0 )


   |     R ~        q .  i         q .  i    ( 0 ) −   R        q .  i         q .  i    ( 0 ) |


    R        q .  i         q .  i    ( 0 )


   |     R ~        q .  i         q .  i    ( 0 ) −   R        q .  i         q .  i    ( 0 ) |


   (   L 1 +   L 2 ) / v


    R        q .  i         q .  i    ( 0 )


    𝜌  i j


    𝜌  i j


    l  b


   h 0


  T =   t 2   −   t 1  


   ℛ 2


    t 1  


    t 2  


    E      Q .  𝛼     Q .  𝛽 =  1  2 𝜋   ∫  − ∞  + ∞   ( i 𝜔   H  𝛼  ( 𝜔 )   𝔽  𝛼  ( 𝜔 ) ) ∙  ( − i 𝜔   H  𝛽 ∗  ( 𝜔 )   𝔽  𝛽 ∗  ( 𝜔 ) ) d 𝜔


  𝛼


  𝛽


    𝔽  𝛼  ( 𝜔 ) ∙   𝔽  𝛽 ∗  ( 𝜔 ) =  (   ∑  k = 4 7    v  k 𝛼  (   k  t k   z  r k  ( 𝜔 ) +   c  t k     z .  r k  ( 𝜔 ) ) )  (   ∑  j = 4 7    v  j 𝛽  (   k  t j   z  r j ∗  ( 𝜔 ) +   c  t j     z .  r j ∗  ( 𝜔 ) ) )


    z  r 1  ( t )


    z  r 1  ( 𝜔 ) =   z 0  ( 𝜔 ) ∙   e  − i 𝜔  (     t 1   +   t 2   2 )


    z 0  ( 𝜔 ) =    h 0    sin ⁡   (   𝜔   l  b    2 v )  𝜔  [ 1 −    (   𝜔   l  b    2 𝜋 v ) 2 ]


   {      z  r k  ( 𝜔 ) =   z  r 1  ( 𝜔 ) ∙   e  − i 𝜔 ∆   t  k                 z .  r k  ( 𝜔 ) = i 𝜔   z  r 1  ( 𝜔 ) ∙   e  − i 𝜔 ∆   t  k


   ℛ 0


    F  k  ( 𝜔 ) =  (   k  t k + i 𝜔   c  t k   ) ∙   z 0  ( 𝜔 ) ∙   e  − i 𝜔  (     t 1   +   t 2   2 ) ∙   e  − i 𝜔 ∆   t  k


    𝔽  𝛼  ( 𝜔 ) ∙   𝔽  𝛽 ∗  ( 𝜔 ) =    |   z 0  ( 𝜔 ) | 2  (   ∑  k = 4 7    v  k 𝛼  (   k  t k + i 𝜔   c  t k   ) ∙   e  − i 𝜔 ∆   t  k )  (   ∑  j = 4 7    v  j 𝛽  (   k  t j − i 𝜔   c  t j   ) ∙   e  i 𝜔 ∆   t  j )


    k  t k =   k  t j =   k  t


    c  t k =   c  t j =   c  t


    𝔽  𝛼  ( 𝜔 ) ∙   𝔽  𝛽 ∗  ( 𝜔 ) =    |   z 0  ( 𝜔 ) | 2    |   K    ( 𝜔 ) | 2   ∑  k = 4 7    ∑  j = 4 7    v  k 𝛼   v  j 𝛽 .   e  − i 𝜔  ( ∆   t  k − ∆   t  j )


     |   K    ( 𝜔 ) | 2 =   k  t 2 +   𝜔 2   c  t 2


    E      Q .  𝛼     Q .  𝛽 =  {     1  𝜋   ∑  4 ≤ k < j ≤ 7 ​    v  k 𝛼   v  j 𝛼     J 1 ​  ( 𝜏 ) +     J 1  ( 0 )  2 𝜋   ∑  k = 4 7    v  k 𝛼 2 ,  if  𝛼 = 𝛽    1  2 𝜋   ∑  4 ≤ k < j ≤ 7 ​   (   v  k 𝛼   v  j 𝛽     J 2 ​  ( 𝜏 ) +   v  j 𝛼   v  k 𝛽     J 2 ​  ( − 𝜏 ) ) +     J 2  ( 0 )  2 𝜋   ∑  k = 4 7    v  k 𝛼   v  k 𝛽 ,  if  𝛼 ≠ 𝛽


   {      J 1  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2    |   z 0  ( 𝜔 ) | 2    |   K    ( 𝜔 ) | 2 .   e  − i 𝜔 𝜏     (   𝜔  𝛼 2 −   𝜔 2 ) 2 +    ( 2   𝜉  𝛼   𝜔  𝛼 𝜔 ) 2 d 𝜔                                                                                         J 2  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2    |   z 0  ( 𝜔 ) | 2    |   K    ( 𝜔 ) | 2 .   e  − i 𝜔 𝜏   [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ] d 𝜔


    J 1


    J 2


    O G → =   O   G  c → +     G  c G →


   h 0 = 10   c m


    l  b = 100   c m


   h 0 /   l  b = 1 / 10


  𝜈


    E        q .  i         q .  i  


  Ω = 2 𝜋 v /   l  b  


  T =   l  b   / v


    E        q .  i         q .  i  


   (   L 1 +   L 2 ) / v


    E        q .  i         q .  i  


    O   G  c → = x     x 0 → + z     z 0 →


   h 0 2  Ω 4


    l  b / v


    l  e c / v


    E        q .  i         q .  i  


    l  e c / v


    l  b / v


   (   L 1 +   L 2 ) / v


    𝜌  i j


  ± 0 . 3


    𝜏  k j


     G c G → =  h  G     z 2 →


    𝑱  𝟏  ( 𝛕 )


    𝑱  𝟐  ( 𝝉 )


   {      J 1  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2    |   z 0  ( 𝜔 ) | 2    |   K    ( 𝜔 ) | 2 .   e  − i 𝜔 𝜏     (   𝜔  𝛼 2 −   𝜔 2 ) 2 +    ( 2   𝜉  𝛼   𝜔  𝛼 𝜔 ) 2 d 𝜔                                                                                   J 2  ( 𝜏 ) =   ∫  − ∞  + ∞      𝜔 2    |   z 0  ( 𝜔 ) | 2    |   K    ( 𝜔 ) | 2 .   e  − i 𝜔 𝜏   [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ] d 𝜔


  T =   t 2   −   t 1   =     l  b  v ,   𝛺 =   2 𝜋 v    l  b =   2 𝜋  T ,


     |   Z 0  ( 𝜔 ) | 2 =    h 0 2     𝛺 4    sin 2  ( 𝜔 T / 2 )    𝜔 2    (   𝛺 2 −   𝜔 2 ) 2 ,          |   K    ( 𝜔 ) | 2 =   k  t 2 +   𝜔 2   c  t 2


   {      J 1  ( 𝜏 ) =  h 0 2   𝛺 4   ∫  − ∞  + ∞      s i n 2  ( 𝜔 T / 2 )  (   k  t 2 +   𝜔 2   c  t 2 ) .   e  − i 𝜔 𝜏     (   𝛺 2 −   𝜔 2 ) 2  [    (   𝜔  𝛼 2 −   𝜔 2 ) 2 +    ( 2   𝜉  𝛼   𝜔  𝛼 𝜔 ) 2 ] d 𝜔                                                                                       J 2  ( 𝜏 ) =  h 0 2   𝛺 4   ∫  − ∞  + ∞      s i n 2  ( 𝜔 T / 2 )  (   k  t 2 +   𝜔 2   c  t 2 )   e  − i 𝜔 𝜏     (   𝛺 2 −   𝜔 2 ) 2  [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ]   d 𝜔


    s i n 2 ​  (   𝜔 T 2 ) =  1 2 −  1 4   e  i 𝜔 T −  1 4   e  − i 𝜔 T       or       s i n 2 ​  (   𝜔 T 2 ) =  1 2 −  1 2  cos ⁡   ( 𝜔 T )


   {      J 1  ( 𝜏 ) =  h 0 2     𝛺 4  [  1 2   I 1  ( 𝜏 ) −  1 4   I 1  ( 𝜏 − T ) −  1 4   I 1  ( 𝜏 + T ) ] .     J 2  ( 𝜏 ) =  h 0 2   𝛺 4  [  1 2     I 2  ( 𝜏 ) −  1 4     I 2  ( 𝜏 − T ) −  1 4     I 2  ( 𝜏 + T ) ]


   {      I 1  ( u ) =   ∫  C ​     (   k  t 2 +   𝜔 2   c  t 2 )   e  − i 𝜔 u     (   𝛺 2 −   𝜔 2 ) 2  [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛼 2 −   𝜔 2 ) − 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ] d 𝜔     I 2  ( u ) =   ∫  C ​     (   k  t 2 +   𝜔 2   c  t 2 )   e  − i 𝜔 u     (   𝛺 2 −   𝜔 2 ) 2  [  (   𝜔  𝛼 2 −   𝜔 2 ) + 2 i   𝜉  𝛼   𝜔  𝛼 𝜔 ]  [  (   𝜔  𝛽 2 −   𝜔 2 ) − 2 i   𝜉  𝛽   𝜔  𝛽 𝜔 ] d 𝜔


  C


   ℛ 0  ( O ,     x 0 → ,     y 0 → ,     z 0 → )


  x


  ω = ± Ω


    I 2  ( u ) =  {      2 𝜋     e  −   𝜆  𝛽 u    𝛩  𝛽 2   𝛥  [   X  𝛽   S    W  𝛽  ( u ) −     Y ~  𝛽   C    W  𝛽  ( u ) ] ,  u ≥ 0 ,     2 𝜋     e  −   𝜆  𝛼  | u |    𝛩  𝛼 2   𝛥  [     Y ~  𝛼   C    W  𝛼  (  | u | ) +   X  𝛼   S    W  𝛼  (  | u | ) ] +   I  𝛺 ,  u < 0 .


  𝛥


    G 2


  𝛥 =    (   𝜔  𝛼 2 −   𝜔  𝛽 2 ) 2 + 4   𝜆  𝛼   𝜆  𝛽  (   𝜔  𝛼 2 +   𝜔  𝛽 2 ) + 4  (   𝜆  𝛼 2   𝜔  𝛽 2 +   𝜆  𝛽 2   𝜔  𝛼 2 )


    𝜆  𝛼 =   𝜉  𝛼   𝜔  𝛼


    W  𝛼 =   𝜔  𝛼 2  ( 1 −   𝜉  𝛼 2 )


    C  W


    S  W


  u ≥ 0


  z


    E  𝛽 =   𝛺 2 −   𝜔  𝛽 2 + 2   𝜆  𝛽 2


    G  𝛽 =   E  𝛽 2 − 4   𝜆  𝛽 2   W  𝛽


    𝛩  𝛽 =   E  𝛽 2 + 4   𝜆  𝛽 2   W  𝛽


      H ~  𝛽 = 4   E  𝛽   𝜆  𝛽


    P  𝛽 =   𝜔  𝛼 2 −   𝜔  𝛽 2 + 2   𝜆  𝛽 2 + 2   𝜆  𝛼   𝜆  𝛽


      Q ~  𝛽 = 2  (   𝜆  𝛼 +   𝜆  𝛽 )


    U  𝛽 =   G  𝛽   P  𝛽 −     H ~  𝛽     Q ~  𝛽   W  𝛽


      V ~  𝛽 =   G  𝛽     Q ~  𝛽 +     H ~  𝛽   P  𝛽


    R  𝛽 =   k  t 2 +   c  t 2  (   𝜔  𝛽 2 − 2   𝜆  𝛽 2 )


      I ~  𝛽 = − 2   c  t 2   𝜆  𝛽


   ℛ 0


    X  𝛽 =   R  𝛽   U  𝛽 +     I ~  𝛽     V ~  𝛽   W  𝛽


      Y ~  𝛽 =     I ~  𝛽   U  𝛽 −   R  𝛽     V ~  𝛽


  u < 0


    E  𝛼 =   𝛺 2 −   𝜔  𝛼 2 + 2   𝜆  𝛼 2


    G  𝛼 =   E  𝛼 2 − 4   𝜆  𝛼 2   W  𝛼


    𝛩  𝛼 =   E  𝛼 2 + 4   𝜆  𝛼 2   W  𝛼


      H ~  𝛼 = 4   E  𝛼   𝜆  𝛼


    P  𝛼 =   𝜔  𝛽 2 −   𝜔  𝛼 2 + 2   𝜆  𝛼 2 + 2   𝜆  𝛼   𝜆  𝛽


      Q ~  𝛼 = 2  (   𝜆  𝛼 +   𝜆  𝛽 )


    U  𝛼 =   G  𝛼   P  𝛼 −     H ~  𝛼     Q ~  𝛼   W  𝛼


    O G → =  ( x +  h  G  cos ⁡  𝜑  sin ⁡  𝜃 )     x 0 → −  h  G   s i n ⁡  𝜑     y 0 → +  ( z +  h  G   c o s ⁡  𝜑   c o s ⁡  𝜃 )     z 0 →


      V ~  𝛼 =   G  𝛼     Q ~  𝛼 +     H ~  𝛼   P  𝛼


    R  𝛼 =   k  t 2 +   c  t 2  (   𝜔  𝛼 2 + 2   𝜆  𝛼 2 )


      I ~  𝛼 = 2   c  t 2   𝜆  𝛼


    X  𝛼 =   R  𝛼   U  𝛼 −     I ~  𝛼     V ~  𝛼   W  𝛼


      Y ~  𝛼 =     I ~  𝛼   U  𝛼 +   R  𝛼     V ~  𝛼


    I  𝛺  ( u ) = −   𝜋  (   k  t 2 +   c  t 2   𝛺 2 )    𝛺 2   𝛩  𝛺  [   𝛤  I  ( u ) c o s  ( 𝛺 u ) −   𝛤  R  ( u ) s i n  ( 𝛺 u ) ] ,     u < 0


    𝛤  R  ( u ) =   K  R   L  R +   K  I   L  I  ( u )


    𝛤  I  ( u ) =   K  R   L  I  ( u ) −   K  I   L  R


    𝛩  𝛺 =   m  𝛼   m  𝛽


    m  𝛽 =   A  𝛽 2 +   B  𝛽 2


    O G →


    m  𝛼 =   A  𝛼 2 +   B  𝛼 2


    K  R =   A  𝛼   A  𝛽 +   B  𝛼   B  𝛽


    K  I =   A  𝛽   B  𝛼 −   A  𝛼   B  𝛽


    L  R =   2   c  t 2 𝛺    k  t 2 +   c  t 2   𝛺 2 −  1  𝛺 +   2  ( 𝛺   A  𝛼 −   𝜆  𝛼   B  𝛼 )    m  𝛼 +   2  ( 𝛺   A  𝛽 −   𝜆  𝛽   B  𝛽 )    m  𝛽  


    L  I  ( u ) = − u −   2  ( 𝛺   B  𝛼 +   𝜆  𝛼   A  𝛼 )    m  𝛼 +   2  ( 𝛺   B  𝛽 +   𝜆  𝛽   A  𝛽 )    m  𝛽


    A  𝛼 =   𝜔  𝛼 2 −   𝛺 2


    B  𝛼 = 2   𝜆  𝛼 𝛺


    A  𝛽 =   𝜔  𝛽 2 −   𝛺 2


    B  𝛽 = 2   𝜆  𝛽 𝛺


    I 1


   ℛ 0


    I 2


  𝛼 = 𝛽


    I 1  ( u ) =  {      I  m o d  ( u ) ,  u ≥ 0 ,     I  m o d  ( u ) +   I  𝛺  ( u ) ,  u < 0 .


    I  mod  ( u ) =   𝜋     e  −   𝜆  𝛼  | u |  2   𝜆  𝛼   𝜔  𝛼 2   𝛩 2  [  (   𝜆  𝛼 A +   W  𝛼   B ~ )   S    W  𝛼  (  | u | ) +  ( A −   𝜆  𝛼   B ~ )   C    W  𝛼  (  | u | ) ] ,


    I  𝛺  ( u ) =   𝜋  (   k  t 2 +   c  t 2   𝛺 2 )    𝛺 2   m  𝛼  [ u c o s  ( 𝛺 u ) +   L  R s i n  ( 𝛺 u ) ] ,     u < 0


  R =   k  t 2 +   c  t 2  (   𝜔  𝛼 2 − 2   𝜆  𝛼 2 )


  E =   𝛺 2 −   𝜔  𝛼 2 + 2   𝜆  𝛼 2


  G =   E 2 − 4   𝜆  𝛼 2   W  𝛼


  𝛩 =   E 2 + 4   𝜆  𝛼 2   W  𝛼


  A = R G − 8   c  t 2   𝜆  𝛼 2 E   W  𝛼


       V →  ( G ∈  ℛ 2 ) |   ℛ 0 =    {      x . −  h  G (   𝜑 .   s i n ⁡  𝜑  sin ⁡  𝜃 −   𝜃 .   c o s ⁡  𝜑  cos ⁡  𝜃 )   −  h  G   𝜑 .   c o s ⁡  𝜑     z . −  h  G (   𝜑 .   s i n ⁡  𝜑  cos ⁡  𝜃 +   𝜃 .   s i n ⁡  𝜃   c o s ⁡  𝜑 ) }   ℛ 0


    B ~ = − 2   𝜆  𝛼  (   c  t 2 G + 2 R E )


    L  R =   2   c  t 2 𝛺    k  t 2 +   c  t 2   𝛺 2 −  1  𝛺 +   4  ( 𝛺   A  𝛼 −   𝜆  𝛼   B  𝛼 )    m  𝛼


  é  


   (   𝛴  s )


   ℛ 2


    J  s  ( G ,   m  c ) =      (      J  x x  0  −   J  x z   0    J  y y  0   −   J  z x  0    J  z z )   ℛ 2


   ℛ 1  (   G  c ,     x 1 → ,     y 1 → ,     z 1 → )


    J  x x


    J  y y


    J  z z


    J  z x


    J  x y =   J  y x


    J  y z =   J  z y


   (  x 1 G  z 2 )


    J  x z


  T  (   𝛴  s /  ℛ 0 ) =  1 2   m  c  (     x . 2 +     z . 2 ) +  1 2  [  (     m  c  h  G 2 + J  y y )    cos 2 ⁡  𝜑 +   J  z z    sin 2 ⁡  𝜑 ]     𝜃 . 2 −   m  c  h  G  [  (   x .  sin ⁡  𝜃 +   z .  cos ⁡  𝜃 )   𝜑 .  sin ⁡  𝜑 +  (   x .  cos ⁡  𝜃 −   z .  sin ⁡  𝜃 )   𝜃 .  cos ⁡  𝜑 ] +  1 2  (   m  c  h  G 2 +   J  x x )     𝜑 . 2 +  (   m  r 1 +   m  r 2 )     x . 2 +  1 2   m  r 1  (     z . 1 2 +     z . 2 2 ) +  1 2   m  r 2  (     z . 3 2 +     z . 4 2 )


    m  c


   ℛ 2  (   G  c ,     x 2 → ,     y 2 → ,     z 2 → )


    m  r 1


    m  r 2


    B  i


    F    k  j  i


    F    c  j  i


   {      F    k  j  i =   k  j   d  i     F    c  j  i =   c  j     d .  i ,     i =   1 , 4 -   a n d     j = 1 , 2


   {      d  i =   z   −   z  i +    ( − 1 )  j   L  j  cos ⁡  𝜑  sin ⁡  𝜃 −    ( − 1 )  i   E   ∗  sin ⁡  𝜑                                                                                               d .  i =     z .   −     z .  i +    ( − 1 )  j   L  j  ( −   𝜑 .  sin ⁡  𝜑  sin ⁡  𝜃 +   𝜃 .  cos ⁡  𝜑  cos ⁡  𝜃 ) −    ( − 1 )  i   E   ∗   𝜑 .  cos ⁡  𝜑


    k  j


    c  j


    z  i


    m  c


  𝜃


  𝜑


    L  j


    E    


    E   ∗


    m  c     z ¨   −   m  c  h  G  (     𝜑 ¨    cos ⁡  𝜃  sin ⁡  𝜑 +     𝜑 .   2  cos ⁡  𝜃  cos ⁡  𝜑 −     𝜃 ¨    sin ⁡  𝜃  cos ⁡  𝜑 −     𝜃 .   2  cos ⁡  𝜃  cos ⁡  𝜑 ) +   k 1  (   d 1 +   d 2 ) +   k 2  (   d 3 +   d 4 ) +   c 1  (     d . 1 +     d . 2 ) +   c 2  (     d . 3 +     d . 4 ) = 0


   [  (   J  y y +   m  c  h  G 2 )    cos 2 ⁡  𝜑 +   J  z z    sin 2 ⁡  𝜑 ]     𝜃 ¨   −  (   m  c  h  G 2 +   J  y y −   J  z z )   𝜃 .  sin ⁡  2 𝜑 −   m  c  h  G  ( −   x .   𝜃 .  sin ⁡  𝜃 −   z ¨  sin ⁡  𝜃 −   z .   𝜃 .  cos ⁡  𝜃 )  cos ⁡  𝜑 +   m  c  h  G   𝜑 .  (   x .  cos ⁡  𝜃 −   z .  sin ⁡  𝜃 )  sin ⁡  𝜑 +   m  c  h  G  [  (   x .  cos ⁡  𝜃 −   z .  sin ⁡  𝜃 )   𝜑 .  sin ⁡  𝜑 −  (   x .  sin ⁡  𝜃 +   z .  cos ⁡  𝜃 )   𝜃 .  cos ⁡  𝜑 ] −   k 1   L 1  (   d 1 +   d 2 )  cos ⁡  𝜑  cos ⁡  𝜃 +   k 2   L 2  (   d 3 +   d 4 )  cos ⁡  𝜑  cos ⁡  𝜃 −   c 1   L 1  (     d . 1 +     d . 2 )  cos ⁡  𝜑  cos ⁡  𝜃 +   c 2   L 2  (     d . 3 +     d . 4 )  cos ⁡  𝜑  cos ⁡  𝜃 = 0


   (   J  x x +   m  c  h  G 2 )     𝜑 ¨   −   m  c  h  G  (   x .  sin ⁡  𝜃 +   z .  cos ⁡  𝜃 )   𝜑 .  cos ⁡  𝜑 −   m  c  h  G  (     x .   𝜃 .  cos ⁡  𝜃 +   z ¨  cos ⁡  𝜃 −   z .   𝜃 .  sin ⁡  𝜃   )  sin ⁡  𝜑 +  1 2  (   m  c  h  G 2 +   J  y y −   J  z z )     𝜃 . 2  sin ⁡  2 𝜑 +   c    𝜑  r     𝜑 .    r +   k    𝜑  f   𝜑    f +   k    𝜑  r   𝜑    r +   m  c  h  G  [  (   x .  sin ⁡  𝜃 +   z .  cos ⁡  𝜃 )   𝜑 .  cos ⁡  𝜑 −  (   x .  cos ⁡  𝜃 −   z .  sin ⁡  𝜃 )   𝜃 .  sin ⁡  𝜑 ] +   k 1  [  (   L 1  sin ⁡  𝜑  sin ⁡  𝜃 +   E   ∗  cos ⁡  𝜑 )   d 1 +  (   L 1  sin ⁡  𝜑  sin ⁡  𝜃 −   E   ∗  cos ⁡  𝜑 )   d 2 ] +   k 2  [  ( −   L 2  sin ⁡  𝜑  sin ⁡  𝜃 +   E   ∗  cos ⁡  𝜑 )   d 3 +  ( −   L 2  sin ⁡  𝜑  sin ⁡  𝜃 −   E   ∗  cos ⁡  𝜑 )   d 4 ] +   c 1   L 1  [  (   L 1  sin ⁡  𝜑  sin ⁡  𝜃 +   E   ∗  cos ⁡  𝜑 )     d . 1 +  (   L 1  sin ⁡  𝜑  sin ⁡  𝜃 −   E   ∗  cos ⁡  𝜑 )     d . 2 ] +   c 2   L 2  [  ( −   L 2  sin ⁡  𝜑  sin ⁡  𝜃 −   E   ∗  cos ⁡  𝜑 )     d . 3 +  (   L 1  sin ⁡  𝜑  sin ⁡  𝜃 +   E   ∗  cos ⁡  𝜑 )     d . 4 ] +   c    𝜑  f     𝜑 .    f = 0


    m  r 1     z ¨ 1 −  (   k 1   d 1 +   c 1     d . 1 ) +  [   k  t 1  (   z 1 −   z  r 1 ) +   c  t 1  (     z . 1 −     z .  r 1 ) ] +   c    𝜑  r   𝜕     𝜑 .    r  𝜕     z . 1 +   k    𝜑  r   𝜕   𝜑    r  𝜕   z 1 = 0


    m  r 1     z ¨ 2 −  (   k 1   d 2 +   c 1     d . 2 ) +  [   k  t 1  (   z 2 −   z  r 2 ) +   c  t 1  (     z . 2 −     z .  r 2 ) ] +   c    𝜑  r   𝜕     𝜑 .    r  𝜕     z . 2 +   k    𝜑  r   𝜕   𝜑    r  𝜕   z 2 = 0


  G


    m  r 2     z ¨ 3 −  (   k 2   d 3 +   c 2     d . 3 ) +  [   k  t 2  (   z 3 −   z  r 3 ) +   c  t 2  (     z . 3 −     z .  r 3 ) ] +   c    𝜑  f   𝜕     𝜑 .    f  𝜕     z . 3 +   k    𝜑  f   𝜕   𝜑    f  𝜕   z 3 = 0


    m  r 2     z ¨ 4 −  (   k 2   d 4 +   c 2     d . 4 ) +  [   k  t 2  (   z 4 −   z  r 4 ) +   c  t 2  (     z . 4 −     z .  r 4 ) ] +   c    𝜑  f   𝜕     𝜑 .    f  𝜕     z . 4 +   k    𝜑  f   𝜕   𝜑    f  𝜕   z 4 = 0


    k  t 1


    k  t 2


    c  t 1


    c  t 2


    k    𝜑  f


    k    𝜑  r


    c    𝜑  f


    c    𝜑  r


  𝜃


   {      𝜑    f =   t a n  − 1  (     z 1 −   z 2    E     ) −   𝜑          𝜑    r =   t a n  − 1  (     z 3 −   z 4    E     ) −   𝜑  


    z  r 1  ( t ) =  {       h 0   2  [ 1 −  cos ⁡   (   2 𝜋 v  ( t −   t 1      )    l  b   ) ]     i f         t 1   ≤ t ≤   t 2       0                                                                                                         o t h e r w i s e                                                                                 .


    t 1   =     L  e    v   ,           t 2   =   t 1   +     l  b    v   a n d     t  𝛿 =     L 1 +   L 2  v


   h 0  


    t 1  


    t 2  


    t  𝛿  


    t  e c  


    L  e  


    l  b  

