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Abstract—Delay differential equations (DDEs) arise
naturally in physics, engineering and the life sciences,
for example in lasers with delayed optical feedback,
machining chatter and population dynamics. Unlike
ordinary differential equations, they require a history
function and are harder to treat numerically. Physics-
informed neural networks (PINNs) embed a governing
equation in the training loss of a neural network, which
makes them well suited to problems that combine
measured data with unknown parameters. We use the
delayed logistic equation, fitted to Nicholson’s blowfly
data, as a test case for a PINN applied to a DDE,
implemented in MATLAB?® [1] with the Deep Learning
Toolbox™ [2]. The network learns the delay 7, growth
rate 7 and carrying capacity K together with the pop-
ulation curve, and we compare the result obtained for
different physics weights with a solution from the tra-
ditional solver dde23. The learned parameters (7 ~ 8.8
days, r7 =~ 1.8, K ~ 2400) are close to published values,
and the two solutions agree in period and amplitude.
‘We also note that the PINN is reliable only within the
time range in which the equation was enforced.

Index Terms—DDE, Delayed Logistic Growth,
Nicholson’s blowfly data, PINN, Population dynamics

I. INTRODUCTION

RDINARY differential equations (ODEs) arise in

many branches of science and engineering and have
been extensively studied. Delay differential equations
(DDESs) incorporate a delay term within their form which
often yields interesting dynamics vastly different from
what they would be without it. See [3] for a more compre-
hensive introduction to the behavior of delay differential
equations.

DDEs arise across physics in fields such as fluid dynam-
ics and wave mechanics. The authors of [4] have proposed a
non-linear model which incorporates oceanic wave transit
effects through a delayed feedback. In [5], the equations
of motion governing the dynamics of light-like tachyon
condensation are found to be delay-differential equations.
[6] examine the dynamics of a prototypical bistable system
under influence of noise by employing a delayed feedback.
The authors of [7] and [8] employ DDEs in order to
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model the frequency- and amplitude-dependent material
properties of filler-reinforced rubber. |9] provide a DDE
approach for simulating passive mode-locking in quantum
dot lasers. Thus, the use case of DDEs is multidisciplinary
and its intersection with physics is evident.

In this report we apply a Physics-Informed Neural
Network (PINN) [10] to the delayed logistic equation,

) =rz@t)(1 -zt —-71)/K) (1)
subject to initial history function
58(9) = ¢0(9) > 07 NS [77_5 0]

using Nicholson’s blowfly data (see [1)) |11], [12]. PINNs
incorporate two kinds of losses in the loss function: a
data loss and a physics loss. The data loss is the mean
squared error (MSE) between the network output and
training data. For our purposes, the physics loss refers
to the mean square residual of [I| computed at random
collocation points by using the value of ' (t) as obtained by
automatic differentiation. The delayed term is evaluated
using either the network estimation #(t) or the history
function if 0 < ¢t < 7.

This network is trained on the data and on the differ-
ential equation residual, and learns the growth rate r, the
carrying capacity K and the time delay 7 together with the
population curve. We compare the result with a numerical
solution from the traditional solver, MATLAB®’s dde23,
and with the results in [3| Chapter 5 Sec 5.9], and we
discuss the limits of the method outside the trained time
range. The same approach can in principle be adapted to
other DDEs.

PINNs have mostly been developed for ODEs and
PDEs, and their application to DDEs is still comparatively
limited [13]. Parameters of the delayed logistic equation
have previously been estimated from Nicholson’s blowfly
data using other methods [14]. Here, we examine how a
PINN performs on this problem, estimating r, K and 7
directly from the measurements.

II. PROBLEM DEFINITION

In this section, we introduce our main problem state-
ment and explain the origin of the various terms involved
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in the equation. We also elaborate on the objectives of this
paper.

The main goal of this paper is to learn a function ()
which closely fits not only our training data but also our
form of the differential equation[I} The history function we
have chosen is ¢o(0) = x0e?/7, where x is the first data
point in our training set. This incorporates a continuous
transition.

We also aim to estimate the parameters r, K and 7 of
the delayed logistic growth model. By examining the data
and residual errors obtained by our model, we can compare
the PINN solution to the numerical solution obtained by
dde23 which can inform us about the effectiveness of our
PINN in estimating a solution for this DDE. We can
also compare the results of the estimated parameters with
those available in literature.

III. RELEVANT THEORY

In this section, we provide some relevant theory on the
DDE we’ve used as well as some background on PINNs.
We also expand further on Nicholson’s data that we’ve for
our training.

A. The Logistic Growth Model

The logistic growth model [15] was first published in
order to model the self-limiting effects of the population
growth of biological species. Due to finite resources, growth
is sustained only up until one point (where the carrying
capacity K is reached). Thus, we have the (1—z/K) term.
The delay term [16] was introduced later as a modification
to the original logistic growth in order to simulate the time
lag associated with biological processes such as gestation,
digestion, etc. It facilitated the incorporation of periodic
motions, bifurcations, etc. in scalar population dynamics.

The equation under consideration (namely, [1]) reads

() =rzt)(1 -2t —71)/K)
whereas without delay it would simply be
() =rz(t)(1 —z(t)/K).

Here r refers to the intrinsic growth rate of the pop-
ulation, K the carrying capacity and 7 the time delay
to account for biological processes. The equation has two
equilibrium points, z7 = 0 and 25 = K. In order to
examine the stability of 23, the more biologically relevant
equilibrium, we linearize the equation about x5 = K, and
x} is unstable anyways [3]. First, we make the following
substitutions to make our equation a bit more simple;
s=rt,p=r7 and

y(t) = 2(t)/ K.

We note that the equilibrium point 25 = K now becomes
y* = 1. After further simplification and following the steps
in (3], we obtain:

dy(s)
ds

=y(s)(1 —y(s —p)) (2)
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Fig. 1: The plot is of samples collected bi-daily for 722
days and plotted for 400 days. The periodic behavior of
the population is evident.

When we further linearize (2) about y* by making a
substitution, u(s) = y(s) —1 we obtain the following linear
delay-differential equation:

W) — s —p) 3)

Further, if we assume the solution of (3) to be of the form
e**, we obtain the following characteristic equation:

A= —e (4)

We then enforce the condition for stability, i.e, R(A) < 0,
proceed as in [3] and obtain the following result [17], [18]:

0<p<m/2 (5)

This means that, for p € [0, 7/2), the equilibrium is stable,

and perturbations decay (monotonically for p < e7!,

with oscillations above that). Thus, in order to observe

sustained oscillations like in Nicholson’s data (see Section

C), we would need to enforce the following condition:
p>m/2

which we implement in the Methods section.

B. On PINNs

The network first estimates a function #(¢) and numer-
ically computes the time derivative 2'(¢) via automatic
differentiation. We train the network on a loss function
given by the form:

L= )\dataLdata + )\physthysa (6)

where

Luata = 3 3 Jalt) — ()

Ly = 12 S (t5)(1 (1 — 7)/K) — &' (1))

In order to compute the delayed term required in the
physics loss, we use the network estimate whenever ¢; > 7
and r&(t;)(1 — ¢o(t; — 7)/K) when t; € [0,7]. Thus, r, K
and 7 become trainable parameters.

C. Nicholson’s Data

We include a plot of Nicholson’s data for easy viewing
for the reader. Please see Fig.



IV. METHODOLOGY

We utilized the Deep Learning Toolbox™ available
within MATLAB® R2025a in order to design and train
our PINN.

A. Network Properties

Our network properties are summarized in Table [I}

TABLE I: Network Properties

Name Type Learnable Number  of
Sizes Learnables

in Feature - 0
Input

fel Fully W xS 3036
Connected :

tanh1l Tanh - 0

fe2 Fully WA 9350
Connected :

tanh?2 Tanh - 0

fc3 Fully W XA 9350
Connected :

tanh3 Tanh - 0

fed Fully WX A8 9352
Connected ’

tanh4 Tanh - 0

out Fully g/ : 11 XX 148 49
Connected ’

We used a fully connected Fourier feature network [19)
consisting of 81 feature inputs on the network input, which
is a normalized time s = ¢/400 mapped to the features
{s,sin (27ks), cos (2mks)}, k € {1,...,40}. It behaves as
a fully connected multilayer perceptron (MLP) with 4
hidden layers consisting of 48 tanh activated units, as
visualized in Fig. 2] Overall, we have ~11,000 learnable
parameters.

B. Training

We trained the network for Njie, = 10000 iterations with
an initial guess of 7 =9, r7 = 2.1 and K to be half of the
maximum of the training data. The values of 7 and r were
frozen for the first Ngpeere = 6000 iterations. K and the
network weights were learned throughout, which allowed
the network to fit the training data before learning r and
7. We restricted 7 to between 3 and 30 days, and r to
at most 1 (i.e, r < 1 day~!). This allows the estimates
to be physically plausible whilst preventing issues that
occur with runaway parameter values. We also imposed
the following condition on the training:

(P17 )min = 7/2 + 0.05 ~ 1.62,

by projecting r and 7 into the allowed region after each
update.

This allows our model to support sustained oscillations
(Sec. . A threshold of 0.05 is employed so that we
remain in the oscillatory regime. If the learned value of
r7 ever settled on the boundary, it would mean that the
unconstrained optimized value would lie in the damped

region characterized by decaying oscillations. This could
either point to noise in the training data, a mismatch
between model and training data or a poor local minimum
that the model cannot escape.

The physics weight Apnys ramps linearly from 0 to
the target value for the first Nyarm = 3000 iterations,
prioritizing the training data over the physics residual in
the initial phase of training. The time and population were
both normalized as s = t/400 and u = z/xs, with =
being the population and x,, the maximum of the training
data, following which the equations were rewritten and the
PINN was trained.

We employed the Adam optimizer with a learning rate
of 5 x 107 for r, K and 7 and 10~3 for weights while
implementing full-batch data loss and element-wise gra-
dient clipping (threshold 41). The data loss uses all the
training points and the physics loss uses 600 random
collocation points that are resampled from 0 to 400 days
at every iteration. The PINN was built by incorporating
the dlgradient, dlarray and adamupdate in a custom
loop.

The training data consisted of population numbers
recorded over a span of 400 days, in which 300 days was
allocated for training and the rest for validation.

V. RESULTS

In this section, we report our results obtained after
multiple training instances and for varying values of the
physics weights Aphys and the tables report the results of
a typical representative run. We discuss the limitations
of our methods, the regions of applicability and highlight
the distinguishing characteristics. We obtain visual plots
which we compare with the plot of Nicholson’s data as
well as a plot of the numerical solution obtained by dde23
using the parameter values given in [3]. We trained the
PINN with 6 different physics weights, 0, 0.01, 0.03, 0.05,
0.1 and 0.5. The plots obtained for the network estimation
Z(t) for these weights are provided below (See Figure [4]),
as are the respective MSE values for each trial. The plot of
x(t) obtained by solving the DDE numerically using dde23
is given in Figure || for comparison. See Figure 3| for a plot
of our losses against the physics weight used.

A. Baseline: physics weight = 0

The network simply memorized the data by interpolat-
ing every training point, and not the dynamics. The curve
oscillates rapidly in the validation region and occasionally
dips below zero in the training and validation regions,
which is unphysical. The values of the parameters remain
unchanged from initialization and are not learned. The
physics error is extremely large which indicates that this
network is unable to reproduce the governing dynamics
when trained on data alone.

B. Physics-Informed runs

The physics-informed runs can be categorized into two
groups: those where the network collapsed to 0 (for the
weights 0.1 and 0.5) and those that did not collapse to 0.
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Fig. 2: A visualization of our Fourier Feature Network

range in which it was trained and validated. Beyond day
400 the curve is a periodic extrapolation produced by the
Fourier input features, not a prediction, and should not be
trusted.

D While the PINN was able to reproduce the results
of 3] in period and amplitude, it was unable to fully
reproduce the dynamics of Nicholson’s data. The output is
yet a deterministic cycle that cannot replicate the irregular
cycles observed in Figure [I] Thus, while we cannot treat
the PINN output as a true estimate for the solution of the
DDE[I], we can verify that the network output was able to
replicate the numerical solution of dde23 in period, and
with amplitudes matching Nicholson’s data. Further, the
parameters 7, K and r were able to be estimated to an
accurate degree.

Fig. 3: A plot of losses against physics weights

Validation loss at Apnys = 0.01 is about 20% lower than
the baseline (6.66 x 1072 against 8.28 x 1072). Raising
the weight to 0.05 lowers the residual (0.41 to 0.18) but
raises data (0.0097 to 0.0134) and validation loss (0.0666
to 0.0756). See Table [ITI| for more.

Figure [3| shows that physics loss cannot purely be
indicative of PINN performance as the network collapses
for Aphys = 0.1, and nor can data loss alone determine it, TABLE II. Learned Parameters for Different Physics
since the physics error is also large for the base trial. As Weights
such, determining the optimum weights for the PINN to

work proves to be a challenge. Qualitatively, the curves for Aphys r(d7) K T(d) T
)\ph?,s = 0.01, 0.03 and 0.05 are smooth, oscillate Wiﬂ.l a 8.01 0.5)7 257 850 152
period of about 37 days, and resemble the dde23 solution 0.03 0217 92927 870 1.88
of Fig. |5| much more closely than the curve for Appys = 0. 0.05 0.223 2131 862 1.92
They do not reproduce its amplitude, however: the PINN 0.1t 0.540 4331 3.00 1.62
peaks at roughly 5,200-6,300, whereas the dde23 solution 0.57 0.540 4325 3.00 1.62
with the parameters of [3] peaks near 8,000, with a period Ref. [3]  0.233 2500 9 2.1
of about 41 d ays. Aphys = 0: parameters receive no gradient and are not learned.

tCollapsed runs; 7 and rr sit at their bounds (3 d and 7/2 + 0.05).
For Aphys = 0.1 and 0.5 the network collapses to a solu- P ( / )

tion close to zero. This is consistent with the DDE having

the trivial solution z = 0, which satisfies the equation TABLE III: Final Losses for Different Physics Weights
exactly, so a large physics weight offers no incentive to

leave it, while the data term is outweighed. The residual Aphys Laata Lphys Lyal Liotal

—7 2 —2 —7
is small for Appys = 0.1 (3.6 x 1073) but not for 0.5 11951070 8.75 x 107 -+ 8.28x 1077 1.19x 10

1 X . 0.01 9.68x107% 4.07x107' 6.66x107% 1.37x 1072
(1.7 x 10~1), which suggests that the latter curve is close 0.03 119 x 10-2  2.86 x 10-1  6.81 x 10~2  2.05 x 10~2

to, but not exactly, zero. . . 005 1.34x1072 178x 10" 7.56x 1072 2.23 x 102
The learned parameters (Table are comsistent with g1t 1371 % 10! 358x10~% 1.71x 10~} 1.31 x 10~}

the values in [3] for the runs that did not collapse: 7 lies 0.5t 131x 10" 1.71x10"' 1.71x10"' 216 x 10~

within 2-4% of 9 d, r within 4-11% of 0.233 d717 K within TNetwork collapsed to # ~ 0. Losses are normalised.
3-15% of 2500, and r7 within 9-13% of 2.1. No single

weight is closest on all four quantities. The collapsed runs

(Aphys > 0.1) are excluded, as their parameters sit on the V1. VIDEO

imposed bounds. The PINN is only reliable on the time https: //youtu be/ YexskfWonAg
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Lyl = 8279€-02  Leorar = 1.189€-07 Lyl = 6.657€-02  Liota = 1.374€-02
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Fig. 4: PINN fits for different physics weights. Black dots: training data (days 0-298); open red circles: validation data
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