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Sur 1582, Demarcación Territorial Benito Juárez, 03940, Ciudad de
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Abstract

Piecewise-linear unstable dissipative systems (UDS’s) are a class of dynamical
systems that are able to generate multi-scroll attractors through the spectral
properties of their equilibria. The goal of this work is to extend the UDS’s to the
fractional-order case. To achieve it, a distance to the boundary of the fractional
stability region is proosed in terms of the signed distance definition. The resulting
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definition covers both types of unstable dissipative systems and recovers the
classical one in the integer-order case. For a given system, it also gives the range
of fractional orders in which the system belongs to each type. The definition is
applied to the design of two piecewise-linear systems that generate single-scroll
and multi-scroll attractors.

Keywords: Fractional-order systems, Unstable dissipative systems, Signed distance
function, Matignon stability criterion, Piecewise-linear systems, Multi-scroll attractors

MSC Classification: 34A08 , 26A33 , 34A36 , 34D20 , 34C28

1 Introduction

Chaotic behavior has been studied extensively because of its applications in science
and engineering. Although there is no unified definition of chaos, sensitivity to initial
conditions and density of periodic orbits are common properties of chaotic systems [1].
The Rössler and Duffing oscillators, the Lorenz-type systems (Lorenz, Lü and Chen
systems), among others, are perhaps the most studied objects in dynamical systems
that exhibit this class of complex solutions in continuous or discrete time [1–4].

A particular class of systems, studied in [5, 6], is defined in R
3, the lowest dimension

where chaotic behavior is exhibited. These systems are the so-called unstable dissipa-

tive systems (UDS), whose complex dynamics are governed by the spectral properties
of their equilibria. That is, the equilibrium points are saddle-focus (possessing a pair
of complex conjugate eigenvalues and one real eigenvalue) satisfying the dissipative
condition, which requires the sum of the eigenvalues to be negative. There are two
types of UDS: type I possesses a stable manifold of dimension two, generated by the
eigenvectors associated with the pair of complex conjugate eigenvalues with negative
real part, and an unstable manifold of dimension one, associated with the positive
real eigenvalue. Type II is composed of an unstable manifold of dimension two, gen-
erated by the eigenvectors associated with the pair of complex conjugate eigenvalues
with positive real part, and a stable manifold of dimension one, associated with the
negative real eigenvalue.

Unstable dissipative systems whose nonlinearity is constructed using piecewise-
linear systems have been studied in several works, where they generate chaotic
behavior in the form of multi-scroll attractors [5–10]. The design of UDS using
piecewise-linear systems has been further extended to fractional-order systems in
order to achieve chaotic behavior [11]. Although many definitions of the fractional
integro-derivative exist, the most widely used are the Riemann–Liouville, Caputo, and
Grünwald–Letnikov definitions [12–20]. Among their applications, chaotic systems are
used in secure communications, where synchronization and the generation of pseudo-
random bits allow information to be encrypted and decrypted by two parties that
know the system, which is the shared key [9, 21, 22]. The implementation of elec-
tronic circuits in chaotic systems has also been explored [23–26]. Unstable dissipative
systems of integer and fractional order with this kind of complex behavior have been
designed in [5–10, 27–30].
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The aim of this work is to formalize the definition of unstable dissipative systems
in the s-space, called fractional-order unstable dissipative systems (FOUDS). To this
end, a signed distance function is defined between a complex number and the bound-
ary of the fractional stability zone, which is composed of two rays, and a closed-form
expression for this distance is obtained. With this function, both types of unstable dis-
sipative systems are extended to the fractional-order case, and the resulting definition
reduces to the classical one when α = 1. For a given matrix, the definition gives explicit
intervals of the fractional order in which the system is a FOUDS, and piecewise-linear
FOUDS are designed with it to generate single-scroll and multi-scroll attractors.

This work is organized as follows. In Section 2, the problem statement is presented.
In Section 3, elements of fractional calculus and stability of systems are provided,
along with some results related to the complex straight line. In Section 4, the main
results are given, and in Section 4.3 illustrative examples are presented. Finally, in
Section 5, conclusions are drawn.

2 Problem statement

Consider the piecewise-linear fractional-order system of the form

Dαx = Ax+B, (1)

where 0 < α < 2, x ∈ R
3 is the pseudo-state vector, A ∈ R

3×3, and B ∈ R
3 is a

piecewise-defined vector as follows

B =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

B1 for x ∈ D1,
B2 for x ∈ D2,
...

...
Bm for x ∈ Dm

(2)

where B will be designed to locate the equilibrium points x∗

j = −A−1Bj in a suitable

way to generate multi-scroll attractors, with
⋃m

j=1 Dj = R
3 and Di ∩Dj = ∅ for i ̸= j,

i, j = 1, . . . ,m.
The idea is to consider the change of variable s = λα, denoted by the mapping

sα(λ) = λα, with λ ∈ C and 0 < α < 2, and describe some topological properties of
the transformed stability regions, with the aim of preserving the UDS structure for
A. That is, the problem is to find the conditions that the zeros of the characteristic
polynomial det(sI−A), now in the variable s, must satisfy so that the spectrum induces
the manifold structure associated with the generation of multi-scroll attractors.

To achieve this, a new definition of unstable dissipative systems must be established
for the spectrum of A, using the transformed stable and unstable subsets induced by
sα, and applied to the system (1).
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3 Preliminaries

3.1 Fractional-order systems

Following Kilbas et al. [17], for any complex number z, Re(z) > 0, the Euler’s gamma
function is defined as

Γ(z) :=

∫

∞

0

e−uuz−1du. (3)

Notice that Γ(z + 1) = zΓ(z) and if z = n is a positive integer then Γ(n) =
(n − 1)!. Now, if n ∈ N and n − 1 < α < n, where α is the commensurate order, the
Riemann–Liouville fractional-order derivative is defined as

RL
a Dα

t x(t) :=
1

Γ(n− α)

dn

dtn

∫ t

a

x(τ)

(t− τ)α−n+1
dτ, (4)

where a and t are the limits of integration.
In the same way, the Caputo fractional-order derivative is defined as

C
a D

α
t x(t) :=

1

Γ(n− α)

∫ t

a

x(n)(τ)

(t− τ)α+1−n
dτ, n− 1 < α < n, (5)

where n = ⌈α⌉ and x(n)(τ) denotes the classical n-th derivative of x(τ).
For the purpose of studying stability it is common to take a = 0 and to omit the

labels C and RL. The two derivatives coincide when x(k)(0) = 0 for k = 0, . . . , n− 1.
In this work the Caputo derivative is used throughout.

A classical homogeneous fractional-order differential equation is given by [13, 20]

n
∑

j=0

ajD
(n−j)αy(t) = 0, (6)

where y(t) is a smooth Riemann integrable function, with aj ∈ R. Suppose that
the system is of commensurate order α, that is, αj = jα. Assuming without loss of
generality that a0 = 1, the change of variable Djαy(t) = xj+1(t), j = 0, 1, . . . , n − 1,
allows the system (6) to be expressed as

⎡

⎢

⎢

⎢

⎣

Dαx1
Dαx2

...
Dαxn

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

...
−an −an−1 −an−2 . . . −a1

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

x1
x2
...
xn

⎤

⎥

⎥

⎥

⎦

, (7)

whose dynamics is governed by the fractional-order characteristic pseudo-polynomial
q(λα) =

∑n

j=0 ajλ
(n−j)α.

In classic integer-order differential equations theory, the homogeneous system

ẋ(t) = Ax(t),

with x ∈ R
n and A ∈ R

n×n, is asymptotically stable if and only if | arg(λ)| > π
2 ,

for all eigenvalues λ of A. In the developed theory for fractional systems, there are
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analogous results on stability, and the following theorems characterize them in terms
of the spectrum of the system.

Theorem 1 (Matignon, 1996 [14]) The FODE system

D
α
x(t) = Ax(t), x(t0) = x0, 0 < α < 2, (8)

where x ∈ R
n, is asymptotically stable if and only if | arg(λj)| > π

2 for every root λj of

q(λα) = det(λαI −A).

The change of variable s = λα induces the map sα(λ) = λα. The principal sheet of
its Riemann surface is defined for −π < arg(λ) < π, and the corresponding s domain
is −απ < arg(s) < απ; the right half plane of this sheet corresponds to the region
−απ

2 < arg(s) < απ
2 of the s-plane [20]. With this map, the stability of FODE systems

and the stability zone can be described in the s-plane.

Theorem 2 (Matignon, 1996, 1998 [14, 15]) The FODE system

D
α
x(t) = Ax(t), x(t0) = x0, 0 < α < 2, (9)

where x ∈ R
n, is asymptotically stable if and only if | arg(sj)| > απ

2 for every root sj of

q(s) = det(sI −A), where s = λα.

Theorem 2 is easier to apply than Theorem 1, since the test only requires the roots
of the polynomial det(sI −A) and the comparison of their arguments with απ

2 .
In qualitative analysis, the stability zone for the spectrum of the pseudo-polynomial

q(λα) is defined as

C
− =

{

λ ∈ C : | arg(λ)| > π

2

}

, (10)

while the stability zone for q(s) is described by

C
−

α =
{

λ ∈ C : | arg(λ)| > α
π

2

}

, (11)

via the change of variable s = λα (see figure 1). Thus, in the sense of Theorems 1 and
2, q(λα) =

∑n

j=0 ajλ
(n−j)α is stable with respect to C

− if and only if its associated

integer-order polynomial q(s) =
∑n

j=0 ajs
n−j is stable with respect to C

−

α .

3.2 The complex straight line and distance

To compute distances in the complex plane, recall that there is a homeomorphism
between C and R

2 given by

h : C → R
2 (12)

z = x+ iy ↦→
(

x
y

)

= ζ,
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Fig. 1: Stability zones for q(s) via the change s = λα for a) 0 < α < 1; b) 1 < α < 2;
c) α = 1.

which is an isometry between C with the modulus and R
2 with the Euclidean norm

[31, 32]. Thus, the analytic geometry of R2 can be used in the complex plane. Namely,
the Euclidean distance between any pair of complex numbers z1 and z2, denoted by
d(z1, z2), is defined by

d(z1, z2) = |z2 − z1| ≥ 0.

Additionally, for a complex z0 and a nonempty subset S ⊂ C, the distance between
the point z0 and the set S is given by

d(z0, S) = min
a∈S

{d(z0, a)} . (13)

On the other hand, the straight line on the plane is given by

ax+ by + c = 0, (14)

and the distance between a point ζ0 = (x0, y0) and the straight line (14) is given by

d(ζ0,L) =
⃓

⃓

⃓

⃓

ax0 + by0 + c√
a2 + b2

⃓

⃓

⃓

⃓

,

where L =
{

(x, y) ∈ R
2 : ax+ by + c = 0

}

. Under the identification (a, b) ↔ w =
a+ ib of the line coefficients with a complex number, together with the map (12) for
the points, the real straight line (14) admits the equivalent complex form given in the
following result.

Lemma 3 The straight line (14) in the real plane is equivalent to the complex straight line

wz̄ + w̄z + k = 0, (15)

where w = a+ ib is fixed, z is the complex variable and k = 2c.

Consider a complex number z0 = cos(θ) + i sin(θ), with a fixed 0 < θ < π. By the
map (12), the real straight line passing through the origin and containing the point
z0 = (cos θ, sin θ) is given by

y − sin θ = tan θ(x− cos θ), (16)
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or equivalently,
x− cot θ y = 0,

and by Lemma 3, the equivalent complex straight line is given by

wz̄ + w̄z = 0, (17)

where w = 1− i cot(θ). Define now the set

L = {z ∈ C | wz + wz + k = 0} , (18)

which consists of all points belonging to the straight line (15). The following result
shows how to compute the distance between a complex point and a straight line.

Lemma 4 The minimum distance between z0 and all the points of L is given by

d(z0,L) =

⃓

⃓

⃓

⃓

wz̄0 + w̄z0 + k

2w

⃓

⃓

⃓

⃓

, (19)

where, for the line through the origin with slope tan θ, one has w = 1− i cot θ.

Thus, the distance from any complex number z0 to the straight line L equals the
length of the orthogonal projection of z0 onto the normal direction of L.

4 Main results: fractional-order unstable dissipative

systems

In this section, the subsets induced by sα are described and a signed distance function
is defined on them. This function is then used to define FOUDS, and two piecewise-
linear examples are presented.

4.1 Topological description and signed distance function

Firstly, note that the complex set C can be written as the union of three disjoint
subsets. Namely,

C = C
− ∪ iR ∪ C

+,

where C
− is the subset described in (10), iR is the imaginary axis, and

C
+ =

{

z ∈ C : | arg(z)| < π

2

}

.

Analogously, these three subsets are transformed by the map sα and then the complex
plane is also described as the union of three disjoint subsets as follows:

C = C
−

α ∪ iRα ∪ C
+
α ,

7



where C
−

α is the subset described in (11), iRα = ∂C−

α is the imaginary folded axis iR
via sα, and

C
+
α =

{

z ∈ C : | arg(z)| < α
π

2

}

.

That is, the left open half plane C
− has been transformed homeomorphically (in the

principal sheet of the Riemann surface, see [16, 17]) onto C
−

α (see figure 2).

Fig. 2: Rotation of the imaginary rays by sα with respect to their original position
for a) 0 < α < 1; b) 1 < α < 2.

Next, the imaginary axis is written as the union of the imaginary rays and the
origin in the form

iR = iR+ ∪ iR− ∪ {0} .
Thus, the positive half-ray iR+ rotates under the action of the map sα, acquiring

an angle of απ
2 measured from the positive real axis, to create the ray

iR+
α =

{

z ∈ C : z = reiα
π

2 , r > 0
}

,

while the negative ray iR− rotates under the action of the map by −απ
2 measured

from the positive real axis to create

iR−

α =
{

z ∈ C : z = re−iαπ

2 , r > 0
}

.

Moreover,
∂C−

α = iRα = iR−

α ∪ {0} ∪ iR+
α .

By the nature of the map sα, the rays iR+ and iR− are transformed into iR+
α

and iR−

α , respectively. That is, they have rotated by an angle of (1− α)π2 from their
original position π

2 (the iR axis), for 0 < α < 1 (see (a) in figure 2). Analogously, if
1 < α < 2, the rays have rotated just an angle of (α− 1)π2 from their original position
(see (b) in figure 2).
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Definition 1 For fixed 0 < α < 2 and z ∈ C, the function δ is defined as

δ(z) =

⎧

⎨

⎩

−d(z, iRα) for z ∈ C
−
α ,

0 for z ∈ iRα,

d(z, iRα) for z ∈ C
+
α ,

(20)

where the function d(·, ·) is defined in (13).

The function δ is known as a signed distance function. In this sense, a complex
number z will be considered to have a negative signed distance (or negative real part
in the generalized sense) if z ∈ C

−

α , positive signed distance (or positive real part in
the generalized sense) if z ∈ C

+
α , and zero distance if z ∈ iRα.

Note that the distance d is not so easy to compute, since iRα is not a single-
piece straight line but is composed of two conjugate rays, and some points have no
orthogonal projection onto them (see figure 3). The following result gives this distance.

Fig. 3: Value of δ(z) for: a) 0 < α < 1 and | arg(z)| > (1 + α)π2 ; b) 1 < α < 2 and
| arg(z)| < (α− 1)π2 .

Theorem 5 Let z ∈ C with Im(z) ≥ 0. The distance d(z, iRα), for 0 < α < 1, is given by

d(z, iRα) =

{ ⃓

⃓

wz̄+w̄z
2w

⃓

⃓ for | arg(z)| < (1 + α)π2
|z| for | arg(z)| ≥ (1 + α)π2

, (21)

while for 1 < α < 2, the calculation is given by

d(z, iRα) =

{ ⃓

⃓

wz̄+w̄z
2w

⃓

⃓ for | arg(z)| > (α− 1)π2
|z| for | arg(z)| ≤ (α− 1)π2

, (22)

where w = 1− i cot(απ
2 ). For Im(z) < 0, d(z, iRα) = d(z̄, iRα).

Proof Since iRα is symmetric with respect to the real axis, d(z̄, iRα) = d(z, iRα), so it is
enough to take Im(z) ≥ 0. In that case, the nearest point of iRα to z belongs to {0} ∪ iR+

α ,
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since for every point u of this ray, |z − ū|2 − |z − u|2 = 4 Im(z) Im(u) ≥ 0. The points of
this ray are tu, with t ≥ 0 and u = eiα

π

2 . The orthogonal projection of z onto the line that
contains the ray is t∗u, with t∗ = Re(zū), and it belongs to the ray if and only if t∗ ≥ 0, that
is, if | arg(z)−απ

2 | ≤
π
2 . In that case the distance is the length of the orthogonal projection,

given by Lemma 4 with θ = απ
2 . Otherwise t∗ < 0, the distance from z to tu increases with

t ≥ 0, and the minimum is |z|, attained at the origin. For 0 < α < 1 and 0 ≤ arg(z) ≤ π,
the condition | arg(z) − απ

2 | ≤
π
2 is equivalent to arg(z) ≤ (1 + α)π2 , which gives (21). For

1 < α < 2 it is equivalent to arg(z) ≥ (α− 1)π2 , which gives (22). □

Remark 1 In terms of the analytic geometry, for 0 < α < 2 and θ = απ
2 , the ray iR+

α of the
straight line passing through the origin and the point z1 = cos(απ

2 ) + i sin(απ
2 ), is expressed

as

iR
+
α =

{

z ∈ C |wz̄ + w̄z = 0, Im(z) > 0, w = 1− i cot(α
π

2
)
}

.

Remark 2 Note that if α = 1, the signed distance function δ reduces to the real part, δ(z) =
Re(z).

4.2 Generalization to fractional-order UDS

With the signed distance function and Theorem 5, the unstable dissipative systems of
[5, 6] are generalized to FODE systems in the s-space.

Definition 2 Consider the FODE system

D
α
x = Ax, (23)

where A = (aij) ∈ R
3×3 and α ∈ (0, 2). For j = 1, 2, 3, let sj be the zeros of the characteristic

polynomial q(s) = det(sI −A) of A. Suppose that
3

∑

j=1

δ(sj) < 0. (24)

Then the system (23) is said to be:

1. A fractional-order unstable dissipative system of type I (FOUDS-I ) if and only if
s1 ∈ R

+ and s2, s3 ∈ C
−

α , with s2 = s̄3.
2. A fractional-order unstable dissipative system of type II (FOUDS-II ) if and only

if s1 ∈ R
− and s2, s3 ∈ C

+
α , with s2 = s̄3.

The inequality (24) is called dissipativity condition. The conditions i) and ii)
are equivalent to requiring a non-degenerate saddle-focus equilibrium point, where
δ(s1)δ(s2) < 0. In addition, if s2 = s̄3 = σ + iη, it is required that |η| ≫ |σ|, and the
eigenspaces associated with each equilibrium inside Dj must intersect transversally
with ∂Dj−1 and ∂Dj+1.

Remark 3 The condition (24) is the counterpart, in the s-plane, of the dissipativity condition
of the unstable dissipative systems [5, 6], and for α = 1 it reduces to Tr(A) < 0 (Remark 2).
For α ̸= 1, the condition is a property of the spectrum of A only.
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Remark 4 The roots sj of det(sI − A) do not depend on α, only the boundary iRα that

separates C
−
α from C

+
α does. Since a positive real root always lies in C

+
α and a negative one

in C
−
α , the matrix A of a UDS of type I defines a FOUDS-I, and the matrix of a UDS of

type II defines a FOUDS-II, for the values of α at which the conditions of Definition 2 hold.
In both cases, the dimensions of the stable and unstable manifolds are the same as in the
integer-order system.

4.3 Generating multi-scroll attractors in PWL-FOUDS

In this section, two examples of piecewise-linear FOUDS are presented, one of each
type. For each example, the valid interval of the fractional order α is determined
from the conditions of Definition 2, and the dynamics of the resulting attractor are
examined through bifurcation diagrams. The numerical results were obtained with the
Adams–Bashforth–Moulton predictor-corrector method with full memory [33].

4.3.1 FOUDS-I

Consider the fractional-order system

Dαx =

⎡

⎣

0 1 0
0 0 1
2 −10 −1

⎤

⎦x+B, (25)

with

B =

{

B1 = [0, 0, 0]
T

for x ∈ D1,

B2 = [0, 0,−10]
T

for x ∈ D2,
(26)

where both regions D1 and D2 are defined by the boundary x1 = 1, that is,

D1 =
{

x ∈ R
3 : x1 < 1

}

,

D2 =
{

x ∈ R
3 : x1 ≥ 1

}

.

The vectors Bj are chosen so that the equilibrium points x∗

j = −A−1Bj are located
along the x1 axis, at

x∗

1 = (0, 0, 0)
T
,

x∗

2 = (5, 0, 0)
T
.

The characteristic polynomial of the system q(s) = s3 + s2 + 10s − 2 has roots
s1 = 0.1954 and s2,3 = −0.5977± 3.1427i, which satisfy condition (i) of Definition 2.
Definition 2 requires both the membership condition s2,3 ∈ C

−

α and the dissipativity
condition (24); the valid interval of α is the intersection of the intervals obtained from
each one.
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The membership condition requires |arg(s2,3)| > απ
2 . Since

|arg (s2,3)| = arctan

(

Im(s2,3)

Re(s2,3)

)

+ π,

= arctan

(

−3.1427

0.5977

)

+ π,

= 1.7587 rad,

the condition 1.7587 > απ
2 gives α < 1.7587 2

π
, so the membership condition holds on

0 < α < 1.1196.

To verify the dissipativity condition (24), recall that w = 1 − i cot(απ
2 ), with

modulus |w| = 1/ sin(απ
2 ). Since the projection formula from Theorem 5 requires the

computation of Re(ws̄j), these quantities are computed first. For s1 = 0.1954, one has
s̄1 = 0.1954, so

ws̄1 =
(

1− i cot
(

α
π

2

))

(0.1954) ,

= 0.1954− 0.1954 cot
(

α
π

2

)

i,

giving Re(ws̄1) = 0.1954. For s2 = −0.5977+3.1427i, one has s̄2 = −0.5977−3.1427i,
which gives

ws̄2 =
(

1− i cot
(

α
π

2

))

(−0.5977− 3.1427i) ,

=
(

−0.5977− 3.1427 cot
(

α
π

2

))

+
(

−3.1427 + 0.5977 cot
(

α
π

2

))

i,

giving Re(ws̄2) = −0.5977 − 3.1427 cot
(

απ
2

)

. By conjugate symmetry Re(ws̄3) =

Re(ws̄2) = −0.5977−3.1427 cot
(

απ
2

)

. The verification of condition (24) is divided into
multiple cases determined by which branch of Theorem 5 applies to each eigenvalue,
according to the value of α.

For 0 < α ≤ 0.1196, since α ≤ 0.1196 implies (1 + α)π2 ≤ (1 + 0.1196)π2 = 1.7587,
it follows that | arg(s2,3)| = 1.7587 ≥ (1 + α)π2 and, by the second branch of (21),
d(s2,3, iRα) = |s2,3|, where

|s2,3| =
√

(−0.5977)2 + (3.1427)2,

=
√
0.3572 + 9.8766,

=
√
10.2338,

= 3.1990.
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For s1, since | arg(s1)| = 0 < (1 + α)π2 for all α > 0, the projection branch of (21)
gives

d(s1, iRα) =
|Re(ws̄1)|

|w| ,

= 0.1954 sin
(

α
π

2

)

.

Since s1 ∈ C
+
α and s2,3 ∈ C

−

α , applying Definition 1 gives δ(s1) = 0.1954 sin
(

απ
2

)

and δ(s2,3) = −3.1990, so

3
∑

j=1

δ(sj) = 0.1954 sin
(

α
π

2

)

− 6.3980,

and since sin
(

απ
2

)

is increasing and α ≤ 0.1196 in this interval, it follows that

sin
(

απ
2

)

≤ sin
(

0.1196π
2

)

= 0.1868, which gives

3
∑

j=1

δ(sj) ≤ 0.1954(0.1868)− 6.3980,

≤ 0.0365− 6.3980,

≤ −6.3615.

For 0.1196 < α < 1, since α > 0.1196 implies (1 + α)π2 > (1 + 0.1196)π2 =
1.7587, it follows that | arg(s2,3)| = 1.7587 < (1 + α)π2 , so the projection formula (21)
applies to all eigenvalues. Given that cot

(

απ
2

)

> 0 for 0 < α < 1, it follows that

−0.5977 − 3.1427 cot
(

απ
2

)

< 0, so |Re(ws̄2,3)| = 0.5977 + 3.1427 cot
(

απ
2

)

. Applying
the projection formula yields

d (s1, iRα) =
0.1954

1/ sin
(

απ
2

) ,

= 0.1954 sin
(

α
π

2

)

,

and

d (s2,3, iRα) =
0.5977 + 3.1427 cot

(

απ
2

)

1/ sin
(

απ
2

) ,

=
(

0.5977 + 3.1427 cot
(

α
π

2

))

sin
(

α
π

2

)

.

13



Applying Definition 1, δ(s1) = 0.1954 sin
(

απ
2

)

and δ(s2,3) =

−
(

0.5977 + 3.1427 cot
(

απ
2

))

sin
(

απ
2

)

, then

3
∑

j=1

δ(sj) = sin
(

α
π

2

)(

−1− 6.2854 cot
(

α
π

2

))

.

Given that sin
(

απ
2

)

> 0 and cot
(

απ
2

)

> 0 for 0.1196 < α < 1, the expression
(

−1− 6.2854 cot
(

απ
2

))

is strictly negative, and therefore
∑3

j=1 δ(sj) < 0. Note that

as α → 1, cot
(

απ
2

)

→ 0, and the expression reduces to sin
(

π
2

)

(−1) = Tr(A) = −1,
consistent with Remark 2.

For 1 < α < 1.1196, the distance calculation is given by (22). Since | arg(s1)| =
0 ≤ (α − 1)π2 for 1 < α < 2, it follows that d(s1, iRα) = |s1| = 0.1954. Given that
| arg(s2,3)| = 1.7587 > (α − 1)π2 throughout this interval, the projection expression
of (22) applies to s2,3. Here cot

(

απ
2

)

∈ (−0.1902, 0), so Re(ws̄2,3) = −0.5977 −
3.1427 cot

(

απ
2

)

< 0, giving |Re (ws̄2,3) | =
⃓

⃓−0.5977− 3.1427 cot
(

απ
2

)
⃓

⃓.
Applying the projection formula gives

d (s2,3, iRα) =
⃓

⃓

⃓
−0.5977− 3.1427 cot

(

α
π

2

)
⃓

⃓

⃓
sin

(

α
π

2

)

.

Applying Definition 1, δ(s1) = 0.1954 and δ(s2,3) =
−
⃓

⃓−0.5977− 3.1427 cot
(

απ
2

)⃓

⃓ sin
(

απ
2

)

, so

3
∑

j=1

δ(sj) = 0.1954− 2
⃓

⃓

⃓
−0.5977− 3.1427 cot

(

α
π

2

)⃓

⃓

⃓
sin

(

α
π

2

)

,

and since cot
(

απ
2

)

∈ (−0.1902, 0), it follows that −3.1427 cot
(

απ
2

)

∈ (0, 0.5977),

so −0.5977 − 3.1427 cot
(

απ
2

)

∈ (−0.5977, 0), giving
⃓

⃓−0.5977− 3.1427 cot
(

απ
2

)⃓

⃓ ∈
(0, 0.5977).

At α → 1+, the sum approaches 0.1954− 2(0.5977)(1) = −1 = Tr(A) < 0, consis-
tent with Remark 2. However, as α increases toward 1.1196, the focus s2,3 approaches
the boundary iRα, so its stabilizing contribution δ(s2,3) → 0−, while the destabilizing
contribution δ(s1) = 0.1954 > 0 remains fixed. Consequently the sum is increasing on
this subinterval and crosses zero when

0.1954 = 2
⃓

⃓

⃓
−0.5977− 3.1427 cot

(

α
π

2

)⃓

⃓

⃓
sin

(

α
π

2

)

,

which occurs at α ≈ 1.1002. Therefore the dissipativity condition (24) holds only for
0 < α < 1.1002, a strictly smaller interval than the membership condition.

Intersecting the two intervals, both requirements of Definition 2 are satisfied if and
only if

0 < α < 1.1002.

In this example, the upper limit of the interval is given by the dissipativity condition,
which fails at α ≈ 1.1002, while s2,3 remains in C

−

α up to α = 1.1196. The reason is

14



that the contribution of s2,3 to the sum (24) tends to zero as s2,3 approaches iRα. For
this example, α = 1.05 is used.

Figure 4 shows the attractor of the FOUDS-I system (25)–(26) for α = 1.05,
with initial conditions x0 = (0.9, 0, 0)T and ẋ0 = (0, 0, 0)T . At each equilibrium,
the positive real eigenvalue s1 = 0.1954 ∈ C

+
α is associated with a one-dimensional

unstable manifold Wu, and the complex conjugate pair s2,3 = −0.5977±3.1427i ∈ C
−

α

with a two-dimensional stable manifold W s, along which the trajectory rotates. The
switching law (26) moves the trajectory between D1 and D2, and the dissipativity

condition holds with
∑3

j=1 δ(sj) = −0.5032. The projections in Figure 5 show a single-
scroll attractor.attractor.

x
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0.9
1.2 −1.5
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0.0

2.5

5.0

Fig. 4: Attractor of the FOUDS-I system (25)–(26) for α = 1.05.
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Fig. 5: Projections of the FOUDS-I system (25)–(26) for α = 1.05: a) (x1, x2) plane;
b) (x1, x3) plane; c) (x2, x3) plane.

The dynamical behavior of the FOUDS-I system (25)–(26) as the fractional order
varies is summarized in Figure 6, which shows the local maxima of the state x1 as

15



a function of α. For each value of α, the system was integrated with the Adams–
Bashforth–Moulton predictor-corrector method, the initial transient was discarded,
and the successive maxima of x1 were recorded on the resulting attractor. The diagram
is shown for α ≥ 0.80. Up to α ≈ 0.93 it shows a single branch slightly above x1 = 1;
beyond this value the maxima spread over a continuous range, which indicates irregular
dynamics. The value α = 1.05 used in Figures 4–5 lies in this range. The diagram ends
at the limit α = 1.1002 of the valid interval.
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Fig. 6: Bifurcation diagram of the FOUDS-I system (25)–(26): local maxima of x1

versus the fractional order α.

4.3.2 FOUDS-II

Consider the fractional-order system given by

Dαx =

⎡

⎣

0 1 0
0 0 1

−1.5 −1 −1

⎤

⎦x+B, (27)

with

B =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

B1 = [0, 0,−2.25]
T

for x ∈ D1,

B2 = [0, 0,−0.75]
T

for x ∈ D2,

B3 = [0, 0, 0.75]
T

for x ∈ D3,

B4 = [0, 0, 2.25]
T

for x ∈ D4,

(28)

where the regions Dj are defined by the switching boundaries x1 ∈ {−1, 0, 1}, that is,

D1 =
{

x ∈ R
3 : x1 < −1

}

,
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D2 =
{

x ∈ R
3 : −1 ≤ x1 < 0

}

,

D3 =
{

x ∈ R
3 : 0 ≤ x1 < 1

}

,

D4 =
{

x ∈ R
3 : 1 ≤ x1

}

.

The vectors Bj are chosen so that the equilibrium points x∗

j = −A−1Bj are located
along the x1 axis at

x∗

1 = (−1.5, 0, 0)
T
,

x∗

2 = (−0.5, 0, 0)
T
,

x∗

3 = (0.5, 0, 0)
T
,

x∗

4 = (1.5, 0, 0)
T
.

The characteristic polynomial of the system q(s) = s3 + s2 + s + 1.5 has roots
s1 = −1.2041 and s2,3 = 0.1020± 1.1115i, which satisfy condition (ii) of Definition 2.
As in the previous example, the valid interval is the intersection of the intervals given
by the membership condition s2,3 ∈ C

+
α and the dissipativity condition (24).

Since s2,3 has positive real part, membership in C
+
α requires that |arg(s2,3)| < απ

2 .
Thus

|arg(s2,3)| = arctan

(

Im(s2,3)

Re(s2,3)

)

,

= arctan

(

1.1115

0.1020

)

,

= 1.4793 rad,

and the condition 1.4793 < απ
2 gives α > 1.4793 2

π
, so the membership condition holds

on
α > 0.9417.

Furthermore, since s1 = −1.2041 < 0, one has |arg(s1)| = π > απ
2 for all α < 2,

so s1 ∈ C
−

α throughout.
To verify the dissipativity condition (24), recall that w = 1 − i cot

(

απ
2

)

, with

modulus |w| = 1/ sin
(

απ
2

)

. Since the projection formula from Theorem 5 requires the
computation of Re (ws̄j), these quantities are computed first. For s1 = −1.2041, one
has s̄1 = −1.2041, so

ws̄1 =
(

1− i cot
(

α
π

2

))

(−1.2041) ,

= −1.2041 + 1.2041 cot
(

α
π

2

)

i,
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giving Re (ws̄1) = −1.2041. For s2 = 0.1020 + 1.1115i, one has s̄2 = 0.1020− 1.1115i,
which gives

ws̄2 =
(

1− i cot
(

α
π

2

))

(0.1020− 1.1115i) ,

=
(

0.1020− 1.1115 cot
(

α
π

2

))

+
(

−1.1115− 0.1020 cot
(

α
π

2

))

i,

giving Re (ws̄2) = 0.1020 − 1.1115 cot
(

απ
2

)

. By conjugate symmetry Re (ws̄3) =
Re (ws̄2). Since the valid window crosses α = 1, the verification of condition (24)
is divided into two cases determined by which branch of Theorem 5 applies to each
eigenvalue.

For 0.9417 < α < 1, the distance is given by (21). Since |arg(s1)| = π ≥ (1 + α) π
2

for α < 1, the second branch of (21) gives

d (s1, iRα) = |s1| ,
=

√

(−1.2041)2,

= 1.2041.

Given that |arg(s2,3)| = 1.4793 < (1 + α) π
2 throughout this interval, the projection

branch of (21) applies to s2,3. Here cot
(

απ
2

)

∈ (0, 0.0918), so

d (s2,3, iRα) =
|Re(ws̄2,3)|

|w| ,

=
⃓

⃓

⃓
0.1020− 1.1115 cot

(

α
π

2

)⃓

⃓

⃓
sin

(

α
π

2

)

.

Since s1 ∈ C
−

α and s2,3 ∈ C
+
α , applying Definition 1 gives δ(s1) = −1.2041 and

δ(s2,3) =
⃓

⃓0.1020− 1.1115 cot
(

απ
2

)⃓

⃓ sin
(

απ
2

)

, so

3
∑

j=1

δ(sj) = −1.2041 + 2
⃓

⃓

⃓
0.1020− 1.1115 cot

(

α
π

2

)⃓

⃓

⃓
sin

(

α
π

2

)

.

Since cot
(

απ
2

)

∈ (0, 0.0918) and sin
(

απ
2

)

≤ 1 on this interval, the positive
contribution remains below 0.21, so

3
∑

j=1

δ(sj) < −0.99.

For 1 < α < 1.2691, the distance is given by (22). Since |arg(s1)| = π > (α− 1) π
2

throughout this interval, the projection expression of (22) applies to s1,

d (s1, iRα) =
|Re(ws̄1)|

|w| ,
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= 1.2041 sin
(

α
π

2

)

.

Given that |arg(s2,3)| = 1.4793 > (α− 1) π
2 throughout this interval, the projection

expression of (22) also applies to s2,3. Here cot
(

απ
2

)

∈ (−0.4498, 0), so

d (s2,3, iRα) =
⃓

⃓

⃓
0.1020− 1.1115 cot

(

α
π

2

)
⃓

⃓

⃓
sin

(

α
π

2

)

.

Applying Definition 1, δ(s1) = −1.2041 sin
(

απ
2

)

and δ(s2,3) =
⃓

⃓0.1020− 1.1115 cot
(

απ
2

)
⃓

⃓ sin
(

απ
2

)

, so

3
∑

j=1

δ(sj) = sin
(

α
π

2

) [

−1.2041 + 2
⃓

⃓

⃓
0.1020− 1.1115 cot

(

α
π

2

)
⃓

⃓

⃓

]

.

At α → 1+, cot
(

απ
2

)

→ 0, and the sum approaches

sin
(

π
2

)

[−1.2041 + 2 (0.1020)] ≈ −1 = Tr(A) < 0, consistent with Remark 2. As α

increases, cot
(

απ
2

)

< 0 grows in magnitude, so
⃓

⃓0.1020− 1.1115 cot
(

απ
2

)
⃓

⃓ increases,

and the sum −1.2041 + 2
⃓

⃓0.1020− 1.1115 cot
(

απ
2

)
⃓

⃓ rises toward zero, crossing it at
α ≈ 1.2691. Therefore the dissipativity condition (24) holds only for α < 1.2691.

Intersecting the membership interval α > 0.9417 with the dissipativity interval
α < 1.2691, both requirements of Definition 2 are satisfied if and only if

0.9417 < α < 1.2691.

Unlike the interval of the FOUDS-I example, this window has two limits. The lower
limit is given by the membership condition, when s2,3 enters C+

α , and the upper limit
by the dissipativity condition, when the sum (24) becomes positive.

Figure 7 shows the attractor of the FOUDS-II system (27)–(28) for α = 1.1,
with initial conditions x0 = (0.1, 0, 0)T and ẋ0 = (0, 0, 0)T . At each equilibrium, the
negative real eigenvalue s1 = −1.2041 ∈ C

−

α is associated with a one-dimensional
stable manifold W s, and the complex conjugate pair s2,3 = 0.1020±1.1115i ∈ C

+
α with

a two-dimensional unstable manifold Wu, along which the trajectory spirals outward.
The switching law (28) moves the trajectory among the regions D1, . . . ,D4, whose
equilibria x∗

1, . . . , x
∗

4 are the centers of the four scrolls, and the dissipativity condition

holds with
∑3

j=1 δ(sj) = −0.6399. The projections in the Figure 8 shows a four-scroll
attractor.

The dynamical behavior of the FOUDS-II system (27)–(28) as the fractional order
varies is summarized in Figure 9, which shows the local maxima of the state x1 as a
function of α over the valid window 0.9417 < α < 1.2691 established above. For each
value of α, the system was integrated with the Adams–Bashforth–Moulton predictor-
corrector method, the initial transient was discarded, and the successive maxima of x1

were recorded on the resulting attractor. The diagram displays four bands of maxima,
one for each region D1, . . . ,D4, corresponding to the four scrolls of the attractor. The
bands broaden and intermingle as α increases. It should be noted that a bounded
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Fig. 7: Attractor of the FOUDS-II system (27)–(28) for α = 1.1.
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Fig. 8: Projections of the FOUDS-II system (27)–(28) for α = 1.1: a) (x1, x2) plane;
b) (x1, x3) plane; c) (x2, x3) plane.

four-scroll attractor is generated only up to α ≈ 1.15; beyond this value the trajectory
becomes unbounded, and the diagram is empty up to the analytic limit α = 1.2691.
Hence, the conditions of Definition 2 are not sufficient for the existence of a bounded
attractor.

5 Conclusions

Unstable dissipative systems were generalized to the fractional-order case by means of
the map sα, which transforms the stability zone C

− onto C
−

α , and a signed distance
function to the boundary iRα. With this function, Definition 2 gives a criterion for
the design of piecewise-linear fractional-order systems that generate single-scroll and
multi-scroll attractors, and it reduces to the classical definition when α = 1. In the
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Fig. 9: Bifurcation diagram of the FOUDS-II system (27)–(28): local maxima of x1

versus the fractional order α.

FOUDS-I example, the valid interval 0 < α < 1.1002 is limited by the dissipativity
condition, while in the FOUDS-II example the window 0.9417 < α < 1.2691 is limited
below by the membership condition and above by the dissipativity condition. In both
examples, the bifurcation diagrams indicate irregular dynamics. The FOUDS-II exam-
ple also shows that the conditions of Definition 2 are not sufficient for the existence
of a bounded attractor.
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