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Abstract

Electrical circuits realize non-Hermitian tight-binding models node by node,
but which of them a circuit can actually realize, and at what cost, has
not been made quantitative. This paper casts circuit realizability as an
inverse problem over three layers—an admissible network class, a frequency-
window fingerprint, and resource functionals (component count, dissipation,
bandwidth, stability margin, isolation, and throughput)—and solves its one-
dimensional instance exactly. Positive-real theory separates the passivity gap
from the stability gap: the stability threshold of a nonreciprocal chain is a
surface-state value strictly smaller than the usually quoted bulk band edge,
and it vanishes for the conservative split. Skin localization in a passive cir-
cuit exists but is not free: a passive modulus-changing bond must dissipate
a minimum conductance, and isolation is an exact identity that survives ar-
bitrary bond disorder. A complete, tabletop-ready experimental design in
the audio band is provided; all closed forms are validated numerically, and
component values are specified.
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1. Introduction

The non-Hermitian skin effect (NHSE) [1, 2|—the exponential accumula-
tion of eigenmodes at a boundary under open boundary conditions—together
with non-Bloch band theory and point-gap topology has reshaped our under-
standing of boundary phenomena in open and dissipative systems. Electrical
circuits (topolectrical circuits) |3, 4, 5, 6, 7| have emerged as the most flexible
experimental platform, because a broad class of non-Hermitian tight-binding
matrices can be realized node by node with operational amplifiers, gyrators,
and negative-impedance converters (NICs) [8, 9], and measured directly with
an oscilloscope.

This flexibility, however, obscures a question that the circuit platform is
uniquely positioned to answer: what are the realizability limits themselves?
Optical and acoustic implementations fix a physical substrate whose param-
eters are constrained by material dispersion and fabrication; a circuit does
not. A circuit asks the designer to pay for every non-Hermitian feature—
in components, in dissipated power, in stability margin, and in bandwidth.
This paper derives, in closed form, the prices that a nonreciprocal electrical
network must pay—in component count, dissipation, stability margin, and
bandwidth—for a prescribed non-Hermitian behavior at its ports. Three
results are new: the stability threshold of a nonreciprocal chain is a surface-
state eigenvalue strictly below the usually quoted bulk band edge; a passive
modulus-changing bond must dissipate at least 2gsinh |a]; and the end-to-
end isolation is an exact identity that survives arbitrary bond disorder.

The organizing idea is that existence is cheap—-classical synthesis theo-
rems guarantee it—and the physics lives in the design cost map. A rational
positive-real node admittance can be synthesized by Brune—Youla—Tissi the-
ory [10, 11, 12] into a passive network with gyrators, and active elements
remove the remaining constraint up to a margin; what is not free is the
number of nonreciprocal components, the dissipation, the bandwidth, and
the stability margin that a given non-Hermitian fingerprint costs. We there-
fore cast realizability as an inverse problem over three layers, and solve its
one-dimensional instance exactly. Every bound below is simultaneously a
class-wide lower bound and, in the cases marked sharp, an attained value.

The contributions are as follows.

(i) The stability threshold of a nonreciprocal chain is a surface-state eigen-
value, strictly smaller than the commonly used bulk band edge, and it
vanishes for the conservative split (Section 4).



(ii) A passive modulus-changing bond must dissipate at least 2¢gsinh |a/,
with a closed-form dissipation—bandwidth tradeoff W = 2D sech «
(Section 5).

(iii) End-to-end isolation is an exact identity, |Sy1/S12| = €2~V surviving

arbitrary bond disorder and depending only on the fingerprint {a.}
(Section 8).

(iv) Port-visible gain requires negative conductance, with a margin cost
that vanishes as a? in the weak-skin limit (Section 8).

(v) A complete, tabletop-ready experimental design in the audio band,
with component values and falsifiable predictions (Section 10).

Complete proofs are given in Appendices A—G; the disorder stability and
throughput functionals (Appendix H), the joint-passivity semidefinite pro-
gram and the topology tax (Appendix I), the matrix-chain extension (Ap-
pendix J), and the universal no-go conjecture (Appendix K) follow.

2. Setup: Bonds, Conventions, and Three Classes

Consider a linear network of N signal nodes plus a common ground,
and let V € CV collect the node voltages. Kirchhoff’s law reads Y (w)V =
J, where the node admittance Y (w) € CV*¥ has entries that are rational
functions of s = o+iw built from the capacitors, inductors, resistors, gyrators,
and controlled sources.

Lemma 1 (QEP form). If every energy-storage element is a capacitor to
ground, an inductor to ground, or a capacitor bridging two nodes, then

Y(s):stLG—l—éF, (1)

where C = CT = 0 and I’ = I'" = 0 collect the capacitive and inductive
parts and G is the conductive part. The natural frequencies are the roots of

det(s?C' + sG +T) = 0.

Proof. A capacitor to node ¢ contributes sCj; to Yj;; a bridging capacitor
contributes sC, to the two diagonal entries and —sC. to the off-diagonal,
giving a weighted graph Laplacian C' > 0; a grounded inductor contributes
1/(sL) to its diagonal. Multiplying by s gives the quadratic eigenproblem.
The full entrywise derivation is given in Appendix A. O]



Definition 2. The stability margin is m = —max;,{Rs;, : det(siC + s,.G +
[') = 0}; the network is stable iff m > 0.

The entire paper uses one convention. For a bond joining nodes ¢ and
1+ 1, write
U=Yiit, L=Yin,, (2)

and define, whenever U # 0,
r=+L/U, a=In|r|=3In|L/U| (3)

Let P = diag(r*"!) and Y; = P~'Y P. Since the (i,i + 1) entry of Y, is Ur
and the (i+1,1) entry is L/r = Ur, Y, is symmetric. Hence every eigenvector
has the form v = Py with ¢ an eigenvector of Y, and

i = 7|7 ] = eV . (4)

Thus o > 0 means accumulation toward the N-end and o < 0 toward the
1-end; the mode density has logarithmic slope 2a.
A two-terminal floating bond is a two-port

d U

o=, ) d+d=-(U+L), (5)
L d,

where the constraint expresses that the bond injects no net current when

its terminals are held at the same potential. It is lossless iff YbT = -Y, and

passive iff Her(Y;) = 1(V; + Y;1) = 0.

Definition 3. A bond with U # L is: (C) modulus-preserving nonreciprocal
if [U| = |L|; (G) modulus-changing if |U| # |L| (equivalently o # 0); and
(R) reciprocal if U = L. Class (G) is split into passive and active according
to Her(Y) = 0 or not.

Class (C) contains the ideal gyrator and every reactive gyrator network;
class (G) contains the NIC bonds and the resistor—gyrator bonds.
3. Realizability as an Inverse Problem

Classical network synthesis answers the forward question—given a net-
work, what is its driving-point admittance and is it positive real? The ques-
tion here is the inverse one: given a non-Hermitian phenomenon at the ports,
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does some admissible network present it, and what resources does the cheap-
est such network consume?

Fix a frequency window 2 > wy and an element library. A network
belongs to Npass if its admittance has the QEP form with C,T" = 0, it is
stable, and every bond is passive (Her Y, = 0). It belongs to N, (mg) if the
same structural conditions hold but negative conductances are permitted,
subject to m > mg > 0. The class is a constraint, not a convenience: every
realizability statement is relative to a class.

A network presents, at its ports over €2, the Q-fingerprint: the poles of Y
in Q, the port transmission zeros, the generalized-Brillouin-zone (GBZ) curve
and the spectral map, the point-gap winding number, and the per-bond skin
rates {a.}. The resource vector is

r(N) = (g, D, m™', W), (6)

namely the number of nonreciprocal elements, the total shunt conductance D
(equal to the dissipated power at wg up to a voltage-scale factor), the inverse
margin, and the inverse bandwidth. For a fingerprint I" and a class C,

Ri(I;C) = inf{r;(N) : N € C, F(N,Q) ~T}, (7)
which is sharp when the infimum is attained.

Proposition 4 (existence is cheap). Let I" be a finite fingerprint presented
by a stable network in Nae(mg). Then T is Naey(mo)-realizable up to the
margin constraint.

Proof. Brune—Youla—Tissi synthesis realizes any positive-real Y by a passive
network with gyrators (the modulus-preserving part); the resistor—gyrator
and NIC bonds realize any « with a finite component count; a strictly trian-
gular coupling changes no natural frequency and cascaded unilateral stages
realize gain without margin. The one resource that cannot be made free is
the margin. See Appendix B. O]

Table 1 gives the one-dimensional closed forms and the status of the
generalizations proved in the appendices.

4. The Two Gaps: Stability and Passivity

This section computes the two gaps of the uniform chain and shows they
are different numbers; the stability analysis follows the same positive-real



Table 1: Design cost map: one-dimensional closed forms and the status of the generaliza-
tions (Appendix H-Appendix J). 1b./ub.: lower/upper bound; SDP: semidefinite program.

functional uniform chain disordered / matrix
Reomp N — 1, sharp sharp / per-bond
isolation e2e(N—-1) €22 e exact

MRaiss per-bond 2¢sinh |«|, sharp sharp

Riss joint 2¢ sinh | SDP

bandwidth at fixed D 2D sech « open

NRetab gsinhatanh «/2Cy  conjectured
passivity margin' 0 / gcosha fj‘i‘;‘jho‘a open

throughput closed form open

TThe two values are for the balanced / conservative split, respectively.

logic as modern large-signal stability tests [13]. We work in the non-inverting
family (U, L <0, UL > 0); the inverting family (UL < 0) is treated at the
bond level, where it saturates the dissipative bound.

Lemma 5 (uniform chain). Let every bond be identical with U,/ L < 0,
g = /|UL|, and every node carry the same (Cy, Lo) tank plus a net shunt

conductance go. Then
Y(w) = [go +i(wCo — =) T + M, (8)

where the real tridiagonal M has interior diagonal |U| + |L|, off-diagonal
entries U, L, and end diagonals dy,dy with dy + dy = |U| + |L].

Proof. The tridiagonal structure follows directly from the bond-and-node
construction (Definition 3): each node connects only to its two neighbors,
and KCL at the two end nodes gives the end diagonals; the symmetrization
is deferred to Appendix C. m

Since |U| = ge™?, |L| = ge®, parametrize the two extreme splits by
dy = geosha + s, dy = gcosha — s. (9)

The balanced split is s = 0; the conservative (KCL) split is s = gsinha,
giving (dy,ds) = (ge®, ge™®). The symmetrized M, = P 'MP is the sym-
metric tridiagonal with interior diagonal 2¢ cosh «, off-diagonal —g, and end
diagonals dy, ds.



Lemma 6 (decoupling and damping). The eigenvalues of M are those of
M, and the QEP factorizes: for each eigenvalue A of M,

s*°Co+s(go+A) + Lyt = 0. (10)
Put 0 = /Cy/Ly and, for >0, let d(p) = —max{Rs : $>Co +spu+ Ly' =

0}. Then
I

20y’

2
Lo(u+\/p? — 40?)’

which is continuous, increases on (0,20, decreases on [20,00), and satisfies
d(20‘) = Wo- With Hmin = 9o + )\min(Ms) and Hmax = 90 + /\max(Ms);

m = min{d(ﬂmin)v d(:umax)}a (12)
and m = fnin/(2Cy) iff

Hrmin (,Umax + V :u12nax - 402) < 4027 (13)

(automatic when . < 20, i.e. every mode underdamped).

0<p <20,

d(p) = (11)

> 20,

Proof. The roots are s = [—pu £ \/p? —4Cy/Lo)/(2Cy). For p < 20 the
discriminant is nonpositive, so they form a conjugate pair with common real
part —u/(2Cy) (the first branch). For p > 20 they are real and negative;
the larger is [—p + \/p? — 402]/(2C)), and rationalizing its numerator with
02/Cy = 1/Lgy gives the second branch. The two branches agree at u =
20, where d(20) = wy; on (0,20] the rate grows as p, while on [20,00) it
falls as [ + /p? — 402]7". Because d rises and then falls, min; d(y;) over
the spectrum is attained at one of the two extremes fimin, fimax, giving the
stated margin. Equality m = fimin/(2Co) needs pimin < 20 and fiyin/(2Ch) <
d(fmax); clearing the denominator of the latter inequality yields the displayed
condition, which is automatic when every mode is underdamped. The full
derivation is in Appendix C. O

Theorem 7 (stability gap). For the balanced split, in the thermodynamic
limit,

Amin (M) = gsinh o tanh o (14)
while for the conservative split Apnin(Mg) = 0 exactly for every N. For the
balanced split the minimizing vector is a surface state p; < (sech a)'™!,
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Proof. The bulk Toeplitz part has spectrum [§(2 cosh a —2), §(2 cosh a + 2)].
The end diagonals are g cosh a, so a surface state is pulled below the band.
Seeking ; = 27! with |z| < 1, the interior rows give A\ = 2§cosha —
G(z + z7!) and the first row gives gcosha — gz = A, hence z = secha
and Agur = g(cosh o — sech ) = gsinh atanh . For the conservative split,
@; = 071 satisfies M,p = 0 exactly; since ¢ > 0 and M, is a symmetric
Z-matrix, it is a singular M-matrix and 0 is its smallest eigenvalue. See
Appendix C. [

Theorem 8 (passivity gap). For the balanced split, Apin(Her M) = 0 ezactly.
For the conservative split, in the thermodynamic limit,

tanh? o

)\min(Her M) = —dg cosh o m

(15)
Proof. For the balanced split, Her M is gcosh a times the open-chain graph
Laplacian, positive semidefinite with the constant vector in its kernel. For
the conservative split, the soft end supports a state ¢; = 2V~ with z = (1 +
tanh )™ < 1, giving A = —gcoshat?/(1 + ), t = tanha. See Appendix C.

[
Corollary 9 (the two gaps). At the tank resonance wy,
Amin[Her Y (wo)] = go + Amin(Her M),

_ 90 Amin(M) (16)

2C)

The passivity constraint is go > —Amin(Her M) and the stability con-
straint is go > —Amin(Ms): different inequalities. The stability threshold is
—gsinhatanh v (balanced) and O (conservative); the passivity threshold is 0
(balanced) and §cosh atanh® a/(1 4 tanha) (conservative). Both windows
vanish as o — 0, as shown in Fig. 1: a reciprocal chain admits no stable
active regime.

Definition 10 (damping profile). The nonmonotonicity of d is why a sta-
bility budget cannot be read off the conductance alone: a heavily overdamped
mode relazes slowly at ~ 1/(Lou) but can never go unstable, whereas the
mode that can go unstable is always the one with the smallest pu. A conve-
nient design condition ensuring m = finin/(2Cy) i8S pmax < 20, i.e. every cell
underdamped.



(a) stability gap (b) passivity gap

1.6 sinhatanh a (balanced) 7 0.0 SToo
numerics, N=120 ,/ %o og
14 == band edge, 4sinh? (a/2) / -0.11 Soq
o
O KCL split (exactly 0) ,/ og .
12 ’ 0.2 oy
’ . ®
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25 @
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0.4 PLe 05 ©
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skin rate a skin rate a

Figure 1: The two gaps of the nonreciprocal chain. The stability threshold (surface-state
eigenvalue, solid) is strictly below the bulk band edge (dashed), and the passivity threshold
is a separate curve. The two gaps coincide only at the reciprocal point o = 0.

5. Non-Bloch Theory and the Dissipative Cost
5.1. The GBZ and the non-Bloch collapse

For a uniform chain, use the ansatz ¢; < 3* with the reading direction
Ay = Uthir + L, giving

AB)=Yu+UB+ L5~ (17)
The periodic-boundary spectrum is the image of 3 = el*:
k) =Y +Ue* + Le ™, (18)

an ellipse with semiaxes 2gcosha and 2gsinha and area w|L? — U?| =
27G? sinh 20v.

Proposition 11 (GBZ and non-Bloch collapse). The generalized Brillouin
zone [14, 15] is the circle

16 = VIL/U| = €, (19)

and on it the spectrum collapses to the real segment
A=Y —2gcosk, k € [0, 2], (20)

namely the open-boundary spectrum [Y1; — 24, Y11 + 24].
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Proof. For a given \, the two roots of UB? + (Y11 — \)SB + L = 0 satisfy
12 = L/U. The non-Bloch contour is where the two roots have equal

modulus, || = |B|, hence |3] = /|L/U| = €. On it 8 = e%* and
Ue*=Le ® = —§,s0 A\ =Yy +Ue®* + Le e * =Y}, —2Gcosk. The full
derivation is in Appendix D. n

5.2. The bond-level cost: lossless skin and the dissipative bound

We now analyze a single bond, complementing the topological-origin and
biorthogonal descriptions of the skin effect [16, 17]. The three bond-level
results are: lossless skin is impossible; modulus-preserving nonreciprocity is
lossless and carries no skin [18]; and modulus-changing skin has a sharp
dissipative cost.

Theorem 12 (no lossless skin). A lossless bond (Y, = —Y;) is modulus-
preserving: |U| = |L|, hence a = 0.

Proof. A lossless bond satisfies Y})T = —Y}; comparing entries gives U = —L
and L = —U, hence |U| = |L|. The generic lossless modulus-preserving
family is U = —y+iwC,, L = v+iwC, (the reactive gyrator of Theorem 13),
for which YbJr = —Y} holds entrywise. See Appendix D. O

Theorem 13 (modulus-preserving nonreciprocity). The gyrator bond

v, = (3 ‘OV) (21)

15 lossless and modulus-preserving; a reactive gyrator bond

0 —~y+iwCe
Y= (aive.07)
has |U| = |L| and o = 0 but r* = —e*? with ¢ = arctan(wC./7).

Proposition 14 (bond decompositions). A bond with U L < 0 (non-
inverting) admits the decomposition into a gyrator, a floating resistor, and a

split shunt to ground,
0 di —g
Y, = + , 22
b (—7 0) (—g > 22)

with g = gcosha, v = gsinha, and dy = g+ s, do = g — s: the balanced split
(s = 0) gives d; = dy = gcosha, and the conservative split (s = ) gives
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(dy,ds) = (ge*, ge=®). A bond with UL < 0 (inverting) admits the same

decomposition,
0 ~ di —yg
Y, = + , 23
’ (—7 0) <—9 d> )

with g = gsinh a, v = g cosh «; the balanced split gives dy = dy = gsinh a, so
the total shunt D = dy 4+ dy = 2¢ sinh « saturates the bound of Theorem 15.

Theorem 15 (dissipative bound). For a passive modulus-changing bond, the
total shunt conductance D = Rd; + Rdy obeys

D > 2gsinh|a], (24)
and the bound is sharp, with equality for the inverting family.

Proof. The principal minors of Her(Y;) = 0 give Rd; > 0, Rdy > 0, and
Rd,Rdy > |U + L|?/4 (the determinant minor of Her(Y;)). The AM-GM
inequality and the reverse triangle inequality then give D > |U + L| >
L] — |U|| = 2gsinh|a|. The inverting family saturates at D = 2gsinha.
The full proof is in Appendix D. O]

Corollary 16 (dissipation—bandwidth tradeoff). For a passive non-inverting
chain with D fized, the usable bandwidth (in admittance units) is

W = 2D secha. (25)

Proof. Constraint (5) fixes the total shunt of a non-inverting bond at D =
2¢ cosh , and the collapsed open-boundary band (Proposition 11) has half-
width W/2 = 2g. Eliminating ¢ gives W = 2D sech «; see Appendix D. [
6. Boundary and Critical GGain

The sensitivity of the threshold to the boundary and to the non-normality
is the pseudospectral phenomenon analyzed in [19]; here the responsible
eigenvalue can be named.

Theorem 17 (critical gain). For a uniform chain with a positive node shunt
Jpos, the critical negative conductance at the stability boundary is

gflfelgt = Gpos + >\min<Ms); (26)

which for the balanced split is gpos + gsinh atanh o and for the conservative
split is gpos-
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Proof. The net shunt is gy = gpos — gneg; stability requires go + Amin (Ms) > 0,
hence the threshold. The finite size value uses ASQ(MS), which approaches
the thermodynamic value with the surface-state splitting O(e ). See Ap-
pendix E. O

Corollary 18 (weak-skin cost). The margin cost of the critical gain is

gsinha tanha  go?
2Co 20

+ O(a*), (27)

Merit =
which vanishes quadratically in the weak-skin limit.

7. Counting Nonreciprocal Elements

The counting functional is what turns the preceding bounds into compo-
nent counts; we state it precisely. The symmetry classification underlying
the nonreciprocal graph is that of [20, 21].

Theorem 19 (counting bound). The number of nonreciprocal elements re-
quired to realize a network is at least the number of edges of the nonreciprocal
graph,

N > |E(Gyy)|, (28)

and the bound is sharp. The rank heuristic %rank(Y — Y1) is not a valid
functional: it can underestimate the required count by an unbounded factor.
Proof. Each nonreciprocal edge contributes one independent modulus- or
phase-changing bond, so the edge count is a lower bound; the resistor-gyrator
realization attains it. For the star family, | E(Gy,)| = N — 1 while 1 rank(Y —
Y1) = 1, an underestimate by the unbounded factor N—1 (relative error (N —
2)/(N —1) — 1; at N = 18 a factor of 17, or 94.1%). See Appendix F. [J

Remark 20 (the 94% figure, stated precisely). The star family makes the un-
derestimate quantitative. At N =18 one has |E(Gp,)| = 17 while § rank(Y —
Y1) = 1, a factor of 17; the relative error of the rank heuristic is then
(17 — 1)/17 = 16/17 ~ 94%. The two numbers 17 and 1—not a single
“94%7—are what the bound compares, and as N grows the relative error
tends to 100% while the factor N — 1 is unbounded.
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8. Isolation, Gain, and the Gain—Margin Law

8.1. The determinant identity and the isolation law

For a tridiagonal matrix A, the Usmani continuant formula [22] gives the
corner entries of the inverse. Let A have diagonal a;, upper off-diagonal U;,
lower L;, and define the continuant by 6y = 1, 6; = a4y, and 6; = a;6;_1 —
Ui_lLi_lé’i_Q for ¢ Z 2. Then

()N U

(A_l)lN = 7 )
_1)N1NHN1 L. (29)
(a7 = CS i

Giant nonreciprocity at a compact scale is also observed in acoustic cir-
culators [23]; the isolation law below makes the circuit-side scaling exact.

Theorem 21 (isolation law). For a uniform nonreciprocal chain with Ry
terminations,

N-1

o2 = e2oN-1), (30)

Sty U

_ 'Vl‘_%
(A" )1y

Proof. The two-port scattering parameters are proportional to the cor-
ner entries of the inverse node admittance. The Usmani formula gives
(A v /(A )iy = T Li/TL Ui = (LJU)N! for identical bonds, and
|L/U| = e**. See Appendix G. O

:'E

Theorem 22 (throughput, balanced split). For the balanced non-inverting
chain with Ry terminations, in the thermodynamic limit,

4 gsinha Ry*

S pu—
[S21(wo)l (gsinha + Ry')?

(forward), (31)

i.e. a conductance-matching factor AGGr/(G + Gg)* with G = gsinh « the
surface-state conductance and Gr = Ry*; the forward transmission magni-
tude 1s bounded by the passive matching factor; the nonreciprocity appears
only in the isolation ratio.

Proof. The continuant is evaluated in the large-N limit: the end-to-end
transfer is mediated by the surface state, whose port conductance is G =

13



(|L| = |U]|)/2 = gsinha (the residue derivation is given in Appendix G),
and matching it to the port conductance Gr = Ry' gives 4GGr/(G + Gr)?;
the resulting isolation and throughput curves are plotted in Fig. 2. The
imbalanced case is given below. See Appendix G. O

Imbalanced splits. For s # 0, the two end corrections differ, §; # d,, and
the determinant acquires an extra term. Writing 6 = R;' — §cosha, the
large- N continuant factor is

56_’8 2 se‘ﬁ 2
detuMOlAH(H : ) _( : ) , (32)
g g

where here ( denotes the surface-state decay rate (distinct from the GBZ
variable of Section 5.1), so the throughput closed form is exact only for the
balanced split. The throughput predictions in Section 10 (Table 5, group B4)
are all at the balanced split, so the tables quoting Eq. (31) are unaffected,;
groups B1-B3b test other functionals.

Compact nonlinear cells that realize such local active stages [24] provide
the hardware primitive.

Proposition 23 (unilateral gain). A strictly triangular (cascaded) coupling
between stages realizes unilateral gain with per-stage gain

Jstage = 1n(a0/90)7 (33)

where ag is the open-circuit gain of each active cell, and changes no natural
frequency, hence costs no stability margin.

Theorem 24 (internal gain is free but port-locked). The internal mode am-
plification of a nonreciprocal chain is e*N=Y; it does not appear at the ports
unless the network contains negative conductance. A network can have arbi-
trarily large internal amplification at zero stability cost.

Proof. The forward transmission carries the internal gain e*™ =1 but cancels
it against an equal evanescent decay, so |Sy;| remains bounded by the pas-
sive closed form; only a negative conductance (go < 0) makes the net port
transmission exceed unity. See Appendix G. O]
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Figure 2: End-to-end isolation and forward throughput. (a) Isolation versus chain length
N for three values of a: an exact identity, exponential in both length and skin rate, that
survives arbitrary bond disorder. (b) Throughput versus « (thermodynamic conductance-
matching form, Eq. (31), with finite-NV (N = 16) points): it rises to unity at perfect match-
ing, a = arsinh((Rog)™!), and the dotted lines mark the design values o = 0.3,0.6,0.9
(Table 4). The throughput form holds for the balanced split.

8.2. The no-go and the gain-margin law

The parity-time and pseudo-Hermitian lineage |25, 26| frames the no-go;
its modern form and experimental status are reviewed in [27, 28, 29].

Corollary 25 (no port gain for the passive non-inverting family). For the
uniform single-band non-inverting family,

|Sa1(wo)| < 1 whenever gy > 0, (34)

and
|821(u)0)| >1 = gy <O. (35)

Proof. At go = 0 the throughput closed form is a conductance-matching
factor 4GGr/(G + Gr)* < 1 (AM-GM). For gy > 0 the network remains
passive, Her Y (wg) = 0 by Theorem 8, and any passive two-port has |So;| <
1; together these give the bound whenever gy > 0. Exceeding unity requires
go < 0, i.e. negative conductance. The general (non-uniform, multi-band)
statement is the conjecture in Appendix K. 0

Conservative-split reading. For the conservative split, stability already
forces go > 0 (the stability threshold is zero), and passivity forces the stronger
go > gcoshatanh® /(1 4 tanha) > 0; the no-go therefore holds a fortiori
for the conservative family.
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Figure 3: The gain—margin exchange for « = 0.6, N = 16. The port gain rises (a) as
the stability margin collapses (b), both controlled by the negative conductance gneg; the
dashed line marks the finite chain threshold ¢t = 2.676 mS.

neg

Theorem 26 (gain—margin law). The growth of the port gain and the collapse
of the stability margin are two views of one number:

crit
|Sa1(wo)| rises as m = gneg2—cgneg falls, (36)
0

and the gain diverges as m — 0 at the stability boundary.

Proof. Substituting gy = gpos — gneg into the throughput closed form and the
margin m = (go + Amin)/(2Co) shows both are functions of the single variable
Oneg, With the gain diverging as m — 0. See Appendix G. ]

Design implications. The gain-margin exchange is illustrated in Fig. 3.
In the audio band, with Cy = 200 nF' and N = 16, the exchange is directly
actionable. Adding a negative conductance gne, lowers the margin at the
fixed rate 1/(2Cy) = 2.5 x 103s™! per mS, while the port gain rises along
the same line; the chain reaches its stability boundary at ggit = 2.676 mS. A
designer therefore selects the operating point by choosing how much of the
initial margin (m ~ 6.69 x 10° s at gueg = 0) to spend on gain, with no free
parameter between the two. Full component values are given in Section 10.

8.3. Ezact isolation under bond disorder

The disordered construction is the circuit counterpart of the Lyapunov
formulation of band theory [30].
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Lemma 27 (disorder symmetrization). For a chain with arbitrary bonds

Ue, L., define r. = \/L./U. and
Di = Hrea P11 = 1. (37)

e<i

Then P = diag(p;) symmetrizes the node matriz, Y, = P~'Y P, with the
(1,14 1) entry equal to Uer. and the (i + 1,1) entry Le/r. = Ure.

Theorem 28 (isolation exact under disorder). For a chain with arbitrary
bond sequence and Ry terminations,

N-1
821 I I Le 2>
_ = —_— = = Qe 38
512 e Ue € 7 ( )

which depends only on the per-bond fingerprint {a.}, with no uniform-chain
assumption.

Proof. The Usmani formula gives (A1) n1 /(A )1n =[], Le/ [ 1, Ue for arbi-
trary bonds, since the continuant denominator 6 is common to both corner
entries; taking moduli and using |L./U.| = e?** gives the result. See Ap-
pendix G. O

9. Numerical Verification

All closed forms are verified numerically to machine precision (Table 2).
Two scales are used and every row is labeled: norm. uses g = 1, Ry = 1; phys.
uses § = bmS, Ry = 508, Cy = 200nF. The eigenvalue rows are computed
in the normalized scale and the throughput, isolation-slope, critical-gain, and
SDP rows in the physical scale.

The numerical protocol covers chains with N € [8,32] and « € [0,1.0],
and independently checks the isolation, the throughput, the dissipation—
bandwidth tradeoff, the critical gain, and the SDP. The maximum residual
across all checks is at the 10712 level; the finite-size critical gain 2.676 mS
approaches the thermodynamic 2.71mS with the surface-state splitting
O(e ™), k =~ 0.17.
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Table 2: Selected verification of the closed forms (norm.: § =1, Ry = 1; phys.: ¢ = 5mS,
Ry =509). Every row is reproduced by the one-click script in the data package.

scale, setting quantity closed form / value
norm. « = 0.6 Amin (Ms) 0.3419145
norm. o = 0.8 Amin (M) 0.589735
norm. « = 0.8, KCL Amin (Her M) —0.3544002
phys. « = 0.8, N =16 [Sa1(wo)| 0.594708
phys. a = 0.8 isolation slope’  1.600
phys. o = 0.6 isolation slopef  1.200
phys. o = 0.6 SDP optimum  6.37mS
(N)

phys.a=0.6, N=16 g 2.676 mS

KCL denotes the conservative (Kirchhoff-current-law) split. The scattering rows use the
balanced split with gg = 0: the |Sy;| row verifies Eq. (31). fIsolation slope
d[In|S21| — In|S12|]/dN = 2a (Theorem 21). Design predictions for the gain—margin
sweep are given in Section 10.

crit

Table 3: The five experimental groups.

group test

A: reciprocal control (gr = g1 = 5mS) a =0, |S21| = |52
B1: active, conservative (gr = 9, gr = 3mS; dy,ds = = —0.549, Apin =0
3,9mS)

B2: modulus-preserving (22nF || gyrator, v = 24 mS) a=0,p=0.091rad

B3: passive skin, non-inverting isolation + throughput
B3b: inverting, saturates bound D =2gsinha
B4: B3 at o = 0.6 with —gpeg gain—margin

10. Experimental Design

The design targets the audio band, where every component is a through-
hole part and all measurements are within the range of a lock-in amplifier
and a handheld oscilloscope, building on the circuit defect-engineering and
funneling demonstrations of [31, 32]. The reference design uses N = 16,
wo = 2w x 15.92kHz, Cy = 200nF, Ly = 500 uH, Ry = 50€2, and § = 5mS.
Five groups isolate the five phenomena (Table 3); the B3 bill of materials is
in Table 4 and the gain—margin sweep in Table 5.

The sevenfold drop in the first row, from 0.47 at go = 0 to 0.067 at gy =
1mS, is a hybridization effect: the uniform damping 1 mS is comparable to
the surface-state gap gsinh atanha = 1.71mS, so the surface-state channel
hybridizes with the bulk band and the clean conductance-matching picture
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Table 4: Group B3 bill of materials (one bond), non-inverting family.

@ Ryond gyrator v D

0.3 1/(gcosha) =191 1.52mS 10.45mS
0.6 169Q 3.18mS 11.85mS
0.9 140Q 5.13mS 14.33 mS

D is the total shunt conductance per bond (the two node resistors, D = 2§ cosh «); it
excludes the gyrator’s reactive part.

Table 5: Group B4 gain-margin sweep (o = 0.6, N = 16, go = 1 mS — gneg).

gneg [mS|  go [mS] [ S| m (107
0.00 +1.00 0.067 (—23.5dB) 6.69

1.00 0.00 0.47 (—6.5dB) 4.19

2.00 —1.00  6.20 (+15.8dB)  1.69

2.676 —1.676 oo (oscillation) 0

no longer applies.

The measurement protocol uses the bidirectional-injection difference
method: inject at node 1 and fit the decay over ¢ € [0.10N, 0.45N], inject at
node N and fit over i € [0.55N,0.90N], and combine s;, = a — K, sg = a+ K
to obtain exp, = (sz + sg)/2. With M nodes measured to relative accuracy
g, the slope standard error is

B N (39)

VM(M?2—1)

for M =24, e = 1%, 0, = 2.09 x 10~%. The calibration error in the gyrator
transconductance enters a with da/0y = cosha/g (the joint calibration
tanha = YRpong is an identity: with Rponq fixed, 0a/0y = Rypona/(1 —
tanh® o) = Rponq cosh? a = cosh a/§; at fixed § the sensitivity would instead
be secha/g). The high-isolation points (—235dB) are measured indirectly
by the return-loss method or on a shorter N = 8 chain.

11. Conclusion

We have carried positive-real synthesis theory through to the non-Bloch
setting and obtained a design-ready cost map for nonreciprocal electrical
networks. The stability threshold of a nonreciprocal chain is a surface-state
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eigenvalue ¢ sinh a tanh «, strictly below the usually quoted bulk band edge,
and it vanishes for the conservative split; the passivity threshold is a separate
number. A passive modulus-changing bond must dissipate at least 2 sinh |a/,
with bandwidth W = 2D secha. The end-to-end isolation e?*V=1 is an
exact identity that survives arbitrary bond disorder and depends only on
the fingerprint, while port-visible gain requires negative conductance with
a margin cost vanishing as o?. The number of nonreciprocal elements is
bounded by the edge count, not by the rank of the antisymmetric part. A
complete audio-band design with component values and falsifiable predictions
is provided; the measurements are pending and every experimental number
here is a prediction.

Data availability
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Appendix A. Complete derivation of the QEP form

This corresponds to Lemma 1 of the main text.
We derive Y (s) = sC + G + s7'T entry by entry.

Capacitor to ground.. A capacitor of value C' connected between node ¢ and
ground carries current I = sC'V; flowing out of node i. It contributes sC' to
the diagonal entry Y;; and nothing elsewhere.

Bridging capacitor.. A capacitor of value C, connected between nodes ¢ and j
(j = i+ 1) carries current sC.(V; — V;). The current leaving node i is
sC.(V; —V;) and that leaving node j is sC.(V; — V;). Hence the contribution
is +sC, to Yj; and Yj;, and —sC, to Yj; and Y);. Summing over all bridging
capacitors, the capacitive part is sC' where

Ci= Y CI4Chomdis Cij=-CJ (i#7).
j:1j bridged
For any vector x,
2 Cr = Z Cground7i$? + Z C’,ﬁj(:vl- — xj)Q >0,
i i<j
so C = C" = 0; it is a weighted graph Laplacian plus the grounded terms.

Inductor to ground.. An inductor of value L between node i and ground has
impedance sL, so it carries current V;/(sL) and contributes 1/(sL) to Y.
Writing T';; = 1/L; and T;; = 0 for i # j gives ' = I'" = 0 (diagonal with
non-negative entries).

Resistors, gyrators, controlled sources.. These are frequency-independent
(resistive) and contribute a real matrix G: a resistor to ground adds 1/R to
the diagonal; a floating resistor adds the usual Laplacian terms; a gyrator
between 7,7 adds —v to Y;; and +7 to Yj; controlled sources add the
corresponding (possibly non-symmetric) entries.

Collecting terms,

Y(s):stLG—i-éF.

The natural frequencies are the values of s for which the homogeneous prob-
lem Y (s)V = 0 has a non-trivial solution. Multiplying by s (legitimate since
s = 0 is not a root when I' is non-singular),

(s°C+sG+T)V =0,
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a quadratic eigenproblem whose roots satisfy det(s*C' + sG + T') = 0. This
completes the proof.

Appendix B. Why existence is cheap

This corresponds to Proposition 4 of the main text.
We show that every finite fingerprint presented by a stable network in
Nact(myg) is realizable, by assembling four classical facts, one per element

type.

1. Positive-real driving-point admittances. A rational matrix Y (s) is pos-
itive real iff (i) every element is analytic for Rs > 0, (i) Y (5) = Y (s),
and (iii) HerY'(s) = 0 for ®s > 0. Brune’s one-port theorem realizes
any positive-real scalar admittance by a passive RLC network plus
ideal transformers; the Youla—Tissi and Newcomb multiport extensions
carry this to matrix-valued admittances using ideal gyrators to handle
the reactive, modulus-preserving part.

2. Arbitrary skin rate. Given a desired o and scale g, the resistor—
gyrator bond (Proposition 14) realizes any non-inverting bond with
U= —ge *, L = —ge* using one gyrator, one resistor, and a split
shunt—finitely many components for any finite a.

3. Unilateral gain. A strictly upper-triangular inter-stage coupling V; 11 =
a;V; has no feedback path; it does not enter the diagonal of the node
matrix and therefore does not shift any natural frequency, and cascaded
stages realize arbitrary gain at the cost only of the per-stage supply.

4. The margin is the binding resource. The one quantity that cannot
be removed is the stability margin: once negative conductances are
present, Rs is bounded below by the formulas of Appendix C, and the
margin constraint m > my is the only restriction on the active class.

Assembling items 1-3 realizes the fingerprint; item 4 is the single binding
constraint. Hence existence is cheap and the cost map is the content of the
theory.

Appendix C. Complete proofs for the two gaps

Appendiz C.1. The uniform-chain reduction (Lemma 5)

For identical bonds with U, L < 0, |U| = ge~?, |L| = ge“. The node ma-
trix is Y (w) = [go+i(wCo—1/(wLo))|I + M, where M is real and tridiagonal.
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The interior diagonal is |U| + |L| = 2gcosh« (the two bond conductances

both flow out of an interior node), the off-diagonals are U and L, and the

end diagonals dy, dy obey dy + dy = |U| + |L| (the floating-bond constraint).
Set P = diag(r'™1), r = \/L/U (here r = ¢* > 0 since U, L < 0). Then

M,=P'MP

has (i,i+1) entry Ur = —ge~%e* = —g and (i+1,4) entry L/r = —ge®e * =
—¢; hence M, is symmetric tridiagonal with interior diagonal 2g cosh «, off-
diagonal —g, and end diagonals d;,d,. Because P is diagonal with positive
real entries, M and M, have the same eigenvalues, and the eigenvectors are
related by v = P.

Appendiz C.2. The damping function (Lemma 6)
For an eigenvalue A of M (hence of M), the QEP for that mode is

1
8200 + 8(90 + )\) + —=0.
Lo

Write = go + A and 0 = /Cy/Lg. The roots are

 —pE N p2—A4Cy /Ly —pE N p? — 4o?

2C, N 20,

S+

Underdamped case 0 < p < 20: the discriminant is non-positive, so s. =

—u/(2Cy) £ iy/40?% — 12 /(2C) and maxRs = —p/(2Cy), giving d(p) =
1/ (2Cy).

Overdamped case p > 20 the roots are real. The larger (less negative) is

nt P

5+ 20,

Rationalizing,

—2 —2
Sy = :
T Go(p ViR —40?)  Lo(u+ /2 — 40?)
where 0% /Cy = 1/Lo was used. Hence d(p) = 2/[Lo(p + /1% — 40?)].
Continuity and monotonicity. At pu = 20 the first branch gives d =
0/Cy = 1/4/CoLy = wy and the second gives 2/(Lg - 20) = 1/(Loo) = wo;
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the branches join. The first branch has d' = 1/(2Cy) > 0. For the second,
differentiating shows d decreases (the denominator u+ +/p? — 402 is strictly
increasing), so d increases on (0, 20| and decreases on [20, 00), with d(20) =
wo-

The slowest mode is the one with the smallest d, hence

m= min{d(#min)a d(ﬂmaX)}'

The underdamped formula m = pmin/(2Cy) holds exactly when d(pimin) <
d(fmax)- Since d is increasing up to 20 and decreasing after, this is equivalent
to the stated condition

Hmin (,umax + V :uIQnax - 402) < 402,

automatic when pin.x < 20, i.e. every mode underdamped (then d(fimax) =
fmax/(2Co) and the condition reduces to fimin < fimax)-

Appendiz C.3. The stability gap (Theorem 7)

Balanced split.. The bulk (Toeplitz) part of Mj is the infinite tridiagonal with
diagonal 2¢g cosh a and off-diagonal —g. Its spectrum is 2¢g cosh o — 2g cos k,
ie. [g(2cosha — 2), g(2cosha + 2)].

The end diagonals for the balanced split are d; = dy = g cosh o, which
differ from the bulk diagonal 2g cosh «, so a surface state can be pulled below
the band. Seek a normalizable mode ¢; = 2"~ with |z| < 1. The interior
rows (i > 2) require

N =2gcosha 27t — g2' — §272,

hence
A =2gcosha — g(z+271).

The first row (i = 1) requires
A=d; — gz = gcosha — gz.
Equating the two expressions,
2gcosha — g(z+ 271) = geosha — gz,

so gcosha = gz, giving 2 = secha (indeed 0 < secha < 1 for a > 0).
Substituting,

Asurf = gcosha — gsech a = g(cosha — sech a).
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Using cosha — secha = (cosh®’a — 1)/cosha = sinh®a/cosha =
sinh o tanh o,
Asurf = ¢ sinh atanh «v.

This is below the band edge §(2cosha — 2) by

(cosha — 1)2

>0
cosh «

g >0,
which is O(a*); hence the surface value is the true minimum and is strictly
smaller than the bulk band edge.

«

Conservative split.. Here di = ge®, dy = ge~®*. We claim ¢; = ¢~ is an

exact zero mode. Check the first row:
(Mgp)r = dipr — Gpa = ge® — ge” = 0.
For an interior row,
(Mp); = e (2g cosh o — ge® — ge™*) = 0.

The last row vanishes by the symmetric calculation. Thus Myp = 0 with
¢ > 0. Since M, is a symmetric Z-matrix (non-positive off-diagonals) with
a positive null vector, it is a singular M-matrix; all its other eigenvalues are
non-negative, so Apin (M) = 0 exactly.

Appendiz C.4. The passivity gap (Theorem 8)

Balanced split.. For the balanced split, Her M = g cosh & Lopen, Where Lopen
is the open-chain graph Laplacian with diagonal 1 at the end nodes and 2 at
interior nodes, off-diagonal entries 0 at the ends and —1 inside; the constant
vector 1 is in the kernel, Lypenl = 0. Hence Her M > 0 and A, (Her M) = 0.

Conservative split.. The soft end supports a state localized at the 1-end.
Seek ; = V77 with 0 < 2z < 1 (localized at node 1; the indexing mirrors
the surface-state calculation). The end-row and interior equations give, with

t = tanh a,
1 t?
z2=—) A= —gcosha .
1+1 1+1¢

Indeed, substituting z = (1+¢)~! into the continuant relation z+ 27! = 2++¢
and the end condition yields A = —g cosh at?/(1+t), which is negative. This
is the minimum eigenvalue of Her M, completing the proof.

28



Appendix D. Non-Bloch theory and the bond-level cost

Appendiz D.1. The GBZ and the non-Bloch collapse (Proposition 11)
Use the ansatz v; oc 8¢ with the reading direction \p; = Uty + Lap;_y.
Substituting 1; = 3¢ gives

ANB) =Y +UB+ LA~

Periodic spectrum. For B = e*,

k) =Yy, + Ue* + Le ™.
Write U = —ge™®, L = —ge® (the non-inverting parametrization). Then
Ak) =Yy — g(e e + e%e ).

The real part is Y11 — g(e=* 4+ e%) cos k = Y13 — 2g cosh a cos k and the imagi-
nary part is —g(e~® —e“)sink = —2¢sinh asin k (up to the overall sign), so
the image is an ellipse with semiaxes 2g cosh a and 2gsinh .. Its area is

7(2§ cosh a)(2g sinh o) = 27§* sinh 2o = 7| L* — U?|,
since L? — U? = g*(e*™ — e 2*) = 2¢? sinh 2a.
The GBZ. For a given A, multiply the dispersion by 3:
UB*+ (Yin —A)B+ L =0.

The two roots (1, f2 obey
L
B1P2 = U

The non-Bloch contour is the locus on which the two roots have equal mod-
ulus (the condition that the two partner solutions decay/grow at the same
rate), | 51| = |B2|. Hence

181> = |16a| = |L/U], ’5|:\/m:€a'
On the GBZ, B = e®e*. The key substitution is
Ue* = —ge “e” = —g, Le ™ = —ge“e “ = —.
Therefore
A=Yy +Ue* + Le e =Y}, — g(e* + e ) =Yy, — 2jcosk,
a real segment [Y1; — 2¢, Y71 + 2g], which is the open-boundary spectrum.
This completes the proof.
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Appendiz D.2. No lossless skin (Theorem 12)

A lossless bond satisfies Y})T — —Y}; comparing entries gives U = —L and
L = —U, hence |U| = |L] and a = 0. The generic lossless modulus-preserving
family is U = —y+iwC,, L = v+iwC, (the reactive gyrator of Theorem 13),
for which YbT = —Y, holds entrywise. A lossless bond cannot change the
modulus.

Appendiz D.3. Modulus-preserving nonreciprocity (Theorem 13)

The ideal gyrator has ¥, = (1 /) with U = —v, L =1, s0 [U| = |L| = v
and o = 0; it is lossless (YbJr = —-Y,). Adding a bridging capacitor C, gives

iwC,  —y+iwC,
Y, = : : )
v+ iwC, iwC.,
whose off-diagonals have |U| = | = v+ iwC.| = \/7? + (wC.)?2 = |L],s0 a =0
but L +iwC
TQIEZ_—z—;ZC’Z = —¢%l¥, gozarctanw =.

The bond is nonreciprocal in phase (r? # 1) but modulus-preserving.

Appendiz D.4. The bond decompositions (Proposition 14)
Non-inverting family (U,L < 0). Set g = gcosha, v = gsinha. De-
compose the bond into a pure gyrator and a floating resistor carrying a split

shunt,
0 N (d —9\_( & -9
- 0 —g dy —-y—g dy J°

The off-diagonals are y—g = g(sinha—cosha) = —ge=* = U and —(y+g) =
—g(sinh v + cosha) = —ge® = L, as required (with the bond convention
U=Yii1=—ge L=Y;11; =—ge"). The shunts satisty d; + dy = 29 =
2g cosh ar, and the split parameter s gives dy = g + s, do = g — s: balanced
(s = 0) gives d; = dy = gcosha, conservative (s = ) gives (di,ds) =
(ge®, ge™).

Inverting family (UL < 0). Set g = gsinha, v = gcosha. Then

<0 ’Y)+(d1 —g):( dy 7‘9)
-y 0 —9 dy Y=g d2 )’

with off-diagonals v — ¢ = g(cosha — sinha) = ge™* > 0 and —(y + g) =
—ge® < 0, i.e. UL < 0; the balanced split gives d; = dy = g = gsinha, so
D = d; 4+ dy = 2¢ sinh a saturates the bound of Theorem 15.
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Appendiz D.5. The dissipative bound (Theorem 15)

Passivity of the bond, Her(Y;) = 0, requires the leading principal minors
to be non-negative:
%dl 2 0, %dQ Z 07

and the 2 x 2 determinant minor gives

By AM-GM,
D = Rd; + Rdy > 2v/Rd;Rdy > |U + L.
The reverse triangle inequality gives
U+ LI > (|| - |U]].

In the non-inverting parametrization (U, L real and negative, U-+L = U+L <
0) the constraint dy +dy = —(U + L) reads D = —R(U + L) = |U + L|, so

D > ||L| = |U|| = g(e* — e™®) = 2gsinh|a.

Sharpness. For the inverting family, U = —ge™, L = +ge® and the
bond shunts are dy = dy = gsinha (the balanced inverting split), giving
D = 2gsinh a with equality. Hence the bound is sharp.

Appendiz D.6. The dissipation—bandwidth tradeoff (Corollary 16)

For a non-inverting bond the constraint dy + dy = —(U + L) fixes the

total shunt at D = 2gcosha (Proposition 14), while the collapsed open-
boundary band [Y}; —2g, Y11 +2g| (Proposition 11) has half-width W/2 = 23.
Eliminating g,

W =4g = 2(2g cosh a) secha = 2D sech a.

Equivalently, for fixed D the largest skin rate compatible with the passive
window has half-width W/2 = D sech a.
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Appendix E. The critical gain

With a positive node shunt g,,s and a distributed negative conductance
Oneg; the met shunt is gy = gpos — gnes- The stability condition is gy +
Amin(M) > 0 (the underdamped formula of Lemma 6, which applies at the
design point). The boundary is

9pos — ggf;gt + )\min(Ms) = 07

hence

gg?gt = Gpos + Amin(M;).
For the balanced split Api,(M,) = gsinhatanha and for the conservative
split Amin(Ms) = 0. At finite N, )\Eﬂr)l(Ms) differs from the thermodynamic
value by the surface-state splitting, which is O(e™*) (the surface mode hy-
bridizes with its reflected partner); the margin cost is

gsinhatanha g
2Co 20y

(o 4+ 0(a")),

Merit =
using sinh o tanh @ = o + O(a?).

Appendix F. The counting bound

Each nonreciprocal edge of the target graph must carry one independent
bond that is either modulus-changing (class G) or phase-changing (class C); a
single two-terminal component cannot realize two independent edges. Hence

Nne > | E (G-

The resistor-gyrator realization uses exactly one gyrator (and one resistor)
per nonreciprocal edge, so the bound is attained and sharp.

To see that the rank heuristic fails, consider the star with N leaves all
coupled to one center through nonreciprocal bonds of the same handedness.
Then Y —Y™ is non-zero only on the N leaf rows/columns but all the antisym-
metric entries share the single center degree of freedom; the antisymmetric
matrix has rank 2 (one pair of non-zero singular values), so

Lrank(Y —Y") =1,

whereas

|E(Gnr)| =N-1L
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The underestimate is the factor N — 1, which is unbounded as N grows; the
relative error is (N — 2)/(N — 1) — 1. At N = 18 the factor is 17 and the
relative error is 16/17 ~ 94.1%. Rank is not a realizability functional.

Appendix G. Isolation, gain, and the gain—margin law

Appendiz G.1. The Usmani continuant
Define 0y = 1, _; = 0, and

0; = a0;—1 — Ui_1L;_10;_5.
The Usmani formula gives

(A_l)lN _ (_1) - Hz:I Ui) (A_l)Nl _

(~D)N IS L
On '

On

These follow by cofactor expansion: the (1, V) cofactor is the determinant of
the matrix obtained by deleting row N and column 1, which is (up to sign)
the product of the upper off-diagonal entries, since the remaining matrix is
strictly upper triangular.

Appendiz G.2. The isolation law (Theorem 21)

Under the two-port scattering normalization with R, terminations, S5 is
proportional to (A™')y; and Sy5 to (A7');x. Taking the ratio, the common
denominator # and the sign factors cancel:

wotite- ()

U
for identical bonds, and

521

=L UN—l 26204(]\/'—1).
)y

Appendiz G.3. The throughput (Theorem 22, balanced split)

For the balanced split, the large-N continuant is evaluated by noting
that the end-to-end transfer is mediated by the surface state, whose conduc-
tance is G = gsinha (the surface-state value of Theorem 7, not the bulk
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value §cosha). Matching G to the port conductance Gr = Ry ' gives the
conductance-matching factor

S ()| 4GGR 4gsinha Ry*
w, = =
20 (G+Ggr)? (gsinha+ Ry"?’

the forward throughput; it equals unity at perfect matching (G = Gg) and
vanishes as o — 0 (a reciprocal chain has no surface-state conductance). For
an imbalanced split (s # 0), 5 =6 + s, 6o = d — s with § = R;' — gcosha,
and

det(I + Ag'A) — (1+3e77/9)" — (s /)",

because the product (1+d1e7/§)(1+6e77/9) = (1+6e7/§)* — (se™?/§)>.

Appendiz G.4. Unilateral gain (Proposition 23) and internal gain (Theo-
rem 2/4)

A strictly triangular coupling has zero diagonal and does not enter the
characteristic polynomial, so it shifts no natural frequency. The per-stage
voltage gain of a cascaded stage terminated by conductance gy and driven
through conductance ag is gstage = In(ao/go)-

The internal mode amplitude is e*™ =Y (the eigenvector envelope), but
the forward transmission multiplies this by the evanescent decay of the port-
to-mode coupling, which is e=*™V=1 50 the two cancel and |Sy | is bounded
by the passive closed form; only gy < 0 (negative conductance) makes the
net port transmission exceed unity. Internal gain is free but port-locked.

Appendiz G.5. The no-go (Corollary 25) and the gain-margin law (Theo-
rem 26)

For the uniform single-band non-inverting family, the throughput is
bounded by unity whenever gy > 0; hence |Sy(wp)] > 1 = go < 0. The
gain—margin law follows by substituting gy = gpos — gneg into the throughput
and using .

m — Jgo + Amin _ gflrelgt - gneg'
200 200 ’

as m — 0 the throughput denominator vanishes and the gain diverges.
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Appendiz G.6. Isolation under disorder (Lemma 27, Theorem 28)

For arbitrary bonds define 7. = \/L./U. and p; = [[,_,7e (p1 = 1). With
P = diag(p;), the (i,7+ 1) entry of P~'Y P is U,r, and the (i + 1,4) entry is
L./re = Ucre; the matrix is symmetrized. The Usmani formula for arbitrary

bonds gives
(AN TleLe HE
@ ILG Lo

since fy is common. Taking moduli,

S21 2
| = Le Ue:e 250@7
5| = TLIL/v

which depends only on the fingerprint {a.} and is exact for arbitrary bond
disorder.

Appendix H. Disorder: stability and throughput functionals

Theorem 28 settles the isolation functional under disorder. The other two
functionals do not generalize so cleanly; we record what is proved and what
is not.

Conjecture H.1 (two-sided bound on the stability functional). Let the chain
have arbitrary bonds with per-bond a. and node shunt gy, and let My be the
symmetrized node matrix of Lemma 27. Then

min g sinh o tanh e < Apin(Ms) < max g sinh a, tanh v, (H.1)
e e

with the lower bound attained (up to the terminal splitting) by the bal-
anced split on every bond and the upper bound by the bond with the largest
Je sinh o, tanh ..

Status of the estimate (not a proof). The bound (H.1) is not established
and is therefore stated as a conjecture. The interior 2 x 2 bond block of the

balanced uniform chain is
2g cosh -3
—g 2gcosha )’

whose eigenvalues are §(2cosha F1)—for g = 1,a = 0.6 these are 1.371 and
3.371—and the lower one is not the surface value gsinhatanha = 0.342.
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Theorem 7 is a half-infinite-chain (surface-state) statement and cannot be
applied bond by bond; neither Gershgorin discs through the end rows (which
give only Apin > g(cosha — 1)) nor Cauchy interlacing yield (H.1). The
estimate is supported by the numerical scans of Section 9; the uniform case
is proved in Theorem 7.

Conjecture H.2 (Lyapunov stability functional). For an arbitrary bond se-
quence there is a diagonal Lyapunov function P = diag(p;) with the explicit

candidate
L\2
n=T1(5)

e<i

the cumulative geometric mean of the bond ratios (it reduces to the uni-
form similarity p; = e*U~Y of Definition 3 when every bond is identical),
such that Ay, (PY2M,P~Y2) is monotone in the a. and reproduces (H.1)
as its extremal values; the throughput functional is then bounded between the
throughputs of the uniform chains with amin and qpay.

This proposal is the circuit instance of the Lyapunov formulation of band
theory for disordered non-Hermitian systems of K. Sun and H. Hu, where
a diagonal similarity built from the local hopping ratios (a matrix gauge
field) plays the same role; the precise correspondence and the disordered-
throughput consequence are left for future work. The closed-form throughput
rests on the Toeplitz continuant, which has no clean matrix analogue for non-
identical bonds; the disordered throughput is therefore open and, pending the
Lyapunov construction, bounded rather than exact.

Appendix I. Joint passivity and the topology tax

Theorem 15 is a per-bond statement. A network can be jointly passive
(HerY = 0) without every bond being individually passive, and that is pre-
cisely how a topology other than the chain might lower the total dissipation.

Definition I.1. A realization is jointly passive if Her Y > 0; it is per-bond
passive if Her Y}, = 0 for every bond. Joint passivity is strictly weaker.

Proposition 1.2 (the joint-passivity program is an SDP). Let the bond
splits s. be the free real parameters, with M(s) = M(0) + >__s.B.. Then
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Her M (s) = Her M(0)+) . s. Her B, is affine in s, the constraint Her M (s) >
0 s a linear matrix inequality, and

SRicint msin Z(?Rdle + Rdye) s.t. Her M(s) =0 (L.1)
s a semidefinite program. Its optimal value is a convex function of the data,
and the passivity threshold g5 (s) = —Amin(Her M(s)) is convez in s.

Proof. Affineness is immediate from M (s) = M(0) + >, s.B. with B, the
elementary symmetric perturbations; the objective is linear in s. Hence (I.1)
is an SDP and the optimal value is convex. Since A, of an affine matrix
family is concave, —Api,(Her M(s)) is convex. O

Claim 1.3 (topology tax). Let RIO™(T; G) be the optimal value of (1.1) for

diss

a realization of the fingerprint U on a graph G. Then the chain is optimal:
RO chain) < RO G for every G, (I.2)

diss diss
i.e. a non-chain topology pays a non-negative topology tax.

Argument. A graph with cycles adds closed loops to the node matrix. Each
independent loop is a constraint that the loop sum of bond voltage drops
vanishes; a passive floating bond cannot source a loop, so the loop constraint
can only be met by increasing the dissipative part of at least one bond in
the loop, which raises the objective. Adding edges without adding cycles
(a tree) does not change the fingerprint’s realizability and does not lower
the objective below the chain’s. The statement (I.2) is the convexity of the
SDP optimum under the addition of such constraints; it is not claimed as a
theorem for arbitrary graphs with active bonds, where a loop can in principle
be sourced.

For N = 16, a = 0.6, § = 5mS the SDP returns 6.37 mS, exactly equal
to the per-bond value 2¢ sinh a = 6.37mS: on the chain, joint passivity buys
nothing over per-bond passivity, and the chain is the topology that saturates
the bound. A ring of the same fingerprint returns a strictly larger objective,
the topology tax being positive. O]

Appendix J. Matrix chains: multi-band fingerprints

We generalize the three sharp results to chains whose bonds are M x M
blocks.

37



Theorem J.1 (synthesizable two-band fingerprints). Consider a two-band
Bloch Hamiltonian H (k) = Hy+ Ue™* + Lel* with 2 x 2 blocks. A circuit re-
alization with passive intra-cell elements and floating nonreciprocal inter-cell
bonds exists iff (i) the intra-cell block Hy is positive-real-realizable, and (ii) the
inter-cell blocks satisfy the per-bond floating constraint, i.e. each admits the
resistor—gyrator decomposition of Proposition 14 in the non-inverting family.
The generalized Brillouin zone is the locus where the inter-cell determinant

vanishes, .
det(L + Uet — )\I) =0,

combined with |e*| = |B| # 1 (complex k, the non-Bloch contour), which
is the two-band curve; the single-band circle radius there is \/|L/U| = e®,
exactly as in Proposition 11.

Theorem J.2 (matrix isolation inequality). Let a chain have invertible M x
M bond blocks {U,, L.} and Ry terminations. Then

521

512

N—-1
< oman (LeUZY) = 8 2™ = S (LU ), (3.1)

N | —

e=1

with equality when the U, L, commute (simultaneously diagonalizable), in
which case (J.1) reduces to the scalar law eigenchannel by eigenchannel.

Proof. The block P-similarity with p; = []__;(L.U, )2 (an ordered product
of matrix square roots) symmetrizes each bond up to the non-commutativity
of L, and U,; the residual asymmetry is bounded by the ratio of singular val-
ues, and the sub-multiplicativity of o, along the chain gives (J.1). Equality
holds when all blocks commute, since then the matrix square roots diagonal-
ize simultaneously and the argument of Theorem 28 applies per channel. [

Proposition J.3 (per-cell dissipative bound). Let a unit cell contain a set
B of floating bonds. Then the cell’s dissipative cost obeys

Deat > Y 2ge sinh |, (J.2)

eeB

with equality when every bond is in the inverting family and balanced.

Proof. Sum the per-bond bound over the bonds of the cell; each term is
independent because the bond’s dissipative part is a 2 x 2 principal block of
HerY. L]
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Appendix K. A conjecture on the universal no-go

Conjecture K.1 (no free port gain, general fingerprint). For any fingerprint
[ realizable by a passive network, the port-visible gain satisfies |Sa1(wo)| < 1;
equivalently, |Sa1(wo)| > 1 implies the realization contains negative conduc-
tance. The one-dimensional instance s Corollary 25; the general statement
would require a matriz Lyapunov function and is not proved.
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