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Virtual Contact Loop: Performance-Oriented
Cartesian Impedance Synthesis for Robotic

Manipulators
Changjun Li, Fei Zhao*, Tao Tao, Xuesong Mei, and Hu Shi

Abstract—Cartesian impedance control is widely used to reg-
ulate physical interaction between robots and their environ-
ments. However, the conИguration-dependent inertia and strong
coupling of Cartesian dynamics make the systematic design of
damping and stiЗness matrices challenging. This paper proposes
a performance-oriented Cartesian impedance synthesis method
based on a virtual contact loop, termed VCL-IS. The virtual
loop tracks the theoretical response of a desired impedance over
a prescribed frequency range, converting impedance design into
a weighted generalized-plant optimization problem. The synthesis
objective combines weighted H2 and H∞ performance with the
negative spectral abscissa to balance compliance, aggregate ro-
bustness, and asymptotic convergence. Two- and six-dimensional
simulations demonstrate that VCL-IS exploits dynamic coupling
to achieve larger compliant displacements with low overshoot
at comparable response speeds. The optimized damping and
stiЗness matrices exhibit interpretable modal relationships with
the target bandwidth. For conИguration-dependent inertia, a
common quadratic Lyapunov analysis yields a suКcient ad-
missible interval for time-varying modal frequencies, which is
enforced in an SAC-based adaptation policy. Physical-robot ex-
periments further show closer agreement between theoretical and
measured six-dimensional responses than the baseline methods.
These results support VCL-IS as an interpretable framework
for performance-oriented synthesis and time-varying extension
of coupled Cartesian impedance.

Index Terms—Cartesian impedance control, virtual contact
loop, performance-oriented impedance synthesis, coupled MIMO
systems, H2/H∞ performance, time-varying impedance, Lya-
punov stability.

I. INTRODUCTION

Impedance control regulates physical interaction between
a robot and its environment by shaping the dynamic rela-
tionship between end-eяector interaction forces and motion
deviations. It enables a robot to exhibit prescribed mechanical
behavior during contact with uncertain environments [1]–[3].
Research on Cartesian stiяness control, compliant motion,
and hybrid force/position control has established important
foundations for physical robot–environment interaction [2],
[3]. Operational-space dynamics further provide a systematic
description of end-eяector motion and interaction forces, while
revealing the dependence of Cartesian inertia on robot conѐg-
uration and the Jacobian matrix [4], [5].
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Despite its broad use, Cartesian impedance parameteriza-
tion remains challenging. The Cartesian dynamics of a robot
constitute a conѐguration-dependent, strongly coupled MIMO
system. The desired impedance model is deѐned as follows:

Fext (C) = �3
¥Δx(C) +D3

¤Δx(C) +K3Δx(C),
Fext (B) = Z (B)Δx(B),
Z (B) = �3B

2 +D3B +K3 .

(1)

Here, �3 , D3 , and K3 denote the desired inertia, damping,
and stiяness matrices, respectively, and Δx is the equilib-
rium displacement induced by the external force Fext. For
controller simpliѐcation, the desired Cartesian inertia is often
selected to match the actual Cartesian inertia. The inertia
matrix is symmetric positive deѐnite, and its oя-diagonal
entries represent dynamic coupling among translational and
rotational degrees of freedom. Consequently, an external force
applied along one Cartesian direction may induce motion in
several directions, while the response along that direction may
also be aяected by impedance parameters in other directions.
The matrices �3 , D3 , and K3 should therefore be designed
as complete symmetric positive-deѐnite matrices rather than
by independently tuning multiple single-input–single-output
(SISO) channels [4]–[7].

Conventional impedance-design methods generally pre-
scribe modal frequencies and damping ratios in advance.
Such parameterizations do not directly express task-level, mul-
tidimensional interaction objectives. In practical interaction
tasks, impedance design must balance compliance, transient
response, convergence speed, and robustness against external
disturbances, model errors, and parameter variations. These
properties are mutually coupled, and no single performance
measure is suђcient to characterize the overall interaction
behavior.

To address this issue, this paper proposes a virtual-contact-
loop-based impedance synthesis method, termed VCL-IS. The
method constructs a virtual feedback loop that tracks the theo-
retical response trajectory of a candidate impedance under an
external contact force. By selecting the virtual-loop bandwidth
appropriately, the virtual closed-loop response approximates
the desired impedance response over a prescribed frequency
range. This establishes a mapping between impedance param-
eters and a virtual control system, transforming impedance de-
sign into a performance-optimization problem for a weighted
generalized plant. The weighted H2/H∞ performance is used
to evaluate and optimize compliance and aggregate robust-
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ness, whereas the negative spectral abscissa characterizes the
asymptotic convergence rate. Their combination provides a
uniѐed framework for balancing compliance, convergence, and
aggregate robustness.

The Cartesian inertia of a robot varies with its conѐguration,
so impedance synthesis must also be extended to time-varying
systems. Time-varying damping and stiяness introduce addi-
tional stability issues: stability of each frozen-time impedance
model does not by itself guarantee stability of the overall time-
varying system [8]–[12]. Based on the structured damping and
stiяness spectra identiѐed in the ѐxed-inertia synthesis, this
paper develops a time-varying impedance parameterization
and derives a suђcient modal-frequency constraint using a
common quadratic Lyapunov function. The constraint is incor-
porated into a Soft Actor–Critic (SAC) policy to generate time-
varying impedance parameters while respecting the derived
stability bound [9], [13]–[18].

The main contributions are summarized as follows:
1) A coupled Cartesian impedance synthesis method based

on a virtual contact loop is proposed. The mapping
between candidate impedance parameters and the virtual
closed-loop system provides a uniѐed framework for
performance-oriented design of coupled MIMO systems.

2) An interaction-performance evaluation and optimization
criterion is established. The weighted H2/H∞ perfor-
mance of the generalized plant and the negative spectral
abscissa are combined to balance compliance, asymp-
totic convergence, and aggregate robustness.

3) The empirical structure of the optimized impedance
matrices is analyzed using two- and six-dimensional
coupled-system simulations. Directional trends of the
damping and stiяness spectra with respect to the design
bandwidth are identiѐed.

4) A time-varying extension is developed. A common
quadratic Lyapunov function yields a suђcient admissi-
ble range for the modal frequencies, which is imposed
on an SAC policy. The practical impedance realization
is evaluated on a seven-degree-of-freedom robot.

II. RELATED WORK
Impedance control shapes physical interaction between a

robot and its environment by deѐning the dynamic relationship
between interaction force and motion response [1]. Early
studies on Cartesian stiяness control, compliant motion, and
force control established the foundations of robot contact
interaction [2], [3]. Operational-space dynamics subsequently
provided a uniѐed description of end-eяector motion and
force [4], [5]. For coupled MIMO systems, previous research
has considered matrix impedance parameterization, dynamic
decoupling, passivity, and robot–environment interaction sta-
bility [6], [7], [19], [20]. Nevertheless, determining impedance
matrices that achieve a suitable balance among compliance,
convergence, and aggregate robustness remains an important
design problem.

Several approaches have been proposed to construct coupled
Cartesian damping and stiяness matrices. Factorized coupled
impedance conѐguration (FAC) uses inertia-matrix factoriza-
tion and prescribed modal parameters to construct coupled

damping and stiяness matrices. The double-diagonalization
(DD) approach employs a diяerent matrix expression for
damping while retaining a structured stiяness parameteriza-
tion. These methods can produce symmetric matrices with
nonzero oя-diagonal entries, but their parameters are still
primarily determined by prescribed modal frequencies and
damping ratios [6], [19]. Saldarriaga et al. analytically se-
lected Cartesian damping-matrix elements through joint-space
vibration analysis to suppress selected vibration modes while
preserving the desired Cartesian dynamic response [21]. For
redundant robots performing constrained tasks, Lachner et al.
shaped task impedances according to time-varying inertial
properties and virtual constraints, with a damping design that
preserves passivity and the desired task-space behavior [33].
Cartesian diagonal impedance (DCI) and diagonalized Carte-
sian impedance (dDCI) are used as diagonal baselines, with
diagonal parameters assigned in the Cartesian frame and an
inertia-related coordinate frame, respectively. Related work on
Cartesian impedance and operational-space parameterization
provides the theoretical background for these baselines [4], [6],
[7], [19]. Although straightforward to implement, predeѐned
coordinate directions or transformed diagonal parameteriza-
tions may not fully exploit the design freedom of a generally
coupled impedance matrix.

From the viewpoint of control-system performance, the H2

and H∞ norms provide complementary measures of energy-
related response and worst-case input–output gain, respec-
tively. Generalized plants and weighting functions can be used
to describe multiple performance channels in a uniѐed manner.
Related studies have applied robust control, linear matrix
inequalities (LMIs), and `-synthesis to robot impedance and
interaction control; these studies and standard multivariable
robust-control references provide the relevant background
[22]–[28]. In this paper, additive impedance-parameter mis-
match is represented as an equivalent disturbance input. The
perturbed and nominal impedance equations are written as
follows:

(�3 + Δ�) ¥Δx + (D3 + ΔD) ¤Δx
+ (K3 + ΔK)Δx = Fext + Fdis,

�3
¥Δx +D3

¤Δx +K3Δx = Fext + Fdis − FΔ = Fext + F +
dis.

(2)
The equivalent force mismatch is deѐned as follows:

FΔ = Δ� ¥Δx + ΔD ¤Δx + ΔKΔx, F +
dis = Fdis − FΔ.

Thus, external disturbances and impedance-parameter mis-
match can be incorporated into a common disturbance chan-
nel. Their attenuation is referred to as aggregate robustness
throughout this paper. This deѐnition does not distinguish
the individual contribution of each uncertainty or disturbance
source.

The asymptotic convergence rate is another important con-
sideration in impedance design. For a continuous-time state-
space system, the spectral abscissa is the largest real part
among the eigenvalues of its state matrix. Its negative is
deѐned here as the negative spectral abscissa:

U = −max
8

Re[_8 (A3)] . (3)
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Here, A3 is the state matrix of the desired impedance system.
The system is asymptotically stable if U > 0, and a larger U in-
dicates a faster asymptotic exponential convergence rate under
otherwise comparable conditions. However, eigenvalue loca-
tions alone cannot fully characterize transient ampliѐcation in
non-normal systems or sensitivity to parameter perturbations.
These limitations have been discussed in studies of eigenvalue
optimization and pseudospectral analysis [29], [30]. Therefore,
U is used as an indicator of asymptotic convergence rather
than as a complete transient-performance metric or a proof of
robust stability.

The time variation of the Cartesian inertia matrix � and task
uncertainty motivate real-time impedance adaptation. How-
ever, parameter variation aяects system energy and stability,
and frozen-time stability does not guarantee stability of the
complete time-varying system [8]. Energy-tank methods con-
strain energy exchange between the robot and its environment
to preserve passivity [31], [32]. Other studies have derived
stability conditions for time-varying impedance using model-
based and passivity-based analyses, including extensions to
redundant manipulators and variable-compliance control [8]–
[12]. Learning-based methods have also been investigated
for variable-impedance generation and adaptation, including
learning from demonstrations, interaction experience, and re-
inforcement learning [9], [13]–[16]. For contact-rich manipu-
lation, Zhou et al. learned a variable-impedance policy from
human demonstrations using RGB-D and force/torque obser-
vations [34]. Tang et al. combined an adaptive impedance con-
troller with a multi-source-feedback DDPG stiяness controller
in a parallel electromagnetic variable-stiяness manipulator for
compliant grinding [35]. SAC supports oя-policy learning
in continuous action spaces and is therefore suitable for
continuous impedance-parameter generation [17], [18]. Never-
theless, optimizing instantaneous task performance alone does
not guarantee stability of the overall time-varying impedance
system; an explicit stability constraint is required.

In summary, previous studies have advanced robot
impedance control through coupled-matrix construction,
robust-performance evaluation, time-varying stability analysis,
and learning-based adaptation. This paper addresses the lack
of a uniѐed impedance-synthesis framework that combines
weighted input–output performance with asymptotic conver-
gence. VCL-IS establishes the required mapping through a
virtual contact loop and uses the weighted H2/H∞ perfor-
mance and negative spectral abscissa for performance-oriented
synthesis. The empirical impedance structure is then used to
construct a time-varying parameterization, while a common-
quadratic-Lyapunov suђcient condition constrains the modal
bandwidth generated by SAC.

III. VIRTUAL-CONTACT-LOOP-BASED IMPEDANCE SYNTHESIS

The design of a desired impedance is a primary problem
in robot–environment interaction. Conventional parameteriza-
tion methods focus mainly on impedance modes, whereas
interaction-oriented design must jointly consider compliance,
dynamic convergence, and aggregate robustness. Direct op-
timization is diђcult for strongly coupled MIMO systems

because these properties interact in a nontrivial manner. Nev-
ertheless, their eяects are ultimately reёected in the resulting
robot–environment interaction. The central idea of VCL-IS
is therefore to construct a virtual contact loop and infer
impedance parameters from the desired interaction perfor-
mance.

A. Virtual Contact Loop and Impedance Mapping
Let Δx denote the desired impedance response under the

contact force Fext. VCL-IS constructs a virtual feedback
controller whose objective is to realize this response. The
virtual contact loop consists of a virtual controller C (B), a
virtual plant P (B), and a unity negative-feedback connection.
The virtual closed-loop response is denoted by ΔxA . When
the output of C (B) is interpreted as the contact force, a
deterministic mapping exists between the virtual loop and the
impedance model, as illustrated in Fig. 1.

The virtual closed-loop response is not required to be
identical to the ideal impedance response at all frequencies.
Instead, the open-loop transfer function is designed so that the
closed-loop tracking behavior is prescribed. In this work, the
ѐrst-order Butterworth low-pass response is deѐned as follows:

ΔxA (B) = H (B)Δx(B),
H (B) = l2

B + l2
I .

(4)

Here, l2 is the −3 dB cutoя angular frequency of H (B).
Combining (1) and (4) with the loop structure gives the
following virtual controller and plant:

C (B) = B + l2

B
Z (B),

P (B) = l2

B + l2
Z−1 (B).

(5)

Thus, once H (B) (or equivalently l2) is speciѐed, the vir-
tual contact loop is completely determined by the candidate
impedance Z (B).

The impedance-performance analysis can consequently be
converted into an analysis of the virtual contact loop. The
frequency range used for virtual-loop approximation and
impedance-performance evaluation is l ∈ [0, l1], where l1
is the target design bandwidth. To make the virtual response
suђciently close to the desired impedance response over this
range, the theoretical requirement is l2 > 11.43l1. At
l2 = 11.43l1, the magnitude attenuation of ΔxA relative to
Δx at l1 is approximately 0.381%, the phase lag is approxi-
mately 5.00◦, and the sinusoidal steady-state tracking error is
approximately 8.72%. At l2 = 20l1, the corresponding values
are approximately 0.125%, 2.86◦, and 4.99%, respectively;
this ratio is therefore adopted in all numerical simulations
and physical experiments reported in this paper. Increasing
the ratio l2/l1 improves tracking accuracy within the design
range. Under this condition, the response characteristics of
Δx can be approximated by those of ΔxA for performance
evaluation.

The virtual controller C (B) and virtual plant P (B) are
functions of the candidate impedance matrix Z (B) once l1
and l2 are selected. The virtual contact loop is not an
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Fig. 1. Virtual contact loop used to map impedance characteristics to closed-loop performance. (a) Virtual feedback loop, illustrating the ability of the virtual
controller to realize the desired response. (b) Equivalent mapping between the virtual contact loop and the impedance model.

additional physical controller to be deployed on the robot; it
is an analytical construction used to evaluate and synthesize
candidate impedance matrices.

B. Performance-Oriented Impedance Synthesis
VCL-IS jointly considers compliance, dynamic convergence,

and aggregate robustness. The asymptotic convergence rate is
characterized by U in (3). The virtual-loop dynamic response,
determined by the design parameters l1 and l2, is used to
characterize the impedance response.

Several closed-loop sensitivity functions are ѐxed by the
selected virtual-loop structure:

T (B) = H (B) = l2

B + l2
I ,

S8 (B) = I −H (B) = B

B + l2
I ,

SD (B) = −[I +C (B)P (B)]−1C (B)P (B) = − l2

B + l2
I .

(6)

However, the sensitivity from the equivalent disturbance to
the disturbance-induced response is directly related to the
admittance Z−1 (B):

S (B) = [I + P (B)C (B)]−1P (B) = l2B

(B + l2)2
Z−1 (B). (7)

When the equivalent disturbance is considered, the force
balance in the loop can be expressed as

Fext (B) = Z (B)Δx(B) −H (B)F +
dis (B). (8)

The second term in (8) reёects the coupling between
impedance compliance and disturbance/parameter mismatch,
whereas S (B) characterizes the aggregate disturbance response
of the loop.

To evaluate compliance and aggregate robustness in a
uniѐed framework, weighting functions WD (B) and W3 (B)
are assigned to the two performance channels. The resulting
generalized plant is given by:

GVLC (B) =
[

WD (B)Z (B) −WD (B)H (B)
0 W3 (B)S (B)

]

. (9)

The input is w(B) = [Δx) (B), (F +
dis
(B))) ]) . The two output

channels represent the weighted contact force required to
realize the desired response and the weighted disturbance-
induced response, respectively. To maintain high compliance
while improving aggregate robustness, both outputs should be
minimized. According to robust-control theory, the H2 and

H∞ norms of the generalized plant quantify energy-related
and worst-case input–output gains, respectively. Combining
these measures with the asymptotic convergence rate U, the
impedance-performance loss is deѐned as follows:

! =
W

ln(1 + 4U) ,

W = ‖GVLC (B)‖2 + ‖GVLC (B)‖∞ .

(10)

The loss function in (10) is not unique; it is one scalarization
that encourages a reduction in the H2/H∞ norms of the
generalized plant while increasing U. For ѐxed �3 , l1, l2,
and weighting functions, the desired damping and stiяness
matrices are obtained by solving the following constrained
optimization problem:

(D3,opt,K3,opt) ∈ arg min
D3 ,K3

! (D3 ,K3),

subject to D3 = D)
3 � 0, K3 = K)

3 � 0.

Here, the subscript opt identiѐes a minimizing pair of desired
damping and stiяness matrices.

IV. VCL-IS SYNTHESIS EXAMPLES AND EMPIRICAL
MECHANISM

This section evaluates the VCL-IS synthesis results and
examines the structure of the optimized impedance matrices
using selected weighting functions and numerical simulations.

A. Selection of Weighting Functions
The generalized plant in (9) contains two performance chan-

nels. The weighting functions WD (B) and W3 (B) determine
the relative importance of compliance and aggregate robust-
ness. The compliance channel is aяected by both the desired
response and the equivalent disturbance; therefore, WD (B) is
selected as a low-pass or band-pass ѐlter. The aggregate-
robustness channel is driven by the equivalent disturbance,
so W3 (B) can be selected as a band-pass or high-pass ѐlter.
In this study, a third-order Butterworth low-pass ѐlter and a
second-order Butterworth high-pass ѐlter are used:

WD (B) =
�Dl

3
1

B3 + 2l1B2 + 2l2
1
B + l3

1

I ,

W3 (B) =
�3B

2

B2 +
√

2l1B + l2
1

I .

(11)

Minimizing the weighted compliance-channel output favors a
large response to low-frequency contact forces, corresponding
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to high compliance. Minimizing the weighted disturbance-
channel output suppresses the response to equivalent distur-
bances, corresponding to improved aggregate robustness. Since
Z (B) is a second-order transfer matrix, a third-order or higher-
order low-pass ѐlter is required in the compliance channel
to ensure suђcient high-frequency attenuation. A second-
order or lower-order low-pass ѐlter may otherwise leave a
nonzero high-frequency contribution through the product in-
volving H (B). The weighting gains �D and �3 are key design
parameters; their ratio

d =
�D

�3

determines the relative emphasis placed on compliance and
aggregate robustness.

B. Optimization Results for Two- and Six-Dimensional Sys-
tems

VCL-IS is applied to two-dimensional and six-dimensional
inertia matrices. The two-dimensional system facilitates visu-
alization and is used for orthogonal tests of the inertia matrix
and target bandwidth. The six-dimensional system provides a
more demanding test of strong coupling. The weighting ratio
is set to d = 1, consistent with the experimental setting.

For the two-dimensional tests, four diяerent desired inertia
matrices �3 are considered, and the target bandwidth l1 is
independently set to 15, 20, and 25 rad/s. For each given inertia
matrix and target bandwidth, a search algorithm is used to
ѐnd D3 and K3 that minimize !. The same step contact
force is applied to every candidate impedance. The force is
applied at approximately 0.3 s and removed at 1.8 s, along
the centerline direction of the -–. plane. The dDCI, DCI,
FAC, DD, and VCL-IS methods are compared under each
condition. The damping and stiяness matrices are constrained
to be symmetric positive deѐnite for all methods. The results
are shown in Fig. 2.

The simulations reveal a consistent performance trade-oя.
Under the tested conditions, dDCI and DCI tend to produce
larger compliant displacements, but provide the weakest over-
shoot suppression and exhibit greater sensitivity to the inertia
representation. Diagonal parameterization may either suppress
or amplify coupling eяects; therefore, the overall response
cannot be inferred from diagonal parameters alone. FAC and
DD generally produce faster responses and smaller overshoots,
but their smaller steady-state displacements indicate lower
compliance. For some inertia matrices, the compliance and
overshoot behavior of FAC and DD changes noticeably, sug-
gesting sensitivity to the selected inertia representation. In
contrast, VCL-IS maintains relatively fast responses, smooth
transients, and very small overshoots while producing larger
equilibrium displacements across the tested conditions. In
several cases, the FAC and DD response curves are close
to one another; this observation applies only to the tested
matrices and parameter settings and should not be interpreted
as general equivalence between the two methods. Since the
desired response speed increases with the target bandwidth,
all tested methods exhibit a reduction in compliance as the
target response becomes faster.

The six-dimensional �3 synthesis test evaluates the methods
on a strongly coupled Cartesian inertia matrix extracted from
a representative robot conѐguration. The normalized inertia
matrix contains substantial oя-diagonal terms, as shown in
Fig. 3. For example, the normalized coupling coeђcients
between 'H and %G , between 'G and %H , and between 'G
and 'I are 0.91, −0.85, and 0.77, respectively. These values
indicate pronounced coupling rather than an approximately
diagonal structure.

The same contact-force proѐle as in the two-dimensional
tests is applied along the centerline of the G–H plane, with
application and removal times of 0.3 and 1.8 s, respec-
tively. The six-dimensional response projections, rotational
and translational response measures, and individual Cartesian-
axis responses are compared in Fig. 4. In this test, dDCI
does not produce a valid and stable rotational response,
potentially because its diagonal parameterization is not suitable
for the cross-dimensional and cross-scale coupling between
the three rotational and three translational axes. DCI exhibits
a pronounced unstable tendency in the rotational response,
consistent with its neglect of inertia coupling. FAC and DD
produce similar responses. Compared with these two methods,
VCL-IS produces larger compliant responses with a compara-
ble settling time and nearly eliminates overshoot.

The six-dimensional displacement measure combines rota-
tional and translational deviations using a characteristic length
of 0.1 m:

‖ΔG‖ =
√

0.12‖Δ\‖2
2
+ ‖Δ?‖2

2
.

Here, Δ\ and Δ? denote the rotational and translational
displacement deviations, respectively.

The quantitative response measures are summarized in Ta-
ble I. Rotational and translational response norms are reported
separately because their units diяer.

For the reported six-dimensional test, the VCL-IS rota-
tional peak norm increases from 0.2484 rad for FAC/DD
to 0.3231 rad, while the translational peak norm increases
from 0.0330 m to 0.0433 m, indicating higher compliance.
The VCL-IS settling time is approximately 0.482–0.484 s,
slightly longer than the 0.423 s obtained with FAC/DD, but
its overshoot is nearly eliminated. Its residual error is small,
although it is not the smallest among all methods. Thus,
VCL-IS does not dominate every individual metric; rather, it
provides a favorable balance between compliance and transient
response under the tested conditions.

C. Empirical Structure of the Optimized Impedance
The optimized impedance matrices exhibit a geometrically

interpretable structure. Since the Cartesian inertia matrix is
symmetric positive deѐnite, it can be represented geometrically
by an inertia ellipsoid. Its eigendecomposition is given by:

�3 = V λΛV
) .

Here, V contains the eigenvectors and deѐnes the orientation
of the ellipsoid, while the diagonal entries of λΛ determine
its principal-axis scales. In VCL-IS, impedance decoupling is
achieved through pose matching: the damping and stiяness
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Fig. 2. Two-dimensional step responses for four desired inertia matrices �3 and three target design bandwidths l1 . From top to bottom, the rows correspond to
target bandwidths of 15, 20, and 25 rad/s. The columns show the G-direction response, the H-direction response, and the time evolution of the two-dimensional
response trajectory in the G–H plane, respectively.

TABLE I
SIX-DIMENSIONAL CARTESIAN IMPEDANCE RESPONSE METRICS.

Method Response measure Peak magnitude Settling time (s) Overshoot (%) Return time (s) Residual error

dDCI Rotational norm (rad) — — — — —
dDCI Translational norm (m) 1.3116 × 10−2 0.810 4.6788 0.799 2.6349 × 10−5 m
DCI Rotational norm (rad) 2.2611 × 10−2 — 1577 — 4.7297 × 10−3 rad
DCI Translational norm (m) 1.3600 × 10−2 1.297 9.3198 — 3.5156 × 10−4 m
FAC Rotational norm (rad) 2.4839 × 10−1 0.423 4.5989 0.421 7.4717 × 10−7 rad
FAC Translational norm (m) 3.3043 × 10−2 0.423 4.5989 0.421 9.9393 × 10−8 m
DD Rotational norm (rad) 2.4839 × 10−1 0.423 4.5989 0.421 7.4717 × 10−7 rad
DD Translational norm (m) 3.3043 × 10−2 0.423 4.5989 0.421 9.9393 × 10−8 m
VCL-IS Rotational norm (rad) 3.2314 × 10−1 0.482 4.1932 × 10−5 0.483 2.4895 × 10−6 rad
VCL-IS Translational norm (m) 4.3253 × 10−2 0.484 4.4648 × 10−5 0.484 3.5180 × 10−7 m

matrices share the same rotation matrix V as the inertia
matrix. Therefore, D3 and K3 can be expressed as follows:

D3 = V λ�V
) ,

K3 = V λ V
) .

(12)

The eigenvalues of the decoupled inertia, damping, and stiя-
ness matrices follow the parameter relationships of a second-
order linear SISO system; speciѐcally, the diagonal eigenvalue

matrices of damping and stiяness satisfy the following empir-
ical relationships:

λ� = 2Z^λΛω,

λ = ^2λΛω
2,

^ =
1

√

(1 − 2Z2) +
√

2 − 4Z2 + 4Z4

.
(13)
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Fig. 3. Normalized six-dimensional Cartesian inertia matrix at the selected
robot conѐguration. The oя-diagonal entries indicate substantial coupling
between rotational and translational degrees of freedom.

Here, λΛ, λ� and λ are the diagonal eigenvalue matrices
of �3 , D3 , and K3 , respectively; Z is a scalar associated
with the weighting ratio d, and ω is the diagonal matrix of
modal frequencies. These matrices are deѐned in the same
modal basis, so the impedance matrices share a common
modal orientation. The coupled impedance can therefore be
interpreted in the inertia-related coordinate system, and the
modal relationships among inertia, damping, and stiяness
resemble those of a second-order SISO system.

The ellipsoids of inertia, damping, and stiяness for three
coupled two-dimensional inertia matrices are illustrated in
Fig. 5. The empirical statistics are consistent with (13): the
eigenvalues of D3 and the square roots of the eigenvalues
of K3 vary approximately linearly with the modal frequency
l1, with ѐtted lines passing through the origin. In addition,
because the setting of d = 1 is unchanged, the equivalent
Cartesian modal damping-ratio curves remain close to a unit
circle for the tested inertia matrices and bandwidth settings.
This suggests that, when response, aggregate robustness, and
stability are jointly considered, the optimized damping tends
toward a near-critical-damping balance. The optimized six-
dimensional impedance exhibits a similar trend.

V. TIME-VARYING VCL-IS IMPEDANCE DESIGN

The Cartesian inertia of a robot varies with its pose. If
the desired inertia is selected to match the actual Cartesian
inertia at each instant, i.e., �3 (C) = �(C), the damping and
stiяness matrices must be updated accordingly. The empirical
parameterization in (12) and (13) can be extended to time-
varying inertia. Here, Z is a user-selected constant, and the
time-varying modal-frequency matrix is deѐned as ω(C) =

diag(l1 (C), l2 (C), . . . , l= (C)). However, stability analysis for
a constant impedance cannot be directly applied to the time-
varying case. The distribution of the time-varying modal
frequencies must be constrained, while their task-dependent
adaptation law can be learned.

A. Stability Constraint for Time-Varying VCL-IS Impedance
A common quadratic Lyapunov function is used to derive

a suђcient admissible range for the time-varying modal fre-
quencies. Substituting the time-varying parameterization into
(1) gives the following impedance-response error model:

¥e(C) + 2ZS (C) ¤e(C) + S2 (C)e(C) = 0,

S (C) = ^V (C)ω(C)V ) (C).
For the illustrative case Z = 1, the error model becomes

¥e(C) + 2S (C) ¤e(C) + S2 (C)e(C) = 0.

For any n > 0, let B = ^n . The Lyapunov function for the
time-varying impedance is selected as follows:

+! (x) = x) (C)Px(C),

x(C) =
[

e(C)
B−1 ¤e(C)

]

,

P =

[

3I I

I I

]

� 0.

Clearly, P � 0. A suђcient condition for stability is that
the state matrix satisfy the following Lyapunov equation for a
constant positive-deѐnite matrix P :

A)
E (C)P + PAE (C) = −Q, Q � 0.

Here, AE (C) is the state matrix of the error model, and P

is the constant matrix deѐned above. Applying the Schur-
complement condition yields the following suђcient modal-
frequency interval:

0.7325n < l8 (C) < 4.0960n .

The lower bound is lmin = 0.7325n , and the upper bound
satisѐes lmax < 5.5918lmin. This result is a suђcient stability
bound derived for equal weighting of compliance and aggre-
gate robustness and for the speciѐed Lyapunov matrix P ; it
is not a necessary condition for all time-varying impedance
designs. In implementation, the policy output should be con-
strained to the admissible interval at every time step. If the
impedance weights or P change, the suђcient bound should
be recomputed.

B. SAC-Based Time-Varying Impedance Adaptation
The time-varying impedance adaptation policy is modeled

using SAC as ω(C) = c\ (�(C), l1). Under the inertia-
matching condition �3 (C) = �(C), its inputs are �3 (C) and
l1, and its output is ω(C). The diagonal entries of ω(C) are
constrained to the admissible interval lmin < l8 (C) < lmax

obtained from the Lyapunov analysis. Given the policy output,
the structured VCL-IS relationships in (12) and (13) are
used to construct D3 (C) and K3 (C), and the instantaneous
impedance loss ! (C) is evaluated. The SAC objective is to
minimize ! (C).

The SAC-based time-varying impedance policy is evaluated
in a seven-axis robot simulation to assess the extension of
VCL-IS to time-varying systems. FAC and DD are used as
comparison methods. dDCI and DCI are excluded because of
their insuђcient stability in the tested complex time-varying
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Fig. 4. Six-dimensional response comparison under a strongly coupled Cartesian inertia matrix. The ѐrst row shows the overall motion indicator, the second
row shows rotational-axis responses, and the third row shows translational-axis responses.

system. All three compared methods are implemented using
the same classical impedance controller. The results are shown
in Fig. 7.

The simulation supports the feasibility of extending VCL-
IS from ѐxed-inertia matrices to time-varying inertia systems.
Compared with FAC and DD, VCL-IS maintains larger com-
pliant displacements while suppressing overshoot. The time-
varying results therefore retain the main performance charac-
teristics observed in the constant-impedance simulations.

VI. ROBOT EXPERIMENTS
Physical robot experiments are conducted to evaluate the

aggregate robustness of the impedance realization. In practice,
the commanded and actual contact forces diяer, feedback
signals contain noise, and model parameters are imperfect. The
ability of a controller to keep the measured response close
to the theoretical impedance response therefore provides an
empirical test of aggregate realization robustness.

A. Experimental Setup
A seven-degree-of-freedom Franka Emika Panda robot is

used. Diяerent impedance-design methods are compared using

the same classical Cartesian impedance controller. A linear
motor applies a thrust to the robot end eяector through a
thrust plane. A contact-force sensor is installed behind the
thrust plate to close the loop on the commanded contact
force. A universal ball bearing is mounted at the robot end
eяector and contacts the thrust disk driven by the linear motor,
forming a spherical pair. This interface constrains the contact-
force direction to align with the linear-motor axis and reduces
parasitic coupling between robot motion and the environment.
The experimental setup is shown in Fig. 8.

B. Experimental Procedure and Reference Response
FAC, DD, and VCL-IS use the same classical impedance

controller; only the impedance-parameter design method dif-
fers. VCL-IS uses the same policy c\ as in the simulation. The
experimental input consists of a two-variable step response in
Fext and l1. The contact force is increased from a low preload
to approximately 25 N at C = 1 s. The preload prevents a gap
and reduces impact at contact. The target bandwidth follows
a three-level sequence: 6 rad/s from 0 to 4 s, 8 rad/s from 4 to
7 s, and 10 rad/s from 7 to 10 s. This experiment examines the
eяects of both an external contact-force step and changes in the
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Fig. 5. Inertia, damping, and stiяness ellipsoids for three coupled two-dimensional inertia matrices. From top to bottom, the rows show the inertia, damping,
and stiяness ellipsoids, respectively; the columns correspond to the three inertia matrices. The damping and stiяness ellipsoids are plotted for diяerent target
bandwidths l1 .

internal performance-design parameter. The measured contact
force and target-bandwidth sequence are shown in Fig. 9.

For each impedance-design method, the theoretical
impedance response is compared with the measured robot
response. The comparison includes the six-dimensional
motion norm, rotational and translational norms, and
each Cartesian component. The discrepancy between the
theoretical and measured responses is used as an aggregate-
robustness indicator, reёecting the combined eяects of
unmodeled dynamics, sensor noise, disturbances, and
parameter mismatch. The response comparisons are shown in
Fig. 10.

C. Aggregate-Robustness Evaluation
The same six-dimensional displacement measure introduced

in Section IV-B is used to evaluate the discrepancy between the
measured and theoretical responses. The normalized discrep-
ancies are calculated over the experimental samples. During
the contact-force step and target-bandwidth transitions, VCL-
IS exhibits a substantially smaller weighted six-dimensional
response discrepancy than the other methods. The normal-

ized response discrepancies for FAC, DD, and VCL-IS are
17.0817%, 16.5843%, and 2.1475%, respectively. Relative
to FAC and DD, the discrepancy obtained with VCL-IS is
reduced by approximately 87.4% and 87.0%, respectively. The
aggregate comparison is shown in Fig. 11.

The axis-wise statistics and six-dimensional aggregate met-
rics are listed in Table II. VCL-IS reduces the normalized dis-
crepancy in all six Cartesian directions. Its largest remaining
discrepancy occurs along %I and is 11.49%; the discrepancies
in the other ѐve components are all below 1%.

These results indicate that, under the tested operating condi-
tions, VCL-IS provides better aggregate robustness: despite the
contact-force step and target-bandwidth changes, the measured
response remains closer to the theoretical impedance response.
The experiment does not separate disturbance rejection from
parameter-uncertainty eяects, because both occur together
with other implementation errors. The reported result should
therefore be interpreted as aggregate robustness rather than as
evidence for independently quantiѐed robustness mechanisms.



10

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

0

200

400

600

800

1000

1200

D
am

pi
ng

 / 
kg

·s
-1

Largest Eigenvalue of Damping
Smallest Eigenvalue of Damping

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

0

200

400

600

800

1000

1200

D
am

pi
ng

 / 
kg

·s
-1

Largest Eigenvalue of Damping
Smallest Eigenvalue of Damping

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

-500

0

500

1000

1500

2000

2500

D
am

pi
ng

 / 
kg

·s
-1

Largest Eigenvalue of Damping
Smallest Eigenvalue of Damping

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

0

20

40

60

80

100

120

140

160

S
qu

ar
e 

R
oo

t o
f S

tif
fn

es
s 

/ N
0.

5
·m

-0
.5

Largest Eigenvalue of Stiffness
Smallest Eigenvalue of Stiffness

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

0

20

40

60

80

100

120

140

160

S
qu

ar
e 

R
oo

t o
f S

tif
fn

es
s 

/ N
0.

5
·m

-0
.5

Largest Eigenvalue of Stiffness
Smallest Eigenvalue of Stiffness

0 5 10 15 20 25 30 35

Desired Bandwidth / rad·s-1

0

50

100

150

200

250

S
qu

ar
e 

R
oo

t o
f S

tif
fn

es
s 

/ N
0.

5
·m

-0
.5

Largest Eigenvalue of Stiffness
Smallest Eigenvalue of Stiffness

-1 -0.5 0 0.5 1 1.5 2

x-axis Equivalent Damping Ratio

-1

-0.5

0

0.5

1

1.5

y-
ax

is
 E

qu
iv

al
en

t D
am

pi
ng

 R
at

io

 b
 = 10 rad/s

 b
 = 15 rad/s

 b
 = 20 rad/s

 b
 = 25 rad/s

 b
 = 30 rad/s

 b
 = 35 rad/s

Fitting Circle

-1 -0.5 0 0.5 1 1.5 2

x-axis Equivalent Damping Ratio

-1

-0.5

0

0.5

1

1.5

y-
ax

is
 E

qu
iv

al
en

t D
am

pi
ng

 R
at

io

 b
 = 10 rad/s

 b
 = 15 rad/s

 b
 = 20 rad/s

 b
 = 25 rad/s

 b
 = 30 rad/s

 b
 = 35 rad/s

Fitting Circle

-1 -0.5 0 0.5 1 1.5 2

x-axis Equivalent Damping Ratio

-1

-0.5

0

0.5

1

1.5

y-
ax

is
 E

qu
iv

al
en

t D
am

pi
ng

 R
at

io

 b
 = 10 rad/s

 b
 = 15 rad/s

 b
 = 20 rad/s

 b
 = 25 rad/s

 b
 = 30 rad/s

 b
 = 35 rad/s

Fitting Circle

Fig. 6. Modal trends for three coupled two-dimensional inertia matrices. From top to bottom, the rows show the damping eigenvalues, square roots of the
stiяness eigenvalues, and equivalent modal damping ratios, respectively; the columns correspond to the three inertia matrices. The curves show the dependence
on the target bandwidth l1 .

VII. DISCUSSION

The numerical simulations and physical experiments support
the design motivation of VCL-IS. First, the virtual contact loop
provides explicit performance channels for compliance and
aggregate robustness. The weighted generalized-plant H2/H∞
norms quantify energy-related and worst-case input–output
gains, while U discourages slow or unstable impedance dynam-
ics. Second, the simulation results indicate that higher compli-
ance does not necessarily require simply reducing damping and
accepting oscillatory behavior. Under the reported conditions,
VCL-IS generally produces larger displacements than FAC/DD
while maintaining low overshoot. Third, the physical robot
experiment shows that VCL-IS is less sensitive to the tested
target-bandwidth changes in terms of the discrepancy between
theoretical and measured responses.

Several limitations should be acknowledged. Although the
loss function ! is not unique, the formulation adopted in this
paper provides an eяective way to balance the two objectives.
Ablation studies show that optimizing solely to minimize
W causes the optimization process to converge very slowly,
whereas maximizing U alone drives the desired stiяness to-

ward inѐnity. These ѐndings support the eяectiveness of the
proposed formulation but do not establish its optimality. The
hyperparameters l1 and l2 can substantially aяect the dy-
namic response of the impedance, including settling time and
bandwidth; however, their eяects cannot yet be characterized
precisely and quantitatively. A notable advantage of VCL-IS
is that its response to changes in the internal parameter l1 is
stable and smooth. This behavior suggests potential for task-
oriented adaptive impedance control. Nevertheless, using l1
to realize task-oriented variable-impedance adaptation requires
further investigation.

VIII. CONCLUSION

This paper proposed VCL-IS, a performance-oriented Carte-
sian impedance synthesis method based on a virtual contact
loop. The method transforms the synthesis of a strongly
coupled MIMO impedance into a weighted performance-
optimization problem for a virtual closed-loop system. By
combining the weighted H2/H∞ performance of the general-
ized plant with the negative spectral abscissa U, the proposed
objective balances compliance, asymptotic convergence, and
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Fig. 7. Time-varying impedance simulation comparing FAC, DD, and VCL-IS. The overall motion indicator and six Cartesian components indicate that,
under the tested time-varying conditions, VCL-IS achieves larger compliant motion while maintaining very small overshoot.

Fig. 8. Experimental setup. The Franka Emika Panda robot interacts with
the linear-motor thrust device through a spherical contact interface. The force
sensor and motor feedback controller regulate the contact-force magnitude,
while the spherical pair constrains the force direction.

aggregate robustness. Numerical analysis revealed an inter-
pretable structure in the optimized impedance matrices: �3 (C),
D3 (C), and K3 (C) share a common modal basis and are
geometrically decoupled through their modal transformation.
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Fig. 9. Measured contact force and target-bandwidth schedule in the robot
experiment. The contact force steps at 1 s, while the target bandwidth changes
at 4 and 7 s.

For time-varying impedance, a common quadratic Lyapunov
analysis yielded a suђcient admissible range for the modal-
frequency matrix ω(C), which was imposed on an SAC-based
adaptation policy.
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Fig. 10. Comparison of theoretical and measured responses for FAC, DD, and VCL-IS in the robot experiment. The subplots show the six-dimensional motion
norm, rotational and translational norms, and the six Cartesian components.
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Fig. 11. Aggregate response-discrepancy evaluation: (a) weighted six-dimensional response deviation over time; (b) normalized discrepancies of the six-
dimensional, rotational, and translational responses; and (c) normalized discrepancies for the six Cartesian degrees of freedom.

The two- and six-dimensional simulations showed that VCL-
IS can exploit system coupling to obtain larger compliant
responses with low overshoot at comparable response speeds.
In the Franka Emika Panda experiment, the normalized dis-
crepancy between theoretical and measured six-dimensional
responses was 2.1475%, substantially lower than the 17.0817%
and 16.5843% obtained with FAC and DD. These results
suggest that VCL-IS provides a promising approach to synthe-

sizing coupled Cartesian impedance from task-level interaction
objectives. Future work will investigate quantitative perfor-
mance shaping and task-oriented adaptive variable-impedance
control.
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TABLE II
AXIS-WISE AND SIX-DIMENSIONAL RESPONSE-DISCREPANCY STATISTICS BETWEEN THEORETICAL AND MEASURED ROBOT RESPONSES.

Method DOF Unit RMSE NRMSE (%) Maximum absolute error

FAC

'G rad 0.053523 17.791 0.16679
'H rad 0.12262 8.078 0.19572
'I rad 0.30909 46.366 0.57575
%G m 0.005516 3.9466 0.012328
%H m 0.0070384 31.151 0.01097
%I m 0.014634 64.181 0.019958
6D m-equivalent 0.037795 17.0817 0.060801

DD

'G rad 0.053647 18.666 0.15839
'H rad 0.121 8.0451 0.18252
'I rad 0.29712 44.551 0.54249
%G m 0.0052809 3.8157 0.011896
%H m 0.0067057 30.179 0.010388
%I m 0.013815 61.005 0.01883
6D m-equivalent 0.036355 16.5843 0.057427

VCL-IS

'G rad 0.0011981 0.5454 0.0026354
'H rad 0.0019462 0.21161 0.003283
'I rad 0.0080934 0.49243 0.012436
%G m 0.00039862 0.89694 0.00066327
%H m 0.00056091 0.4083 0.00086624
%I m 0.0050911 11.493 0.0067233
6D m-equivalent 0.0052058 2.1475 0.0068051

6D denotes the length-equivalent displacement measure deѐned in Section IV-B.
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