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Abstract

External zenith total delay (ZTD) constraints improve precise point positioning (PPP) but are
commonly treated as temporally independent epoch-wise pseudo-observations. Their errors
exhibit substantial temporal correlation. Neglecting this correlation can over-inject constraint
information and distort PPP height through its strong coupling with ZTD. This study uses ZTD
derived from the fifth-generation European Centre for Medium-Range Weather Forecasts
reanalysis (ERAS) to quantify the resulting height effects. Treating the ZTD constraint errors
as white noise overestimates their effective information content by a factor of about 65 relative
to that implied by the residual autocorrelation, while the magnitude of the ZTD-to-height
leakage coefficient reaches 1.74 in static mode and 1.93 in kinematic mode. To handle this
temporal correlation, the constraint residuals are modeled as a combination of a diurnal cycle,
a daily constant offset, and a time-correlated component described by a first-order Gauss—
Markov process, with the constant offset and the Gauss—Markov process introduced as
additional filter states. Results show that the proposed approach not only retains the
convergence gain over the unconstrained solution but also substantially mitigates the constraint-
induced height shifts. The magnitude of the ZTD-to-height leakage coefficient decreases to 0.08

in static mode and 0.11 in kinematic mode, the median absolute height difference from the
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unconstrained solution in static mode decreases from 9.4 to 0.4 mm, and the discrepancy
between the filter-reported formal height uncertainty and the empirical height error is
substantially reduced.
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1 Introduction

Precise point positioning (PPP) can achieve centimeter-level accuracy with a single receiver,
but it usually requires a long convergence time. The slow convergence stems partly from the
near collinearity of the zenith wet delay (ZWD) and station height in the observation model,
which makes the two parameters difficult to separate until sufficient geometric diversity
accumulates over time (Santerre 1991). To reduce the coupling between the ZWD and station

height and thereby shorten the convergence time, a common implementation is to introduce

the external zenith total delay (ZTD) as an epoch-wise pseudo-observation. Tropospheric delays
from regional GNSS networks, numerical weather prediction (NWP) models and reanalysis
products have all been used for this purpose (Shi et al. 2014; Lu et al. 2016; Yao et al. 2017;
Wilgan et al. 2017; Aggrey and Bisnath 2019; Huang et al. 2023; Gao et al. 2024; Ma et al.
2025; Dehvari et al. 2025; Deng et al. 2026).

A common implementation is to introduce the external zenith total delay (ZTD) as an epoch-
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wise pseudo-observation, whose uncertainty is represented by independent white noise with an
empirically chosen variance (Li et al. 2015; Yao et al. 2017). However, the errors of external
tropospheric products are not temporally independent. External ZTD errors generally contain
pronounced low-frequency components and exhibit substantial serial correlation, reflecting the
slowly varying nature of atmospheric water vapor as well as persistent modeling and
representativeness errors (Tralli and Lichten 1990; Bock and Parracho 2019). Ibrahim and El-
Rabbany (2011) found that the residuals of a NWP-derived ZTD product relative to 1GS
estimates remain correlated over intervals of hours and modeled their covariance with first-
order Gauss—Markov and exponential-cosine functions, while Gallon et al. (2021) derived
bounded Gauss—Markov models of the residual tropospheric delay for integrity monitoring.

In conventional real-time PPP, the Kalman filter is commonly employed, with the measurement
errors assumed to be temporally uncorrelated. However, the temporal correlation of errors in
external ZTD pseudo-observations is inconsistent with this assumption (Khodabandeh et al.
2022). The strong correlation between successive constraint errors means that each epoch adds
little independent information, whereas the filter, which treats the errors as uncorrelated,
accumulates weight in proportion to the number of epochs, so that the constraint information is
over-injected. Since the ZWD and station height are nearly collinear, this excess information is
not confined to the ZWD estimate but also propagates into the height solution. Yao et al. (2017)
found that applying an external product as a fixed correction displaces the estimated height
from its reference value. This corresponds to the limiting case in which the constraint receives
infinite weight. They attributed the displacement primarily to the limited accuracy of the
external product. As a remedy, they proposed an empirical stochastic model in which the
constraint variance is set to twice the square of nine times the root-mean-square error of the
product. Although effective, this factor was determined from 30-s data and was not related to

the sampling interval or to the temporal correlation of the product error, both of which govern
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how much independent information a constraint series carries. These findings motivate a
quantitative investigation of how neglecting temporal correlation in external ZTD constraint
errors affects the information accumulated across epochs and how this information propagates
into PPP height estimates.

Using ERA5-derived ZTD as external pseudo-observations, this study first characterizes the
temporal structure of the constraint errors and its variation across climate bands. The
information over-injection induced by the epoch-wise independence assumption is then
quantified, and how this excess propagates into the coordinate solution is investigated, with
particular emphasis on constraint-induced arc-level height shifts and the consistency between
the filter-reported formal uncertainty and empirical error. Finally, we represent the correlated
constraint error within the PPP filter by a constant offset and a first-order Gauss—Markov

process and evaluate the new scheme against the empirical remedy described above.

2 Methodology

2.1 PPP with epoch-wise external ZTD pseudo-observations
The PPP estimator is formulated as a discrete-time Kalman filter with the following state

transition and linearized observation models (Kalman 1960):

X = Ppp-1Xk-1 + Wy (1)

Vi = Higx, + vi ()

Here, X, is the state vector, ®; ,_; denotes the state transition matrix, and y;, represents the
linearized observation vector with design matrix Hj. The process noise w;, and measurement
noise v are assumed to be zero-mean, temporally uncorrelated, mutually uncorrelated and
uncorrelated with the initial state, with known covariance matrices Q; and Ry, respectively.

Under  these assumptions, the predicted error covariance is Pyp_q1 =
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D1 Pr_qk- 1<I>,€k _1 + Qg, and the measurement update takes the information form

(Simon 2006)

Pek = Pr—1 + HgRE'H, )

Each measurement update adds the nominal information contribution HLR;*H}, to the filter-
reported inverse covariance. When temporally correlated ZTD constraints are treated as
independent white noise, partly redundant constraint information is counted repeatedly across
epochs, causing the filter-reported formal covariance to underestimate the true error variance
of the resulting suboptimal estimator.

The ionosphere-free pseudorange and carrier-phase observation equations(Kouba and

Héroux 2001) for satellite s at epoch k are given by

P = pi +cdty, +Tg +epy €))

% = Pk tcdty, + T +Bi +efy (5)

where pj; is the geometric range, cdt, ; the receiver clock offset, T; the slant tropospheric
delay and B}, the ionosphere-free phase ambiguity. The slant tropospheric delay is decomposed

as
Tg = mp(EQ)Tok + my (B (Zi — Tii) ©)

where T,,(i x 1s the a priori hydrostatic delay from the Saastamoinen model (Saastamoinen 1972),
my, and m,, the hydrostatic and wet Niell mapping functions (Niell 1996) at elevation Ej;, and
Z, the ZTD state estimated by the filter. The difference Z; — T,g x represents the estimated

ZWD and is mapped to the slant direction using m,,,. After applying the a priori corrections and
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linearizing Eqs. (4) and (5) about the predicted state, with the coordinate increments Ary

resolved in the local east—north—up frame, the observation model of Eq. (2) can be written as

1
AP} ar,
AL}C Cdtr k
= [_Uk 1 mw,k Dk] Zk' + Vi (7)
APy
" By
AL

where n denotes the visible satellite number, U, stacks the receiver-to-satellite unit vectors,
m,, , the wet mapping function values, and D, maps each carrier-phase observation to its
corresponding ambiguity. In the linearized observation model, the partial derivatives with
respect to the receiver clock term cdt, x, station height, and ZTD are 1, — sin Ej;, and m,, (E}),
respectively. Over the observed elevation range, the wet-mapping column has a large projection
onto the subspace spanned by the clock and height columns. Consequently, an error in the ZTD
state can be substantially absorbed by the receiver clock and height estimates. This near-
collinearity underlies the strong ZWD-height correlation in PPP (Santerre 1991); its
consequences for the constrained solution are quantified in Sect. 2.4.

ZTD-constrained PPP (Yao et al. 2017) introduces the external ZTD Ty directly as a

pseudo-observation of the ZTD state,

Textx = Zi + &k (8)

where g, is the constraint error. Equation (8) adds to Eq. (7) a row whose design vector
[0 0 1 0]acts on the ZTD state alone, with the variance 62 of &. In the conventional

white-noise constraint-error model,
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B(ee) = {% I ©

with g, set from the accuracy of the product. This model describes the error of the external
pseudo-observation, not the temporal evolution of Z,, which is governed separately by the
random-walk process noise of the ZTD state. Whether ¢, satisfies Eq. (9) is examined in Sect.

2.2.

2.2 Temporal structure of external ZTD constraint errors
The constraint error &, in Eq. (8) is estimated from the difference between the external ZTD

and the more precise IGS final tropospheric product,
€k = Textk — Tigsk (10)

Residuals are formed at the hourly epochs of the external product using the corresponding
IGS estimates. The white-noise assumption in Eq. (9) is examined using their sample
autocorrelation at integer-hour lags.

To represent the temporal structure of the constraint error, &, is decomposed as
& = D(tk) + a + bk + Nk (11)

Here, D(t) represents the deterministic diurnal variation and is modeled using 24-h and 12-h

harmonics,

2mt 2mt

_ mt 12
D(t) dlcos(24h+(p1) +dzcos(12h+(p2> (12)

with amplitudes d; and d, and phases ¢, and ¢,. The random offset a, with prior variance 62,
is constant within each daily arc but varies between arcs. It may combine station-dependent

systematic effects and daily offsets, which cannot be distinguished within a single arc. The
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temporally uncorrelated component 7, has variance 0,? and represents variability unresolved

by the hourly sampling. The correlated component b, follows a first-order Gauss—Markov

process,
b = e *Thy + &  EER) = ap(1 — e ?447) (13)

where 7 is the e-folding correlation time, o is the stationary variance of by, and At is the
sampling interval. The white-noise model in Eq. (9) is recovered when D(t) = a = b, = 0
and of = o).

For each station—month, the diurnal cycle is fitted by least squares to daily-demeaned residuals
pooled over the month. For ACF estimation, the fitted cycle is removed from the original
residuals, which are then centered on the monthly mean without further daily demeaning.
Within-day autocorrelations are normalized by each day’s mean square and averaged over the
month, weighted by the number of available pairs at each lag. This yields p(4) for 4 =

1, ..., 23 h, which is fitted with

2mA 2w
p(4) = Ae™®/* + C + B, cos (m) + B, cos (m) (14)

where A and C are the coefficients of the exponential and constant terms of the normalized ACF,
respectively, while By and B, describe residual 24-h and 12-h periodic correlation, respectively.
The ACEF is fitted by equally weighted least squares, excluding zero lag; the harmonic terms
are excluded from the PPP filter. The amplitude is constrained to 0 < A < 1.5, and the
Gauss—Markov standard deviation is calibrated as g, = VA's, with s the sample standard
deviation of the monthly residual series after removing the diurnal cycle and monthly mean.
The fitted correlation time and calibrated GM standard deviation are passed to the PPP filter,

while the offset and GM states are estimated within the filter. The correlation-time search range
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is 12 min—24 h; estimates below 15 min or above 1400 min are treated as boundary-affected

and replaced by the median valid estimate for the same climate band and month.

2.3 Quantifying information over-injection through the effective sample size

For the ZTD pseudo-observation in Eq. (8), each measurement update contributes 1/52 to the
information associated with the ZTD state. At the adopted 300-s injection interval, a daily arc
contains N = 288 pseudo-observations, giving an accumulated constraint weight of N /o2
under the white-noise assumption. The hourly product is linearly interpolated to the update
epochs, but its errors are temporally correlated. The effective sample size quantifies the number

of independent constraints (Bayley and Hammersley 1946),

N

Nog = :
Lt ayv1(1 — 1Y) peia
+ Z]:l N p(] t)

(15)

where At = 300s and p is the autocorrelation of the stochastic constraint error. The
exponential and constant components identified in Eq. (14) are evaluated at multiples of At to
represent correlation at the 300-s constraint update epochs under the continuous-lag stationary
model.

The information over-injection factor is defined as

N

F =
Nt

(16)

F measures how much the white-noise assumption overstates the effective number of
independent constraints and depends on error correlation, injection interval and arc length.

Let yyn denote the fraction of the ZTD information attributed to the constraint under the white-
noise model. Replacing the nominal constraint weight N/o? by its effective value Nyg/02

gives



195
196

197

198

199

200

201

202
203

204

205

206

207

208

209

210

211

212
213

214

215

YwnN
Ywn + F(1 — ywn)

(17)

Yett =

The effective weight applies to the arithmetic mean over an arc, not the full information in a
time-varying PPP filter. Its interpretation assumes a common marginal variance and a
covariance model valid at the constraint injection epochs. The derivation and covariance
assumptions are given in Online Resource 1 (Sect. S1.4, which also details the exact covariance
propagation Rinj = LRpowrL” when 300-s constraints are obtained by linear interpolation of

hourly products).

2.4 ZTD-to-height error propagation

To quantify how excess ZTD constraint information affects station height, consider a reduced
linear model with parameter vector X, in which Z and U denote the ZTD and station-height
components, respectively. Let N, be the normal matrix of the unconstrained ZTD solution and
Q, = N, ! its formal covariance matrix. The vectors e, and e, select the corresponding
components.

An external ZTD constraint with scalar information g contributes geze;” to the normal matrix.
For arc-mean error §, the right-hand-side perturbation is ge;5. The resulting constraint-

induced parameter increment, relative to the unconstrained solution, is

Axs = (No + qgeze;") 1qe;6
__ 9Qe; 5 (18)
1+ qe;"Qoe;

where the second equality follows from the Sherman—Morrison identity. Projecting this

constraint-induced parameter increment onto the height component gives

AUs = kY6,
_ ey Qe y = qge; Quey (19)
e;7Qqe; ’ 1+ qezTQoezl

10
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Here, K is the ZTD-height geometric coupling coefficient in the unconstrained adjustment,
accounting for the other estimated parameters. The dimensionless factor y is the fraction of the
total scalar ZTD information supplied by the external constraint in this reduced model. For
fixed k and &, increasing the assigned constraint information increases y and amplifies the
constraint-induced height increment; neglecting temporal correlation can therefore amplify this
increment through excessive constraint weighting. Note that Eq. (19) describes the conditional
height shift within a given daily arc for a specific realization of the arc-mean error 6. Across an
ensemble of arcs where 6 has zero mean, neglecting temporal correlation does not introduce an
unconditional bias in expectation, but inflates the true error variance of the height estimator in
proportion to (ky)>.

Because the full PPP filter involves time-varying ZTD dynamics and temporally structured
constraint errors, the reduced-model relation is used only as a scalar approximation of the

constraint-induced height increment,

AU = kyé, (20)

where AU is the Up-coordinate difference between the constrained and corresponding
unconstrained PPP solutions. The coefficient k is obtained from the linearized PPP normal
equations, while y is evaluated independently in the ZTD domain for each processing scheme;
neither is estimated from the empirical AU-§ regression. For each station-day, AU is paired
with the arc-mean constraint error &, and the least-squares slope is compared with ky for static
and kinematic processing under each constraint-weighting scheme. This interpretation requires
negligible covariance between the scalar-approximation error and § and, when gains vary
across station-days, consistent regression weights and intercept treatment for theoretical
predictions and empirical increments. The derivation and applicability conditions are given in

Online Resource 1.

11
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2.5 Modeling ZTD constraint errors with constant and Gauss—Markov states

The PPP state vector is augmented with an arc-constant offset a and a first-order Gauss—Markov
component by to represent persistent and time-varying constraint errors, respectively. Only the
external constraint-error model is augmented; the ZTD state retains its original random-walk
dynamics.

Let x; denote the original PPP state vector. Assuming the Gauss—Markov driving noise is

uncorrelated with the original PPP process noise, the augmented model is

k= X7 b alT, Ry = ®ppoiRpoq + Wy, (21)

R

Pyr-1 0 0
D =| 0T o 0Of
of o0 1
(22)
Qi 0 0
Q = [0" i1 - ¢» 0]
o7 0 0

where ¢ = exp(—At/t) is the discrete-time Gauss—Markov transition coefficient, and At
denotes the propagation interval. The parameters T and g, denote the correlation time and
stationary standard deviation of the Gauss—Markov component, respectively. The arc-constant
offset a has unit transition and zero process noise within each arc. Its initial uncertainty is
specified by the prior variance oZ.

The augmented error states enter only the external ZTD pseudo-observation; the GNSS
observation model is unchanged. The combined system is

yk]z[Hk 0 07 [vk]’

Text,k eZT 1 1 Xl vc,k (23)

where e selects the ZTD component of the original PPP state, and v, denotes the residual

constraint error after accounting for the augmented components. v is assumed to be white

12
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noise. For stochastic parameter identification, the diurnal component D(#) in Eq. (11) is
subtracted from the original residual series so that deterministic diurnal periodicity does not
bias the ACF-based estimation of 7 and a5. All constrained schemes in Table 2 use the same
diurnally corrected external ZTD series. In real-time applications where in-sample monthly
harmonics are unavailable, smooth diurnal variations can either be approximated using prior-
month harmonics or absorbed online by the slow Gauss—Markov state bx and constant state a.
Although Zi, b, and a enter Eq. (23) as a sum, they remain jointly observable because Z; is
simultaneously constrained by multi-satellite GNSS observations through the elevation-
dependent wet mapping function m,(E;’) in Eq. (7), whereas bx and a appear only in the pseudo-
observation equation. Their distinct prior variances and process dynamics govern the
information allocation across time: during initial convergence when satellite geometry is weak,
the bounded prior variances of a and b allow the external constraint to pull Z; and accelerate
height convergence; as satellite geometry strengthens and GNSS observations accumulate
information on Zj, persistent offsets and slow within-day correlated errors in Textk are absorbed
into a and by rather than displacing Z; and station height. Within the recursive Kalman filter,
augmenting the state vector with the zero-mean random states a and bk accounts for the
temporal error covariance of the external constraints, reducing the true estimation error variance

relative to the misspecified white-noise filter.

The augmented filter uses station—month estimates of 7 and g, derived from the external—
IGS ZTD residuals. Initialization and noise settings are summarized in Table 2. The Gauss—
Markov state is propagated using the elapsed time between consecutive PPP epochs, while

external ZTD constraints are applied at nominal 300-s intervals.

2.6 Data, processing schemes and evaluation metrics

In the study, GNSS observations from January and July 2025 for 30 stations spanning five

climatic regimes: tropical, arid, temperate, boreal, and polar were used to demonstrate the

13
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advantages of our proposed method in the static and kinematic PPP processing. In the PPP
solutions, ERAS5-derived ZTD estimates provided external constraints. IGS final tropospheric
and SINEX coordinates products were used as the references to assess the errors of external

ZTD and PPP solution.

Static and kinematic PPP solutions were computed for independent station-day arcs using the

common configuration summarized in Table 1.

Table 1 Basic PPP configuration used in the study

Item Description

Software Modified MADOCALIB 2.1

Observations Dual-frequency ionosphere-free observations from
GPS, GLONASS, Galileo, and QZSS

Sampling 30s

Orbit and Clock products

WUMOMGXFIN precise orbit and clock products

Elevation cutoff

10°

Processing

Static and kinematic; independent station-day arcs

Ambiguities

Float; constant between cycle slips

Receiver clock

White noise

ZTD

Random walk (6 mm/ V h)

Coordinates

Constant in static mode; white noise in kinematic

mode

External ZTD updates

300 s (nominal)

Four schemes for ZTD estimation in the PPP processing are utilized and compared:
unconstrained, white-noise constraint, the variance-inflation constraint, and our proposed
GM-+constant constraint scheme (Table 2). The comparison tested whether the new
GM-+constant constraint method could mitigate the constraint-induced height errors associated

with repeated white-noise constraints while retaining early-stage positioning gains. The

14
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advantages of our new model over the empirical variance inflation constraint proposed by Yao
et al. (2017) will then be highlighted. In the white-noise scheme, each constraint update was
weighted using the composite marginal variance 6> = 6b> + Ga0> + 64> (With station—-month v,
nominal 6.0 = 5 mm, and 6, = 1 mm), yielding a median c. of 9.6 mm (range 5.4-17.0 mm
across the 60 station—month combinations (30 stations x 2 months)); the variance-inflation

scheme multiplied this baseline variance o.> by F € {4, 16, 65, 162, 1000} .

Table 2 External ZTD constraint settings in PPP processing schemes

Scheme Constraint weighting Parameters Represents
Unconstrained None — Reference solution
Epoch-wise, o2 (constant, o = 9.6 mm (median;
White noise Common practice
independent) 5.4-17.0 mm)
Variance inflation Epoch-wise, F-o./? F=4,16, 65,162, 1000 Yao et al. 2017

T, o) (station-month or
Epoch-wise with augmented
GM + constant network), o, = 8 mm, g, = This study
states a, b
1 mm

Note. For GM + constant, a and by, are initialized to 107 m with prior variances o2 and o/, respectively. All
initial cross-covariances involving these states are zero. g, denotes the residual constraint-noise standard deviation.

Network parameters are medians across the fitted station—months (Sect. 3.5).

For each processing scheme, the empirical height error used to evaluate positioning accuracy
was defined as the PPP-estimated Up coordinate minus the corresponding IGS daily SINEX
reference coordinate. In contrast, the constraint-induced height increment AU was defined as
the Up coordinate of the constrained PPP solution minus that of the corresponding
unconstrained PPP solution. The dependence of AU on the arc-mean external ZTD constraint
error (the diurnally corrected ERAS ZTD minus the corresponding IGS final ZTD, averaged

over each station-day arc) was assessed using the regression slope and R? in Sect. 2.4, and the

15
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magnitude of the height response was summarized by the median absolute height increment.
Positioning accuracy was evaluated using the RMS of the IGS-referenced height errors over
specified time windows; the RMS reduction was calculated as the unconstrained PPP RMS
minus the RMS of each constrained scheme. Uncertainty consistency was assessed by
comparing formal height standard deviations with IGS-referenced empirical height errors (Fig.

10). Static and kinematic solutions were evaluated separately.

3 Results

We first characterize the temporal structure of ERAS ZTD errors and summarize the identified
Gauss—Markov parameters. We then evaluate PPP convergence and coordinate errors, compare
the height response under different constraint schemes, including white-noise weighting and
variance inflation, and examine the consistency between formal height uncertainty and
empirical errors. Finally, we assess parameter sensitivity and the use of network-wide fixed

parameters.

3.1 Temporal characteristics of external ZTD constraint errors

Atmospheric water-vapor variability contributes to both diurnal and day-to-day variations in
ZTD at each station. To characterize the temporal structure of the external-constraint errors, the
ERAS-IGS ZTD residuals were decomposed into three components: the diurnal cycle, a daily
constant offset, and a time-correlated component, as formulated in Eq. (11). Station HOB2 is
selected as an example for illustration. Figure 1 shows the decomposition of the ZTD constraint
error at station HOB2 in January 2025. The hourly residuals depicted in Fig. 1a deviated
substantially from the fitted diurnal cycle. After removal of the diurnal cycle, the daily constant
offset varied across daily arcs (Fig. 1b). Removing the daily means eliminated the daily baseline
shifts but left appreciable within-day fluctuations associated with the time-correlated
component, as shown in Fig. 1c. These results indicate that the diurnal cycle explains only part

of the observed variability. The daily constant offset and time-correlated component account

16
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for the remaining day-to-day and within-day structure, respectively.

AZTD =D(t)+a+ bx+ nxk = Diurnal cycle D(t), Eq. (12)
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o
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Fig. 1 Decomposition of ERA5S-IGS ZTD differences at HOB2 in January 2025: a hourly
differences (gray) and the fitted diurnal cycle shifted by the monthly mean for display (red); b
residuals after diurnal correction (gray) and their daily means (gold); ¢ residuals after removing
both components, containing the correlated and white-noise contributions

We next analyze the residual autocorrelation to quantify temporal dependence and identify
the parameters used in the constraint-error model. Figure 2 gives the ACF of ERA5S-IGS ZTD
residuals after removal of the fitted diurnal cycle and centering on the monthly mean at five
representative stations: GUAM (tropical), AREQ (arid), HOB2 (temperate), YELL (boreal),

and MAWI1 (polar). The ACFs are positive at non-zero lags, in contrast to the white-noise

reference, for which autocorrelation is zero at all non-zero lags. This indicates that the external

ZTD constraint errors are temporally correlated and should not be modeled as epoch-wise
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independent white noise. Across the five representative station—month cases, the ACFs exhibit
an approximately exponential decay that is well described by a first-order Gauss—Markov
(FOGM) model, with fitted correlation times (t) ranging from 136 to 240 min, which

correspond to persistence on an hourly timescale.
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Fig. 2 Residual autocorrelation at five representative stations after diurnal correction and
monthly centering, without daily demeaning. Filled circles show measured values at hourly lags;
solid and dashed curves denote the fitted GM and pure FOGM curves, respectively. Open

circles indicate the white-noise reference. The fitted correlation time t is shown in each panel

To examine how the identified parameters vary across climate bands and months, the station—
month estimates of t and g;, for January and July 2025 are summarized in Fig. 3. Both
parameters exhibit appreciable within-band scatter, and the band medians vary between months.
The median 7 is highest in the boreal band in January, whereas the polar band has the highest
median in July. For g3, the highest band median occurs in the tropical band in January, while
the tropical and boreal bands have the highest medians in July. The polar band has among the
lowest g3, medians in both months. Overall, the ordering of band medians changes between
January and July, while the spread of station-month estimates within bands indicates substantial
site-level variability. The station—month estimates were obtained offline from the same months
analyzed here and used in the GM + constant PPP solutions in Sects. 3.2-3.4. The present

experiments therefore assess the model retrospectively; the use of parameters calibrated on
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370 earlier data for real-time deployment remains to be validated.
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373  Fig. 3 Identified Gauss—Markov parameters by climate band in January 2025 (a, b) and July
374 2025 (¢, d). The plotted parameters are the correlation time 7 (a, ¢) and the standard deviation
375 o (b, d). Circles denote individual station-month estimates, horizontal bars indicate climate-
376  band medians, and dashed lines indicate the median across all bands. # denotes the number of

377  station-months in each band. Both vertical axes are logarithmic

378 3.2 PPP convergence and coordinate errors
379  This section systematically demonstrates the effectiveness of our proposed ZTD constraint
380  strategy (GM-+constant constraint) in static and kinematic PPP solutions. In particular, its

381  advantages over the conventional white-noise-constrained method are highlighted. Figure 4
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shows the east, north, and up coordinate errors for the static PPP solutions with the
unconstrained, white-noise, and GM + constant constraint methods at stations GUAM (tropical),
ALIC (arid), NNOR (temperate), WES2 (boreal), and DAV (polar) on 16 January and 19 July
2025. The corresponding kinematic PPP results are illustrated in Fig. 5. Moreover, Figures 6
and 7 give the detailed convergence phase for static and kinematic PPP solutions respectively.

During the convergence phase, both constrained schemes generally attenuate Up-component
transients more rapidly than the unconstrained scheme, while their effects on East and North
remain modest. This directional pattern is consistent with the ZTD constraint coupling primarily
to station height. However, the white-noise-constrained solutions exhibit persistent offsets in
many cases, whereas the GM + constant solutions generally approach the unconstrained
estimates at later epochs. Across the full two-month network (1,841-1,849 station-days), the
post-convergence (2—24 h) median horizontal positioning RMS relative to the IGS daily SINEX
coordinates is 10.49 mm (unconstrained), 10.50 mm (white noise), and 10.50 mm (GM +
constant) in static PPP, and 22.84, 22.88, and 22.75 mm in kinematic PPP, confirming that
external ZTD constraints negligibly affect horizontal accuracy. In contrast, the median post-
convergence Up RMS is degraded from 10.77 mm (unconstrained) to 17.14 mm by white-noise
constraints in static PPP (33.10 to 37.83 mm in kinematic PPP) and restored to 10.74 mm (32.02
mm in kinematic PPP) by the GM + constant scheme. Overall, these results clearly suggest that
the GM + constant scheme retains the early convergence benefit of the external constraint while
yielding Up-coordinate errors closer to zero relative to the unconstrained PPP solution at later

epochs.
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405  Fig. 4 East, north, and up coordinate errors for the static PPP solutions at stations GUAM
406  (tropical), ALIC (arid), NNOR (temperate), WES2 (boreal), and DAV (polar) on (a) 16
407  January 2025 and (b) 19 July 2025. Gray, red and blue curves denote the unconstrained, white-

408  noise-constrained, and GM + constant solutions, respectively
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410  Fig. 5 East, north, and up coordinate errors for the kinematic PPP solutions at stations GUAM
411  (tropical), ALIC (arid), NNOR (temperate), WES2 (boreal), and DAV (polar) on (a) 16

412 January 2025 and (b) 19 July 2025
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413
414  Fig. 6 Convergence-phase time series of east, north, and up coordinate errors for static PPP

415  solutions at stations GUAM (tropical), ALIC (arid), NNOR (temperate), WES2 (boreal), and

416 DAV (polar) on (a) 16 January 2025 and (b) 19 July 2025
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Fig. 7 Convergence-phase time series of east, north, and up coordinate errors for kinematic PPP
solutions at stations GUAM (tropical), ALIC (arid), NNOR (temperate), WES2 (boreal), and

DAV (polar) on (a) 16 January 2025 and (b) 19 July 2025

3.3 Information over-injection and ZTD-to-height error propagation
This section compares the suppression of ZTD-to-height error propagation under different

constraint schemes. Fig. 8 uses the full January and July 2025 dataset, with valid station-day
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counts varying by scheme and processing mode (Table 3). The regression slope measures the
sensitivity of the constraint-induced height shift to the arc-mean external ZTD error, not
SINEX-referenced positioning accuracy. Under white-noise weighting, the measured slopes
were —1.74 in static PPP and —1.93 in kinematic PPP. The predicted slope was within the 95%

confidence interval in static mode but 0.02 outside it in kinematic mode.
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Fig. 8 Constraint-induced height shift AU relative to the corresponding unconstrained PPP
solution against the arc-mean external ZTD error 6 (diurnally corrected ERAS ZTD minus
IGS final ZTD, averaged over each daily arc) for station-days from January and July 2025,
colored by climate band: a white noise, static; b white noise, kinematic; ¢ GM + constant,
static; d GM + constant, kinematic. Dashed lines are least-squares fits. Slope and R” are given

in each panel
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We next varied the constraint weight to test the predicted relationship between information
share and height response. The variance-inflation scheme was evaluated in static mode using a
matched 20-day subset of the full two-month dataset (10 days in January and 10 days in July
2025 across the 30 stations, yielding 580 common station-days for all settings) (Table 4). As
the variance-inflation factor F increased from 1 to 1000, the external constraint’s share of the
ZTD information (y) decreased from 50.5% to 0.2%, while the measured regression slope of
height shift approached zero, changing from —1.69 to —0.01. At F = 65, the value motivated by
the effective-sample-size analysis in Egs. (15)—(16), y was 2.3%, and the predicted and
measured slopes were both approximately —0.07. The close agreement between predicted and
measured slopes across the tested inflation factors supports the ky relation, linking a lower

constraint information share to a weaker height response to external ZTD errors.

Table 3 Closed-loop test of the leakage relation AU = k-y-d. x is the geometric coupling
coefficient from the normal equations, y the share of the constraint in the ZTD estimate,

measured in the ZTD domain, and the measured slope is the least-squares slope of the
constraint-induced height shift relative to the corresponding unconstrained PPP solution on
the arc-mean external ZTD error d (Fig. 8) with its 95% confidence interval across the full

two-month dataset (1,813—1,822 static and 1,789-1,811 kinematic station-days)

Measured slope [95%

Configuration K y (%) Predicted k-y Within CI
CI]

White noise, static -3.18 50.4 —1.60 —1.74 [-2.03, —1.51] Yes

White noise, kinematic -3.07 56.0 -1.72 —1.93 [-2.16, —1.74] No

GM + constant, static -3.18 1.8 —0.06 —0.08 [-0.15, —0.04] Yes

GM + constant, kinematic =~ —3.07 33 —-0.10 —0.11 [-0.14, —0.06] Yes
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The GM + constant scheme retained the early convergence benefit illustrated in Figs. 6 and
7 while largely suppressing the height response to external ZTD errors. The measured height-
shift regression slopes were —0.08 in static PPP and —0.11 in kinematic PPP, with reductions of
more than 94% in slope magnitude (Table 3) relative to the white-noise constraint solutions.
The constraint’s ZTD information shares were 1.8% and 3.3%, respectively, giving predicted
slopes of —0.06 and —0.10 that agreed closely with the observations. The low R? values of 0.01
and 0.02 further indicate that only a weak linear association remained between arc-mean
external ZTD errors and station-day height shifts. Using the corresponding unconstrained
solution as the reference, the median absolute height shift |[AU| over 2-24 h across the full two-
month dataset decreased from 9.4 to 0.4 mm in static PPP and from 10.5 to 1.6 mm in kinematic
PPP when white-noise weighting was replaced by GM + constant. The corresponding median
absolute ZTD shift |AZ|, also relative to the unconstrained solution, decreased from 2.64 to 0.25

mm in static PPP and from 2.97 to 0.48 mm in kinematic PPP.
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Table 4 Information share and height-leakage slope across the variance-inflation ladder (static
mode). All configurations (including F = 1 and GM + constant) are evaluated on the same 580
station-days from the 20-day variance-inflation subset (10 days per month), which accounts
for the slight numerical differences relative to the full two-month dataset in Table 3.
Predicted slopes are calculated using k = —3.1745 and unrounded y values. Differences are

absolute differences calculated before rounding.

Inflation factor F y (%) Predicted slope ~ Measured slope Difference
1 (white noise) 50.5 -1.60 -1.69 0.09
4 23.6 —0.75 —0.78 0.03
16 8.1 -0.26 -0.26 0.00
65 (= N/Neff) 2.3 —0.07 —0.07 0.00
162 (Yao et al. 2017) 0.9 -0.03 —-0.03 0.00
1000 0.2 —0.01 —0.01 0.00
GM + constant 2.0 —-0.07 —0.05 0.02

We then compared the early positioning gains retained at similar levels of late-stage height-
shift suppression. Of the 580 common static station-days, 568 passed the time-window coverage
filter and were used for Fig. 9. On this matched subset, suppressing the 2—24 h median height
shift (JAU|) from 8.97 mm (F = 1) to the sub-millimeter level of GM + constant (0.34 mm)
required ' = 65-162 (0.39-0.16 mm; Fig. 9a). RMS height errors were computed relative to
IGS SINEX coordinates, and reductions were calculated as the unconstrained RMS minus the
constrained RMS. At these inflation factors, early-stage RMS reductions remained positive but
were consistently smaller than those of GM + constant (Fig. 9b): over 0—15, 15-30, and 30-60
min, median reductions were 24.06, 8.53, and 2.55 mm for GM + constant versus 14.50, 2.91,

and 0.73 mm for F' = 65 (9.59, 1.27, and 0.34 mm for F' = 162), with paired RMS differences
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(RMSr — RMSawm) of 5.29, 4.65, and 1.65 mm for F = 65 (all 95% CIs > 0).
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Fig. 9 Late-stage height shift and early-stage positioning gain in static PPP on 568 common
station-days: a median absolute height shift (JAU|, 2—24 h) relative to unconstrained PPP versus
inflation factor F' (logarithmic axis); b median reduction in SINEX-referenced RMS height
error relative to unconstrained PPP across time windows (symmetric logarithmic axis; lines are

visual guides; error bars: 95% ClIs)

3.4 Formal height uncertainty and positioning error

We next compare the filter-reported formal height uncertainties with SINEX-referenced
empirical positioning errors to assess the discrepancy between nominal and empirical
uncertainty metrics under different stochastic constraint models. In static PPP mode, the white-
noise scheme yielded overly optimistic formal height standard deviations despite substantially
larger SINEX-referenced height errors, as shown in Fig. 10. By the end of the daily arc, its
median absolute height error remained around 13 mm, whereas the filter-reported formal

standard deviation was only 2—3 mm because correlated constraints were repeatedly counted as
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independent information. GM + constant reduced the median absolute height error to 67 mm,
with a formal standard deviation of about 3 mm, substantially narrowing the gap between the
nominal and empirical error metrics. Both quantities were close to those of the unconstrained
solution. In kinematic PPP mode, GM + constant yielded height errors close to those of the
unconstrained solution and lower than those under white-noise weighting, while formal

standard deviations differed little among the three schemes.
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Fig. 10 Median absolute height errors relative to the IGS daily SINEX reference coordinates
(solid lines) and formal height standard deviations (dashed lines) for the unconstrained, white-
noise, and GM + constant schemes: a static PPP; b kinematic PPP. The vertical axis is

logarithmic

3.5 Parameter sensitivity and network-wide parameterization

As illustrated in Fig. 11, the median absolute height error of the GM + constant scheme was
relatively insensitive to the correlation time t. Scaling T from 0.25 to 4 times its identified value
produced only small changes in this metric across the five climate bands. Reductions in RMS
height error relative to unconstrained PPP over the 0.5-2 h window were retained in all climate

bands except the polar band throughout the tested range, although their magnitude varied with
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1. Positive RMS reductions indicate improvement relative to the unconstrained PPP solution,
whereas negative values indicate degradation.

In contrast, increasing g, reduced the median absolute height error across all five climate
bands, while reductions in RMS height error over the 0.5-2 h window generally became smaller.
At four times the identified value of g;,, the RMS reductions relative to unconstrained PPP were
small in all bands. These results indicate a trade-off between further reducing the median
absolute height error and preserving the early positioning benefit of the external constraints

Replacing station-month-specific parameters with network-wide uniform values of 1, gy,
(155.1 min and 8.24 mm), or both yielded broadly comparable performance. Median absolute
height errors remained low, and reductions in RMS height error over the 0.5-2 h window were
generally maintained. Using a uniform o;, increased the RMS reduction in the tropical band,
whereas the benefit in the polar band remained limited. These findings support the use of
common parameter values to simplify the configuration of the GM + constant scheme within

the tested network.
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Fig. 11 Sensitivity of the GM + constant scheme to its parameters across climate bands. Top
row: median absolute error in the PPP Up coordinate (JAUJ) relative to the corresponding
unconstrained PPP solution; bottom row: reduction in the root-mean-square (RMS) height error
over the 0.5-2 h window relative to the unconstrained solution. a, d correlation time 7 scaled
from 0.25 to 4 times its identified value; b, e standard deviation o5 scaled over the same range;
¢, f station-month-specific parameters replaced with network-wide uniform values. The dashed
grey line represents the white-noise scheme for all climate bands. Vertical dotted lines indicate

the identified parameter values

4 Discussion

The temporal correlation of external ZTD errors violates the epoch-wise independence
assumption of the conventional white-noise formulation. When this correlation is neglected,

redundant information in successive constraints is treated as independent evidence, leading to
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information over-injection. Within individual daily arcs, the resulting excessive influence of
non-zero arc-mean constraint error realizations on the ZTD estimate propagates to station height
through the ZTD-height coupling, inducing persistent arc-level height shifts; across an
ensemble of station-days, this stochastic model misspecification manifests as an inflated true
error variance of the height estimator. This interpretation is supported by the general agreement
between predicted and observed height-response slopes and by their attenuation as the
constraint information share decreases. It also provides a statistical rationale for the empirical
variance-inflation approach (Yao et al. 2017), which mitigates information over-injection
associated with neglected temporal correlation.

However, variance inflation weakens the external ZTD constraints at all epochs and therefore
reduces the retained early-stage convergence gain (Fig. 9). By contrast, the GM + constant
model explicitly represents the temporal structure of the constraint errors, preserving a larger
initial positioning benefit while similarly suppressing the height offsets. Motivated by the
observed residual characteristics, the constant state accommodates persistent arc-level offsets,
whereas the GM state captures correlated within-day fluctuations. These additional states
represent errors in the external constraints rather than changes to the underlying ZTD dynamics.
Accounting for this temporal dependence limits the repeated weighting of correlated errors as
independent evidence while retaining the useful contribution of the external constraints. This
approach is consistent with efforts to incorporate correction uncertainty and temporal
correlation into PPP-RTK user filters (Khodabandeh et al. 2022), with the present analysis
quantifying the link between external ZTD error structure and its impact on station height.

The practical benefits of this representation vary across stations and climate bands. This
variability may reflect differences in both the constraint-error characteristics and the
information already provided by GNSS observations, suggesting that the magnitude of the

correlated error alone is insufficient to predict the resulting positioning gains. The sensitivity
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analysis indicates that median absolute height errors are relatively insensitive to the correlation
time, whereas the GM standard deviation governs the trade-off between height-error mitigation
and early-stage positioning gains. The broadly comparable performance of network-wide and
station—month-specific parameterizations further suggest that practical implementation may not
require detailed parameter identification at each station: using fixed network-wide medians (t
= 155.1 min and ob = 8.24 mm) preserves nearly the full height-shift mitigation and early
convergence gain without relying on in-sample station—-month tuning. Independent validation
across additional periods and external tropospheric products remains necessary to assess the

transferability of this simplified parameterization and its suitability for real-time applications.

5 Conclusions

Neglecting temporal correlation in external ZTD errors leads to information over-injection,
inducing arc-level PPP height shifts and inflating the true estimation error variance across arcs.
For daily arcs with 300-s constraint updates, the effective-sample-size analysis indicated that
the independence assumption overestimated the effective constraint information by
approximately a factor of 65. A quantitative relation was derived linking external ZTD errors
to height offsets through the constraint information share and ZTD-height coupling. Its
explanatory value was supported by the general agreement between predicted and observed
height-response slopes and their attenuation under variance inflation.

The proposed GM + constant model substantially reduced constraint-induced height offsets
while retaining the early convergence benefit of external ZTD constraints. Relative to
traditional white-noise ZTD constrained PPP, the magnitudes of the height-error regression
slopes decreased from 1.74 to 0.08 in static PPP and from 1.93 to 0.11 in kinematic PPP,
corresponding to reductions of more than 94% in both modes. These findings demonstrate that
explicitly modeling the temporal structure of constraint errors can mitigate their impact on

station height while preserving the useful contribution of external tropospheric constraints.
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