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Abstract

This study investigates a signed-Lorentz-force reduced model for magnetohydrodynamic
(MHD) forcing, F, = —sy0B3(v — V) with sy = £1 and M = sy07B3/(pra), applied to
stratified Casson nanofluid boundary layers in Blasius-type and Sakiadis-type configurations.
The case sy = +1 (M > 0) is the conventional Lorentz-retarding force obtained from the
quasi-static MHD equations, whereas sy = —1 (M < 0) is a postulated sign-reversed force with
the same relative-velocity structure; it does not follow from reversing the electric field in the full
vector Ohm’s law. The electrical conductivity remains positive in both cases. The governing
equations, based on the Buongiorno nanofluid model with heat generation/absorption and
Darcy—Forchheimer drag, are reduced by similarity transformation and solved numerically with
an adaptive RK45-Newton—-Raphson shooting scheme. The current-reversed regime produces
distinctive flow modifications: velocity profiles exhibit reversed trends between Blasius-type
and Sakiadis-type configurations, while thermal and solutal stratification (S¢, Ss) consistently
suppress near-wall temperature and concentration. Within the parameter range studied, the
displacement thickness decreases monotonically with the Casson parameter 3 for Blasius-type
flow (both signs of M) and Sakiadis-type flow with M > 0, confirming boundary-layer thinning.
An entropy generation analysis further shows that, for the parameter ranges investigated, the
current-reversed regime generates higher total entropy than the current-aligned regime in both
flow configurations. These findings position current-reversed MHD as a candidate mechanism
for nanofluid flow manipulation, with possible relevance to electromagnetic microreactors and
stratified-flow energy systems.

Keywords
Current-opposed MHD; Electroconductive Casson nanofluid; Blasius-Sakiadis comparison;
Stratified boundary layers; Lorentz force reversal; Entropy generation;

1 Introduction

The effect of current-aligned versus current-reversed electromagnetic forcing on a three-dimensional
Blasius-type/Sakiadis-type nanofluid flow is investigated in the present study. Following common
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usage in the stretching-sheet boundary-layer literature [25} 133|134} 27, 28], we refer throughout to the
stationary-wall configuration as “Blasius flow” and the moving-wall configuration as “Sakiadis flow”
(interchangeably “Blasius-type”/“Sakiadis-type”); as shown in Section 4.2, these reduce respectively
to the classical Hiemenz stagnation-point flow and the Crane stretching-sheet solution in the appro-
priate limits, and are distinct from the original constant-free-stream Blasius problem and the original
Sakiadis problem. The problem is analyzed in two special cases of the signed-Lorentz-force reduced
model defined in Section 2: M > 0, the conventional current-aligned Lorentz-force reference direction
(sm = +1), and M < 0, the current-reversed case (s = —1, with the fluid’s electrical conductivity oy
retained as a positive material property throughout), for both configurations. The interaction between
nanoparticles and electric fields can significantly alter boundary-layer characteristics, particularly for
non-Newtonian carrier fluids [6} [7, [8], and the directional dependence of an imposed electric field
— and hence of the induced current and Lorentz force — is of particular interest in electromagnetic
flow control and biomedical microfluidic applications [12} [11], motivating the present comparison of
current-aligned and current-reversed cases.

The moving-plate boundary layer was first analyzed by Sakiadis [1]], who showed that a surface
moving at constant velocity through an otherwise quiescent fluid develops a boundary layer growing
in the direction of motion — a qualitatively different problem from Blasius’s constant-free-stream
case. Crane [2] extended this to a linearly stretching sheet with an exact closed-form solution, and
subsequent work generalized it to non-Newtonian carrier fluids [3} 4] and nanofluids [[15]. Blasius [16]
originally treated steady flow over a stationary surface building on Prandtl’s boundary-layer concept
[L7]; its three-dimensional extension over a stretching sheet has since been studied numerically [18]
and its stability examined both experimentally and theoretically [19} [20]. Non-Newtonian fluids,
unlike Newtonian fluids such as air and water, change their viscosity and flow behavior based on
applied stresses or over time; examples include honey, blood, toothpaste, paints, and shampoos. The
Casson fluid is a yield-stress rheological model, not a power-law model: it behaves as a rigid (non-
flowing) solid below a critical yield stress 7y and as a shear-thinning viscous fluid once that stress is
exceeded. Its constitutive relation for the shear stress 7 is

v (g ) (249U o>
M V2T, 8xj 8xl~ ’ ¢ ’

T= +7TO aVi+an T.<T
- I‘LB /7271. axj aXl ) c 9

where pp is the plastic dynamic viscosity, T = e;;e;; is the product of the strain-rate tensor with
itself, and . is the critical value of 7 based on the non-Newtonian model. This constitutive relation,
applied to the boundary-layer momentum equations, produces an effective viscosity of v¢(1+1/f),
where B = ugp\/27. /7 is the Casson parameter used throughout this paper; § — o (vanishing yield
stress) recovers the classical Newtonian fluid, while smaller 8 corresponds to a larger yield-stress
contribution [21]].

Fluid flow in porous media is significant for applications such as geothermal energy extraction, oil
recovery, and environmental science. Foundational studies on convective transport in porous media
[381139, 140, 41] established the boundary and inertia effects central to the Darcy-Forchheimer model
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used here, and subsequent work extended these foundations to MHD and stretching-flow settings
(29,135,136, 137, 130].

This investigation examines nanofluid dynamics under a normally-oriented magnetic field [22], focus-
ing on current-aligned and current-reversed electromagnetic forcing with the electrical conductivity
oy retained as a fixed positive material property in both cases. Directional electromagnetic forcing of
this kind is, in principle, relevant to geophysical and astrophysical MHD, MHD flow-control devices,
and electrochemical/thermal systems involving conductive nanofluids [23} 24} 26| 31}, 32, 42, 143]].
The case examined in detail is one in which the induced current opposes the M > O reference
direction, for a Casson nanofluid boundary layer.

Novelty and distinction from prior work. Three-dimensional Blasius/Sakiadis flow [18 19, 20],
Casson nanofluid boundary layers [21], and Darcy-Forchheimer porous-medium MHD flow [25] 27,
33,134, 28] have each been studied extensively, though largely in isolation from one another. Ridha
[18] treated three-dimensional Blasius flow, and Pantokratoras [28]] extended this to a Carreau fluid,
but neither considered Casson rheology, porous drag, MHD, stratification, or entropy generation.
Mustafa et al. [33] examined MHD effects on a Maxwell fluid, but only in the Sakiadis (not Blasius)
configuration, without porous drag, stratification, or entropy generation. Kumar et al. [21]] combined
Casson/Carreau rheology with Darcy-Forchheimer porous drag and stratification, but for neither a
three-dimensional Blasius/Sakiadis flow nor an MHD forcing term. Kumar et al. [25]] studied three-
dimensional MHD flow, and Kumar et al. [27] studied Darcy-Forchheimer porous drag, but neither
paper included Casson rheology, stratification, or entropy generation, and [25]] did not include porous
drag while [27] did not include MHD. Xiangyang et al. [34] combined porous drag with MHD, but
in a channel-flow (not boundary-layer) geometry, again without Casson rheology, stratification, or
entropy generation. In every one of these studies, where MHD is considered at all, M is treated
as a positive Hartmann-type parameter representing the conventional current-aligned Lorentz retard-
ing force; among the studies we have reviewed, none combines a signed/reversed-current formula-
tion with the three-dimensional Blasius/Sakiadis comparison, Casson rheology, Darcy-Forchheimer
porous drag, stratification, and entropy generation simultaneously. The present study combines: (i)
3D Blasius/Sakiadis flow, Casson rheology, Darcy-Forchheimer porous drag, thermal/solutal stratifi-
cation, and current-aligned/current-reversed MHD forcing within a single formulation; (ii) a signed-
Lorentz-force reduced model for M < 0 (Egs. (8)-(9)), with the M > 0 case derived from first prin-
ciples (Eqgs. (I0)-(14)) and the M < O case introduced as a postulate, since a literal field reversal
does not give the same reduced form; and (iii) an entropy generation analysis (Section[5)) quantifying
how reversing the current direction affects irreversibility relative to the conventional current-aligned
case in both flow configurations. This distinguishes the present contribution from prior MHD Bla-
sius/Sakiadis and Casson-nanofluid studies, which are recovered here as the M > 0 special case.
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2 Mathematical formulation

In this study, the effects of current-aligned (M > 0) and current-reversed (M < 0) electromagnetic
forcing on a 3D Blasius and Sakiadis flow of Casson nanofluid are analyzed, using the signed-
Lorentz-force reduced model detailed below (Egs. (8)-(9)), with the electrical conductivity o7 > 0
held fixed in both cases. The general boundary value problem is formulated using four velocity-
ratio parameters, Aj,A2,43,A4: A1, A, set the wall velocity components (vy,, = alix, va,, = adyy)
and A3, A4 set the free-stream/ambient velocity components (Vi = aAszx, Vo = aA4y), each normalized
by the common stretching rate a. Only two special combinations of these four parameters are used
in all numerical results reported in this paper: Blasius flow (stationary wall, moving ambient fluid),
M =4 =0, A3 = A4 = 1; and Sakiadis flow (moving wall, quiescent ambient fluid), A; = A, =1,
A3 = A4 = 0; as shown below, this symmetric choice (4} = Ay, A3 = A4, giving @; = ¢,) is required
for the self-similarity of the energy and concentration equations ()-(5). Inertia coefficient of porous
medium in x and y directions are taken as F; = & and i, = b
xvKy wWKi
ity transformation (v; = ax@}, va = ay@}), Fi (v —V?)/(a*x) and F,(v3 — V) /(a*y) both reduce to
the same dimensionless coefficient Fr = ¢, /+/K; (with ¢, of dimension length, so that F; and F> have
dimension m~!) multiplying (¢{?> —A?) and (32 — A7) respectively in Egs. (15)-(16), so that a single
Forchheimer parameter Fr suffices for both directions. The Casson parameter 3, appearing below
through the effective-viscosity factor (1+1/f), is as defined in the Introduction (8 = ug\/27./%);
in the limit B — oo the factor (14+1/8) — 1 and the classical Newtonian viscous term is recov-
ered. Throughout this paper, “increasing B therefore consistently denotes weakening of the non-
Newtonian effect, approaching Newtonian behaviour. The system of nanofluid governing equations,
along with the boundary restrictions, is formulated following [25} 33} [34} 27, 28]]:

respectively; under the similar-

Vix +V2y+V3, = 0, (1)

1
ViVl +V2Vly + V3V, = Vr <1 + ﬁ) Vigz +ViVig

2

v o/B
+V2V1y——f(\/1—Vl)—Fl(v%—Vlz)_sM f O(Vl_Vl), (2)
K s
1
V1V2x + V2V2y +V3V21 = Vf 1 + B vZZz +V] sz
1% o 32
+VaVay — L (12 = Vo) = Fo(v3 = V3) — sy === (v, = V), 3)
K s
V10 + V20 + V30 = 0Oz + K (Bd(xZCZ ""Ad(xz) t+q" @)

viCy+ VZCy +v3C;, = ByCpy + Ay, )
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(6)

VI =Viy, V2=V, v3=0, a=a, C=C, a z=0
vi=Vi, m=V, 0—=0. C—Cu at z—oof

Here o denotes the dimensional fluid temperature (equivalently 7'; T.. is used in Section [5] as the
reference absolute temperature), and C is the nanoparticle volume fraction. The diffusion coeffi-
cient in Eq. (4) is the thermal diffusivity s, k = (pc,)s/(pcp)s is the nanoparticle-to-base-fluid
heat-capacity ratio, B, is the Brownian diffusion coefficient, and A; = T,/ Q. is the thermophoretic
diffusion parameter, with 7; the thermophoretic diffusion coefficient of the Buongiorno model [15]].
In the entropy-generation expression of Section[5] R is the specific gas constant and D = B, the so-
lutal diffusion coefficient. This mass-diffusion term originates in the entropy-generation theory for
ideal-gas species and is adopted here for the nanoparticle suspension, as in the cited stretching-sheet
nanofluid studies [25} 133} 134} 27, 28], as a modelling convention. Viscous and Joule heating are
omitted from the energy equation (), as is standard for the low-Eckert-number regime of the cited
stretching-sheet models; they are retained in the entropy-generation expression of Section [5] where
they act as irreversibility sources, with unit illustrative prefactors that do not represent a specific
Eckert number.
The current density J within the system is governed by:

J=o0/(E+vxBy), (7

where o denotes the nanofluid’s electrical conductivity.

The signed-Lorentz-force model. The electromagnetic body force entering the momentum equa-
tions (2)-(3)) is taken as
FL=—suoBi(v—V),  sy==l, (8)

with the corresponding signed magnetic parameter

o /B2
M =sy / O, oy > 0 always, 9)
pra

so that M > 0 < sy = +1 (current-aligned) and M < 0 < s, = —1 (current-reversed); M; = |M| =
o¢B3/(pra) denotes the corresponding Joule-dissipation magnitude used in Section |5, with M =
syMj. The sy; = +1 case is derived from first principles below and recovers the conventional Lorentz-
retarding force; sy = —1 reverses its sign while keeping the relative-velocity structure (v — V) un-
changed, representing an externally driven current opposing the reference direction rather than a
literal reversal of the applied electric field (which instead gives F; o< —(v+ V), a qualitatively differ-
ent, non-vanishing-at-v = V force not used here). This signed-forcing configuration — an externally
imposed electric field driving a current against or with a fixed magnetic field — is distinct from purely
magnetic-field-induced Lorentz braking (the classical Hartmann-flow case with E = 0, which only
ever retards the flow).
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Derivation of the s;; = 41 case. Under the standard low-magnetic-Reynolds-number (quasi-static)
approximation used throughout the boundary-layer MHD literature [25}[33) 134} [27, 28]], the induced
magnetic field is negligible and the applied field is normal to the sheet, By = Bo€,, uniform (the
applied magnetic flux density By is unrelated to the stratification coefficient B of Section 1). Within
the boundary layer v = (v;,v2,0) satisfies v-Bo = 0. Taking the electric field in the frame co-moving
with the reference velocity V = (V1,V3,0),

E= -V x By, (10)

which is precisely the condition under which the induced current vanishes as v — V, in particular as
z — oo where boundary conditions (6) require this. Substituting into Ohm’s law (7)),

J=of[(v—V) xBo]. an
so that the Lorentz force per unit volume is
F, =JxBo=0y[(v—V) xBgy| x Bo. (12)
Using (A x Bg) x Bo = Bo(A-Bg) — A |By|? and (v—V)-By = 0, Eq. reduces to
F. = —0/B}(v—V), (13)
i.e. Eq. with sy = +1: component-wise, Fy , = —GfB(Z)(vl Vi), Fy = —GfB%(Vz —Va), with

no cross-coupling between directions, matching Eqs. (2)-(3). Introducing the similarity variables
vi = ax@|, V| = aAzx and dividing by ax gives

FLx o/Bj o/Bj
= e ) = —M(9{ — k), M=

= >0, (14)
prax  psa pra

the electromagnetic term in Eq. (I5]) (and analogously Eq. (16)); for M < 0, the sign of this coefficient
is flipped while (@] — A3) and 7 > 0 are unchanged, following the quasi-1D, decoupled-direction
reduction used in the cited works [25, 133, 134, 127, [28]].

Physical mechanism and realizability of the accelerating (M < 0) regime. For M < 0 (sy =
—1), the electromagnetic term —M (@ — A3) in Eq. changes sign relative to the M > 0 case:
where the current-aligned configuration retards the flow towards the reference velocity, the current-
reversed configuration accelerates it away from that reference. Three energy channels are involved:
(i) the electromagnetic work rate relative to the reference flow, Fy, - (v — V) = —sy0¢B3|v — V%, is
reversible and signed — negative (braking) for sy = +1, positive (driving) for sy = —1 — and is the
channel through which kinetic energy of the relative flow is added or removed by the external field
(the work Fy - v on the absolute kinetic energy also depends on V and is not signed by s, alone);
(ii) Ohmic dissipation J-E' = |J|*/o¢ (Eq. ) is irreversible and strictly non-negative regardless
of sy, since it depends only on |J|%; (iii) viscous dissipation @sc = wr(1+1/8)[(vi)* + (v22)?]
is likewise irreversible and sign-independent. For M < 0, the kinetic energy added to the flow via
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e B (out of page) e B (out of page)

E:—VXB()

F; < T >v—V T—)—»v—V

J
(a) M > 0 (current-aligned) (b) M < O (current-reversed)
Fszch%(Vf\]) FL:+GfB%(V7V)
retards flow accelerates flow

Fig. 1 — Schematic of the signed-Lorentz-force model (Eq. ) for a fixed relative velocity v—V and
applied field By out of the page. (a) M > 0: Fy opposes v —V, retarding the flow. (b) M < 0: J and
F; are reversed, so Fy, reinforces v —V, accelerating the flow.

(i) is supplied externally by the source maintaining the imposed field configuration, analogous in
spirit to an MHD accelerator/pump operating in driving rather than braking mode; the corresponding
source-power term is not modelled here, and Section [5| quantifies the associated irreversibility. Such
configurations are conceptually related to MHD pumping and electromagnetic flow-control devices;
the present study is a numerical investigation of the reduced model of Eq. (8).

The heat generation/absorption term ¢ in Eq. (), following prior related literature [251 33 34,
27, 28], is given by

q/// _ g(a B aoo)7
pcp

where Q is the dimensional volumetric heat-generation/absorption coefficient, with corresponding
dimensionless parameter Q* = Q/(apc,,) (Table . The boundary conditions for temperature and
concentration are specified as:

o, =To+A(x+y),
O = To+B(x+Y),
Cy=Co+E(x+y),
Co=Co+F(x+y),

representing wall temperature, ambient temperature, wall concentration, and ambient concen-
tration respectively, with A,B,E,F > 0 throughout this paper (both wall and ambient temper-
ature/concentration increase linearly with x + y, as is standard for the stratified-flow literature
[25, 33, 134, 127, 128]]); the statements in Section 4 regarding the direction in which St = B/A
and Ss = F/E shift the wall-to-ambient difference assume this sign convention and would need re-
examination if A, B, E, F' were allowed to take other signs. The governing partial differential equations
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are reduced to ordinary differential equations through the following similarity transformations:

vi=ax@;, v=aygy, vi=—Vav(ei+ ),
00— O _ C—Cs _Ja

(p3_aW_T07 ‘P4—CW_C07 77—\/;1
Here C denotes the dimensional nanoparticle volume fraction field (as defined above), kept nota-
tionally distinct from the Casson (non-Newtonian) parameter 3 appearing in Eqs. (2)-(3) and (15)-
(16). This normalization (by o4, — Tp = A(x+y) and C,, — Cy = E(x+y), rather than by &, — O
and C,, — C) is the one consistent with the wall boundary conditions used throughout this pa-
per: atn =0, a=a, and C =C,, so ¢3(0) = (o4, — 0to)/(0t,y — Tp) = (A—B)/A = 1— St and
¢4(0) = (Cy — Cw) /(Cyy — Cy) = (E — F) /E = 1 —Ss, as imposed in Eq. (19).

Similarity reduction. Introducing the similarity variables stated above, together with the symmet-
ric restriction @) = ¢, = ¢ required by the Blasius/Sakiadis configurations of this paper (1; = A5,
A3 = A4) and the rescaling By = Byo/(x+), Ag = Aqo/(x+y) needed for the diffusion coefficients to
remain (x,y)-independent, transforms Egs. —@ into the dimensionless system below, following the
same reduction procedure used throughout the stratified-stretching-sheet literature [25} (33} 134,127 28]].
The resulting coupled ordinary differential equations are

1 1
<1+[3> Py + (@1 92) Py — <Da +M> (@17 = A3) = From —23) +45 =91y =0 (15)

1 1
(15 5) @2nmn 014 0200200 = (554 (929 1)~ Friosh =22+ 23— 023 =0 (16

@ + PrINb@y + Nt @3] @ + Pr(@) + @2) @5 + Q% @3 = Pr(@3 + 5t) (@] + ¢)) (17)

@) +Sc(@1+ @2) @y + Nro3' = Sc(@] + ¢5) (@44 Ss) (18)

The deduced restrictions are

(@1 +@)(n)=0, ¢{(n) =4, ¢(n)=h, ¢3(n)=1-St, 4(n)=1-Ss, as n =0
e1(M) =X, ¢:(n) =2, ¢3(n)=0, @4(n)=0, as N oo
(19)
Throughout the Results (Section 4) and in Table 4 the two flow configurations correspond to the
following standard choice of the wall/free-stream velocity-ratio parameters A1, A,, A3, A4: for Blasius
flow (stationary sheet, moving ambient fluid), A; = A, =0 and A3 = A4 = 1; for Sakiadis flow (moving
sheet, quiescent ambient fluid), Ay = A, = 1 and A3 = A4 = 0. Unless otherwise stated, results are
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230

K= (PCp)s s Ad
(Pep)s
A — T
Ny = KA =To)
vy
Vf
S = — F g
c B, r

Da = aky * = Q
oo’ v apcy
_ K'Bd(cw — C()) Nr— & M=s GfB()
Vg ’ Nb’ pra ’
Cp Vy B F
, pr=-1 St=2, Ss=—. (20
VK S a B=g @0

In the Buongiorno model [15], Nb and Nt arise from the Brownian- and thermophoretic-diffusion

Table 1 — Nomenclature: dimensional quantities, SI units, and physical interpretation.

Symbol SI units Physical interpretation

X, 9,2 m Cartesian coordinates (streamwise, spanwise, wall-normal)

Vi,V2,V3 ms~! velocity components in x,y, z

a s7! common stretching/shrinking rate of the wall/free-stream

o (orT) K dimensional fluid temperature

C — (dimensionless) nanoparticle volume fraction

Py kgm™3 base-fluid density

Ur, Up Pas dynamic viscosity; Casson plastic dynamic viscosity

Vi=Ur/pr m?s~! kinematic viscosity

T Pa Casson yield stress

kg Wm~K™! thermal conductivity of the base fluid

Cp Jkg 'K™! specific heat capacity

ar=k¢/(pcy)f m>s! thermal diffusivity

oy Sm~! electrical conductivity (positive throughout)

By T applied magnetic flux density

K m? porous-medium permeability

Ch m Forchheimer (inertial drag) coefficient

B, m?s~! Brownian diffusion coefficient

Ty m?s~! thermophoretic diffusion coefficient

0 Wm3K™! volumetric heat-generation/absorption coefficient

R Jkg 'K~! specific gas constant (entropy-generation model, Section

D =By m?s~! solutal (Brownian) diffusion coefficient (entropy-generation model)

1. K reference (ambient) absolute temperature (entropy-generation
model)

AB Km™! wall/ambient temperature stratification coefficients (A, B > 0)

E.F m~! wall/ambient concentration stratification coefficients (E,F > 0)

n — (dimensionless)  similarity coordinate, N = z/a/Vvy

flux terms in the nanoparticle conservation equation (Eq. ) and are typically small (O(1072)—
O(1)) for dilute suspensions. The value Nt = 0.02 lies well within this range, whereas Nb = 0.5
is at its upper end and is chosen to make the Brownian-diffusion sensitivity visible in Table [}
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Table 2 — Dimensionless parameters: definitions, default value, investigated range, and physi-
cal/literature justification.

Symbol Definition Default Range tested Justification

M suosB3/(pra) +3 —5t05 Typical Hartmann-type range for stretching-sheet
MHD nanofluid studies [25, 133, 134, 27, 28]]; sign
fixed by su (Eq. ()

Da aky /vy 0.63 0.53-0.73 O(1) Darcy number typical of moderately perme-
able porous media in this literature [25} |27]]

Fr e/ VKL 0.2 0.1-0.3 Small-to-moderate inertial correction, consistent
with Forchheimer-extended Darcy studies [27]

B - 2 1,2,3,5 Moderate non-Newtonian (Casson) effect, within
the range used for blood/polymer-type fluids [21]

Pr ve/oy 6.07 fixed Representative of a water-based base fluid at room
temperature

Sc Vr/By 2 1-3 Typical range for nanoparticle Brownian diffusion
in a liquid base fluid [[15]]

Nb kB4(Cyw—Co)/vs 0.5 0.4-0.6 Upper end of the dilute-suspension range; chosen
for sensitivity, see discussion below

Nt KAq(ow —To)/vy  0.02 0.01-0.03 Small, consistent with weak thermophoretic dif-
fusion relative to Brownian diffusion [[15]]

Nr Nt/Nb 0.04 - Follows from Nb,Nt above; Nr < 1 as expected

o 0/(apc;) 5 fixed Chosen to be strongly heat-generating specifically
to stress-test domain independence (Section 4.1);
not intended as representative of a specific physi-
cal heat source

St B/A 3 fixed Illustrative moderate-to-strong stratification, as
commonly used in this literature [25} [33] [34] 27|
28]]

Ss F/E 3 fixed As for St above

K (pcp)s/(Pep)s - - Material property ratio; not independently varied

Ay T4/ 0o - - Enters only through Nt above

M, - Oorl B/S Flow-configuration convention (Section 2)

A3, A - lor0 B/S Flow-configuration convention (Section 2)

Nr=Nt/Nb < 1 reflects weak thermophoretic relative to Brownian diffusion. The value Q* =5 is de-
liberately large, to test the domain-independence behaviour of Section 4.1. The remaining parameters
(Da,Fr,M,Sc,,St,Ss) lie within ranges commonly used in the cited literature [25, 33| 34, 27, 28]).
The study is a dimensionless parametric investigation and does not refer to a specific nanofluid. In a
real nanofluid, the electrical conductivity oy is a positive material property; a negative value has no
conventional physical meaning for a passive conducting medium, and the reduced model of Eq. (8)-
@) does not require it: oy > 0 is retained throughout, and the sign of M enters only through sy.
Under the current-reversed (M < 0, sy = —1) configuration, J — —J relative to the M > O reference
direction, so “current-reversed” here denotes current flowing opposite to that reference, not a spon-
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taneously active or non-equilibrium medium; the associated Ohmic dissipation J-E' = |J|*/o7 > 0
(with E" = J /oy the field in the fluid’s frame, Section [5) is unaffected by this sign reversal, since it
depends only on |J|?, not on sy.

3 Numerical Methodology

Problem Transformation

The governing boundary value problem (BVP), consisting of Equations (I5))-(I8) with boundary con-
ditions (19), requires special numerical treatment due to its coupled nonlinear nature. We employ a
dual transformation strategy. Throughout this paper, the subscript-1 notation (@i, @1y, etc.) and
the prime notation (¢, @{, etc.) both denote ordinary differentiation with respect to the similarity
variable 17 and are used interchangeably (@1, = @], @inn = @'); the subscript form is used here for
the order-reduction bookkeeping, and the prime form is used elsewhere for compactness.

1. Order Reduction: Convert all third-order ODEs to first-order systems through the substitu-
tions:

01 =X, Qin=X2, Qiyn=2X3
Q2=X4, Oy =Xs5, @y =X
p3=X7, @3 =X
04 =2Xo, Qan=2Xio

2. BVP to IVP Conversion: Implement shooting method by guessing initial conditions for miss-
ing boundary values:

X3(0) =0, X6<0) = 0, Xg(()) = 03, X]()(O) = 0y

Adaptive Runge-Kutta-Newton Framework

The solution process combines two powerful numerical techniques:

* RK45 Integration: Solve the transformed initial value problem (IVP) using adaptive 4th/5th
order Runge-Kutta method with:

— Absolute tolerance: 10~°
— Relative tolerance: 10~

— Automatic step-size adjustment

* Newton-Raphson Correction: Iteratively refine initial guesses through:

a(k+l) — a(k) _Jle(a(k))
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where J is the Jacobian matrix of boundary residuals and F contains the mismatch at 1. The
Jacobian is evaluated by forward finite differences (perturbing each component of o by 107°
relative to its magnitude and re-integrating the IVP), not analytically. A maximum of 50 New-
ton iterations is allowed per parameter step; if the residual has not met the tolerance of Eq. (21
within this limit, the step is treated as a failed iteration: the parameter increment is halved
and the correction is retried from the last converged solution (standard damped/backtracking
continuation), up to 5 halvings, after which the parameter point is reported as non-convergent
rather than iterated further.

Convergence Protocol

The algorithm proceeds as follows:

1. Initialize with 1. = 10 (sufficient for asymptotic convergence)

2. Compute solutions for progressively larger 1. until relative changes in:
max (|9} (M) — Aal,|92(Me) — Al) < 107
3. Finalize when all boundary residuals satisfy:

[F(er)]l2 < 107° 21

Following this protocol, M. = 10 was found sufficient for the momentum field in the representative
cases tested (see the domain-independence refinement in Section 4.1 regarding thermal/concentration
gradients under strong heat generation); the Newton-Raphson correction typically converges within
4-6 iterations from the initial guess. In practice, the achieved residual is typically one to five orders
of magnitude tighter than this 10~ target: the domain-independence checks of Section 4.1 (Table@
were run at solver tolerance 10~'* with reported maximum residuals of order 10~°~10~!!; the cou-
pled thermal/concentration checks of Table [8 were run at tolerance 10~% with maximum residuals
of order 1073-10? (tabulated there); and the manufactured-solution and MHD-Darcy exact-solution
benchmarks of Section 4.2 achieved errors of 10~7 and 1013 respectively against their known refer-
ence solutions.

Branch Selection

Since the underlying boundary value problem may admit multiple solution branches in parts of pa-
rameter space [27], the physically relevant branch is selected by continuation: starting from a con-
verged solution at a nearby parameter value (or from the limiting-case profile of Section 4.1 where
available), each parameter is stepped in small increments (typically AM = 0.5 for the M-sweeps of
Sections 4.1 and 5, ASc = 0.1 for the Schmidt-number continuation of Section [5} other parameters
are stepped as shown in Table[d)) using the previous solution as the initial guess. A candidate solution
is accepted only if it is bounded on [0, N..], satisfies the residual tolerance of Eq. , and approaches
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the prescribed far-field values. Overshoots and sign changes of ¢3 and ¢4 (as for M < 0, or from
heat generation) are admissible when the ODEs and boundary conditions are satisfied. Monotonic
decay is used only as a heuristic to discriminate between competing branches, not as a physical re-
quirement on the stratified variables. The selection does not establish stability or uniqueness of the
chosen branch, nor that competing branches are unstable. Branches failing these checks are reported
as non-convergent within the present scheme rather than as proven spurious. A full linear-stability, bi-
furcation, or systematic branch-tracking analysis of possible multiple-solution behavior has not been
performed and is beyond the present scope.

Computational Advantages

This hybrid approach offers three key benefits:

* Precision: the embedded 4th/5th-order Runge-Kutta pair (RK45) advances the solution using
the Sth-order estimate; for a p-th order method, the per-step (local) truncation error is O(h?*!)
and the accumulated (global) error is O(h?), so the 5th-order estimate used here has local error
O(h%) and global error O(h>). The 4th-order estimate is used only, via the difference between
the two estimates, for adaptive step-size control. This ensures accurate gradient calculations
for Newton iterations

* Efficiency: Adaptive stepping minimizes function evaluations in regions of low nonlinearity

* Robustness: Newton corrections prevent solution divergence common in pure shooting meth-
ods

Entropy Generation Computation

Once the boundary value problem (I5)-(T9) is solved and the converged profiles @, @, @3, ¢4 and
their derivatives are obtained, the entropy generation number Ns and Bejan number Be are evaluated
as a direct post-processing step from the same solution, without any additional shooting or re-solving.
The full formulation of Ns and Be, together with the physical justification for using |M| in the Joule-
heating term, is given in Section [5

4 Results and Discussion

Unless a parameter is the one being varied in a given figure, the following default values are held
fixed throughout this section: Da = 0.63, Fr =0.2, |[M| =3, Pr=6.07, Nb = 0.5, Nt =0.02, Q* =5,
Sc =2, St = Ss = 3, with the A; convention of Section 2 (A; = A, = 0,43 = A4 = 1 for Blasius;
M = A = 1,43 = A4 = 0 for Sakiadis). In every figure showing both signs of M, the solid line
corresponds to M > 0 (current-aligned) and the dashed line to M < O (current-reversed); |M| =5 in
Figs. and |M| = 3 in the tables and entropy figures. Figs. are computed for M = £5
with A3 = 0.05 (Blasius) and A; = 0.1 (Sakiadis), the remaining parameters being held at the defaults
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Fig. 2 — Effect of ¢] and ¢}, with 8 in Blasius and Sakiadis flow when M > 0 and M < 0.

above except where varied: f in Figs. [2aH2b| and St and Ss over 0.1-0.4 in Figs. and
[D] respectively. The profiles are plotted over 0 < 1 < 2, beyond which they are indistinguishable

from their far-field values. These figures show the effects of the relevant dimensionless parameters
on velocity, temperature, and concentration for M > 0 and M < 0 in Blasius and Sakiadis nanofluid
flows. Figs. [2aland 2b|show the effect of B on velocity for M > 0 and M < 0 in Sakiadis and Blasius
flow. In Sakiadis flow, increasing 8 decreases velocity for M > 0 but increases it for M < 0; in Blasius
flow, the trend is reversed (enhanced for M > 0, decreased for M < 0). For M < 0 in Blasius flow,
@] becomes negative near the wall (reverse flow) before recovering to the free-stream value, and in
Sakiadis flow it exceeds the wall value, i.e. the fluid is accelerated. These opposite responses follow
from the sign of M (current flowing opposite to the M > 0 reference for M < 0).

Table |3| reports the momentum displacement thickness 0* = On“’ (1 -0/ 7L3) dn (Blasius) or
Jo = (@1/A1)dn (Sakiadis) at B = 1,2,3,5 (Da = 0.63, Fr = 0.2, M| = 3). For Blasius flow (both

Table 3 — Displacement thickness 6* versus f3 (single-direction reduction, ¢, = 0; see Section 4.1)

Case p=1 B=2 B=3 B=5

Blasius, M =3 0.521 0.451 0.425 0.403
Blasius, M = -3 1311 1.135 1.070 1.016
Sakiadis, M =3 0.595 0.515 0.486 0.461

signs of M) and Sakiadis flow with M > 0, §* decreases monotonically with 8, quantitatively con-
firming the thinning trend. Note that the two definitions of 0* use different reference states (the
free-stream velocity A3 for Blasius, the wall velocity A; for Sakiadis, since the other is zero in each
case); the values are therefore meaningful indicators of thinning within each configuration as 3 varies,
but are not directly comparable in magnitude between Blasius and Sakiadis.

Figs. [3a] and [3b|show the effect of the thermal stratification parameter St on temperature. Increasing
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Fig. 3 — Effect of @3 with St in Blasius flow and Sakiadis flow when M > 0 and when M < 0.
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Fig. 4 — Effect of ¢4 with Ss in Blasius flow and Sakiadis flow when M > 0 and when M < 0.

St lowers the wall value, @3(0) = 1 — S (Eq. (19)), in all cases, because St = B/A raises the ambient
temperature relative to the wall temperature. In Sakiadis flow with M > 0, @3 decreases monotoni-
cally with St throughout the layer. In Blasius flow with M > 0, @3 rises from the wall to a pronounced
maximum near 1 ~ 0.15, which grows with St, and then decays; beyond 1 ~ 0.9 the curves again
decrease with St. For M < 0 the temperature in both flows falls below the ambient value (@3 < 0) over
part of the layer, and the undershoot deepens with St. The maximum in the Blasius profile (an inflec-
tion in the temperature distribution) is consistent with the stationary sheet being crossed by stratified
fluid. Magnitude of the @3y, is higher in Blasius case when M > 0.

Figs. [a) and 4b] show the effect of concentration with Ss in two cases M > 0 and M < 0. These
variations are checked in both Blasius/Sakiadis flows. @4y, decreases with Ss (solutal stratification)
in both cases, i.e., M > 0 and M < 0, for Sakiadis and Blasius flows. As with St, the wall value is
fixed by the formulation: the solutal stratification parameter Ss = F/E enters through ¢4(0) = 1 —Ss
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(Eq. (19)), so that increasing Ss lowers the concentration at the wall and, correspondingly, the profile
as a whole. For M < 0 the concentration undershoots zero slightly near ) =~ 0.8—1 before approaching
the ambient value.

For Table |4 each parameter (Fr, Da, Sc, Nb, Nt) is varied one at a time over the three listed val-
ues while all other parameters are held at the default values stated at the start of this section (Sec-
tion 4); solutions are obtained by continuation from the nearest previously converged case in the
sweep (e.g., Fr =0.2 — 0.1 — 0.3), following the Branch Selection procedure of Section 3, rather
than independently from a cold-start guess at every value. Table ] shows that the magnitude of
@11 (0)/@215 (0), — @37 (0) and — @4y (0) increases with Fr and decreases with Da in Blasius flow. In
Sakiadis flow, the trend is similar for @iy (0)/@2n7(0), but — @35, (0) and — @4, (0) show the opposite
trend, decreasing with Fr and increasing with Da. —@3,(0) and — @4, (0) show similar variations
with Sc and Nb: —@3,(0) is reduced while —@4,(0) is enhanced with Sc and Nb in both Blasius
and Sakiadis flow. With Nz, both —@3,,(0) and —@4,(0) are reduced in both Blasius and Sakiadis
flows. In terms of magnitude, the effect of Fr on @i, (0) is negligible: the relative change is
|01 (0)|Fr=0.3 — | @197 (0)|Fr=0.1]/| @171 (0)| Fr=0.1 = 1.6 x 10~* (well below 0.1%) across the range
tested, and should not be interpreted as a physically significant trend. This is expected directly from
Eq. : Fr multiplies the quadratic term (@;> — A7), whereas the linear Darcy/Lorentz coefficient
(1/Da+ M) =~ 1/0.63 + 3 ~ 4.6 is more than an order of magnitude larger than Fr € [0.1,0.3] at the
default parameters, and (@[> — A7) itself is small near the wall (where @](0) = A, is often close to
A3) and vanishes in the far field; the Fr term therefore contributes only a small correction to @;'(0)
relative to the dominant linear terms. The effect of Da on @55 (0) is small (~ 2-3%); whereas Sc and
Nb produce strong changes in —@3,(0) and — @4, (0) (up to a factor of ~ 3 over the range consid-
ered), and Nt produces a moderate change (~ 10-15%). Domain convergence: Table []is computed
at N = 10. As shown in Section 4.1 (Table E]) @iy (0) is fully domain-independent at this trunca-
tion for every row, but —¢3,(0) and — @4, (0) are not, shifting by —4 to —10% and +15 to +41%
respectively at 1., = 30. The qualitative trends (direction of increase/decrease) are unaffected, but
the specific values in this table should be read as 1. = 10 values; the domain-converged (. = 30)
figures used for the Conclusion’s Nusselt/Sherwood discussion are given in Table[9]

Single-Direction Reduction

The M-sweep, the domain-independence study and the displacement-thickness calculation below use
a single-direction (x-only) reduction of the full problem (Egs. (I5)-(16) with ¢, = 0), which is also
the form used in the Hiemenz/Crane validation of Section 4.2. It serves to establish qualitative trends,
and its wall-gradient values are not expected to coincide with the two-directional entries of Table 4] at
the same nominal parameters.

Systematic Variation with M

To confirm that the current-aligned/current-reversed differences reported above are systematic rather
than an artifact of comparing only M = +3, Eq. (I3) is solved (momentum equation only, at the single



Table 4 — Variation in @14 (0), —@3,(0) and — @4, (0) with Fr, Da, Sc, Nb and Nt, for M = 3 (current-
aligned case) at the default parameter values stated in Section 4 (full symmetric two-directional
model).

Blasius Sakiadis
Parameters  @iyn(0)  —¢s0©®  —@(0)  Pun(0)  —¢3(0)  —uy(0)
Fr=0.1 0.030995 7.150900 3.867227 -0.311941 2.333554 3.863412
Fr=0.2 0.030997 7.150902  3.867228 -0.312036  2.333342 3.863388
Fr=0.3 0.031000  7.150904  3.867229 -0.312131 2.333129 3.863365

Da=0.53 0.031470  7.150982  3.867394 -0.316721 2.302628 3.861136
Da=0.63 0.030997  7.150902  3.867228 -0.312036 2.333342 3.863388
Da=0.73 0.030648  7.150790 3.867101 -0.308576 2.356739 3.865089

Sc=1 0.030997 14.085343 1.816387 -0.312036  4.564010 1.783543
Sc=2 0.030997  7.150902 3.867228 -0.312036 2.333342 3.863388
Sc=3 0.030997 4.724093 5917716 -0.312036 1.671785 5.937590

Nb=0.4 0.030997  8.843821 3.767734 -0.312036 3.705148 3.760548
Nb=0.5 0.030997  7.150902  3.867228 -0.312036  2.333342  3.863388
Nb=0.6 0.030997 5.530796  3.925924 -0.312036  1.048948 3.923895

Nt=0.01 0.030997 7.676610  3.949378 -0.312036  2.409727 4.014853
Nt=0.02 0.030997  7.150902  3.867228 -0.312036 2.333342 3.863388
Nt=0.03 0.030997 6.689407 3.786471 -0.312036  2.253849 3.710388

representative parameter set: 8 =2, Da = 0.63, Fr =0.2) over M = —3,—1,0, 1, 3,5 using parameter
continuation, for both the Blasius configuration (4; = 0, A3 = 1) and the Sakiadis configuration (A; =
1, A3 = 0). The sweep covers only the ¢; component at this one parameter combination. For —3 <

Table 5 — Systematic variation of ¢{'(0) with M, Blasius and Sakiadis configurations (single-direction
reduction, ¢, = 0; see Section 4.1)

M -3 -1 0 1 3 5

Blasius, ¢;'(0) 0.5121 1.2565 1.4977 1.7054 2.0592 2.3606
Sakiadis, @{(0) —0.0917 —1.0699 —1.3462 —1.5746 —1.9527 —2.2686

397

398

399

400

401

M <5, ¢ (0) increases monotonically with M in both configurations.

Domain-Independence Study

To justify the far-field boundary 1., = 10 used throughout, Eq. (I5)) is solved for the representative
case B =2, Da=0.63, M =3, Fr=0.2, 1; =0, A3 = 1 over a range of 7..; Table [6] reports the
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resulting ¢{'(0). The wall gradient ¢{'(0) agrees to seven significant digits for all 1., > 6, and iden-

Table 6 — Domain-independence check: ¢{'(0) versus N (single-direction reduction, ¢, = 0; see
Section 4.1)

Mo 6 8 10 12 15 20
@/(0) 20591521 2.0591521 2.0591521 2.0591521 2.0591521 2.0591521

tically (to the 10~!° solver tolerance) for 1., > 10. This confirms that 1., = 10 is sufficient for the
momentum field in this representative case.

As a further check, the same representative case (8 =2, Da=0.63, M =3, Fr=0.2, A, =0,
A3 = 1, Ne = 10) is solved at successively tighter solver tolerances: ¢ (0) is identical to seven

Table 7 — Solver-tolerance sensitivity: ¢;'(0) and achieved maximum residual versus target tolerance
(single-direction reduction, ¢, = 0; see Section 4.1)

Target tolerance 1074 1076 1078 1010

¢! (0) 2.0591520 2.0591521 2.0591521 2.0591521
Achieved max. residual 4.3 x 107> 6.0x1077 1.0x10°% 1.0x10°1°

significant figures across all four tolerances, confirming that the 10~ target tolerance used throughout
Sections 3-5 is not a limiting factor for the reported wall-gradient values; the achieved residual tracks
the requested tolerance closely (within a factor of ~ 5), confirming the solver is not silently under- or
over-converging relative to its stated target.

The check is repeated for a current-reversed case, M = —3 (other parameters as above, plus Pr =
6.07, Nb = 0.5, Nt = 0.02, 0* =5, Sc =2, St = Ss = 3), reporting ¢;(0), —¢5(0) and —¢;(0)
together with the maximum boundary-value residual (Eq. (21))). While the momentum wall gradient

Table 8§ — Domain-independence check for M = —3: momentum, thermal and concentration wall
gradients versus 7., (single-direction reduction, ¢, = 0; see Section 4.1)

N ©/(0) —50) —¢;(0) max. residual

10 051211 8365  0.573 1.0x 1078
15 051211 7.885  0.661 1.0x 1078
20 051211  7.651  0.705 1.0x 1078
30 0.51211  7.419  0.751 1.0x 1078
40 051211 7302  0.775 1.0x 1078

¢/ (0) is domain-independent already at 1., = 10, —4(0) and —¢}(0) continue to drift noticeably
up to 7M. = 40 for this strongly heat-generating case (Q* = 5): the thermal and concentration fields
decay more slowly than the velocity field and have not fully reached their far-field values at 1. = 10.
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All boundary residuals remain at the imposed 10~ tolerance throughout, so this drift is a genuine
domain-truncation effect rather than a convergence failure. To quantify this across the full Table [4]
sweep rather than a single spot check, we recomputed all 15 rows of Table ] (Blasius, M = 3, single-
direction proxy) at .. = 30 and compared to the 7., = 10 values; Table J]reports the relative changes
in —}(0) and — ¢} (0) (the momentum wall gradient ¢{'(0) was numerically identical to 5 significant
figures at both 7. for every row, confirming it is robustly domain-independent). Across the sweep,

Table 9 — Relative change (%) in —@4(0) and —¢;(0) from 7., = 10 to 1., = 30, across the full Table
parameter sweep (single-direction reduction, ¢, = 0; see Section 4.1)

Row Value A(—95(0)) A(-¢4(0))

Fr=0.1,0.2,0.3 - —71,-7.0,-7.0 +21.2,421.2,+21.1
Da=0.53,0.63,0.73 -  —7.0,—-7.0,—7.1 +21.1,421.2,421.2
Sc=1,2,3 - —74,-70,-64 +41.3,421.2,+15.4
Nb=0.4,0.5,0.6 - —-36,-7.0,—10.1 +24.0,421.2,+19.4
Nt =0.01,0.02,0.03 -  —42,-7.0,-9.5 +17.1,421.2,+25.3

—@5(0) shifts by —4 to —10% and —¢;(0) by +15 to +41% (the largest shift, +41%, at Sc = 1),
while the direction of every parameter trend is unchanged between 7., = 10 and 30 in all 15 rows.
The domain 7., = 10 is therefore adequate for the momentum-dominated comparisons of this section,
whereas quantitative heat- and mass-transfer rates under strong heat generation require 1., > 30; the
N = 30 values are used in the Conclusion.

Validation Against Limiting-Case and Published Results

To validate the present numerical scheme independently of the full nanofluid/porous/MHD model, the
governing equations (I5)-(18) are reduced to two classical limiting cases by setting M = 0, Fr =0,
Da — o (1/Da=0), B — o (so 1+1/B — 1), and ¢, = 0, so that Eq. reduces to @1 4+ @, @] +
23— =0:

* Stationary-wall limit (Hiemenz stagnation-point flow), A; = 0, A3 = 1: this is exactly the
classical two-dimensional stagnation-point (Hiemenz) flow equation, not the classical (zero-
pressure-gradient) Blasius equation; the term “Blasius flow” used elsewhere in this manuscript
for the stationary-wall configuration follows the stretching-sheet-literature convention (a linear
far-field velocity o< A3), distinct from the original constant-free-stream Blasius problem. The
published Hiemenz benchmark is ¢{'(0) = 1.232588 [9]]; the present code, run at this limit,
gives @;'(0) = 1.232588, matching to all six reported digits.

» Moving-wall limit (Crane stretching-sheet flow), ; = 1, A3 = 0: this reduces to the classical
Crane stretching-sheet equation @{” + @; @' — @> = 0, which admits the exact closed-form solu-
tion @ (n) =1—e~ ", so that ¢{'(0) = —1 exactly. This is the standard benchmark used to vali-

date the “Sakiadis-type” (moving-wall) configuration in this literature, distinct from Sakiadis’s
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original constant-wall-velocity problem in an otherwise undisturbed fluid; the present code, run
at this limit, gives @{'(0) = —1.000008, within 1073 of the exact value.

Both limits are recovered within numerical tolerance without changing the solution algorithm of Sec-
tion 3.

Manufactured-solution benchmark (nonzero Da, Fr, M simultaneously). The Hiemenz and
Crane benchmarks above validate the solver only in the classical M = 0, Fr = 0, Da — oo limit,
not the full MHD/porous/Forchheimer model. As an independent check retaining Da, Fr, and M all
simultaneously nonzero, we apply the method of manufactured solutions: choosing the smooth func-
tion @1 (n) = A3n — (A3 — A1) (1 — e~ "), which satisfies the correct boundary conditions (¢;(0) = 0,
@{(0) = A1, @{(N.) — A3) but is not in general a solution of Eq. (15), we substitute it into Eq.
symbolically to compute the residual source term .¥ (1) required to make it an exact solution of the
modified equation Eq. (I5) = .(n). Adding .”’(1) to the numerical scheme and re-solving with
the same RK45-Newton solver (at Da = 0.63, Fr=02, M =3, =2, A1 =0, 13 =1, N = 15)
reproduces the manufactured @y, @], @/ to a maximum absolute error of 6 x 1077, 3 x 107, and
1 x 1077 respectively — consistent with the solver tolerance and confirming that the porous (Darcy),
Forchheimer, and MHD terms are implemented correctly in combination, independent of the M = 0
Hiemenz/Crane checks above.

Independent published benchmark: exact MHD-Darcy stretching-sheet solution. As an addi-
tional, independent check against a published result (rather than a self-consistency test), we use the
classical exact solution for MHD flow over a linearly stretching sheet with Darcy porous drag, Newto-
nian fluid, no Forchheimer term: setting 8 — oo, Fr =0, A; = 1, A3 = 0 (Sakiadis/Crane configuration)
with M and Da both retained nonzero, Eq. reduces to @ + @, ¢! — (1/Da+ M)@; — ¢i> =0,
01(0) =0, ¢{(0) = 1, @{ (o) = 0, which admits the closed-form exact solution

I—e
wl(n):f, Y=1/1+p;+M,

so that (p{’ (0) = —7; this is the well-known MHD extension (e.g. 25133134} 27, 28] and references
therein) of the original exact Crane solution, generalized here to include the Darcy porous term.
At Da=0.63, M =3 (ie. v=/1+1/0.63+3 = 2.363747), the present numerical code gives
¢/ (0) = —2.363747, matching the exact value to 10~13 (limited only by solver tolerance). Unlike
the Hiemenz/Crane checks, which use M = 0, this benchmark independently validates the MHD
(M) and Darcy (1/Da) terms acting together at their default nonzero values; it does not, however,
independently validate the Forchheimer, Casson (3 < o), or nanofluid/stratification terms, for which
no independently published closed-form or benchmark solution combining all of these effects with
the present model is known to the authors.

Relation to Skin Friction, Nusselt, and Sherwood Numbers

The wall gradients @{'(0), @5(0) reported in Table 4] determine the local skin-friction coefficients
through the standard definitions Cry = Tux/(PfU2), Cry = Tuy/(pfU2;) With the reference velocity
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Uyer = ax (used instead of the wall velocity, which vanishes in the Blasius-type configuration), with
wall shear stresses Ty = tr(14+1/B)(viz)z=0, Twy = Hr(14+1/B)(v2;).—0; substituting the similarity
transformations of Section 2 gives Cfoe)lc/2 =(1+1/B)e{(0) and nyRe,l/2 =(1+1/B)¢5(0), with
nyRe)]c/ ? evaluated along y = x (the symmetric case ¢ = ¢, treated here), so that a larger magnitude
of ¢{'(0)/¢} (0) corresponds directly to higher wall drag, and its sign indicates the direction of the wall
shear relative to the flow. The wall gradients —@}(0) and —¢;(0) reported in Table 4, on which the
heat- and mass-transfer statements throughout this section are based, are related to the local Nusselt
number Nu, and local Sherwood number Sh, through the standard definitions

xhyg xmy
* kf(OCW—To) * Bd(CW—C())
where hy = —ks(0r;),—0 and my = —By(C;).—o are the local wall heat and mass fluxes. The reference

differences o, — Ty and C,, — Cy are the ones used to normalise ¢3 and @4; Nusselt and Sherwood
numbers based on the wall-to-ambient differences ¢, — &t and C,, — C, would carry the additional
factors 1/(1—St) and 1/(1—Ss), which are negative for Sz, Ss > 1 because the wall is then colder (and
of lower concentration) than the local ambient, so the reference-based definition is used throughout.
Substituting the similarity transformations of Section 2 gives the dimensionless forms

ax2

NugRey ' = —@4(0),  ShiRex'* = —(0),  Rex= v (23)

so that an increase in —@4(0) corresponds directly to an increase in the dimensionless, Reynolds-
number-scaled local Nusselt number N uxRe;l/ ?, and likewise an increase in —@,4(0) corresponds to

an increase in the dimensionless Sh,Re, Y 2. Statements below about heat- or mass-transfer enhance-
ment refer to these dimensionless, Reynolds-scaled quantities, obtained by varying one dimensionless
parameter at fixed Re,; they do not refer to the dimensional coefficients iy or my at fixed physical
conditions.

S Entropy Generation Analysis

Formulation

General framework: local entropy production as a bilinear flux-force sum. The local volumet-
ric entropy generation rate for a system with several concurrent irreversible processes follows the
standard (Onsager/Clausius-Duhem) result of irreversible thermodynamics: each dissipative mech-
anism i contributes a term equal to (thermodynamic flux); x (thermodynamic force);, divided by the
reference temperature,
TSy = ZJi - Xi, (24)
l

where each flux-force pair is non-negative individually for the mechanisms considered here (heat
conduction, viscous stress, Joule dissipation, resistive porous drag, and mass diffusion), guarantee-
ing S > 0 term-by-term. Specifically: (a) heat conduction contributes q - V(1/7T.) = k/(VT)?/T2
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(Fourier flux times temperature-gradient force); (b) viscous stress contributes 7 : Vv/T.. = @50/ Too
(stress times strain-rate); (c) Joule dissipation contributes J - E’/T., (current times the electric field
in the fluid’s own frame, derived below); (d) any resistive body force Fy,,, opposing relative motion
(Darcy and Forchheimer porous drag alike) contributes Fg,e - (v — V) /T., — the rate of working of
the drag force against the relative flow, converted irreversibly to heat, exactly as for (b) and (c); and
(e) mass diffusion contributes the coupled thermal-solutal term via the diffusive flux and its conju-
gate chemical-potential-gradient force. The same principle is applied below to the Joule, Darcy and
Forchheimer terms.

The Joule-heating contribution follows from (c) above: writing E' = J/ oy for the electric field in
the frame of the moving fluid (as opposed to the externally imposed/reference field E of Eq. (7)), which
differs from E’ by the motional term v x By), the Joule term is J - E//T.. = |J|?/(0/T.), manifestly
non-negative for any current direction, since it depends only on |J|?> and not on the sign or orientation
of J. Using J = oy(v—V) x By (Eq. ) for the current-aligned case, |J|> = G]%Bg (v —=W1)?+
(vo — V2)2} , so that

J'E _ o/B;
T. T

In the current-reversed configuration, within the signed-Lorentz-force reduced model defined in Sec-
tion 2 (Eq. , sy = —1), the current is taken as J — —J relative to the M > O reference; this is a
property of that reduced model, not a directly derived consequence of reversing E in the full three-
dimensional Ohm’s law (which, as shown in Section 2, would instead give a (v + V)-type current).
Within the reduced model, the current reverses direction but its magnitude |J|, and hence the dissi-
pation |J|?/ oy, is unchanged. Consequently the Joule-heating rate |i is identical for M > 0 and
M < 0, and depends on the model only through the magnitude osB/(psa) = |M|, not the signed
force-direction parameter M that enters the momentum equations linearly. Hence |M| rather than M
appears in the Joule term: in the momentum equations the signed M sets the direction of the Lorentz
force, whereas the irreversible Ohmic dissipation depends only on |J|? o< |M|.

The Darcy and Forchheimer porous-drag terms follow from principle (d): both are body forces
resisting the relative flow (v; —Vj,v, —V;) (as they enter the momentum equations —), and both
therefore dissipate energy at the rate (force)x (relative velocity)/Te., by the same physical mecha-
nism as any frictional/resistive force — there is no additional postulate specific to either term be-
yond Eq. (24). For Darcy drag, the force per unit volume is us(vi —Vi)/K;, giving dissipation
ts(vi —V1)?/(KiT.) (and analogously in y). For Forchheimer drag, the force per unit volume is
prF1(vi —V32) = psFi(vi — V1) (vi + V1), so the dissipation is psFy (vi — Vi)?(vi 4+ V1)/Te (and anal-
ogously in y); being quadratic in the drag force (itself quadratic in velocity) rather than linear as for
Darcy drag, this term is cubic rather than quadratic in the velocity deficit. Both terms dissipate en-
ergy only when the local fluid velocity differs from the reference (free-stream or wall) velocity, and
correctly vanish when v; — V, vo — V», consistent with principle (d).

The full local volumetric entropy generation rate, accounting for thermal, viscous (Casson),

[(vi = V)2 + (v = V2)?]. (25)
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Darcy-porous, Forchheimer-porous, Joule (MHD), and solutal-diffusive irreversibilities, is written as

g k 1
S = g5 @2+ 22 (145 ) [020+ 02
2
G;,fo [(vl — V1)2 + (Vz — Vz)z] + Tii'li,] [(Vl — V1)2 + (v2 — Vz)z]
+ 2[R -VH V) + RO VD2 V) + €+ el (26)

Using the similarity transformations of Section 2 and the characteristic entropy generation rate
Sy = kpa( 04, — 0 )?/(VT2), the dimensionless entropy generation number is obtained as

Ns = ¢} +§ (1+ﬁ) e (o +¢5?)
Br

Br ,
+ o MIRe (9] = 2)° + (95— 2a)?] + o p-Re [(9 — 4 + (93— A)’]

B
+éﬂ&ﬂﬁ—kﬂ%+M%H%—Mﬂ%+Mﬂ

2
+L 27
(Vioi ) <
where Br = psa’x?/ [kf((xw 0..)] is the Brinkman number, Re = ax?/v the local Reynolds
number, Q = (0, — 0)/T the dimensionless temperature-difference (Group) parameter,

L=RD(C,, — C)/ky the diffusive-constant parameter, and A, = (C,, — C) / (CQ) the concentration-
ratio parameter.

Coefficients L and A.. Substituting o, = (04, — 0s)\/a/V @} and C, = (C,, — Cw)+/a/V @} into the
diffusive terms of Eq. and dividing by S|’ gives

RD

G /Sy = 0:C. /S5 = <p§ 9 (28)
with L = RD(C,, — C..) /ky and A, = (C,, — C.,)/(CQ). The common factor 1/Q is absorbed by
writing L = L/Q in place of L in Eq. . Completing the square in Eq. ,

L(Vie

introduces the last term, which has no counterpart in Eq. (26)). It is a completion convention, used as in
the cited studies, that guarantees Ns > 0; it slightly overstates the coupled-diffusion contribution. The
viscous term uses the velocity gradient ¢}’ 24 oY 2, whereas the Joule, Darcy and Forchheimer terms
use the velocity deficit (¢] — A3), (¢} — A4), the Forchheimer term carrying in addition the factor

(@] +2A3), (@5 + A4); all of them vanish as 1] — N, so that Ns — 0 in the far field. The structure

5 _
2
2\ﬁ) =LAQF + Loy + — 410 05, (29)
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of the Forchheimer term follows from p¢Fi(vi — Vi)?(vi + Vi) /Tw, and its prefactor (Br/Q)ReFr
is taken by analogy with the Darcy prefactor BrRe/(QDa), with Fr in the role of 1/Da, and is
adopted as a modelling convention; the bracketed velocity structure follows from direct substitution
of vi = ax@], Vi = aAsx and F; = ¢, /(x\/K)). For the cases computed, @] + A3 > 0 and ¢, + A4 > 0,
so the Forchheimer term is non-negative. The absolute value |M| is used in the Joule term because
Ohmic dissipation is irreversible and non-negative for either sign of M.

Figures [5|and @ and the Nsy,/Be values reported in this section, are computed from the complete
expression (27) with the Forchheimer term included, using the full symmetric two-directional model
(01 = @2, A} = Ay, A3 = Ay) at the default parameters of Table [2| (1. = 10; the entropy prefactors
are set to (Br/Q)Re =1, L= 1 and A, = 1 in all entropy figures and tables). The Forchheimer share
of Nsior = fon‘“’Nsdn is 0.5% (Blasius, M = 3), 0.8% (Blasius, M = —3), 0.5% (Sakiadis, M = 3)
and 1.2% (Sakiadis, M = —3): small because, in the full two-directional model, the Forchheimer
prefactor Fr = 0.2 is compared against twice the Joule+Darcy prefactor (2(|M|+ 1/Da), from the
@1 + @2 = 2¢; coupling), which dilutes its relative contribution. The corresponding total entropy
values are Nsio; = 24.1 (Be = 0.771) for Blasius M = 3, 34.6 (Be = 0.804) for Blasius M = —3,
13.1 (Be = 0.590) for Sakiadis M = 3, and 20.5 (Be = 0.571) for Sakiadis M = —3; the ordering
Nsiot(M<0) > Nsyor(M>0) holds in both flows. The Sakiadis, M = —3 case required parameter
continuation in M (from M = 0) to converge, consistent with the solver sensitivity for strongly current-
reversed Sakiadis cases noted in Section 4 (Branch Selection).

Domain convergence of Nsiy. Nsio for the default Blasius, M = 3 case (single-direction reduc-
tion of Section 4.1) was computed at N, = 10,20, 30,40, 60,80, 100, giving 50.5, 60.3, 66.4, 71.0,
77.6, 82.4, 86.1: the successive 20-unit increments (10.7, 6.6, 4.8, 3.7) shrink, but their ratios (0.62,
0.72, 0.78) increase towards unity rather than settling to a fixed geometric rate, indicating a slowly
(rather than exponentially) decaying tail contribution, consistent with ¢}, ¢, not reaching their asymp-
totic far-field decay even at 1., = 40 under this strongly heat-generating (Q* = 5) case. Nsy is there-
fore not converged even at M. = 100. This sequence refers to the single-direction reduction; the
totals of Table [I0] for the full model (at N, = 10) are used to compare cases and are not claimed
to be domain-converged. By contrast, the corresponding wall gradients at the same 1. sequence —
—@4(0) =5.404,5.113,5.023,4.982,4.946, 4.931,4.924 and — ¢} (0) = 0.901, 1.042, 1.092, 1.119,
1.148, 1.164, 1.175 — do converge, essentially stabilizing by 1. ~ 60. This is because Ns, as a do-
main integral, accumulates the slowly-decaying far-field tail over an ever-larger interval, whereas the
wall gradient depends only on the local near-wall solution; the local wall-gradient quantities reported
elsewhere in this paper (Section 4.1) are therefore adequately converged by 7N.. = 40-60 even though
Nsior 1s not. The corresponding Bejan number, giving the fraction of entropy generation due to heat
and mass transfer relative to the total, is

g P2 HL(VAG,+0t/2VE)’
B Ns ’

0<Be<l. (30)

Results

Figures[5|present Ns and Be for the Blasius and Sakiadis flows at the baseline parameter set of Table[4]
(St =3,8s=3,0"=5,Sc=2, Pr=6.07, Fr=0.2, Da = 0.63, Nb = 0.5, Nt = 0.02), obtained
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directly from the solved @, ¢, @3, @4 profiles for M = £3.

Entropy generation

Ns — Blasius flow

Ns — Sakiadis flow
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Fig. 5 — Entropy generation number Ns (dimensionless, Eq. ) and Bejan number Be € [0, 1] (di-
mensionless, Eq. (30)) versus the dimensionless similarity coordinate 7, for Blasius and Sakiadis
flows, M > 0 and M < 0, at the parameter values given above.

Near the wall the irreversibility is shared among several mechanisms: for the Blasius flow with
M > 0 (Fig.[6) the viscous, thermal and mass-diffusion terms are of comparable size at = 0, so that
Be starts near 0.5, and the thermal contribution peaks at n ~ 0.2. Away from the wall the thermal
and mass-diffusion terms dominate and Be — 1. Integrated over the layer, the current-reversed case
generates more entropy than the current-aligned case in both configurations (Nsi = 34.6 against
24.1 for Blasius and 20.5 against 13.1 for Sakiadis, i.e. increases of 44% and 56%). The pointwise
ordering is not uniform. In the Blasius flow, Ns for M < 0 is lower at the wall (41.4 against 45.8)
but exceeds the M > 0 curve for n 2 0.06, with a peak of 48.7 at 1 ~ 0.2 and a secondary hump
near N1 ~ 1.1. In the Sakiadis flow, M < 0 is higher at the wall (47.1 against 27.0) and for n = 0.5,
but lies below the M > 0 curve in the band 0.2 < 1 < 0.5, where the M > 0 curve has its secondary
hump. In the far field Be — 1 for both signs of M in the Blasius flow, whereas for Sakiadis with
M < 0 it stays near 0.6—0.7 over the layer; close to the outer boundary, where N is vanishingly small,
Be is sensitive to the boundary condition and drops. Within the parameter range studied, reversing
the current therefore increases the total irreversibility in both flows. Fig.[5]shows the total Ns and Be
from the full symmetric two-directional model with the complete Forchheimer-inclusive expression



615

616
617

618

619

620

621

622

623

624

625

626

627

628

629

630

; Fig. E] decomposes Ns into its individual contributions (Blasius, M = 3, default parameters,
(Br/Q)Re =L = A, = 1). The near-wall entropy is thus shared between viscous, thermal and mass-

Entropy decomposition (Blasius, M = 3)

\ m==Thermal
1 Viscous
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] = Mass-diffusion
l ==« Total Ns
c 30
S 1
_‘g |
5 |
S 1
S 20
© |
")
4 1
1
1
10 ]
\
\
\ .
0
(o] 2 4 6 8 10

n

Fig. 6 — Decomposition of the total entropy generation number Ns (Eq. ) into thermal, viscous,
Joule, Darcy, Forchheimer and mass-diffusion contributions for the Blasius configuration at M = 3
(full symmetric two-directional model).

diffusion mechanisms, with Joule and Darcy contributing less and Forchheimer negligibly, whereas
the far-field plateau, and hence the rise of Be towards unity, is a thermal/mass-diffusion effect.
Figure [7] shows the effect of the Casson parameter 8 (8 = 1,2,3,5) on Ns and Be. In the Blasius
flow, increasing 3 lowers the M < 0 curve in the near-wall region: its peak falls from 54.0 to 45.5
across B =1 — 5 and the secondary hump near 1 =~ 1.1 also decreases, whereas the M > 0 curve
changes little (wall value 46.3 — 45.5). The M < 0 curve thus approaches the M > 0 curve as f8
increases, and at 3 = 5 the two peak values coincide (45.5). In the Sakiadis flow both curves decrease
near the wall with increasing 8 (Ns(0) falls from 32.4 to 24.1 for M > 0 and from 49.6 to 44.4 for
M < 0), but the separation between them does not narrow (it grows from 17.2 to 20.3 at the wall).
The Bejan number increases with 8 for both signs of M: in the Blasius flow the shoulder of the M < 0
curve at 1 <1 < 2.5 shrinks and the curve reaches unity earlier, while in the Sakiadis flow the M < 0
value at 11 = 5 rises from 0.58 to 0.73 and remains well below the M > 0 value (~ 1). Weakening

the non-Newtonian effect therefore raises the heat- and mass-transfer share of the irreversibility in all
four cases.
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Entropy generation vs B
Ns vs n, various B — Blasius flow Ns vs n, various B — Sakiadis flow
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Fig. 7 — Entropy generation number Ns and Bejan number Be (both dimensionless, defined in
Egs. —) versus 1, for B = 1,2,3,5 in Blasius and Sakiadis flow when M > 0 and M < 0.
Panels (a)—(c) are shown for 0 < n <5 for clarity; all computations were performed on 0 < n < 10.

Parametric Sensitivity of Entropy Generation

Table reports the domain-integrated entropy generation number, Ny = fOn“' Nsdn, and the
entropy-weighted average Bejan number, Be = [ BeNsdn/ [, Nsdn, with 1. = 10 per the
domain-independence discussion of Section 4.1 (noting, per that discussion, that a larger 1., may be
needed for full convergence of thermal/concentration-driven quantities under strong heat generation),
for the same parameter variations used in Table 4| (F'r, Da, Sc, Nb, Nt), computed for both M > 0 and
M < 0 in each flow configuration.

All entries are computed from the full symmetric two-directional model; where direct collocation
from the default initial guess did not converge, the solution was obtained by continuation in the varied
parameter from the baseline solution.

Table [10] shows that N decreases with increasing Nb and Nt in all four cases. The response to
Sc depends on the configuration: Ny decreases with Sc in the Blasius flow (both signs of M) and for
Sakiadis with M < O (where the change between Sc = 2 and 3 is negligible), but increases with Sc for
Sakiadis with M > 0. The Forchheimer parameter has a marked effect only for Blasius with M < 0,
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Table 10 — Variation of the total entropy generation number Ns and average Bejan number Be with
Fr, Da, Sc, Nb and Nt (full symmetric two-directional model, 1. = 10).

Blasius Sakiadis
Parameter  Nsioi(M>0) Be(M>0) Nsioi(M<0) Be(M<0) Nsioi(M>0) Be(M>0) Nsii(M<0) Be(M<0)
Fr=0.1 24.07 0.774 36.58 0.811 13.08 0.592 20.44 0.570
Fr=0.2 24.09 0.771 34.60 0.804 13.11 0.590 20.49 0.571
Fr=023 24.12 0.768 33.15 0.799 13.14 0.588 20.56 0.573
Da =0.53 24.17 0.765 32.10 0.793 13.26 0.582 19.74 0.582
Da=0.63 24.09 0.771 34.60 0.804 13.11 0.590 20.49 0.571
Da =0.73 24.04 0.775 37.80 0.815 13.00 0.596 21.04 0.562
Sc=1 24.52 0.775 37.58 0.820 12.80 0.580 20.64 0.574
Sc=2 24.09 0.771 34.60 0.804 13.11 0.590 20.49 0.571
Sc=3 24.09 0.771 33.38 0.797 13.34 0.597 20.48 0.571
Nb=04 25.19 0.781 37.33 0.819 13.57 0.604 21.19 0.586
Nb=0.5 24.09 0.771 34.60 0.804 13.11 0.590 20.49 0.571
Nb=0.6 23.16 0.762 32.30 0.790 12.84 0.581 19.85 0.557
Nt =0.01 24.45 0.774 35.61 0.810 13.18 0.592 20.67 0.575
Nt =0.02 24.09 0.771 34.60 0.804 13.11 0.590 20.49 0.571
Nt =0.03 23.75 0.767 33.66 0.799 13.04 0.588 20.32 0.568

where Nsio¢ decreases from 36.6 to 33.2 as Fr increases from 0.1 to 0.3; in the other three cases it
changes Nsiot by less than 0.5%. The response to Da depends on the sign of M: Nsi decreases with
Da for M > 0 in both flows, but increases with Da for M < 0 in both flows. Because the Joule and
Darcy terms in Eq. are written in terms of the velocity deficit (@] — A3, @5 — A4) relative to the
reference flow rather than the absolute velocity, the current-reversed regime generates higher total
entropy than the current-aligned regime in both configurations, i.e. Nsyi(M<0) > Nsioi(M>0) for
every entry of Table[I0]

Conclusion

This study compared Blasius-type and Sakiadis-type flows of a Casson nanofluid under thermal and
solutal stratification, using the signed-Lorentz-force reduced model of Section 2, in which M > 0
follows from the quasi-static Lorentz force and M < 0 is a postulated sign-reversed force. The main
findings are as follows.

* Flow behaviour: The velocity responds to 8 in opposite ways for M > 0 and M < 0 (Figs.
[2b). For M < 0 the Blasius-type flow develops reverse flow near the wall, whereas the Sakiadis-
type flow is accelerated above its wall velocity.

» Stratification: Increasing St and Ss lowers the wall values ¢3(0) = 1 —Sr and @4(0) = 1 — Ss
and, for M < 0, produces a negative undershoot of temperature and concentration. In Blasius-
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type flow with M > 0 the temperature has a pronounced maximum near the wall that grows
with St.

« Heat and mass transfer: With Nu,Re; /> = —¢4(0) and ShyRey /% = —@,(0) (Section 4.2),

the M. = 30 values of Table @ (Blasius case) show that NuxRe;l/ % decreases by about 18%
as Nt increases from 0.01 to 0.03, by 34% as Nb increases from 0.4 to 0.6 and by 36% as
Sc increases from 1 to 3, while thRe;l/ 2 increases by about 84% with Sc and 7% with Nb.

The effect of Nt on thRe;l/2 is below 1% and changes sign between 1. = 10 and 30. These
percentages refer to the single-direction reduction of Section 4.1.

* Boundary-layer thinning and wall drag: The displacement thickness 0* decreases monoton-
ically with f for Blasius-type flow (both signs of M) and Sakiadis-type flow with M > 0.

» Entropy generation: Integrated over the boundary layer, the current-reversed case (M < 0)
generates more entropy than the current-aligned case (M > 0) in both configurations, by 44%
in the Blasius-type flow and 56% in the Sakiadis-type flow at the default parameters. The
pointwise ordering is not uniform near the wall.

The configurations studied are idealized, and applications such as MHD flow control, thermal
management and nanofluid heat exchangers are motivations rather than results of this work.

Limitations

The electromagnetic formulation uses the quasi-static (low-magnetic-Reynolds-number) approxima-
tion with a uniform applied field, and M < O is a postulated signed force rather than a solution of
the full vector Ohm’s law under field reversal. The similarity reduction of the energy and concen-
tration equations (I7)-(I8) follows the convention of the cited stratified-stretching-sheet literature
(25| 331 134} 27, 28]]; a literal substitution of Eqs. (@)-(5) reproduces the diffusive and momentum-
coupling terms exactly but gives the heat-generation and stratification-coupling coefficients differing
by factors of Pr and 2, respectively. The mass-diffusion entropy term is an ideal-gas-based convention
applied to a liquid suspension, and the entropy totals are not domain-converged. The supplementary
checks of Section 4.1 use the single-direction reduction, the parameter range is limited (Table[2), and
no stability or bifurcation analysis of possible competing solution branches has been carried out. The
validation of Section 4.2 recovers the Hiemenz and Crane solutions, an exact MHD-Darcy solution
and a manufactured solution of the momentum equation; no experimental comparison or benchmark
for the complete model is available.

Future work could include experimental validation, a stability analysis of the solution branches,
and extensions to more complex geometries.
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