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We introduce multifractal quantile detrending moving-average cross-correlation analysis (MF-X-QDMA), the bi-
variate extension of the quantile detrending moving average algorithm of a jointly submitted companion paper. The
local trends of the two profiles are moving quantiles at levels (Ay,A,), in one and two dimensions. For pairs of
non-negative measures, the product of the two quantile residuals is exactly a product of gliding-box masses, so MF-
X-QDMA measures the joint partition function. This yields the exact cross exponent of two binomial measures,
Ty (q) = —10gs [(pepy)?/? + (1 — px) (1 — py))4/?]. A Cauchy-Schwarz bound, Ty, > (Tex + Tyy)/2, shows that the
widely used relation /vy = (A, + hyy)/2 holds only for identical multipliers. Measured against the exact expression,
the error of MF-X-DMA for (py,py) = (0.1,0.45) falls from 0.094 to 0.017. For signals, quantile levels A # 1/2
leave a residual offset that creates spurious cross-correlation (0.44 for independent series at A = 0.1); we give three
remedies. On benchmarks with known exponents, MF-X-QDMA with mixed levels (0.1,0.9) is the most accurate
estimator for binomial pairs (mean error 0.007, versus 0.012 for MF-X-DMA). In two dimensions it lowers the T,
error of 2562 cascade pairs by 27%—35%. For monofractal pairs it is comparable to the best moving-average variant.
We apply the method to 16 pairs of daily financial series (stock indices, exchange rates, commodities, VIX, Treasury
yields, Bitcoin) and 29 stock—index pairs. Under injected bad ticks, the median-detrended cross-correlation coefficient
is less sensitive than the detrending moving-average coefficient for 27-29 of the 29 stock pairs. Combining the median
trend with first-order moments roughly halves the sensitivity to gross bad ticks and makes it 3.5-18 times smaller than
that of Pearson’s coefficient. A rolling analysis recovers the 2001 sign reversal of the stock—bond correlation under
errors that distort the Pearson coefficient by 0.27 on average. Quantile detrending does not help against return errors
that shift the price level, or against dense microstructure noise.

PACS: 05.40.-a, 05.45.Tp, 89.65.Gh, 89.75.Da

1 Introduction

Detrended cross-correlation analysis [1] and its multifractal
generalizations quantify the scale dependence of the joint fluc-
tuations of two nonstationary signals. They include multifrac-
tal detrended cross-correlation analysis (MF-DXA, here MF-
X-DFA) [2], multifractal detrending moving-average cross-
correlation analysis (MF-X-DMA) [3], multifractal cross-
correlation analysis (MFCCA) with sign-preserving mo-
ments [4], g-dependent detrended correlation coefficients [5],
and partial cross-correlations [6]. Scale-resolved correlation
coefficients based on detrended covariances, the DCCA and
DMCA coefficients [7-9], have become standard tools in fi-
nance [10].

All of these methods estimate local trends by least squares.
In the companion paper [11] (Paper I) we replaced the moving
average of MFDMA [12] by a moving A-quantile, the local-
constant solution of quantile regression [13, 14], and analyzed
the resulting univariate method (MFQDMA) in one and two
dimensions. Here we develop its bivariate counterpart. Cross-
correlation analysis raises questions that do not exist for a sin-
gle series:

1. the two series can be detrended at different quantile lev-
els;

2. detrended cross-covariances can be negative;

3. aresidual offset that is harmless in a variance can create
spurious correlation in a covariance;

4. data errors may affect one series, both, or both on the
same days.

They also raise a question about the reference values them-
selves. The relation Ay, (q) = [hx(q) +hyy(g)]/2, observed for
binomial measures in Ref. [2] and used as the “theoretical”
cross exponent in Ref. [3], has not been derived.

Our main results are the following. First, for non-negative
measures the product of quantile residuals is exactly a product
of gliding-box masses (Proposition 1), so MF-X-QDMA mea-
sures the joint partition function. This gives exact cross expo-
nents of binomial and four-multiplier cascade pairs. Together
with a Cauchy—Schwarz bound (Proposition 2), it shows that
the average rule is exact only for identical multipliers. Sec-
ond, for signals, quantile levels A # 1/2 create spurious
cross-correlation through a residual offset (Proposition 4); we
quantify the effect and give three remedies. Third, numer-
ical benchmarks show three things: mixed levels (A,,4,) =
(0.1,0.9) give the most accurate cross exponents of binomial
pairs; 2D-MF-X-QDMA is the most accurate estimator for 2D
cascade pairs; and low A helps when outliers hit both series
on the same days. Fourth, we apply the method to 16 pairs of
daily financial series and 29 stock—index pairs, with real and
injected data errors. The median-detrended coefficient, com-
bined with first-order moments, is the least sensitive estimator
of scale-resolved correlation under bad ticks. We report as
clearly where it does not help.

* Joint submission. This article is the second of two compan-
ion papers submitted jointly to Physical Review E. Paper I [11]
contains the univariate algorithm in 1D and 2D, its exact prop-
erties, the univariate benchmarks, and univariate applications,
including a financial study of the same assets. The present pa-
per relies on Paper I for the univariate definitions and results
(Sec. 2.1) and does not repeat them; no figure or table is shared
between the two papers.



2 The MF-X-QDMA algorithm

2.1 Univariate building block

We use the notation of Paper I [11]. For a series x(t), t =
1,...,N, the profile is Y, (i) = ¥, <;[x(¢) — (x)] in the signal con-
vention and Y,(i) = ¥,<;x(¢) in the measure convention. For
a window size n and position parameter 6 € [0, 1], the moving
A-quantile is

2 {Ye(k): i—[(n—1)(1-06)] <k
<i+[(n—1)86]}, (0

?x,l (l) =

where 2, is the linearly interpolated sample quantile, i.e., the
local-constant solution of quantile regression [13, 15]. The
residual is & (i;4) = Yy (i) — ?x,l (7). The moving average of
MF-X-DMA [3] is the least-squares counterpart. We write
6 = 0 (backward windows) unless stated otherwise, as rec-
ommended in Paper L.

2.2 One-dimensional MF-X-QDMA

Given two series x and y of equal length and quantile levels
(Ax, Ay), partition the residual sequences into N, disjoint seg-
ments of size n and compute the segment cross-covariances

sz(n) = lZ,[‘C«‘x(iﬂtx)—cx] [Sy(i;)ty)_cy]v 2

iev

where ¢, = ¢, = 0 unless segment centering is used, in
which case ¢y and ¢, are the segment means of the residuals
(Sec. 3.3). Two conventions are in use for the gth-order cross
fluctuation function. The absolute convention of Refs. [2, 3] is

1 & 1/q
Fogn)={— ¥ [F2(m)>} . 3)
¥q {Nn ‘Z,] v }
The sign-preserving convention of Ref. [4] is
+ 1 . 2 2 q/2 1/q
Fign) = {5 sienlP2)[F2m)2} ™, )

n vy

which is defined only where the sum is positive. The cross
exponent is defined by the scaling law

FXy’q (n) ~ nhx'\)<q)7 Tx)’<q) = qhxy(CI) - Df7 (5)

with Dy = 1 in 1D. For x = y and A, = 4, Egs. (2)—(5) reduce
to univariate MFQDMA. Unless stated otherwise, we use the
absolute convention.

2.3 Scale-resolved correlation coefficients
The detrended cross-correlation coefficient at scale 7 is

Yy sz,xy(”) .
[y F2(m) £y 2, (m)]'?

pa(n) = (©6)

With moving-average residuals it is the DMCA coefficient [8],
the moving-average analog of the DCCA coefficient [7]. The
g-dependent generalization of Kwapien et al. [5],

pran) = W g Ly Gen(2)| 20"
S sy T N, T
@)
reduces to Eq. (6) for ¢ = 2. For g < 2 it reduces the weight
of segments with large fluctuations; for ¢ > 2 it increases it.
We denote by p; and py /54— the coefficients obtained with

median detrending.

2.4 Two-dimensional MF-X-QDMA

For two fields X (i1,i>) and Y (i1, i), the 2D residual fields ex
and &y are computed as in Sec. II C of Paper I: box sums minus
the A-quantile of the within-window partial sums. The box
cross-covariances are Fy, ,, (n) =n~> ¥ ex & over disjoint n x n
boxes. Equations (3)—(5) then apply with Dy = 2.

3 Exact properties

3.1 Measures: joint partition function

Proposition 1 (Cross gliding-box representation). Let x,y > 0
be analyzed in the measure convention with the same 6. Then

ex(i: Ae) & (i) = (i = L, 1))y (= 6y, 1]), (8)

with £ = [(n—1)(1 —0)] — A(n— 1) for each series. For
Ac = Ay, the segment cross-covariance sz is the mean of
We(B) Uy (B) over the gliding boxes B of length { ending in seg-
ment V.

Proof. Apply Proposition 1 of Paper I to each factor. O

Following the argument of Corollary 2 of Paper I, F 4(n) o<
(n/N) Ly [tetty] (cn)?/? with ¢ = |1 — 6 — A|. Define the joint
partition function Z,(g,s) = Y[t (B)pty(B)]9/% ~ (s/N) ™ (4)
over a partition into boxes of size s. Then

_ Txy(‘]) +1

hiy(q) 4
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For A4, # A, the two boxes in Eq. (8) are nested, with lengths
cxn and cyn. Both scale with n, so the exponent is asymptoti-
cally the same.

Corollary 1 (Exact cross exponents of cascade pairs). For two
binomial measures with multipliers (px,1 — py) and (py,1—
py) assigned to the same halves at every iteration [2, 3],

—log, [(pxpy)?* + (1= pa)(1— py))¥?](10)

Inp, +1In(1 — py) +1Inp, +1n(1 — p,)
- (1)
41n2

Tyy(q)

th (0) =

For two four-multiplier 2D cascades with multipliers {p;} and
{Pi} on the same quadrants, Tyy(q) = —log, Y1, (piph)4/?
and hy, = (T, +2) /q.



Proof. A box at level k with a “left” choices has u,u, =
(Pxpy)*[(1 = p) (1= py)[ 50 Ziy = [(papy)®/* + (1 —
px)(1—py))?/?|¥ by the binomial theorem. Equation (11) fol-
lows from L’Hdpital’s rule, as in Paper I. The 2D case is iden-
tical with four terms. O

Proposition 2 (Cauchy—Schwarz bound). For any two mea-
sures on a common partition and all g,

Tee(q) + Tyy(q)
— 5
Hence hyy(q) > [he(q) +hy(q)]/2 for g > 0 and < for g < 0.
Equality for all q holds if and only if U o< W, on every box.
For the binomial pair this means py = py.

Ty(q) = (12)

Proof Zy, = Teudwl? < (Tpud)A(Tpu)'?
(Zxeyy)l/ 2. Taking —log and dividing by log(N/s) gives
Eq. (12). O

The average rule hy, = (hy + hyy)/2 is therefore the equal-
ity case of a general inequality. For the pair (0.3,0.4) of
Refs. [2, 3], the two expressions differ by at most 0.013. This
is below the resolution of those studies and explains why the
rule appeared to hold. For (0.1,0.45) the difference reaches
0.14 (Sec. 4.1). The average rule remains exact for bivari-
ate fractional Brownian motion [16], whose cross exponent is
H,, = (Hy +H,y)/2, and we use it there.

Corollary 2 (Degeneracy). By Corollary 1 of Paper I, MF-X-
ODMA of measures degenerates if |{| < 1 or |[{,| <1, i.e., if
0 + A, =1 0or 0+ A, = 1. This includes the centered median,
0=Ak=214=1/2

3.2 Signals: equivariance, reflection, and sign

Proposition 3 (Equivariance). In the signal convention, let
X =ax+bandy = cy+d with ac # 0. Define * = A if the
coefficient of the series is positive and A* = 1 — A otherwise.
Then

Fy (32, A3 y) = acFy (s A, A5x,y). (13)

Consequently, hyy in the absolute convention is invariant up
to the exchange A — 1 — A of a reflected series. In contrast,
pa(n), Py 4(n), and inq change sign if ac < 0.

The proof follows from Proposition 2 of Paper I applied to
each residual. Two practical consequences follow. First, an
anticorrelated pair, such as the S&P 500 and the VIX in Sec. 5,
can be analyzed in the sign-preserving convention by replacing
y with —y and A, with 1 — A,. Second, the absolute convention
does not distinguish correlation from anticorrelation; the sign
must be read from p; (n).

3.3 Offset-induced spurious cross-correlation

In the univariate case, the residual of a quantile trend at A #
1/2 has a nonzero mean, m(n,A) = (g(i;A)). For example, a
low quantile trend lies below the profile on average, so m >
0. In a variance this offset merely rescales F; (Paper I). In a
covariance it does not cancel.

Proposition 4 (Offset bias). Let x and y be independent sig-
nals with residual offsets my(n, Ac) and my(n, Ay) and residual
variances 62(n) and Gy2 (n). Without centering,

myniy

(P2 (n)) =

~ [(Gx2+m)2()((f)?+m§)}1/2 #0. (14)
For processes with symmetric increments, the reflection iden-
tity of Paper I gives m(n,1 — ) = —m(n,A) and m(n,1/2) =
0. Equal levels A, = A, # 1/2 therefore produce spurious posi-
tive correlation, and complementary levels (A,1 — L) produce
spurious negative correlation.

Three remedies remove the bias:
1. use the median, A = 1/2;

2. use the midhinge trend [2; + 2;_;]/2, for which the
offsets cancel by reflection;

3. center the residuals within each segment (cy,, in Eq. (2)).

Centering is not applied in the measure convention, where the
residuals are box masses (Proposition 1) and their mean is part
of the signal. Table 1 and Fig. 1 quantify the effect for bi-
variate fractional Gaussian noise (BFGN) with known p. For
independent series, raw A = 0.1 gives p = +0.36 to +0.44 and
raw (0.1,0.9) gives —0.33 to —0.44, whereas all three reme-
dies give |p] < 0.02. A remaining effect is attenuation. Quan-
tile residuals are nonlinear functions of the data, so their corre-
lation is somewhat smaller than p: p/p = 0.87-0.99 for cen-
tered A < 0.25, against 0.96-1.00 for A = 1/2 and the moving
average. Because of this attenuation, the median is the natural
choice for estimating correlation coefficients.

4 Numerical experiments

4.1 Binomial-measure pairs

We generate eight binomial pairs (N = 2'®) with a common
split pattern, from identical multipliers (0.3,0.3) to strongly
different ones (0.1,0.45). We analyze them in the measure
convention with 16 < n < 2048 (14 scales) and g € [—4,4],
and compare /,,(g) with Eq. (10) and with the average rule
(Table 2, Fig. 2).

Two results stand out. First, the exact expression is correct
and the average rule is not. For the backward MF-X-DMA,
the RMSE with respect to the average rule grows with the gap
between the two formulas, up to 0.094 for (0.1,0.45). Mea-
sured against Eq. (10), it stays at 0.004—0.024 for all pairs
[Fig. 2(b)]. All moving-window estimators follow the exact
curve [Fig. 2(a)]. Second, MF-X-QDMA with mixed levels
(A, Ay) = (0.1,0.9) is the most accurate estimator for all eight
pairs. Its mean RMSE is 0.007, against 0.012 for backward
MF-X-DMA, 0.013-0.015 for equal levels, and 0.060 for MF-
X-DFA. With equal levels, MF-X-QDMA ties MF-X-DMA,
as in the univariate case (Paper I). The mixed configuration
pairs a long box for x with a short box for y [Eq. (8)]. We ob-
serve its advantage empirically and do not have a theoretical
explanation. The centered median is degenerate (mean RMSE



Table 1: Mean detrended cross-correlation coefficient p (average over 10 scales 10 < n < 500 and six realizations, N = 214y of
BFGN pairs with equal Hurst exponents H and correlation p. “Raw” quantile residuals carry the offset of Proposition 4.

H=04 H=0.7
Trend p=0 0.3 0.6 0.9 p=0 0.3 0.6 0.9
Moving mean (DMCA) -0.00 +0.30 +0.60 +0.90 +0.01 +0.30 +0.60 +0.90
A=1/2 -0.00 +0.29 +0.59 +0.89 +0.00 +0.30 +0.59 +0.89
A =0.25, raw +0.20 +043 +0.67 +091 +0.18 +0.41 +0.65 +0.91
A =0.25, centred -0.01  +0.28 +0.58 +0.89 -0.00 +0.27 +0.56 +0.88
A =0.1, raw +0.44  +0.60 +0.76 +0.94 +0.36 +0.53 +0.72 +0.92
A =0.1, centred -0.01  +0.27 +0.57 +0.88 +0.01 +0.26 +0.54 +0.87
(0.1,0.9), raw -044 -030 -0.16 -0.04 -033 -0.19 -0.05 +0.08
(0.1,0.9), centred -0.01  +0.25 +0.50 +0.74 -0.01 +0.21 +0.41 +0.59
(a) independent pair, p=0 (b) H=0.7 (c) attenuation
T -. T T T T T T T T T T - T 105 T T T
0.50 p—— moving mean A=0.25, raw =6— moving mean —_— H=04
A=0.1, raw == (0.1,0.9); raw 03} = \=1/2 _ - H=0.7
0.25 L A=0.1, centred  —— (0.1,0.9), centred_| - A=0.25 . 1.00 —:}_______-—
. | 0.2 A=0.25 Taw - 7———/
—_ - LT A=01raw
£ 000 =1 = " < 095F -
3 01F 1
-0.25p- . 1 <Q 0.90 -
~0.50 F | 0.0  =——sg—o— o
' 'l L P 1 1 1 | 1 0.85 1 1 1
10! 102 0.0 02 04 06 0.8 0.4 0.6 0.8
n true p true p

Figure 1: Offset-induced spurious cross-correlation (Proposition 4). (a) p(n) of independent BFGN pairs (H = 0.7, mean of
six realizations) for raw and segment-centered quantile residuals. (b) Bias (p) — p versus the true p (H = 0.7). (c) Attenuation
(p)/p of the unbiased estimators for H = 0.4 (solid) and H = 0.7 (dashed); colors as in (b).

0.92), as predicted by Corollary 2. The centered moving aver-
age (0.053) and MF-X-DFA are the least accurate methods for
measures, in agreement with Refs. [3, 12].

4.2 Two-dimensional cascade pairs

Pairs of the four-multiplier cascades A, B, and C of Paper I
(256 x 256, same quadrant assignment) are analyzed with 2D-
MF-X-DMA and 2D-MF-X-QDMA (6 < n < 32, backward
windows, measure convention). As Table 3 and Fig. 3 show,
the exact Ty, of Corollary 1 fits better than the average rule for
every pair and every estimator. 2D-MF-X-QDMA with A =
0.25 is the most accurate estimator for all three pairs, lowering
the error of 2D-MF-X-DMA by 27% (A-B), 29% (A—C), and
35% (B—C). This mirrors the univariate 2D result of Paper 1.
In 2D, the quantile of the n?> within-window partial sums is
not reducible to a single box (Paper I, Sec. V A), and it is a
genuinely different trend functional.

4.3 Monofractal pairs

We use the 75 BFGN pairs (N = 25, H..H,, €
{0.1,0.3,0.5,0.7,0.9}; p € {0.1,0.5,0.9}) and the 26 two-
component ARFIMA pairs with d; = d; of the corpus of Pa-
per I. The ARFIMA processes are generated by exact circulant
embedding [17-19], following Ref. [3]; the theoretical cross
exponents are Hy, = (H,. +H,y)/2 and H = 1/2 +d, respec-
tively. As Table 4 and Fig. 4 show, the centered MF-X-DMA

is the most accurate estimator for both families, as reported
in Ref. [3]. MF-X-QDMA with A = 1/2 comes second for
ARFIMA and third for BEGN. It improves on the backward
MF-X-DMA by 13% for BFGN and 15% for ARFIMA. For
the correlation coefficient, all estimators are within 0.04 of the
nominal p of BFGN pairs with Hy, = Hy,. The quantile esti-
mators show the attenuation discussed in Sec. 3.3 [Fig. 4(c)].

4.4 Contaminated pairs

* Binomial pair. We contaminate the (0.3,0.4) pair by replac-
ing a fraction € of values with 200 outliers in three ways: in
x only, in both series on independent days, and in both series
on common days, which mimics a market-wide data error. Ta-
ble 5 and Figs. 5(a)-5(c) show the results. The clean errors are
0.004 (MF-X-DMA) and 0.004-0.008 (MF-X-QDMA). The
benefit of the quantile trend depends on the error structure:

* Common days: low levels are the most robust for every
£ > 2%. With A = 0.1 the error of MF-X-DMA is lower
by 39%, 49%, and 40% at € =2, 5, and 10%.

e Errors in x only: A = 0.25 is best at 2% and 5% (0.065
and 0.086, versus 0.071 and 0.122 for MF-X-DMA).

o Independent errors in both: A = 0.25 is best at 5% (0.088
versus 0.109), and A = 0.1 at 10% (0.121 versus 0.231).

At small €, A =0.1 can be worse than MF-X-DMA, and A =
0.9 is among the worst estimators throughout, as in Paper 1.



Table 2: Binomial-measure pairs (N = 2'%): RMSE of A, (q). g € [-4,4]. “Gap” is max, [ — hiy¥|. The second column is
MEF-X-DMA measured against the average rule; all other columns are measured against the exact Eq. (10). Backward windows;
bold: best per row.

MF-X-DMA MF-X-DMA MF-X-DFA MF-X-QDMA
(px,py) Gap Vs average vs exact Vs exact A=025 A=05 (A,A)=(0.1,09)
(0.3,0.3) 0.000 0.008 0.008 0.045 0.010 0.012 0.005
(0.25,0.35) 0.011 0.006 0.008 0.047 0.010 0.012 0.004
(0.3,0.4) 0.013 0.007 0.004 0.043 0.005 0.008 0.004
(0.2,0.3) 0.010 0.012 0.015 0.057 0.017 0.018 0.008
(0.2,0.45) 0.072 0.054 0.007 0.060 0.008 0.011 0.003
(0.15,0.4) 0.067 0.043 0.013 0.064 0.015 0.016 0.006
(0.1,0.3) 0.049 0.027 0.024 0.079 0.026 0.025 0.016
(0.1, 0.45) 0.137 0.094 0.017 0.088 0.018 0.018 0.011
Mean — 0.031 0.012 0.060 0.013 0.015 0.007
(a) p,=0.2, p,=0.45 (b) eight pairs (c)
e I I I I 107! E_I. MF-X—DMAI O vs avell‘age rule og (0.1,0.9) I I I -
‘e, — r A=025 @, Vs exact ]
1.4 | 4 = [ & 0109 ee 1  (0.25,0.75) E
. g [ ] A=0.25 .
@ 1.2 Fe— exact, Eq. (1 7] “5 L 2 i A=05 ]
5 t e+ )2 m s * 3 “ | x-DMA6=0 -
1.0 vV MFX-DFA 4 D 102 tm i O xDMA 91 -
O MFX-DMA S re ]
0.8 A=025 I~ N § » 1X-DMA 9=} .
8r —(0.1,0. LAty [ ] > _
|‘ ()\‘“Avl) (0109)I 1 Vy L . 1 < 1 J X-DFA 1 1 1
-4 -2 0 2 4 0.00 0.05 0.10 0.00 0.02 0.04 0.06
q max b5 — hyy® mean RMSE vs exact
g : 1

Figure 2: Binomial-measure pairs. (a) Ay (g) for (py,py) = (0.2,0.45): exact joint-partition result [Eq. (10)], average rule
(dotted), and four estimators. (b) RMSE of &, against the average rule (open symbols) and against the exact result (filled) versus
the gap between the two, for eight pairs. (c) Mean RMSE against the exact result over the eight pairs.

(a) pair B--C (b) 2562
Table 3: 2D cascade pairs (256 x 256): RMSE of 1,,(q) " avorige rale : ' T == e
against the average rule / against the exact result. Bold: best ~ & [ zvexow g 03 -
per row. EIE] A ug 0.2 i
Pair Gap Mean A =025 A=05 A =0.75 oo N =
A-B 0.085 0.293/0.256 0.226/0.187 0.264/0.226 0.367/0.334 % S 0.1
A-C 0.051 0.281/0.274 0.205/0.194 0.242/0.233 0.344/0.339 c 025 |_ e
B-C 0.147 0.219/0.204 0.168/0.133 0.195/0.173 0.280/0.276 -4 -2 0 2 4

* BFGN pairs. For signals the relevant errors are spikes (a sin-

gle erroneous increment, which shifts the profile permanently)
and bad ticks (a pair of increments +s, —s, which displaces a
single profile value). We inject 100 errors at 0.5%—5% of the
samples of BFGN pairs (H = 0.6/0.6 and 0.4/0.8, p = 0.6,
two realizations each). We then measure the change Dj, of
hyy(q) for g € [1,4] and the change of p(n), each relative to
the same estimator on clean data [Fig. 5(d)]. The results antic-
ipate those of the financial data (Sec. 5.3).

* Bad ticks, coefficient. The median-detrended coefficient
P12 is less sensitive than the DMCA coefficient in all 48
configurations of each mode (median ratio 0.94). Its first-
order version py  ,—1 has 0.66-0.67 times the sensitivity
of the DMCA coefficient.

* Spikes, coefficient. Spikes shift the profile permanently,
and no variant improves on the moving average (ratio

Figure 3: 2D cascade pairs. (a) Deviation of t,(g) from the
exact result for the pair B-C; the dotted line is the average
rule. (b) RMSE of 7, against the exact result for three pairs
and four trend functionals.

1.00-1.05), as expected from Paper L.

* Centering. The centered A = 0.25 coefficient is the most
sensitive estimator for both kinds of errors.

* Cross exponents. For hy,(q € [1,4]), the moving average
is slightly less sensitive than the quantile trends for 10c
bad ticks. On clean data, A = 1/2 is slightly more accu-
rate for ¢ > 0 (RMSE 0.018 and 0.024, versus 0.020 and
0.027 for MF-X-DMA).
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Figure 5: Contaminated pairs. (a)—(c) RMSE of %,,(g) of the binomial pair (0.3,0.4) versus the fraction € of £200 outliers, for
errors in x only, in both series on independent days, and in both on common days. (d) BFGN pairs: change of the detrended
coefficient, mean over scales, for bad ticks (solid) and spikes (dashed) in x only.

Table 4: Monofractal pairs: RMSE (mean =+ s.d.) of & (q).
Backward windows except where noted; quantile residuals
segment-centered (signal convention). Bold: best per column.

Method BFGN (75)  ARFIMA (26)
MF-X-DFA 0.079+£0.048  0.119+0.053
MF-X-DMA, 6 =0 0.103£0.062  0.127£0.063
MF-X-DMA, 0 = 1/2 0.078+0.052 0.107+0.050
MF-X-DMA, 6 = 1 — 0.1144+0.045
MF-X-QDMA, 2 =0.1  0.1064+0.059  0.11340.043
MF-X-QDMA, 2 =0.25  0.096+£0.061  0.109+0.045
MF-X-QDMA, A =0.5  0.089+£0.044  0.108£0.054

5 Financial cross-correlations

5.1 Data

We analyze 16 pairs of daily series from the qrmdata col-
lection [20, 21], whose univariate properties are analyzed in
Paper I (Table 6). The pairs are:

o Stock indices in the same market: S&P 500-DJIA, and
DIJIA-NASDAQ-100, the pair of Ref. [3].

e Cross-market stock indices: S&P 500-FTSE, DAX-
CAC, FTSE-DAX, Nikkei-Hang Seng, Hang Seng—SSE
Composite, and SSE Composite—CSI 300.

e Exchange rates against the dollar: EUR-GBP and EUR-
JPY.

* Cross-asset: gold-EUR, gold-Brent oil, S&P 500-VIX
(log changes), and S&P 500—10-year Treasury yield.

* Interest rates: 2-year—10-year Treasury yields (daily
changes of the Fed zero-coupon curve [22]).

* Cryptocurrency: Bitcoin—S&P 500.

Prices are aligned on common trading days, and increments
are computed on the common calendar. In addition, we pair
each of the 29 DJIA constituents with the DJTA index (2000—
2015, N = 4023). We use the signal convention, backward
windows, 10 < »n < min(500,N/10) days, and g € [—4,4].

5.2 Correlations across scales and cross-
exponents

Figure 6 and Table 6 summarize the clean analysis. Five fea-
tures are relevant for the estimator comparison that follows.
(1) Scale dependence. For markets that close at different
times, the daily Pearson coefficient underestimates the co-
movement: S&P 500-FTSE has r = 0.49, but p; ,(n) rises
from 0.67 at n = 10 days to about 0.9 at n ~ 300 days
[Fig. 6(c)]. This is the nonsynchronous-trading analog of



Table 5: Contaminated binomial pair (0.3,0.4): RMSE of &,,(g) against Eq. (10), mean of five replicates, for +20c outliers in a

fraction € of values. Backward windows; bold: best per column.

x only Both, independent days Both, common days
Method 2% 5% 10% 2% 5% 10% 2% 5% 10%
MF-X-DFA  0.145 0.187 0.193 0.215 0.309 0397 0270 0312 0427
MF-X-DMA 0.071 0.122 0.177 0.062 0.109 0.231 0.082 0.160 0.244
A=0.1 0.176  0.104 0.140 0.165 0.104 0.121 0.050 0.082 0.146
A =025 0.065 0.086 0.146 0.061 0.088 0.174 0.054 0.101 0.174
A=05 0.075 0.124 0.175 0.056 0.116 0.217 0.082 0.137 0.255
A=09 0.142 0.204 0.278 0.158 0.301 0.407 0.208 0.320 0.421

Table 6: Sixteen daily financial pairs: period, length N, Pearson coefficient », mean detrended coefficients over scales (DMCA
p, median-detrended py ,, and its first-order version py /5 ,—1), and hyy(2) of returns and of absolute returns for MF-X-DMA and

MF-X-QDMA (A = 1/2). Data from Ref. [20].

hyy(2), returns hyy(2), |returns|
Pair Period N r P P2 Pipgt XDMA A=1 X-DMA A=3j
S&P 500-DJTA 1985-15 7796 +0.97 +0.96 +0.95 +0.96 051 0.51 0.87 0.96
DJIA-NDX 1985-15 7627 +0.73 +0.73  +0.73 +0.80  0.52 0.48 0.88 0.97
S&P 500-FTSE 1984-15 8060 +0.49 +0.82 +0.82 +0.83  0.54 0.53 0.89 1.04
DAX-CAC 1990-15 6302 +0.84 +0.90 +0.90 +0.92 055 0.55 0.88 1.02
FTSE-DAX 1990-15 6348 +0.76  +0.81 +0.80 +0.83  0.54 0.51 0.89 1.02
Nikkei-HSI 1987-15 6833  +0.47 +0.44 +0.43 +047 053 0.54 0.84 0.95
HSI-SSEC 1990-15 6132 +0.17 +0.31 +0.30 +0.39 057 0.59 0.91 1.01
SSEC-CSI 300 2005-15 2612 +0.98 +0.98 +0.98 +0.99  0.67 0.64 0.89 0.85
EUR-GBP 2000-15 4173 +0.66 +0.72 +0.71 +0.82 055 0.57 0.91 1.01
EUR-JPY 2000-15 4173  +0.26 +0.28 +0.27 +0.35 053 0.53 0.87 0.95
Gold-EUR 2000-15 4173 +0.30  +0.40 +0.40 +0.48 049 0.46 0.89 0.99
Gold—Brent 1987-15 7257 +0.17 +0.26 +0.25 +0.31 0.0 0.49 0.91 0.99
S&P 500-VIX 1990-15 6552 -0.71 -0.61  -0.61 -0.67 039 0.36 0.81 0.84
UST 2y-UST 10y~ 1985-15 7508 +0.78 +0.74 +0.72 +0.82  0.50 0.53 0.85 0.78
S&P 500-UST 10y  1985-15 7499 +0.07 +0.08 +0.08 +0.07 045 0.48 0.89 0.95
Bitcoin-S&P 500 2010-15 1375 +0.03 +0.19 +0.19 +0.35 0.0 0.54 0.87 0.84

the Epps effect [23]. For markets that trade simultaneously
(DAX-CAC, UST 2y-10y), p(n) stays within about 0.1 of r
up to n ~ 100 days.

(ii) Anticorrelation. The S&P 500 and the VIX are strongly
anticorrelated (r = —0.71, p;, &~ —0.61), the leverage-type
relation behind the “fear gauge” [24]. The absolute conven-
tion, Eq. (3), gives a well-defined 7, (q); the sign is carried by
p(n) (Proposition 3).

(iii) Sign changes. The S&P 500-10-year Treasury correla-
tion is near zero over 1985-2015 (r = 0.07) because it reverses
sign around 2000 [25] (Sec. 5.4).

(iv) Cross-exponents. Returns have ., (2) ~ 0.5 (0.36—
0.67), i.e., no long-range cross-correlation of the returns them-
selves. Absolute returns have Ay, (2) = 0.78-1.04, the long-
memory volatility cross-correlations reported for the DJIA—
NASDAQ pair in Ref. [3]. The median-detrended exponents
of absolute returns exceed those of MF-X-DMA for 13 of the
16 pairs (median 0.97 versus 0.88).

(v) Negative moments. Cross fluctuation functions at
negative ¢ are dominated by segments in which the cross-
covariance is close to zero or changes sign, and they scale
poorly [Fig. 6(a)]. This affects every estimator; we therefore
compare cross exponents of real data for g € [1,4].

5.3 Sensitivity to data errors

As in Paper I, we inject data errors into the real returns and
measure how much each estimator changes relative to its own
clean value. This measures sensitivity, not accuracy. We con-
sider the following errors:

* bad ticks (isolated misprinted prices) of 100 or 50c at
0.5% of the days, in one series or in both;

* erroneous returns of 100, which shift the price level per-
manently;

* microstructure noise of relative amplitude 1 = 0.5 on ev-
ery log price.

A 500 bad tick corresponds to a price misprinted by about
40%—-70% for a typical index, the size of a misplaced dec-
imal point in a low-priced stock. We compare Pearson’s
r, the DMCA coefficient p, the median-detrended p; ), the
midhinge-detrended ppig (A = 0.25/0.75), the centered A =
0.25 coefficient, and the first-order coefficients p,—; with
moving-average and median trends. The sensitivity is the
change of the coefficient averaged over scales, with three repli-
cates per pair. The results are given in Table 7 and Figs. 7 and
8.
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Figure 6: Financial cross-correlations. (a) Fyy4(n) of DIIA-NASDAQ-100 returns (MF-X-QDMA, A = 1/2), shifted vertically;
negative moments scale poorly. (b) &, (g) for g > 0 (thick) and [h, + hyy]/2 (thin) for two pairs and two estimators. (c) Median-
detrended coefficient p;/,(n) for six pairs; triangles mark the daily Pearson coefficient. (d) hy(2) of returns and of absolute
returns for the 16 pairs.

Table 7: Sensitivity of correlation estimates of daily returns to injected data errors: median over pairs of the mean absolute change
of the coefficient over scales (x 103). Columns: Pearson r; DMCA p; median-detrended p, /25 midhinge ppmiq; centered A = 0.25;
first-order coefficients p,—; with moving-average and median trends. Last column: number of pairs for which py; ,—; is less
sensitive than the DMCA coefficient. Bold: least sensitive detrended coefficient.

g=1
Error Pairs r  DMCA p P12 Pmid  Po2sc. DMA median  wins
Bad ticks in x, 100 16 pairs 165 11.4 10.7 11.5 21.6 9.6 9.1 13/16
29 stocks 187 15.5 13.7 15.0 25.0 12.0 11.5 27729
Bad ticks in x, 500 16 pairs 459 1484 143.6 1516 210.4 79.4 772 15/16
29 stocks 517 173.9 1657 1750 227.6 98.5 96.1 29/29
Bad ticks in both, 106 16 pairs 288 25.0 229 24.8 44.0 18.2 18.9 12/16
29 stocks 326 314 28.9 30.8 532 24.4 234 29729
Bad ticks in both, 506 16 pairs 546 264.0 250.7 2634 3439 164.6 155.0 15/16
29 stocks 628 286.1 269.1 283.1 361.8 182.1 171.5  29/29
Return outliers in x 16 pairs 108 1223  132.0 1250 1449 107.3 108.6  10/16
29 stocks 116 1422 1529 1444 153.6  130.7 1352 17/29
Microstructure noise 16 pairs 192 13.3 13.0 13.3 25.1 13.2 145  7/16
29 stocks 210 16.5 14.8 16.5 27.7 17.3 17.6  5/29

The results separate into three regimes, which follow the
mechanism identified in Paper I. A bad tick displaces a single
profile value. An erroneous return shifts the profile perma-
nently. Microstructure noise perturbs every profile value.

Bad ticks. Every detrended coefficient is far less sensitive
than Pearson’s r, because the detrended covariance spreads
the error over many segments instead of concentrating it in
one product. The median trend improves on the moving aver-
age consistently, but modestly. py/; is less sensitive than the
DMCA coefficient for 14—15 of the 16 pairs and 27-29 of the
29 stocks in every bad-tick scenario (Wilcoxon p < 0.0013),
with a median ratio of 0.92-0.95. The larger gain comes from
combining the median trend with first-order moments. Then
P1/2,4=1 1s less sensitive than the DMCA coefficient for 12—
15 of the 16 pairs (p < 0.006) and 27-29 of the 29 stocks
p < 10~7), with a median ratio of 0.54-0.61 for 500 er-
rors and 0.72-0.76 for 100 errors. Its sensitivity is 3.5-18
times smaller than that of ». Two mechanisms are at work.
The quantile trend prevents an isolated error from biasing the
trend in n windows (Paper I). The first-order moments limit
the weight of the few segments that contain the error, which

no trend can remove from the residual itself. For the cross
exponents /i, (g € [1,4]), the median trend reduces sensitiv-
ity only for gross errors in both series (500 ratio 0.86—0.90;
27/29 stocks, p =5 x 1078; 14/16 pairs, p = 0.003). For 100
errors there is no significant difference.

Erroneous returns. Quantile detrending does not help: py/;
is slightly more sensitive than the DMCA coefficient (ratio
1.07-1.08). Pearson’s r, which sees each erroneous return
only once, and the first-order coefficients are the least affected.

Microstructure noise. For the coefficient, the median is as
good as the moving average or slightly better (ratio 0.94—1.00).
For the cross exponents, the moving average is better (ratio of
the median trend 1.17-1.47), as expected for dense Gaussian
perturbations. The centered A = 0.25 coefficient is the most
sensitive detrended estimator in every regime (ratio 1.1-1.9
relative to DMCA), which is the price of removing the offset
by centering. The midhinge is unbiased but no more robust
than the moving average.
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Figure 7: Sensitivity of correlation estimates of daily returns, distribution over the 16 financial pairs and the 29 DJIA stock—index
pairs. (a), (b) 100 and 500 bad ticks at 0.5% of the days in one series. (c) 50¢ bad ticks in both series. (d) Microstructure noise,
1 = 0.5. Labels: Pearson r; DMCA; A = 1/2; midhinge; centered A = 0.25; and the ¢ = 1 coefficients with moving-average and

median trends.

5.4 Time-varying correlations

Scale-resolved correlations are often tracked in rolling win-
dows, for example to study contagion [26, 27] or the stock—
bond relation [25]. We compute the coefficients at n = 19
days in four-year windows (1000 days, step 60 days), with
and without 500 bad ticks at 0.5% of the days of one series
(Fig. 8). The clean S&P 500-Treasury coefficient changes
sign in the window ending in April 2001, consistent with the
literature [25]. The errors change the rolling Pearson coeffi-
cient by 0.27 on average, which is enough to mask the rever-
sal. They change the DMCA coefficient by 0.16 and py /3 41
by 0.10. For DAX-CAC the corresponding changes are 0.63,
0.36, and 0.15. With p;/; ,—; the rolling correlation stays
within about 0.15 of its clean value.

6 Discussion

6.1 Practical guidelines

Table 8 collects the recommendations. For measures, the
quantile levels are a free design choice: the mixed levels
(0.1,0.9) gave the most accurate cross exponents. For sig-
nals, an offset-free trend is required, and the median is the
natural choice. In both cases backward windows should be
used, because the centered median is degenerate for measures
(Corollary 2).

6.2 Limitations

(i) The advantage of mixed quantile levels for binomial pairs is
empirical; we have no theory for its size. (ii) For monofractal
signals MF-X-QDMA is not more accurate than the centered
ME-X-DMA. (iii) The financial study uses daily data and syn-
thetic errors injected into real returns. The magnitude of the
gains in tick data, where bad prints are frequent [28, 29], re-
mains to be established. (iv) The Bitcoin—S&P 500 pair is
short (N = 1375), and its detrended coefficients (0.19 against
r = 0.03) are dominated by a few heavy-tailed segments at

Table 8: Recommended use of MF-X-QDMA.

Situation Recommendation
Measures 0 = 0; mixed levels (0.1,0.9) or
(0.25,0.75); no centering; reference

exponents from the joint partition function
[Eq. (10)], not the average rule.

A =1/2 (or midhinge); avoid raw A # 1/2
(Proposition 4).

P1/2,4=1: median trend plus first-order mo-
ments.

No benefit from quantiles; clean the data.
Moving average (MF-X-DMA).

Signals, coefficients
Isolated data errors

Level-shifting errors
Dense noise

Negative ¢ Unreliable when cross-covariances change
sign; report g > 0.
Anticorrelation Absolute convention for hyy; sign from

p(n); or analyze (x,—y) with A, — 1—A4,.

large n; they should not be interpreted. (v) We have not stud-
ied partial cross-correlations [6], to which the quantile trend
extends directly.

7 Conclusions

MF-X-QDMA extends quantile detrending to cross-
correlations in one and two dimensions. For measures,
it measures the joint partition function exactly. This gives ex-
act cross exponents for cascade pairs and a Cauchy—Schwarz
bound, which together show that the widely used average rule
for cross exponents holds only for identical multipliers. For
signals, quantile levels other than the median create spurious
cross-correlation, which the median, the midhinge, or seg-
ment centering removes. Mixed quantile levels give the most
accurate cross exponents of binomial pairs, and the quantile
trend gives the most accurate exponents of 2D cascade pairs.
In financial data, the median trend combined with first-order
moments gives the scale-resolved correlation estimate that is
least sensitive to isolated bad ticks: about half as sensitive as
the DMCA coefficient for gross errors, and up to an order of
magnitude less sensitive than Pearson’s coefficient. It recovers
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Figure 8: Time-varying correlations with and without 500 bad ticks at 0.5% of the days of one series. (a) S&P 500-10-year
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exponents /i, (g € [1,4]) for 500 bad ticks in x, over all 45 pairs.

the reversal of the stock—bond correlation under errors that
mask it in the Pearson coefficient. Quantile detrending does
not help against level-shifting errors or dense microstructure
noise.
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A Implementation

All residuals are computed as in Paper I. Moving quantiles at
several levels are obtained from a single partial sort of each
window, and 2D quantile trends from sliding views of the in-
tegral image. For a pair of series, the residuals of each series
are computed once per scale and reused for every combina-
tion (A, Ay), for the auto fluctuation functions in Eq. (6), and
for both moment conventions. For N ~ 7000 and 14 scales,
MF-X-DMA, MF-X-QDMA at three levels, and MF-X-DFA
together take about 0.7 s per pair on one CPU core.
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