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We introduce the multifractal quantile detrending moving average (MFQDMA) algorithm for one-dimensional (1D)
time series and two-dimensional (2D) surfaces. MFQDMA replaces the moving average of the multifractal detrending
moving average (MFDMA) method by a moving A-quantile, the local-constant solution of Koenker—Bassett quantile
regression, and thereby produces a one-parameter family of generalized Hurst exponents h(q,A) for backward, cen-
tered, and forward windows. We derive exact properties of the estimator. For a non-negative measure the quantile
residual is exactly the mass of a gliding box of size £ = (1 — 6 — A)(n — 1); consequently A(g,A) is asymptotically
independent of A, and the algorithm degenerates on the line 6 + A = 1, which contains the centered median. For
signals, (g, A) is affine invariant and satisfies &(g,A; —x) = h(g,1 — A;x). No box-sum reduction exists in 2D. On
benchmarks with analytically known spectra, backward MFQDMA matches MFDMA on clean 1D cascades and frac-
tional Gaussian noises, and lowers the error of the mass exponent 7(g) of 256 x 256 multiplicative cascades by 29% at
A =1/4. When 2%-10% of a 1D cascade is replaced by outliers, Student-#, or Lévy-stable values, low-A MFQDMA
reduces the 7(g) error of MFDMA by 22%-46% and that of multifractal detrended fluctuation analysis by a factor of
2-4, whereas A > 3/4 is harmful. MFQDMA does not remove the spurious multifractality of ¢t-stable noise, does not
confer invariance under monotone transforms, and gives only marginal gains for contaminated surfaces. Self-affine
surfaces must be analyzed through their mixed increments; otherwise 7(2) ~ 2 irrespective of the Hurst index. We
apply the method to daily returns of 18 financial assets (12 stock indices, three exchange rates, gold, oil, Bitcoin)
and 29 Dow Jones stocks. There the multifractality is mainly distributional, and low-A MFQDMA is the estimator
least sensitive to isolated bad ticks (less sensitive than MFDMA for 28 of 29 stocks, and about half as sensitive as
MFDFA) and to a few crash days: removing 19 October 1987 changes the S&P 500 spectral width by 0.010, ver-
sus 0.093 for MFDMA. MFDMA remains preferable for dense microstructure noise. In 500 electroencephalogram
segments and a terrain elevation model, the multifractality is dominated by linear correlations, and the A-resolved
exponents carry class information not contained in /(g). A jointly submitted companion paper extends the method to
cross-correlations.

PACS: 05.40.-a, 05.45.Df, 05.45.Tp, 89.75.Da

1 Introduction

Multifractal analysis characterizes the heterogeneity of singu-
lar measures, rough signals, and random surfaces through a
spectrum of scaling exponents [1-4]. Since the introduction
of the wavelet transform modulus maxima [5, 6] and wavelet-
leader [7-9] formalisms, a second, fluctuation-based family
of estimators has become the most widely used in statisti-
cal physics: detrended fluctuation analysis (DFA) [10] and its
multifractal generalization MFDFA [11, 12], the detrending
moving average (DMA) [13-17], and the multifractal detrend-
ing moving average (MFDMA) of Gu and Zhou [18], which
they showed to outperform MFDFA on binomial measures and
to extend naturally to higher dimensions [18, 19]. These ideas
have been carried over to pairs of signals [20-24] and are now
standard tools in, e.g., finance [25] and physiology.

All members of the DFA/DMA family estimate the local
trend by least squares: a polynomial fit in DFA, an arithmetic
mean in DMA. Least-squares trends are optimal for Gaussian
fluctuations but have unbounded influence functions [26-29],
so a small fraction of aberrant samples can bias the residuals
over entire windows. Additive noise, periodic trends, short-
term memory [30], heavy tails, and finite-size effects [31, 32]
are known to corrupt or spuriously generate multifractality. In
statistics, the canonical alternative to least squares is quantile
regression [33-35], which replaces the quadratic loss by the
asymmetric absolute (“‘check”) loss and estimates conditional

quantiles rather than conditional means. Its local-constant ver-
sion is the moving quantile; the moving median is the classical
nonlinear smoother of signal processing [36—38].

In this paper we combine the two lines of work. We
define the multifractal quantile detrending moving average
(MFQDMA) algorithm in one and two dimensions by replac-
ing the moving average of MFDMA [18] with a moving A-
quantile, 0 < A < 1. (The quantile level is usually denoted T
in the quantile-regression literature [35]; we write A to avoid
confusion with the multifractal mass exponent 7(g).) We then
ask, and answer quantitatively, three questions that any new
multifractal estimator must face: (i) What exactly does the es-
timator measure, and when does it fail? (ii) Is it accurate on
processes with analytically known spectra? (iii) What does it
add on real data?

Our main results are as follows. First, we prove that
for non-negative measures the quantile residual is exactly a
gliding-box mass (Proposition 1). This identity explains why
MFQDMA estimates the multifractal spectrum of measures,
why its exponents do not depend on A asymptotically, and
why it fails catastrophically on the line 6 + A = 1, which con-
tains the intuitively appealing centered median (6 = A = 1/2).
Second, we establish affine equivariance and a reflection sym-
metry h(g,A; —x) = h(g,1 — A;x) for signals (Proposition 2),
and a telescoping identity that fixes the correct input conven-
tion for self-affine surfaces (Proposition 3). Third, extensive
benchmarks following the protocols of Refs. [18, 22] show



that MFQDMA is a robustness rather than an accuracy im-
provement in 1D: it ties MFDMA on clean data but is 22%—
46% more accurate than MFDMA when 2%—-10% of the sam-
ples are contaminated. In 2D the quantile trend is genuinely
different from the mean trend and yields the most accurate
7(g) for 256 x 256 multiplicative cascades. Fourth, we ap-
ply MFQDMA to daily returns of 18 financial assets and 29
Dow Jones stocks. We separate the influence of genuine ex-
treme days from that of injected data errors (bad ticks, erro-
neous returns, and microstructure noise). Low-A MFQDMA
is the least sensitive estimator to isolated bad ticks and to the
removal of a few crash days, whereas MFDMA is preferable
for dense microstructure noise. A single profile-domain mech-
anism, transient versus persistent versus dense contamination,
explains all three outcomes. Fifth, on electroencephalogram
(EEG) recordings [39] and a terrain elevation model we com-
bine MFQDMA with shuffled and phase-randomized surro-
gates [40, 41] and find that the A-resolved exponents provide
discriminative information beyond the standard A(g). We also
report the negative results that a referee would want to know
about: MFQDMA does not suppress the spurious multifractal-
ity of o-stable noise, it is not invariant under monotone trans-
formations, and the A dependence of (g, 1) is not a measure
of amplitude asymmetry.

* Joint submission. This article is the first of two companion
papers submitted jointly to Physical Review E. The present pa-
per (Paper I) contains the univariate method in 1D and 2D, its
exact properties, the univariate benchmarks, and the univari-
ate applications, including the financial study of Sec. 6.1. The
companion paper [42] (Paper II) develops the bivariate exten-
sion, multifractal quantile detrending moving-average cross-
correlation analysis (MF-X-QDMA), including the treatment
of sign-indefinite cross-covariances, pairs of quantile levels
(A, )19), benchmarks on binomial-measure pairs, bivariate
fractional Brownian motions, and two-component ARFIMA
processes, and cross-correlations between the financial assets
analyzed here. Paper II refers to Secs. 2 and 3 of the present
paper for the univariate algorithm and its properties instead of
repeating them; no figure or table is shared between the two
papers.

The paper is organized as follows. Section 2 defines
MFQDMA in 1D and 2D. Section 3 derives its exact proper-
ties and the analytical benchmarks. Sections 4 and 5 report the
numerical experiments in 1D and 2D, Sec. 6 the applications
to financial markets, EEG, and terrain, and Sec. 7 practical
guidelines and limitations. Section 8 concludes.

2 The MFQDMA algorithm

2.1 Quantiles as detrending functionals

For a sample {u;};_, the arithmetic mean minimizes the
quadratic loss, @ = argmin, Y, (ux — ¢)>. Koenker and Bas-

sett [33] observed that the A-quantile minimizes the asymmet-

ric absolute loss,

23 {uy} € argmin Y pilw—c),  pa(v)=v[A-K(v<0)],
SR k=1
(1)

which reduces to the absolute loss (the median) for A = 1/2.
The influence function of 2, is bounded, whereas that of the
mean is not [27, 29]. Equation (1) can have a flat set of min-
imizers; we use the continuous, linearly interpolated sample
quantile (definition 7 of Hyndman and Fan [43]),

Dy = (1= Huam-)+1) +Fuam-1)j+2), 2

where u(j) < -+ <y, are the order statistics and f = Aln—
1) — [A(n—1)]. Equation (2) is equivariant under u — au +
b for a > 0 and satisfies the reflection identity 2y {—u;} =
—2,_s{ui}, two facts used in Sec. 3. A moving A-quantile
is the local-constant quantile regression of a sequence on its
index, exactly as a moving average is the local-constant least-
squares regression [35].

2.2 One-dimensional MFQDMA

Letx(r),r=1,...,N, be a time series. We follow the notation
of Gu and Zhou [18] and change only step 2.
Step 1. Construct the profile

¥(i) = il[x<f>—<x>1v =N, @

where (x) is the sample mean. For a non-negative measure we
use the measure convention y(i) = Y;; x(t) without subtract-
ing (x); subtracting the mean destroys the monotonicity of the
cumulative measure, and in our tests it raised the error of 7(g)
of a binomial measure from 0.017 to 0.92.

Step 2. For a window size n and a position parameter 0 €
[0,1] define the moving A-quantile

i) = 20k i-[(n—1)(1-0)] <k
<it[(n—1)6]}. )

As in MFDMA, 6 = 0 (backward), 6 = 1/2 (centered),
and 0 = 1 (forward) place the window behind, around, or
ahead of i. Replacing 2, by the arithmetic mean recovers
MFDMA [18].

Step 3. Detrend the profile,

&, (i) = y(i) = y2.(3), ®))

for [(n—1)(1-0)] <i<N-—|(n—1)8].

Step 4. Partition the residual sequence of length Ny =
N —n+1 into N, = | Ng/n| disjoint segments of size n and
compute

2 Iy 2

Fi(n,A) = EZel(er(v— n), v=1,...,N,. (6)

i=1

Step 5. The gth-order fluctuation function is

1 Ny 1/q
ny=1



with InFy(n,A) =N, 'Y, InFy,(n,A) for g = 0.
Step 6. Varying n yields the scaling law

Fy(n,A) ~n"@4), (8)

which defines the A-resolved generalized Hurst exponent
h(g,7A). The mass exponent, singularity strength, and singu-
larity spectrum follow from the standard relations [1, 11]

at
T(Q7A):qh(Qa2’)_Df7 a:(97q7 f(a):qa_rv (9)
with Dy = 11n 1D. Unless A dependence is the object of study

we write h(q) and 7(q) for a fixed A.

Figure 1 illustrates steps 2—6 on a fractional Gaussian noise
(fGn) with H = 0.7. The family of quantile trends brackets
the moving average [Fig. 1(a)], the residuals are shifted and
reshaped [Fig. 1(b)], and the fluctuation functions are nearly
parallel power laws [Fig. 1(c)].

2.3 Two-dimensional MFQDMA

Let X(i1,i2), i1 = 1,...,Ny, ip = 1,..., N>, be a field: a mea-
sure on a grid, a stationary random field, or the mixed incre-
ments of a surface (see Sec. 3.3). Fields in the signal con-
vention are demeaned; measures are not. We use isotropic
windows n; = np, =n and 6; = 6, = 0, as in Ref. [18].

Step 1. Forn<ij <N;j—|(n—1)0] and n <ip <N, —
[(n—1)0], compute the box sum

i i
) Y X(ih) (10)

Jji1=ii—n+1 jr=ir—n+1

Y(iy,ip) =

Step 2. Extract the -shifted n X n submatrix W (ky, k) =
X(ihi—[(n=1)(1=-0)]+k—1, ia—[(n—1)(1—6)] +kp —
1), 1 <ky,kp < n, and its within-window cumulative sums

mj my
W (my,m) Z ZWdl,dZ 1 <my,my<n. (11)
di=1dy=1

The 2D quantile trend is the A-quantile of these n® partial

sums,
Yl(il,iz)zg;t{W(ml,le)t 1 Sml,mggn}. (12)

Replacing 2, by the arithmetic mean n~ Zm m W (my,ms)

recovers 2D-MFDMA [Egs. (15) and (16) of Ref [18]].

_ Step 3. The residual matrix is & (i1,i2) = Y(i1,i2) —

Yy (i1,i2).

Steps 4-6. Partition & into NV x N disjoint n x n boxes,
compute Fy; VZ(n,l) =n"?Y &} in each box, average the gth
moments as in Eq. (7), and obtain i(g,A) from F,(n,A) ~
nhad), Equation (9) applies with Dy = 2.

Two implementation remarks matter. (a) The cumulative
sums in Eq. (11) must be computed within each window. In
1D, a global cumulative sum differs from the within-window
one by a per-window constant that cancels in Eq. (5); in 2D
the inclusion—exclusion correction varies across the window
and does not cancel. Using a global 2D cumulative sum

raised the 7(g) error of a 256 x 256 cascade from 0.14 to
1.42 in our tests. (b) The position parameter enters only
through the shift of the trend window relative to the box sum
of Eq. (10). The mean trend is separable, n=2Y,, W (m) =
n2Y, W(d)(n—d;+1)(n—dy+1), and is evaluated with two
1D convolutions. The quantile trend is not separable, so all n*
partial sums per window are materialized from an integral im-
age (Appendix A).

3 Exact properties
benchmarks

and analytical

3.1 Measures: the gliding-box representation

Proposition 1 (Gliding-box representation). Let x(t) > 0 and
let y be the measure-convention profile, extended to non-
integer arguments by linear interpolation. Then, for every ad-
missible i in Eq. (5),

i) = y@i)—y(i-1), (13)
¢ = (n0,2)=[n—1)(1-0)]—A(n—1).

For 0> 0, & (i) = u((i—¢,i]) is the mass of a gliding box of
length ¢ ending at i. For £ <0 it is minus the mass of the box
(i,i+12]).

Proof. Because x > 0, y is nondecreasing, so the order statis-
tics of the window in Eq. (4) are its elements in index order:
Y1) =Y(i—[(n=1)(1-0)] +k),k=0,...,n—1. Inserting
this into Eq. (2) gives y; (i) = y(i—[(n—1)(1—6)] +A(n—
1)), with linear interpolation between neighbors. Equation (5)
then gives Eq. (13). O

We verified Eq. (13) numerically for binomial measures
and several (n,0,1); the maximal deviation is 10~!> (ma-
chine precision). For comparison, the MFDMA residual of
a measure is a smoothed box sum with triangular weights,
y(i) = (Pywin = Lxwix(i — k). MFQDMA replaces this kernel
by a sharp box, which is why the two methods behave simi-
larly on 1D measures.

Corollary 1 (Degeneracy line). If |¢| < 1, the residual € (i) =
£x(i) (for £ > 0, and analogously for { < 0) does not grow with
n. Hence Fy(n,A) does not scale and the estimate of h(q) is
spurious. Since £ = (1 —0—A1)(n—1)+ O(1), this happens
on the line 0 + A = 1. In particular, the centered median 60 =
A =1/2gives £ =0 for odd n (so €, =0) and { = 1/2 for even

n.

Corollary 2 (Asymptotic A independence). Away from the de-
generacy line, |[{| =cn+O0(1) withc=1]1—-0—21| > 0. If
the box masses of size s have partition function ¥ u(s)? ~
(s/N)*@ with N/s boxes, then Fy,(n,A) is the root-mean-
square gliding-box mass at scale cn inside segment v and

Fl(n,A) ~ Z“V cn)? o< (cn)'+7@), (14)
Therefore h(g,A) = [t(q) + 1]/q independently of A and 6.

Changing A only rescales the effective box size, which shifts
InF,; by a constant and leaves the slope unchanged.
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Figure 1: The 1D MFQDMA algorithm on an fGn with H = 0.7 (N =

24,0 =0, n = 128). (a) Profile y(i) with the moving mean

of MFDMA and the moving quantiles y, for A = 0.1, 0.5, 0.9. (b) Residuals &(i) of MFDMA and ¢, (i) for A = 0.1 and 0.9. (c)
F>(n,A) for MFDMA and five quantile levels; the slopes h(2,A) are given in the legend.

Corollary 2 has an important negative consequence. For
measures, any A dependence of h(g,A) is a finite-size effect
and cannot encode, e.g., an asymmetry of the multipliers. We
confirm this numerically in Sec. 4.6. Corollary 1 explains the
numerical observation that the centered MFQDMA fails on
measures by two orders of magnitude (Sec. 4.3), whereas cen-
tered MFDMA merely loses accuracy [18].

3.2 Signals: equivariance and reflection

Proposition 2 (Affine equivariance and reflection). In the sig-
nal convention [Eq. (3)], let X' (t) = ax(t) +b witha # 0. Then,
in ID and in 2D,

h(g,2:x') = h(g,A:x),
h(q7)L;xl) = h(qvlfl;x)a

Proof. Demeaning removes b, soy =ay (or W' = aW in 2D).
By the equivariance and reflection identities of Eq. (2), &; =
agy, fora>0and € =ag _; for a <0. Hence Fj(n,1) =
la|Fy(n, ) or |a|F,(n,1—A), and the slopes are unchanged or
exchanged. O

a>0,
a<0.

s)
(16)

Numerically, Egs. (15) and (16) hold to 10~13 in 1D and to
5 x 107!2 in 2D. Proposition 2 guarantees that amplifier gains
and offsets cannot affect MFQDMA exponents. It also im-

plies that for a sign-symmetric process (x 4 —x), h(q,A) and
h(g,1 —A) are identically distributed. An antisymmetric in-
dex h(g,A) —h(g,1 — A) therefore vanishes on average for all
Gaussian processes and cannot detect anything else in them.

3.3 Surfaces: the input convention

Proposition 3 (Telescoping of mixed increments). Let
G(iy,ip) = X(il,iz) —X(il — l,iz) —X(i1,ip — 1) +X(i1 —
1,ip — 1) be the mixed increment field of a surface X. The box
sum of Eq. (10) applied to G equals the rectangular increment
of X over the corners of the box, and the same holds for every
within-window partial sum W. If X is self-similar with Hurst
index H, e.g., an isotropic fractional Brownian surface [44],
all these quantities scale as n! in distribution. Then 2D-
MF(Q)DMA applied to G yields h(q) = H and ©(q) = qgH — 2.

The proof is immediate from the telescoping of double sums
and the self-similarity X (cr) L iy (r). Applied to X itself,
by contrast, the box sums are dominated by n? times the local
level of the surface, and h(g) saturates near D ¢ =2 for ev-
ery H (Sec. 5.2). An uncorrelated field gives h = Df/2 =1
in this convention, the 2D analog of & = 1/2 for white noise
in 1D. We therefore use three conventions: a measure is an-
alyzed directly without demeaning, a stationary field directly
after demeaning, and a self-affine surface through its mixed
increments G.

3.4 Analytical benchmarks

* 1D binomial measure. The p-model on N = 2k points [2, 18]
has

Tn(g) = —logy[p?+(1—p)], (17)
1

hola) = T“‘(q)*, 440,
1 In(1 —

ha(0) = o) = - PERUZD) g

The value at ¢ = 0 follows from L"Hopital’s rule applied to
Tin(g) + 1 — 0. The entropy-weighted expression —[plnp +
(1—p)In(1—p)]/In2 that is sometimes used is incorrect here.
* 2D four-multiplier cascade. At each of k iterations a square

is divided into quadrants that receive fractions pi,...,ps

(X pi = 1) of its mass [18]. Then

T +2
Tin(g) = —logzzp,, hin(q) = th((ga 19)
ZiP,' In p;
- _ 7 = — Tth, 20
on(q) 2y, p? Jih=q0m — T,  (20)
1 4

hn(0) = =———7) Inp; 21
(0) o (0) 4ln2[Z np 2

The identities 7,(0) = =2, (1) =0, and Th(g) = 2(g—1)
for p; = 1/4 serve as consistency checks of any implementa-
tion.



* Monofractals. An fGn with Hurst index H has h(q) = H. A
fractional Brownian surface analyzed through G has h(q) = H
and 1(q) = gH — 2 (Proposition 3).

4 Numerical experiments in one di-
mension

4.1 Protocol

The benchmark corpus is summarized in Table 1. All ex-
act Gaussian processes were generated by circulant embed-
ding [45, 46] with Hermitian-symmetric spectra, and q-stable
variables by the Chambers—Mallows—Stuck method [47]. Un-
less stated otherwise, we use g € [—4,4] in steps of 0.5.
MFDMA and MFQDMA use 14 logarithmically spaced win-
dow sizes 16 <n <2048, and MFDFA (linear detrending) uses
64 < s < 8192, the ranges recommended in Ref. [18]. Ex-
ponents are least-squares slopes of InF, versus Inn, and « is
obtained by central differences. Accuracy is the root-mean-
square error over the 17 moments,

1

RMSE, = {ﬁ Y [7(q9) —n(q)] 2}1/2, (22)
q

and analogously RMSE,, for h(q) versus H for monofractals.

4.2 Binomial measures

Figure 2 shows the analysis of a binomial measure with
p =03 and N = 2'6. The fluctuation functions of back-
ward MFQDMA are excellent power laws over more than two
decades [Fig. 2(a)], and the estimated 7(g) and f(a) agree
with Eqgs. (17) and (18) [Figs. 2(b) and 2(d)]. The deviations
At(g) = 1(gq) — Tin(q) of all backward MFQDMA variants stay
within about 0.07 of zero. This is comparable to backward
MFDMA and much smaller than for MFDFA, whose error
grows to 0.2 at ¢ = 4 [Fig. 2(c)].

Table 2 summarizes eight cascades. We reproduce the
ranking of Ref. [18]: backward MFDMA (RMSE; = 0.025)
beats forward MFDMA, MFDFA, and centered MFDMA. All
backward MFQDMA variants come within 0.004-0.007 of
backward MFDMA, which is less than one standard devia-
tion across realizations. On clean 1D measures MFQDMA is
therefore as accurate as the best existing method, but not more
accurate. Figure 4(a) illustrates Corollary 2: the five curves
h(g,A) coincide with each other and with the theory.

4.3 Dependence on the window position and the
degeneracy line

Figure 3 tests Proposition 1 and Corollary 1. Panel (a) shows
the geometry: on a monotone profile the A-quantile of the win-
dow is the profile value at lag ¢, so the residual is the mass of
the box (i — ¢,i]. Panel (b) shows the residual standard devia-
tion as a function of 6 for n = 65. For each A it collapses to
zero exactly at @ = 1 — A, while the MFDMA residual only has
a shallow minimum at 6 = 1/2. Panel (c) shows that RMSE.

of MFQDMA peaks at 0 ~ 1 — A for every A, reaching 2.3 for
the centered median. Backward MFQDMA (6 = 0) is safe for
every A < 1, so we recommend 6 = 0.

4.4 Monofractal signals

Table 3 and Figs. 4(b) and 4(c) summarize the f{Gn benchmark.
All methods recover h(2) within 0.06 of H. The centered
MFDMA is the most accurate (RMSE;, = 0.006), in agreement
with Ref. [22]. Backward MFQDMA (0.021-0.034) is com-
parable to backward MFDMA (0.028) and to MFDFA (0.023).
For signals the profile is not monotone, so Corollary 1 does not
apply, and the centered median is merely inaccurate (0.104)
rather than degenerate. The spurious width max, 4 —ming h of
MFQDMA grows with H and A [Fig. 4(c)] and stays below
0.10; for H > 0.8, A = 0.1 gives the narrowest spectra among
the backward DMA-type methods.

4.5 Robustness to contamination

We contaminate the binomial measure (p = 0.3, N = 2!9) by
replacing a randomly chosen fraction € € {1,2,5,10}% of its
values with (i) outliers 200 with random sign, (ii) Student-¢
variables with two degrees of freedom scaled by 40, or (iii)
symmetric a-stable variables with o7, = 1.2 scaled by ¢. Here
o is the standard deviation of the clean measure. Each config-
uration is repeated five times. The analysis uses the measure
convention and Ty, (g) of the clean cascade as reference. The
results are given in Table 4 and Fig. 5.

Three conclusions follow. (i) For € > 2%, MFQDMA with
A = 0.1 lowers the error of backward MFDMA by 23%-37%
for outliers, 25%—-46% for Student-¢, and 22%—-32% for Lévy
contamination. It lowers the error of MFDFA by a factor of
1.9-4.2. (ii) At € = 1% of +200 outliers, low-A MFQDMA
and MFDMA are tied (0.105-0.111 versus 0.110). (iii) Upper
quantiles are harmful. With A = 0.9 the error at € = 1% is
five times that of MFDMA, because the upper quantile follows
the envelope inflated by positive outliers. The paired ratios
in Fig. 5(d) show that the ranking A = 0.1 <0.25 <1< 0.9
holds for every contamination type up to € = 5%; at 10% even
A = 0.9 is slightly better than MFDMA for outliers.

The improvement is real but moderate, and a clarification
is necessary. Robust-statistics arguments based on the break-
down point of the median do not transfer to profile-based esti-
mators. A single outlier in x produces a step in y that persists
for all later indices and enters n consecutive windows. No
order statistic of the profile can remove it. The quantile trend
reduces the influence of the step on the local trend but does not
eliminate it. MFQDMA therefore does not have a 50% break-
down point, and claims of this kind for median-based detrend-
ing should be treated with caution. The argument does, how-
ever, single out the case in which order statistics help most.
A transient profile outlier, which displaces a single value of
y, changes a moving A-quantile by at most one rank but shifts
the moving mean in » windows. In financial data this is exactly
the signature of an isolated misprinted price (Sec. 6.1).



Table 1: Benchmark corpus with analytically known references. N is the series length (1D) or the side length (2D).

Process Parameters N, realizations
Binomial measure p € {0.25,0.30,0.35,0.40} 214 7T6. g
fGn H €{02,0.3,0.5,0.7,0.8,0.9} 2'%;18
Contaminated binomial p=0.3,3 types, € <10% 216. 61
a-stable noise or €{1.2,15,1.8,2} 215:20
Monotone maps log-normal cascade, 6 maps 215. 18
Random-orientation cascade 4 multiplier pairs 215:20

2D cascade 3 multiplier sets 256,512; 6
Contaminated 2D cascade 2 types, € < 10% 256; 17
Fractional Brownian surface  H € {0.2,...,0.9} 256; 19
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Figure 2: Binomial measure, p = 0.3, N = 2!, (a) F,(n) of backward MFQDMA (4 = 0.25) for ¢ = —4,-2,0,2,4, shifted
vertically for clarity; lines are least-squares fits. (b) 7(g) from MFDFA, backward MFDMA, and backward MFQDMA versus
Eq. (17). (c) At(gq) for all methods and five quantile levels. (d) Singularity spectra versus theory.

Table 2: RMSE; (mean =+ s.d.) over the eight binomial mea-
sures of Table 1. The centered MFQDMA lies on the degener-

Table 3: RMSE,, (mean =+ s.d.) of h(g) versus H over 18 fGn
series (N = 219).

acy line of Corollary 1. Method 0 RMSE,,
Method 0 RMSE; MFDFA — 0.023 £0.022
MFDFA — 0.1554+0.054 MFDMA 0 0.028 £0.020
MFDMA 0 0.025+0.016 MFDMA 172 0.006 +0.003
MFDMA 172 0.142+0.034 MFDMA 1 0.028 £0.021
MFDMA 1 0.0414+0.026 MFQDMA, A =0.10 0 0.028 £0.017
MFQDMA, A =0.10 0 0.029 +0.020 MFQDMA, A =0.25 0 0.034+0.021
MFQDMA, A =0.25 0 0.0294+0.018 MFQDMA, A =0.50 0 0.031£0.021
MFQDMA, A = 0.50 0 0.032+0.015 MFQDMA, A =0.75 0 0.025+£0.022
MFQDMA, A =0.75 0 0.031+0.012 MFQDMA, A =090 0 0.021+0.014
MFQDMA, A =0.90 0 0.029 +0.009 MFQDMA, A =0.50 1/2 0.104+0.126
MFQDMA, A = 0.50 1 0.050+0.030
MFQDMA, A =0.50 1/2 2.278+0.116 MFQDMA to inherit this property. It does not, because the

4.6 Heavy tails, monotone transforms, and am-
plitude asymmetry

* (-stable noise.  Independent «-stable variables are
monofractal in their correlations but generate spurious finite-
size multifractality through their heavy tails [11, 32]. Fig-
ure 6(a) shows that the spurious width of MFQDMA, between
0.73 and 0.77 for o, = 1.2 and N = 215 is the same as that of
MFDMA (0.73) and MFDFA (0.70) within 0.07. A quantile
trend cannot help here, because the heavy tails enter through
the gth moments of the residuals in Eq. (7), not through the
trend.

* Monotone transforms. Rank-based statistics are invari-
ant under strictly increasing maps, and one might expect

quantile acts on the profile, which is a sum of transformed val-
ues. For a log-normal cascade (o = 0.4), the mean absolute
change of h(g) under the maps /-, v/-, log, Gaussianization,
and ()3 is as large for MFQDMA as for MFDMA [Fig. 6(b)];
MFDFA is the least sensitive (1.35 versus 1.60-1.74 under
cubing).

* Amplitude asymmetry. Random-orientation binomial cas-
cades, in which each split assigns the multipliers (p,,1 —
Pa) or (pp,1 — pp) with probability 1/2, give a A-spread
maxy h(g,A) — miny h(g,A) (averaged over g) of 0.0085,
0.0116, and 0.0225 for (p,, pp) = (0.35,0.65), (0.30,0.50),
and (0.25,0.75), and zero for the uniform case (0.5,0.5). The
spread is of order 1072 and increases with the strength of mul-
tifractality, not with any asymmetry of the multipliers. This
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Figure 4: (a) Corollary 2: h(g,A) of a binomial measure (p = 0.3, N = 216) for five quantile levels, compared with MFDMA
and with Eq. (17). (b) h(2) versus H for fGn (mean =+ s.d. of three realizations, N = 216); the line is & = H. (c) Spurious width

max, h(q) —ming h(q) for fGn.

is what Corollary 2 predicts for a finite-size effect. The A-
dependence of h(g,A) for measures is therefore not an asym-
metry index.

S Numerical experiments in two di-
mensions

5.1 Multiplicative cascades

We generate four-multiplier cascades with (py, p2, p3, ps) =
(0.05,0.15,0.25,0.55) (set A), (0.10,0.20,0.30,0.40) (set B,
the parameters of Ref. [18]), and (0.02,0.18,0.30,0.50) (set
C), on 256 and 5122 grids. We use eight logarithmically
spaced window sizes 6 < n < N/8 and the measure conven-
tion. Figure 7 shows set A on a 5122 grid. The fluctuation
functions are power laws, and the singularity spectra of 2D-
MFDMA and 2D-MFQDMA agree with Eqgs. (20) and (21)
over the full range 0.9 < a < 4.3.

Unlike in 1D, no gliding-box reduction exists in 2D. The
partial sums W (m;,m;) of a measure increase in each index
separately, but their A-quantile over the n X n index square is
not a fixed lattice element: which element it is depends on
the local geometry of the measure. The 2D quantile trend

is therefore a genuinely different detrending functional. Ta-
ble 5 and Fig. 8(a) show that it is also more accurate. On 2562
grids, backward 2D-MFQDMA with A = 0.25 has the lowest
error for all three multiplier sets, with improvements of 22%
(A), 34% (B), and 36% (C) over backward 2D-MFDMA, or
29% averaged over the three sets. On 5122 grids all errors are
smaller and the differences shrink. A = 0.5 is marginally bet-
ter than MFDMA for all three sets (by 0.3%—-22%), whereas
A = 0.25 is better only for set B, and A = 0.75 is marginally
best for set C. Averaged over both sizes and all sets, RMSE; =
0.135 (A =0.25), 0.147 (A = 0.5), and 0.167 (MFDMA). For
every trend functional the backward window is the most accu-
rate [Fig. 8(a)], in agreement with Ref. [18].

5.2 Monofractal surfaces and the input conven-
tion

Figure 9 and Table 6 test Proposition 3 on isotropic fractional
Brownian surfaces (2562, spectral synthesis). Applied to the
surface X (one realization for each H € {0.3,0.5,0.7,0.9}),
every method gives h(2) between 1.93 and 2.16 for every H
(dashed lines), with fit qualities R> > 0.997. These fits look
excellent but measure only the n> growth of the box sums.
Applied to the mixed increments G (three realizations for each



Table 4: RMSE; of the contaminated binomial measure (p = 0.3, N = 2!6, mean of five replicates). The clean values (¢ = 0) are
MFDFA 0.101, MFDMA 0.019, and MFQDMA 0.025, 0.024, 0.032, 0.034, 0.030 for A = 0.1, 0.25, 0.5, 0.75, 0.9. Bold: best

per column.
Outliers +200 Student-#, Lévy, ap =1.2
Method 1% 2% 5% 10% 1% 2% 5% 10% 1% 2% 5% 10%
MFDFA 0.237 0415 0938 1570 0302 0476 0862 1219 0424 0581 0.858 1.102
MFDMA (6 = 0) 0.110 0.166 0.418 0.810 0.122 0.210 0460 0.728 0.293 0.395 0.618 0.764
MFQDMA A =0.10 0.111 0.127 0.264 0.545 0.085 0.113 0.288 0.548 0.194 0.270 0.430 0.593
MFQDMA A =0.25 0.105 0.128 0.275 0.534 0.094 0.147 0359 0.641 0.253 0.340 0522 0.677
MFQDMA A =0.50 0.126 0.149 0.276 0.509 0.097 0.199 0410 0.633 0.306 0392 0.633 0.734
MFQDMA A =0.75 0269 0.316 0400 0561 0.135 0.312 0525 0.696 0346 0453 0.733 0.833
MFQDMA A =090 0586 0.694 0.713 0.679 0369 0.576 0.769 0.800 0.470 0.566 0.818 0.905

(b) Student-t,
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Figure 5: Robustness of 7(g) estimates of a contaminated binomial measure (p = 0.3, N = 216y (a)-(c) RMSE; versus the con-
taminated fraction € for three contamination types (mean of five replicates). (d) Ratio RMSE;(MFQDMA)/RMSE;(MFDMA)
for A =0.1,0.25, 0.9, paired by replicate; values below the horizontal line favor MFQDMA.
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Figure 6: Negative results. (a) Spurious width of /(g) for inde-
pendent symmetric o-stable noise (N = 213, five realizations)
versus the stable index. (b) Mean absolute change of i(q) of
a log-normal cascade under strictly increasing maps. Bar or-
der in each group: MFDFA, MFDMA, and MFQDMA with
A =0.1,0.25,0.5,0.75,0.9.

H € {0.2,0.3,0.5,0.7,0.9}), all methods track H: h(2) in-
creases from 0.32 to 0.95, the spectra are flat within 0.03—
0.09, and RMSE;, = 0.083-0.092. The residual positive bias
at small H is the same for all methods and is caused by the
finite-size spectral synthesis of the surfaces, not by the esti-
mators. 2D-MFQDMA and 2D-MFDMA are equivalent on
monofractal surfaces.

5.3 Contaminated surfaces

Replacing even 1% of the pixels of the set-A cascade (2567)
with 4200 outliers or Student-z, values raises RMSE; of
the backward methods from 0.28-0.42 to 0.9-1.6 [Figs. 8(b)

Table 5: RMSE; of 2D cascades with backward windows (6 =
0): moving-mean trend (2D-MFDMA) and quantile trends
(2D-MFQDMA). Bold: best per column.

256 x 256 512 x 512
Trend A B C A B C
Moving mean 0.356 0.196 0.197 0.087 0.050 0.115

A =0.25 0.279 0.128 0.125 0.099 0.040 0.137
A =0.50 0.316 0.173 0.157 0.084 0.039 0.115
A=0.75 0.422 0.282 0.252 0.109 0.103 0.112

Table 6: h(2) of the mixed increments of fractional Brownian
surfaces, backward windows: mean of three realizations, with
the standard deviation in units of the last digit in parentheses.

H 2D-MFDMA A=025 A1=05 A=075
02  0327(13)  0.321(17) 0.315(13)  0.320(7)
03 0402(16)  039421) 0.391(17)  0.394(10)
05  0.57222)  0.559(28) 0.563(24) 0.562(16)
0.7  0.756(29)  0.741(35) 0.749(31) 0.748(23)
0.9  0.946(35)  0.929(41) 0.940(37) 0.940(29)

and 8(c)]. 2D-MFQDMA with A = 0.25 is better than 2D-
MFDMA in six of the eight configurations, by 2%-21% (e.g.,
3.16 versus 3.72 at 5% outliers), but the estimates of all meth-
ods are unusable. Contaminated surfaces should be cleaned
before multifractal analysis, whichever detrending functional
is used.
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Figure 7: 2D four-multiplier cascade, set A, 512 x 512. (a) Measure normalized by its mean (logarithmic color scale). (b) F,(n)
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Figure 8: (a) RMSE; of 256 cascades (mean over sets A—C) for all combinations of trend functional and window position. (b),
(c) RMSE; of the set-A cascade (256%) when a fraction € of pixels is replaced by +200 outliers or Student-t, values (mean of

two replicates).

6 Applications

6.1 Financial markets

Financial returns are the most widely studied multifractal sig-
nals [25, 48-54]. They are also the clearest case in which
a multifractal estimator must cope with outliers that are not
part of the process: erroneous prints (“bad ticks”), mis-keyed
prices, and microstructure noise are routinely removed before
econometric analysis [55-57]. Filters are never perfect, so the
sensitivity of an estimator to the errors that remain is a practi-
cal question.

* Data. We analyze daily adjusted closing prices P(¢) of 18 as-
sets from the qrmdata collection of Hofert, Hornik, and Mc-
Neil [58, 59] (Yahoo Finance data, read with a dependency-
free parser of the R serialization format). The assets are
12 stock indices: S&P 500, Dow Jones Industrial Average
(DJIA), NASDAQ-100, FTSE 100, DAX, CAC 40, SMI, Euro
Stoxx 50, Nikkei 225, Hang Seng, Shanghai Stock Exchange
(SSE) Composite, and CSI 300. They also include three ex-
change rates against the U.S. dollar, gold, Brent crude oil,
and Bitcoin. The SSE Composite, DJIA, and NASDAQ-
100 cover the markets studied with MFDMA and MF-X-
DMA in Refs. [18, 22]. In addition, we analyze the 29

DJIA constituents with complete price histories from 2000
to 2015 (N = 4024 each). Weekend records of the non-
crypto assets are removed, and we analyze the log returns
r(t) =1InP(z) —InP(z — 1) in the signal convention with back-
ward windows, 10 < n <min(500,N/10) days (MFDFA: 20 <
s <min(1000,N/5)), and g € [—4,4]. The series contain be-
tween 2662 and 16 606 returns, with excess kurtosis from 1.8
(EUR/USD) to 159 (gold) (Table 7).

* Spectra and the origin of multifractality. Figure 10 shows the
analysis of the S&P 500 (1950-2015). The fluctuation func-
tions of MFQDMA are power laws from two weeks to two
years [Fig. 10(b)], and all estimators give #(2) =~ 0.50-0.53,
i.e., uncorrelated returns, as expected for an efficient market.
The generalized Hurst exponents decrease with ¢, but the es-
timators differ at negative g [Fig. 10(c)]. Across the 18 as-
sets the moving-average methods often produce a nonmono-
tone k(g) at ¢ < 0, which yields a hooked, non-concave f(ct)
[Fig. 10(d)]: h(g) is monotone within 0.005 for 16 of 18 as-
sets with MFDFA, 15 with MFQDMA at A = 0.1, and 11 with
MFDMA. Spectral widths therefore depend on the estimator
(Table 7, Fig. 11), and differences in Ac of order 0.1 between
markets should not be overinterpreted for any single method.
The fit quality is R? > 0.96 for every asset and every estima-
tor except gold, whose record contains 4.8% zero returns from
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Figure 9: Fractional Brownian surfaces (2562). (a) h(2) versus H from the raw surface X (dashed) and from its mixed increments
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Table 7: Daily log returns of 18 assets: period, length N, excess kurtosis k, spectral width Ao for five estimators, and the
percentage of A« retained by shuffled and Fourier phase-randomized surrogates (mean of five surrogates each) for MFDMA and
MFQDMA with A = 0.1. Backward windows; data from Ref. [58].

Ao Shuffled (%) Phase-rand. (%)
Asset Period N Kk MFDFA MFDMA A =0.1 A=025 A=0.5 MFDMA A=0.1 MFDMA A =0.1
S&P 500 1950-15 16606 27.3  0.28 0.18 0.27 0.25 0.21 123 73 34 24
DJIA 1985-15 7796 419 0.38 0.23 0.17 0.19 0.26 124 80 24 52
NASDAQ-100 1985-15 7627 7.5 0.16 0.09 0.16 0.06 0.12 201 146 66 56
FTSE 100 1984-15 8332 9.7 0.22 0.38 0.38 0.25 0.42 43 61 22 31
DAX 1990-15 6354 46 027 0.26 0.49 0.29 0.29 57 47 25 18
CAC 40 1990-15 6548 44  0.22 0.25 0.14 0.15 0.26 57 97 27 80
SMI 1990-15 6349 64 032 0.18 0.26 0.17 0.19 88 79 34 31
Euro Stoxx 50  1987-15 7444 57 0.29 0.27 0.41 0.30 0.28 49 51 15 16
Nikkei 225 1984-15 7879 8.0 0.33 0.32 0.29 0.33 0.37 43 78 22 40
Hang Seng 1987-15 7213 577 034 0.45 0.24 0.26 0.50 74 102 31 73
SSE Composite 1990-15 6391 1519 0.72 0.72 0.47 0.58 0.73 77 135 15 33
CSI 300 2005-15 2662 32 012 0.19 0.22 0.16 0.25 81 120 49 37
EUR/USD 2000-15 4173 1.8 0.4 0.25 0.54 0.39 0.27 62 29 35 24
GBP/USD 2000-15 4173 40 0.19 0.08 0.39 0.19 0.09 246 62 124 16
JPY/USD 2000-15 4173 3.1 0.29 0.24 0.29 0.31 0.27 71 79 27 36
Gold 1970-15 9690 159.4  0.58 0.96 1.12 1.10 0.97 51 53 6 9
Brent oil 1987-15 7257 146 0.20 0.18 0.26 0.20 0.17 98 63 59 53
Bitcoin 2010-18 2873 88.0 0.66 0.58 0.60 0.53 0.58 113 111 21 20

unchanged daily fixings (R> = 0.90-0.99).

The surrogate decomposition [11, 32, 60] gives a consistent
answer for all methods (Fig. 11(b)). Shuffled returns retain
a median 76% of Ao (interquartile range 60%—112%) over
all assets and estimators, whereas phase-randomized returns,
which keep the linear correlations but Gaussianize the ampli-
tudes, retain only 31% (21%-43%). The shuffled surrogate
retains more than the phase-randomized surrogate in 99% of
the 126 asset—estimator pairs. The multifractality of daily re-
turns is therefore carried mainly by the fat-tailed return distri-
bution and finite-size effects, in agreement with Refs. [32, 60]
and in contrast with the correlation-driven multifractality of
the EEG (Sec. 6.2). MFQDMA reaches the same conclusion
as MFDMA and MFDFA (medians 79%/32% for A = 0.1,
75%/27% for MFDMA, and 59%/15% for MFDFA). This is
consistent with Sec. 4.6: changing the trend functional does
not remove distribution-driven width.

* Influence of genuine extreme days. A spectral estimate that

10

depends on a handful of days is fragile in any finite sample.
We remove the k largest absolute returns of each asset (k =1,
5, 10, 20, 50; at most 1.9% of the sample) and measure the
change of the exponents by

Dy, = {% ;[hmod(Q) - h(q)]z}]/z,

where hpoq(g) is computed from the modified series with the
same estimator. For k <20, MFQDMA at low quantile levels
is the least sensitive estimator [Fig. 12(a), Table 8]. For k =5
the median Dj, over the 18 assets is 0.012 for A = 0.1, versus
0.024 for MFDMA and 0.017 for MFDFA, and A = 0.1 is less
sensitive than MFDMA for 14 of 18 assets (Wilcoxon signed-
rank p = 0.03). The median change of the spectral width is
0.024, versus 0.058 for MFDMA and 0.067 for MFDFA. A
single day illustrates the point. Removing the crash of 19 Oc-
tober 1987 (r = —0.229, a 340 event in robust units) from
16606 S&P 500 returns lowers Aa by 0.093 for MFDMA

(23)



(a) S&P 500 (b) A=0.25 (c) (d)

T T T o T T T —TTT] T T T T T

T
0.1F - e q=—4 1 L 4 NS
~ 10°F e 42 4 060 1.00 P
A B F 3 ."' \\
g 0.0 He | e
A - VA v
< < A L
%) 74 \
I —0.1F 4~ — /5&P 500 \‘_
S . E\ = =/ SSE Composite
= — #. Bitcoin
—02F 19 Oct 198 ] = —-If— MFDMA —
. N L r=025
1 1 1 1 1 1

1950 1975 2000 10! 102 0.25 0.50 0.75
year n (days) q o

Figure 10: Daily returns. (a) Log returns of the S&P 500, 1950-2015. (b) F,(n) of backward MFQDMA (A = 0.25), shifted

vertically. (c) h(q) of the S&P 500 for MFDFA, MFDMA, and MFQDMA (A = 0.1, 0.25, 0.5); the dotted line marks & = 1/2.

(d) f(a) of the S&P 500, the SSE Composite, and Bitcoin for MFDMA and MFQDMA (A = 0.25).

(a) original returns
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Figure 11: Eighteen assets. (a) Spectral width Ac of daily returns for MFDFA, MFDMA, and MFQDMA at five quantile levels.
(b) Percentage of A« retained by shuffled (open down-triangles) and phase-randomized (filled up-triangles) surrogates, mean of
five each; colors as in (a).

and 0.085 for MFDFA, but only by 0.010 for MFQDMA with € € {0.1,0.25,0.5,1}%, n € {0.1,0.25,0.5, 1}, five replicates
A =0.1. For k = 50 the advantage disappears, because remov- per asset (18 assets), and three per stock (29 DJIA stocks). The
ing the 50 largest returns changes the return distribution itself. results are shown in Figs. 12 and 13 and Table 8.

The median (A = 0.5) is more sensitive than MFDMA at every

. ) The three error types give three different answers, each of
k. Low quantile levels are required.

which follows from the mechanism discussed in Sec. 4.5.

* Injected data errors. To quantify the utility of MFQDMA Bad ticks are where MFQDMA is most useful. Ev-
in the presence of noise and outliers, we contaminate the real ery MFQDMA variant is less sensitive than MFDMA at
returns with three kinds of data errors and measure Dy, relative every contamination level, except A = 0.5 at € = 0.1%,
to the estimate from the uncontaminated series. All three are which ties [Fig. 12(b)]. At &€ = 0.5% the median ratio
expressed in units of the return standard deviation o,. (i) Bad ~ D,(MFQDMA)/D,(MFDMA) is 0.82-0.95 over the 18 assets
ticks: an isolated misprinted price InP(¢t) — InP(¢) £ 100, at  and 0.79-0.92 over the 29 stocks. With A = 0.25, MFQDMA
a fraction € of randomly chosen days. Each bad tick creates is less sensitive for 18 of 18 assets (p = 8 x 107%) and 28 of 29
a return pair (+s,—s). (ii) Return outliers: an erroneous re- stocks (p = 10~). MFDFA is about twice as sensitive as ei-
turn r(¢) — r(¢) = 100,. This is a permanent level shift of  ther moving-window method (ratio 2.0 and 1.9). In the rolling-
the price. (iii) Microstructure noise: i.i.d. Gaussian noise of window analysis [Fig. 13(c)], 0.5% bad ticks change the ten-
standard deviation 1o, added to every log price [57]. We use year Ao of the S&P 500 by 0.017 on average for A = 0.1,
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Table 8: Sensitivity of /(g) of daily returns to genuine extremes and to injected data errors: median Dj, [Eq. (23), x103] over 18
assets (“Mkts”) or 29 DJIA stocks (“Stocks™). “Top 5”: removal of the five largest absolute returns, with the median |§Ac¢| in
the next column. Errors are injected at € = 0.5% (bad ticks, return outliers) or 7 = 0.5 (microstructure noise). “Rolling”: mean
|6Ac| caused by 0.5% bad ticks in 113 ten-year windows of the S&P 500. Bold: least sensitive per column.

Top 5 removed Bad ticks Return outliers ~ Microstructure noise ~ Rolling
Method Dy, |6Aal Mkts Stocks Mkts  Stocks Mkts Stocks |8Aa|
MFDFA 169 0.067 25.1 25.6 65.1 71.8 49.4 51.9 0.048
MFDMA (6 = 0) 235  0.058 12.6 13.5 59.4 65.8 354 39.7 0.026
MFQDMA A = 0.1 122 0.024 10.5 11.3 47.1 59.4 422 60.8 0.017
MFQDMA A =0.25 157  0.037 11.4 12.1 56.6 60.1 36.0 46.9 0.020
MFQDMA A =0.5 27.1  0.071 12.2 12.5 65.1 68.9 37.1 41.8 0.025
MFQDMA A =0.75 27.3  0.057 10.6 11.0 66.1 79.7 43.1 50.5 —
MFQDMA A =0.9 256 0.039 10.6 10.8 58.8 86.5 64.4 72.6 —
(a) genuine extremes (b) bad ticks (c) return outliers (d) microstructure noise
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Figure 12: Sensitivity of i(q) of daily returns (median D, over 18 assets). (a) Removal of the k largest absolute returns. (b)
Isolated bad ticks at a fraction € of days. (c) Erroneous returns (price level shifts) at a fraction € of days. (d) Microstructure noise
of relative amplitude 1] on every log price. Colors and markers as in panel (a).

versus 0.026 for MFDMA and 0.048 for MFDFA. The mech-
anism is that a bad tick is a transient profile outlier: since
y(i) =InP(i) —In P(0) —i(r), it displaces a single profile value.
A single value changes a moving A-quantile of n profile values
by at most one rank, whereas it shifts the moving mean by s/n
in all n» windows that contain it.

Return outliers are persistent profile steps. As argued in
Sec. 4.5, no order statistic can remove them. Low quantile
levels still help (A = 0.25: less sensitive for 25 of 29 stocks,
p=T7x 10~*, median ratio 0.84; 1 = 0.1: ratio 0.90 over the
18 assets, not significant). The median and upper quantiles are
significantly more sensitive than MFDMA for the stocks.

Microstructure noise adds white noise to every profile value.
For dense Gaussian perturbations the mean is the efficient lo-
cation estimator, and a quantile is less efficient (the median has
an asymptotic efficiency of 2/m for Gaussian data [29]). Ac-
cordingly, MFDMA is the least sensitive method at every noise
level [Fig. 12(d)]. MFQDMA with A = 0.25 or 0.5 is close to
it (median ratios 1.03—1.12), whereas A = 0.1 and A = 0.9 are
1.3-1.9 times more sensitive.

For the financial analyst, the conclusion is specific. Back-
ward MFQDMA with A ~ 0.1-0.25 is the estimator of choice
when the price record may contain isolated erroneous prints
or when estimates should not hinge on a few crash days.
MFDMA remains preferable for dense microstructure noise,
and MFDFA is the most sensitive of the three to sparse er-
rors. Because Dj measures sensitivity rather than accuracy,

the remaining errors in all cases (Dy, = 0.01-0.06 at € = 0.5%)
are small compared with typical between-market differences
in h(g). They are, however, comparable to the differences
in Ac that are often interpreted as differences in market ef-
ficiency [25].

6.2 Electroencephalograms

* Data and preprocessing. We analyze the Bonn EEG
database [39]: five sets of 100 single-channel segments of
4097 samples (23.6 s at 173.61 Hz) band-limited to 0.53—
40 Hz by the original authors. Sets Z and O are surface record-
ings from healthy volunteers with eyes open and closed. Sets
N and F are intracranial interictal recordings from the hemi-
sphere opposite to and within the epileptogenic zone. Set S
contains ictal recordings. The data are already segmented and
filtered, so we apply no further filtering. Table 9 shows why:
refiltering changes (g, 1/2) by more than the between-class
effect (0.055 for F versus N), whereas affine operations change
nothing (Proposition 2). Local-slope analysis shows no single
power law at large scales. The slopes collapse beyond n ~ 200
samples, close to the period of the 0.53 Hz high-pass corner
(327 samples). We therefore fit 12 < n < 128 samples (69—
737 ms) in the signal convention, with 8 =0, g € [—5,5], and
A €{0.1,0.25,0.5,0.75,0.9}.

* Origin of the multifractality. Following Refs. [11, 18, 22],
we compare 20 segments per set with shuffled surrogates,
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Figure 13: (a), (b) Distribution of Dj over 29 DJIA stocks (2000-2015) for 0.5% bad ticks and for microstructure noise with
1 = 0.5; boxes show quartiles, whiskers the 5%-95% range; labels give the method or 4. (c) Change of Aa caused by 0.5% bad
ticks in rolling ten-year windows of the S&P 500 (step: half a year).

Table 9: Sensitivity of the EEG exponents to preprocessing:
mean |Ah(q, 1/2)| relative to the unprocessed data. For com-
parison, the median F-versus-N difference is 0.055.

Operation mean |Ah(g,1/2)|
z scoring 0.0000
50 Hz notch 0.0004
Linear detrending 0.0068
Downsampling by 2 0.0344
FIR high-pass, 0.5 Hz 0.1024
FIR band-pass, 1-40 Hz 0.2988

which destroy all correlations but keep the distribution, and
with Fourier phase-randomized surrogates [40, 41], which
keep the linear correlations but destroy nonlinear ones. Ta-
ble 10 and Fig. 14 show the results. Shuffling retains only
12%—42% of the spectral width A for every method and set,
and the width of the originals exceeds that of the shuffled
data at p < 4 x 107° (Mann—-Whitney) in all 35 set-method
combinations. Phase randomization retains 64%—122%. The
multifractality of the EEG is therefore correlation-driven and
predominantly linear; the amplitude distribution accounts for
a minority (12%—42%) of it. This conclusion is the same
for all seven estimators. The ictal set S is where the meth-
ods differ: MFQDMA with A = 0.9 gives the best mean fit
quality (R*> = 0.910, versus 0.841 for MFDMA and 0.870
for MFDFA) [Fig. 14(c)], whereas A = 0.5 gives the worst
(0.812). Scaling exponents of the ictal recordings should be
interpreted with care for all methods.

* The A-resolved exponents. For signals, Corollary 2 does
not apply, and i(q,A) can depend on A. Figure 15 shows the
median i(g,A) of all 500 segments. In every set, & is largest
at the extreme quantiles for ¢ < 0. The ictal set has a dis-
tinct pattern, with the smallest exponents at A = 0.25-0.75
for ¢ > 0. We summarize the A dependence by the spread
W(q) = max h(q,A) —miny h(g,A). At g = —5 its median
increases monotonically from the healthy sets (Z: 0.222; O:
0.232) through the interictal sets (N: 0.293; F: 0.334) to the
ictal set (S: 0.524) [Fig. 16(a)]. This ordering is significant
(Kruskal-Wallis H = 186.6, p =3 x 1073, Spearman correla-
tion with a clinical severity rank p = 0.60, p = 107°), and all
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nine pathology contrasts remain significant after Benjamini—
Hochberg correction. The specificity control Z versus O, a
nonpathological change of state, is null (p = 0.84, Cliff’s
6 =0.017). The spread is correlated with Ao only moderately
(Spearman p = 0.40). It is not redundant with it: Ao peaks
in set N, whereas W increases monotonically up to set S. We
stress that ¢ = —5 was selected after inspecting the data. Fig-
ure 16(b) therefore reports W(g) for all g¢; the class ordering
holds for ¢ < 0.

* Discrimination. To test whether &(g,A) carries information
beyond h(q), we trained ¢-regularized logistic classifiers with
standardized features and evaluated them by 10 x 10 repeated
stratified cross-validation (Table 11). At equal feature dimen-
sion (21 exponents), the best single A improves the AUC of
MFDMA for all four contrasts. The largest gain is for the
clinically hardest contrast, F versus N (0.789 versus 0.713),
which separates interictal recordings from the epileptogenic
zone and the opposite hemisphere. Using all five quantile lev-
els improves the AUC significantly in all four tasks (paired
Wilcoxon test over the 100 folds, p =2 x 1077 to 2 x 107).
A dimension-matched null model, in which MFDMA is com-
plemented by four noisy copies of its own exponents, gives no
gain (—0.033 to +0.003), so the improvement reflects infor-
mation rather than dimensionality. Univariate effect sizes are
largest at low A and positive g [Fig. 16(c)], where |5| reaches
0.43 compared with at most 0.32 for MFDMA,; in the multi-
variate classifier the best single level for F versus N is never-
theless A = 0.75, which indicates that the levels carry comple-
mentary information. Consistent with Proposition 2, the anti-
symmetric index h(g, 1) —h(g, 1 — A) performed poorly (AUC
0.51-0.68) and reduced the AUC when added to h(q) in three
of the four tasks.

These EEG results come from one public database with 100
segments per class drawn from a small number of patients.
They show that the A dimension carries information, but they
do not establish a clinical biomarker. Replication on multi-
channel databases is required.



Table 10: Bonn EEG, 20 segments per set. Spectral width Ao of the originals, and percentage of Ao retained by shuffled and
phase-randomized surrogates (one surrogate per segment).

Aa (originals) Shuffled (%) Phase-randomized (%)
Method Z o N F S Z O N F S Z o N F S
MFDFA 0.360 0.535 0.681 0.870 1.050 30 18 15 19 12 103 87 94 74 o64
MFDMA 0471 0401 0882 0.830 0.724 29 33 16 20 21 97 80 83 8 99

MFQDMA A =0.10 0.526 0.568 0.934 1.095 1.080 33 37 21 21 16 111 8 101 91 94
MFQDMA A =0.25 0461 0510 0.847 0968 0871 37 42 17 21 21 122 8 97 82 103
MFQDMA A =0.50 0.496 0444 0.886 0847 0817 29 33 19 22 22 101 8 8 89 96
MFQDMA A =0.75 0586 0406 0978 0.863 0.895 29 35 21 22 20 81 93 79 9 96
MFQDMA A =0.90 0.664 0497 1.097 1.022 1170 25 34 19 20 15 79 98 83 97 86
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Figure 14: Bonn EEG, 20 segments per set. (a) Mean spectral width A of the originals. (b) Fraction of A« retained by shuffled
(open down-triangles) and phase-randomized (filled up-triangles) surrogates. (c) Mean fit quality R2. Colors as in (a).

Table 11: Cross-validated AUC (10 x 10 folds) of classifiers ~ Table 12: Terrain elevation model: h(2) of the raw surface

based on 21 exponents. and of its mixed increments; Ax of the increments and of their
Contrast MFDMA h(q) MFQDMA h(g,A*) A surrogates; mean R> for the increments. Rows labeled by A
FvsN 0.713 0.789 0.75 are 2D-MFQDMA; backward windows except where noted.
SvsF 0.938 0.951 0.90 h(2) Aa
ZvsS 0.991 0.998 0.10 Trend raw incr. orig. shuf. phase RZ
Zvs O 0.896 0.920 0.10/0.90 MFDMA 1.960 0.622 0.545 0.037 0.379 0.970
. . MFDMA,_ 1.927 0.661 0.524 — —  0.963
6.3 Terrain elevation 2—025 v 1.953 0.634 0.559 0.017 0.449 0.973
A =0.50 1.955 0.589 0.588 0.045 0.403 0.965
As a 2D application we analyze a digital elevation model of A =0.75 1.953 0.631 0.696 0.135 0.398 0.972

the Jacksboro fault region (344 x 403 grid; distributed with . .
Matplotlib [61]). Elevation is a self-affine surface, so by 7 Discussion

Proposition 3 we analyze its mixed increments (Fig. 17). Ap-

plied to the raw elevation, all methods give 4(2) = 1.93-1.96, 7.1 Practical guidelines

the saturation value. Applied to the increments, they give

h(2) = 0.59-0.66, an estimate of the roughness exponent of Table 13 collects the rules established in Secs. 3—-6. The two
the terrain, with R?2 = 0.96-0.97 (Table 12). Shuffling the most important are negative ones. Never use the centered
increments yields h(2) ~ 1.04-1.07, the uncorrelated value =~ median on a measure (Corollary I). Never analyze a self-
Dy/2, and removes 80%-97% of Aa. A 2D phase-randomized affine surface directly (Proposition 3). Both mistakes produce
surrogate retains 57%-80% of Ac:. As for the EEG, the multi- excellent-looking power laws (R? > 0.99) with meaningless
fractality of the terrain is mainly carried by linear correlations, exponents and are therefore easy to miss.

with a nonlinear contribution of 20%—43%. 2D-MFQDMA
with A = 0.25 gives the best fit (R? = 0.973), but the differ-

ences between methods are small. 7.2 ComPUtatlonal cost

We also analyzed a 256 x 256 magnetic-resonance image. The moving mean costs O(N) per scale by cumulative sums,
Neither method produced acceptable scaling: R? = 0.58-0.61, whereas a moving quantile computed by selection in each
except 0.80 for A = 0.5. The resulting spectra violated f () < window costs O(Nn). For N = 2'6 and 14 scales, our vec-
Dy, so we do not report them. A large fraction of the image is torized implementation needs 0.13 s for MFDMA, 4.3 s for
constant background, and the increments vanish there. MFQDMA at one A, and 7.9 s for five A values in a single
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Figure 15: Median A-resolved generalized Hurst exponents 4(g,A) of the Bonn EEG sets (100 segments each, 6 =0, 12 <n <
128). (a) Z, healthy, eyes open; (b) O, healthy, eyes closed; (c) N, interictal, contralateral; (d) F, interictal, epileptogenic zone; (e)

S, ictal.
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Figure 16: Information carried by the quantile level (500 EEG segments). (a) A-spread W (g = —5) per set. (b) Median W (g)
versus g. (c) Effect size |§| (Cliff) of the F-versus-N contrast for each (¢, 1). (d) Cross-validated AUC of logistic classifiers using
the 21 exponents h(g) of MFDMA or the 21 exponents A(g,A*) of MFQDMA at the best single A* (equal feature dimension).

selection pass (MFDFA: 0.02 s). Running-quantile algorithms
based on balanced trees or double heaps reduce the cost to
O(Nlogn) [38]. In 2D the quantile trend requires all n> par-
tial sums per window, at cost O(NyN,n?) per scale: 4.1 s per
A for a 255 x 255 field, versus 0.05 s for the separable mean
trend. The cost is moderate for single images and is the main
practical limitation for large image collections.

7.3 Relation to other estimators and to the
companion paper

MFQDMA belongs to the DMA family and inherits its in-
terpretation [13, 16, 18]; for measures it reduces to a sharp
gliding-box estimator (Proposition 1). It is complemen-
tary to wavelet-leader methods [7-9], which achieve robust-
ness through supremum-based leaders rather than through the
trend. The A dimension is a new, trend-side degree of free-
dom. For measures it is redundant (Corollary 2); for signals it
carries information (Sec. 6.2).

The bivariate generalization raises questions that do not
arise here, and we treat them in Paper II [42]. The cross-
covariance of two residual series can be negative, so the
gth-order cross moments require a sign convention [21-23].
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The two series may be detrended at different quantile levels
(Ax,Ay). The theory of Proposition 1 extends to products of
box masses of two measures. It gives exact cross exponents of
cascade pairs and a Cauchy—Schwarz bound, which show that
the relation Ay, = (hyx + hyy)/2 used in Refs. [21, 22] holds
only for identical multipliers. Quantile levels A # 1/2 also
leave a residual offset that is harmless in the univariate fluctu-
ation function but creates spurious cross-correlation; Paper 11
quantifies this effect and gives remedies for it. Paper II also
reports benchmarks on binomial-measure pairs, bivariate frac-
tional Brownian motions, and two-component ARFIMA pro-
cesses, following Ref. [22]. It also covers the bivariate coun-
terpart of Sec. 6.1: cross-correlations between pairs of the as-
sets analyzed here, and their sensitivity to errors in one or both
price records. There, a median trend combined with first-order
moments gives the scale-resolved correlation estimate that is
least sensitive to bad ticks.

7.4 Limitations

(i) On clean 1D data MFQDMA is not more accurate than
backward MFDMA (Tables 2 and 3). (ii) Its robustness is
partial and does not extend to heavy-tailed or monotonically
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2D phase-randomized surrogate (dashed), for 2D-MFDMA and 2D-MFQDMA.

Table 13: Recommended use of MFQDMA.

Choice Recommendation

6 = 0; avoid 6 = 1 — A for measures (de-
generate), and O = 1/2 in general.

A € [0.1,0.25] for contaminated data;
never A > 0.75 if outliers are suspected.
Use several A for A-resolved features of
signals.

Measure: profile without demeaning.
Signal: demeaned profile.

Measure: direct. Stationary field: de-
meaned. Self-affine surface: mixed incre-
ments.

As for MFDMA [18]; check local slopes
for crossovers such as filter corners.

6 =0, A ~0.1-0.25 if isolated bad prints
or crash days may dominate; MFDMA
for dense microstructure noise; avoid A >
0.5 when outliers are suspected.

Shuffled and phase-randomized surro-
gates; check f(a) < Dy, monotonicity of
h(q), and R%.

Window position

Quantile level

1D input

2D input

Scales

Financial returns

Diagnostics

transformed signals (Sec. 4.6). (iii) In 2D the accuracy gains
are largest for small fields and shrink at 5122 (Table 5). (iv)
Our financial analysis uses daily data; the intraday (5-min)
SSE Composite returns of Ref. [18] and tick data, where bad
ticks and microstructure noise are most prevalent [55, 56], re-
main to be analyzed. The financial data errors were injected
synthetically into real returns, so D;, measures sensitivity, not
accuracy. The EEG and terrain results each rest on a single
database. (v) The quantile level A and the moment order g for
the EEG spread W were not preregistered.

8 Conclusions

We have introduced MFQDMA, which replaces the moving
average of MFDMA by a moving quantile in one and two di-
mensions, and characterized it exactly and numerically. For
non-negative measures the quantile residual is a gliding-box
mass. This identity explains the correctness of the method on
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measures, the independence of its exponents from A, and the
degeneracy line 8 + A = 1 that contains the centered median.
For signals the exponents are affine invariant and obey the re-
flection symmetry i(g,A;—x) = h(g,1 — A;x). Surfaces must
be analyzed through their mixed increments. Numerically,
backward MFQDMA ties MFDMA on clean 1D benchmarks,
is 22%—-46% more accurate under 2%—10% contamination at
low A, and gives the most accurate 7(q) of 2567 cascades. It
does not cure heavy-tail artifacts or confer rank invariance. In
daily returns of 18 financial assets the multifractality is mainly
distributional. Low-A MFQDMA is the estimator least af-
fected by isolated bad ticks and by the removal of a few crash
days, while MFDMA is preferable for dense microstructure
noise. On EEG and terrain data, surrogate analysis shows that
the multifractality is correlation-driven and largely linear. On
the EEG, the A-resolved exponents improve the classification
of brain states beyond h(g) at equal feature dimension. The
cross-correlation extension is presented in the jointly submit-
ted companion paper [42].
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A Implementation of the 2D quantile

trend
Let P(zl,zz) Y i <iy.jn<ip X (J1, j2) be the integral image with
0,-) =P(-,0) =0. The box sum of Eq. (10)is ¥ = P(iy,iz) —
(11 —n,iy)—P(i1,ip —n)+P(iy —n,ip —n), as in Appendix A

of Ref. [22]. For a window whose upper-left corner is (r;,r2)



the within-window partial sums of Eq. (11) are

W(my,my)

P(ri4+my,ro+my) — P(r1,r+mp)
—P(I"] +m1,r2) +P(r1,r2),

(24)

so all n? partial sums of every window are obtained from
(n+1) x (n+1) sliding views of P without recomputing sums.
The A-quantile of each window is obtained by a partial sort
(selection) of the two order statistics needed in Eq. (2). Sev-
eral A values are computed in one selection pass. Windows are
processed in row chunks to bound memory. The mean trend
uses the separable ramp weights given in Sec. 2.3. With these
choices the quantile and mean versions differ only in the trend
functional, and the 2D-MFDMA implementation reproduces
the ranking of window positions reported in Ref. [18].

B Generators and consistency checks

All analytical references were checked against the identities
of Sec. 3.4 before use. For the 2D cascades, 7y(0) = —2,
(1) = 0, hp(0) = iy (0), and a numerical derivative of Ty,
at ¢ = 0 agree to 10~ or better. For fGn, the empirical auto-
covariance of the circulant-embedding generator agrees with
y(k) = S(lk+ 1% —2|kH + |k — 1]*7) to within 3 x 1073.
Hermitian symmetry of the random spectrum is essential: tak-
ing the real part of an unsymmetrized complex sample raised
this error to 6 x 1072,
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