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Abstract

A quantum kernel is useful only if the similarities it encodes survive the process used to measure
them. In this work, I propose a time-symmetry-inspired framework for investigating echo-
protected quantum kernel estimation on noisy quantum processors. [ adopt the established
architecture of quantum feature encoding followed by classical kernel-based learning and
examine whether an explicitly defined echo intervention can improve similarity estimates
without altering their intended meaning. I distinguish the inverse operations of a conventional
overlap circuit from physical refocusing and verification: reversing an encoding sequence does
not, by itself, reverse the noise accumulated during its execution. This distinction establishes the
basis for assessing protection through its mechanism and estimator rather than through circuit
symmetry alone. I organise the evaluation around kernel-estimation error, matrix reconstruction,
and classification on unseen data, with explicit accounting for sampling uncertainty,
postselection overhead, and classical postprocessing. I further separate improved implementation
fidelity from the statistical distinguishability of kernel values and from the suitability of the
representation for a learning task. The resulting framework defines the evidence needed to
establish an echo-based benefit against unprotected estimation and existing mitigation methods
under comparable resource budgets. Its contribution is a physically grounded formulation of the
protection problem and a testable evaluation structure; the effectiveness, scalability, and
predictive value of a particular protocol remain to be demonstrated.

1 Introduction

Quantum kernel learning depends on an experimentally demanding premise: the similarity
assigned to two inputs must remain meaningful after quantum preparation, noisy evolution, and
finite measurement. A feature map may define a compelling representation mathematically, yet
its measured kernel can depart substantially from that representation. I take this gap between the
intended similarity and the experimentally accessible estimate as the starting point of this work.

The connection between quantum feature spaces and classical kernel methods provides an
established foundation for addressing this problem. Schuld and Killoran [1] formulated quantum
data encoding within a feature-space interpretation, while Havlicek et al. [2] demonstrated a
supervised-learning architecture in which a quantum processor estimates kernel entries for
subsequent classical processing. I adopt this hybrid structure and focus on the reliability of the
quantum estimation stage. My central question is whether an echo-based intervention can
improve that reliability while preserving the target kernel and providing a defensible return on
the additional experimental effort.



Echo phenomena offer a physical motivation for this investigation, but their relevance requires
care. Hahn’s spin-echo experiment [3] established that appropriately controlled dynamics can
refocus phase dispersion. Dynamical decoupling subsequently extended the use of control
sequences to suppress selected system—environment interactions under suitable conditions [4]. |
draw on these principles as motivation for protecting kernel estimation. Their application,
however, depends on the error mechanism, the available control, and the timing of the
intervention. The presence of forward and inverse operations is therefore insufficient to establish
noise suppression.

This distinction matters particularly for fidelity-kernel estimation. A conventional compute—
uncompute circuit already combines an encoding operation with an inverse encoding to estimate
the overlap between quantum feature states [2]. Those inverse gates undo the intended
transformation in the ideal circuit; they do not generally undo the physical noise encountered
during execution. I consequently use the term “time-symmetry-inspired” to describe a design
principle whose operational consequences must be established explicitly. Within this
formulation, I distinguish data encoding, similarity measurement, and protection as separate
functions, even when they appear within the same circuit.

Verification introduces a further distinction between protecting dynamics and modifying an
estimator. Verified phase estimation [5] and adiabatic echo verification [6] provide precedents
for extracting improved estimates through protocol-specific verification conditions. I regard
these approaches as motivation to examine which measurement contributions should be retained
and how their retention affects the quantity being estimated. If postselection forms part of an
echo-protected kernel protocol, the conditional measurement statistics must be connected
explicitly to the intended kernel. Any reduction in error must also be considered alongside the
probability of acceptance and the executions required to obtain adequate precision. Echo-
verification research identifies this resource dependence as a practical concern [8].

The relevant comparison extends beyond an unprotected quantum circuit. Research on quantum
embedding kernels has already examined mitigation, matrix quality, and classical regularization
[7]. More recent work has combined kernel-specific processing with physical noise-suppression
techniques [10]. I therefore locate the potential contribution of the proposed framework in the
precise intervention, its estimator, and its measurable consequences. Establishing an additional
benefit requires controlled comparisons that separate physical protection from normalization,
matrix correction, and other processing choices.

Even an accurate reconstruction of the intended kernel leaves an important learning question
unresolved. Quantum kernel values can become statistically difficult to distinguish under the
conditions identified by concentration analyses [9]. Moreover, a representation must capture
structure relevant to the prediction task, as illustrated by work on covariant quantum kernels
[11]. I accordingly distinguish three objectives: estimating the intended similarities accurately,
resolving meaningful differences between inputs, and improving predictions on unseen data.
Success at one stage does not establish success at the others. Likewise, an improvement over a
noisy quantum baseline does not demonstrate an advantage over competitive classical learning
methods [12].



In this work, I formulate an evaluation framework that follows these distinctions from circuit
design to predictive performance. I connect the conceptual architecture and physical estimator to
noise-dependent estimation error, kernel-matrix reconstruction, and independently evaluated
classification. Throughout this sequence, I require transparent accounting for sampling,
verification, and postprocessing costs. The aim is to make the proposed protection claim
experimentally decidable: under which noise conditions, for which representations, and at what
resource cost does an echo intervention improve the kernel estimates that learning actually
requires?

2.1 Conceptual architecture of the echo-protected quantum kernel framework: Explain the
overall method

I situate the proposed framework within the established connection between quantum feature
representations and kernel-based learning. Schuld and Killoran [1] developed the theoretical
basis for interpreting quantum data encoding as a feature map, while Havlicek et al. [2]
demonstrated quantum kernel estimation integrated with classical supervised learning. Together,
these studies establish the hybrid architecture underlying the proposal: a quantum processor
estimates similarity between encoded inputs, and a classical algorithm uses those similarities for
prediction. I adopt this architecture as an established foundation and identify the reliability of its
experimentally estimated similarities as the problem motivating protection.

The physical motivation derives from coherent-control research. Hahn [3] demonstrated that
appropriately timed pulses can refocus phase dispersion in spin ensembles. Viola, Knill, and
Lloyd [4] subsequently developed dynamical decoupling to suppress unwanted system—
environment interactions under suitable control conditions. These contributions establish that
selected error mechanisms can be reduced through controlled dynamics; they do not establish
that reversing a computational sequence reverses every physical process encountered during its
execution. | therefore distinguish an echo’s operational mechanism from the superficial
symmetry of a circuit diagram.

Within this context, I frame Figure 1 around a specific question: whether a defined echo-based
intervention can improve quantum kernel estimation while preserving the intended similarity
measure and maintaining a favourable resource trade-off. The potential contribution resides in
the intervention, its physical justification, and its demonstrated consequences. Combining
established encoding, control, and classification components is insufficient, by itself, to establish
methodological novelty.



Echo-Protected Quantum Kernel Framework
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Figure 1. Conceptual architecture of the echo-protected quantum kernel framework. The method integrates time-symmetric
quantum evolution with kernel-based machine learning. Input data are encoded into a quantum state, processed through forward
evolution and a time-reversal echo to suppress noise-induced errors, and then used to construct a robust quantum kernel for
downstream learning tasks such as classification, regression, and clustering. The framework improves reliability in noisy quantum
environments.

2.2 From quantum encoding to a valid kernel
2.2.1 Feature states and the target similarity

For an input x € X, I choose a normalized reference state |0™) and a unitary feature map Ug (x).
I define

[p()) = Upg()[0™),  p(x) = PN (D
The fidelity kernel follows by taking the Hilbert—Schmidt inner product of the density operators:
K(x,x") = Tr[p(x)p(x")]

= W) PN ) [P())
= [EONIE (@)



Thus, the effective feature vector is the density operator, or its vectorization, rather than the state
vector alone. This is the standard feature-space interpretation of fidelity-based quantum learning
[1,2]. Normalization and the Cauchy—Schwarz inequality give

0<K(x,x")<1, K(x,x) =1, K(x,x") = K(x', x). 3)

I verify positive semi definiteness directly. For arbitrary complex coefficients cy, ..., cy, let A =
2 ¢i p(x;). Then
Z c; Kije; = Tr(ATA) =l A13=0. (4
Lj
Equation (4) establishes that the ideal Gram matrix is admissible for conventional kernel
methods. A noisy matrix assembled from separately measured overlaps need not inherit this

property.
2.2.2 The overlap measurement
I apply the pair-dependent circuit V;; = Uy (xj)JrUd, (x;) and measure the projector I, =
|0™)(0™|. The Born rule gives
— t
pij(0™) = Tr(MoV;; V)
.'_
= |(0n|U¢(xj) Up (x;)[0™)]?
= K. (5)

The two input arguments are essential. If I use the same input in both halves, Uy (x,)TU, (x;) =

1, and the ideal return probability is one. Such a circuit measures self-return, not the complete
pairwise kernel. I therefore interpret the central block in Figure 1 as a family of circuits indexed

by (xi,xj).

2.2.3 What protection must preserve

Let (;’i(ja) denote the implemented channel for protocol a, where a = F means unprotected

evolution and a = E means echo protection. I define

(@
i — Ky (6)

¢P = Tr[noci(;‘) (170)], B =q
A necessary target-preservation condition is
Ci(jE)lzero noise(ITo) = Vi V. (7)
I assess protection by comparing errors relative to the same K;;. A protocol that changes the

feature map may define a useful new kernel, but its performance is a representation change rather
than faithful reconstruction of the original similarity.



For supervised prediction, the resulting architecture has the form

N

f0) =) aKGux) +b, @) =signf().  (8)

i=1

The quantum processor supplies similarities; the classical training procedure determines a; and
b. I derive that training step in Section 5. Equations (1) — (8) support the architecture of Figure 1,
but do not establish its advertised performance advantages.

3.1 Quantum circuit diagram showing forward encoding, inverse operations, and echo
measurements: Define the algorithm physically

I distinguish the reversible structure of an overlap estimator from the mechanism responsible for
error suppression. Conventional fidelity-kernel estimation can encode one input and
subsequently apply the inverse encoding associated with another. In the ideal implementation,
the probability of measuring the reference computational state determines the similarity between
the encoded states [2]. This compute—uncompute procedure is already part of quantum kernel
methodology. Its inverse operations reverse the intended encoding but do not generally invert the
noise accumulated during execution.

Verification-based mitigation offers a related, operationally distinct precedent. O’Brien et al. [5]
introduced verified phase estimation, using a verification condition on the system register to
exclude certain erroneous contributions to observable estimates. Schiffer et al. [6] developed
adiabatic echo verification to address imperfect adiabatic preparation and hardware noise. |
interpret these results as support for particular estimator—protocol combinations under stated
assumptions, rather than a universal cancellation principle associated with forward and backward
evolution.

For Figure 2, I distinguish three functions: encoding the data, measuring their similarity, and
protecting the estimate. Refocusing acts on unwanted dynamics during execution, whereas
verification modifies the measurement contributions retained in an estimator. If the proposed
framework employs postselection, its conditional statistics require an explicit justification as an
estimate of the intended kernel. I consequently use “time-symmetry-inspired” to describe a
design motivation, without implying a literal reversal of dissipative dynamics. This distinction
prevents the protection claim from being inferred solely from the presence of inverse gates.



Figure2 Time-Symmetric Quantum Circuit for Echo-Protected Kernel Estimation
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Figure 2. Quantum circuit diagram showing forward encoding, inverse (echo) operations, and echo measurements. The circuit implements a time-symmetric
evolution Ut(8)U(8) to cancel noise, and the kernel value K (x, x') is estimated from the measurement outcomes m.

3.2 A physical echo and its measurement law

3.2.1 Why inversion alone does not remove noise

Suppose a channel V" acts after encoding and before ideal decoding. Cyclicity of the trace gives
qij = Tr[HonTN(Pi)Uj]
=Tr[p;N (D], (9

where U; = Uy (x;) and p; = p(x;). The inverse gate does not remove V. As an explicit
counterexample, I take a depolarizing channel,

Dp(p) = (1 —plp +pl/d. (10)
Substitution into (9) yields
q;; = (1 —p)K;j +p/d, gi=1—-p+p/d<1 (p>0,d>1). (11)

Thus, even a perfect inverse circuit fails to restore the self-overlap in this example. I cannot
derive universal noise cancellation from UTU = I.



Gate order also matters. If U = G, --- G,G,, then UT = G;r GZJr GLT. The inverse is executed by
undoing the last gate first. Reversing rotation angles while retaining the original ordering of non-
commuting entanglers and rotations does not generally construct UT.

3.2.2 A feature map with an exact dephasing solution

For a concrete realization, I choose an equatorial single-qubit state,

|0) + ei™)|1)
77 .

The symbol =~ denotes equality up to an irrelevant global phase. With 4;; = ¢(x;) — d)(xj),

Upg(x) = R (¢p())H,  [Y(x)) = (12)
direct multiplication gives

|1+ ei“if|2 1 + cos4;

L = cos?(4/2).  (13)

For n product-encoded qubits, I take Uy (x) = Q-1 R, (q.')k (x))H and obtain

n

1 + cosd;;

2
k=1

This deliberately simple kernel is efficiently computable classically. I use it to establish the
protection mechanism analytically, not to claim quantum computational advantage.

3.2.3 Refocusing in the toggling frame
I set A = 1 and model dephasing during an otherwise idle interval by
H,(t) =1/2B(t)Z. (15)

Without pulses, the error is a random Z rotation. For echo protection, I apply an ideal X pulse at
T/2 and a second X at T to restore the original control frame. Let ®; = [ OT/ ? B (t)dt and @, =

fTT/Z B (t)dt. Since XZX = —Z, the complete idle block is

I can absorb the final frame restoration into a correctly adjusted decoder, but I cannot simply
omit it. In the zero-noise limit the block in (16) equals the identity, so the complete circuit

UjT [echo block]U; satisfies (7).
More generally, I define the accumulated stochastic phase by

Py = JO y@B®dr,  yr@® =1 ye(t) = {il 2/32 t;t TS/%- a7

For quasi-static noise, B (t) = B, within each execution, (17) gives @ = B,T and &g = 0. The
echo cancels this particular phase error exactly under the ideal-pulse assumptions.



3.2.4 Gaussian noise and the filter function

I now assume zero-mean stationary Gaussian noise with correlation C(7) = E[B(t + ©)B(t)].
The random variable @, is Gaussian, so its characteristic function is

. 1
W,(T) = E[e™®v] =e 0@, y, = EIE[qayZ]. (18)
Inserting (17) gives the exact time-domain expression

1 T T
Xy = Efo d tfo dsy(t)y(s)C(t — s). (19)

I define a two-sided spectrum S(w) = f_oooo C (1)e~"*dt and Y, (w) = fOT y (t)e'“tdt. Fourier

inversion then yields
1 (® 2
Xy = E_]-_ S(a))|Yy(a))| dw. (20)

This explicitly stated convention avoids ambiguities between one-sided and two-sided spectra.
The filter-function description of Gaussian dephasing provides the physical basis for the
calculation [13]. Performing the elementary integrals in Y), gives

16sin*(wT /4)

Ye(w)|? = ;o (@))? = 2 (21

4sin?(wT/2)
w2

Near zero frequency, the first expression approaches T2, whereas the second is w?T*/16 +
O(w*T*®). This explains the suppression of low-frequency dephasing. It does not imply
suppression at every frequency: a noise spectrum concentrated where the echo filter is larger can
produce the opposite comparison.

3.2.5 Exact return probability

For one encoded qubit, averaging over the stochastic phase produces

—»_1( 1 e-i¢ie-Xy)
Pi =3 (ei¢ie_Xy 1 ' (22)
Taking the trace with p; as in (9), I obtain

o 1+ e %ycosd;;

q; = > ) (23)

For independent local noise and product encoding, the all-zero return probability factorizes:

n

14 e Xvkcosd;;y
0’ = l_[ 7 @
k=1




Equation (24) does not apply to correlated noise or an arbitrary entangled feature map. For
correlated classical phases, I instead evaluate

n
1+ cos(4ijr + Py
iy | [t ]
k=1

which generally cannot be replaced by a product of expectations. For entangled encodings,
equation (9) remains the starting point.

I therefore read Figure 2 as requiring three explicit additions: separate inputs in the forward and

inverse maps, an actual refocusing operation distinct from inversion, and the measurement event
0™ that defines the kernel probability. During noncommuting encoding gates, the toggling-frame
noise is U, (t)TH, (£)U,(t); it is not generally the scalar sign modulation in (17). A dynamically

corrected gate construction would be needed to extend this exact idle-interval result.

4.1 Kernel estimation error versus noise strength: Demonstrate noise reduction

I interpret noise-dependent kernel error as the combined consequence of imperfect
implementation and finite measurement statistics. Hubregtsen et al. [7] investigated these effects
in quantum embedding kernels, evaluated mitigation strategies, and demonstrated improved
kernel-matrix quality in their studied setting. Their work establishes a direct methodological
baseline: an echo-based proposal must be distinguished from existing kernel-specific mitigation,
rather than evaluated exclusively against an unprotected circuit.

Recent echo-verification research also exposes an important trade-off. Weaving et al. [8]
combined echo verification with Clifford data regression to address residual noise dependence in
observable estimation. Their analysis identified the sensitivity of postselection probability to
noise as a potential bottleneck. I therefore distinguish improved estimates among accepted
outcomes from improved performance per unit of experimental effort. Verification can reduce
particular errors while increasing the number of executions required to obtain useful statistics.
The demonstrated quantum-simulation benefits motivate this analysis but do not establish
equivalent benefits for kernel estimation.

Thanasilp et al. [9] identified a complementary limitation: under specified conditions, quantum
kernel values become exponentially concentrated and cannot be resolved adequately with
feasible measurement budgets. I interpret this result as separating correction of implementation
errors from recovery of statistically distinguishable similarities. Figure 3 accordingly concerns
accuracy under specified noise and resource conditions, including residual bias, sampling
uncertainty, and verification overhead. A favorable error curve at a fixed system size does not,
on its own, establish scalable protection or resolution of the concentration problem.



p-

Figure 3. Kernel estimation error versus noise strength

0.5 1 —&— Unprotected
—— Echo-Protected Unprotected
(High Error)
is 0.4 § 010‘ | A
=
=
0.05
g 0.3 =i ~62% J
k- | Reduction
£ -
E 0.2 - !
)
=
h - ——
S 0.14;
i [ Echo-Protected
E : (Low Error)
0.0 -A._T S JII ;

0.00 0.05 0.10 0.15 0.20
Noise Strength p

Figure 3. Kernel estimation error versus noise strength. The echo-protected protocol

significantly reduces the estimation error compared with the unprotected implementation,
illustrating improved robustness under increasing noise.

4.2 Kernel error as a function of noise
4.2.1 A noise model that generates an explicit curve

To obtain a closed noise-dependent expression, I choose an exponential correlation function,
2
2041,

_ 2,—|tl/7¢ _
C(t) = g2eIl/7e, S(w)_1+a)2‘r§'

(26)

Here o is an angular-frequency standard deviation and 7, is the correlation time. [ use v = oT if
a dimensionless noise axis 1s desired. A plotted parameter called “noise strength” must specify
whether it means g, v, a depolarizing probability, or another quantity.

For free evolution, integrating (19) over the two triangular halves of the square gives

T t
Xp = O'ZJ d tJ d se~(t=)/Tc
0 0

= 021 [T —7.(1 — e7T/%)]. 27)



For the echo, I set L = T /2. The same-half and opposite-half integrals are

L L
1= f 4 tf d se™It=s1/te = 21,1 — 202(1 — 7M7),
0 0

L 2L
J(L) = f d tf dse(570/T = 72(1 — e-L/Tc)Z. (28)
0 L
Because opposite halves enter with a minus sign, g = o2[I(L) — J(L)]. Consequently,
T
Xg = 0%T¢ [T— — 3+ 4e7T/C%) — e_T/TC] . (29)
c

Subtracting (29) from (27) gives a useful exact comparison:
Xr—xe = 20%T2(1— /@)’ > 0. (30)
For T < 7., expansion of the exponentials yields
272 273

‘T
= 2T3 =

+ 0(c%T*/73). (31)

The echo thus changes the leading short-time dependence in this model. In the white-noise limit,
with D = o027, held fixed as 7, — 0, both attenuation exponents approach DT. The ideal echo
then provides no dephasing benefit.

4.2.2 Bias and the cost of imperfect control

Combining (13) and (23), I obtain the exact single-qubit bias,
1—e Xy
<

1—e Xy
| 3

Bi(jy) = — Tcosﬂij, (32)
For ideal pulses under (26), equation (30) implies |Bi(f)| < |Bi(jF) | At cosd;; = 0, both biases

vanish, so no strict improvement is available for that pair.

To include a simple pulse-error cost, I model each of the two echo pulses as an ideal X followed
by a single-qubit depolarizing channel with parameter p,;. Depolarization commutes with these
rotations and contracts the equatorial Bloch vector. I therefore replace the echo visibility by

Ag = (1 —p,)%eXE, Ap = e™XF, (33)

For nonzero cos4;;, strict bias reduction requires

j
A > & xp— xg > —2log(1—pg). (34)

This inequality gives a concrete threshold: the coherence recovered by refocusing must exceed
the coherence lost to the added control. Finite pulse durations or additional waiting time must
also be included in the actual noise evolution; (33) represents only the stated instantaneous-pulse
error model.



4.2.3 Finite measurement statistics

For independent executions, let Z,. = 1 if execution 7 returns 0" and zero otherwise. I estimate
the raw kernel by

M
Kij = MZZT' E[Kj]=qy  Var(K;) = ‘U( M U)- (35)
r=1

Expanding K;; — K;; = (K;; — q;;) + B;; and taking expectations eliminates the cross term. The
mean-squared error is therefore
q;(1 - ay)

MSE;; = B} + o

(36)

For the single-qubit model, write ¢;; = cos4;; and q = (1 + Ac; j) /2. Equation (36) becomes
(1 -3} N 1—-2%ch

iy = 7
MSE;;(4, M) 2 i (37)
For fixed M > 1 and 0 < A < 1, differentiation gives
OMSE ¢/, 2
_ = — —| < 0.
—=—2|a-n+g]<o 6w

Thus, visibility improvement also improves mean-squared error at equal shots in this particular
model. I do not assume this monotonicity for arbitrary kernels, noise channels, or estimators.

For a set P of evaluated input pairs, the appropriate theoretical root-mean-square curve is

1/2

Z MSE; (@) . (39)
(L.jer

1
RMSE, (0) = |—
th I:PI
This is the square root of the expected squared error, not the expectation of a finite-sample
RMSE. I would generate Figure 3 from (24), (27), (29), and (36), with the chosen features, shot
counts, and pulse-error parameters stated. For a product kernel, reducing every local attenuation

improves an error bound but does not by itself prove smaller absolute error for every entry,
because local biases can have opposite signs.

At fixed experimental budget B, I set M, = |B/c,], where c, is the cost per execution for
protocol a. The exact entrywise criterion is

®(1-q®) ¢©(1-qP
(88) - (P > (1ME %) 4 (1MF W) (40)

[ use (40), rather than equal accepted-shot counts alone, to determine whether the added control
is worthwhile.




4.2.4 Verification and readout are separate estimators

The refocusing protocol above uses every execution. If I add verification, I must define a distinct
acceptance event A. Let V = 1, let Z represent the kernel outcome, and define a = E[V] > 0
and b = E[VZ]. The conditional estimator targets

r=P(Z=114)=bj/a, #=

For this ratio to estimate the intended kernel without selection bias, I require b = aK;;.
Otherwise its asymptotic bias is r — K;;. In particular, accepting only the all-zero kernel outcome
would force r = 1 and destroy the similarity information. Echo-verification studies motivate
careful accounting for acceptance, but do not supply this missing identity for an arbitrary kernel
protocol [8].

With independent executions, the accepted count M, is binomial with parameters (M, a).
Conditional on M, = m > 0, the estimator has mean r and variance (1 — r)/m. Hence

Pr(M, =0) = (1 —a)¥,
MSE(# | M, > 0) = (r — Kl-,-)2 +7r(1—=7r)E[Mst | My > 0]
~ (r- Kij)2 + % (Ma > 1). (42)

The last line is an asymptotic approximation. The estimator is undefined when no outcome is
accepted; I would report that failure rather than silently assign zero.

For a calibrated binary readout model with false-negative rate e,y and false-positive rate ey, [
obtain q,,s = €91 + Sq, where s = 1 — ey — eg1 # 0. The corrected estimator and its variance
are

__Yobs ~ €01

. . Jobs(1 = Gobs)
Qcorr = T: Var(Qcorr) == =2 .

Ms?

(43)

Here I treat calibration parameters as known. Their uncertainty adds error, and clipping corrected
values into [0,1] introduces another bias. For a multi-qubit all-zero event, a constant two-rate
model needs justification; a full assignment matrix may be required. If executions are correlated,
the variance in (35) becomes M2}, ¢ Cov (Z, Z;), which can be much larger than the binomial
value.

5.1 Kernel matrix heatmaps: Ideal, noisy, and echo-protected visually show preservation of
kernel structure

I regard kernel-matrix heatmaps as a diagnostic of reconstruction quality, with predictive
significance that must be assessed separately. Hubregtsen et al. [7] examined kernel alignment,
mitigation, and matrix regularization, establishing that both quantum estimation and classical
processing affect the final matrix. Consequently, apparent structural recovery can arise partly



from normalization, symmetrization, or positive-semidefinite correction. I distinguish these
contributions from improvements produced by the physical protection mechanism.

Agliardi et al. [10] provide a closer contemporary comparison through bit-flip tolerance, a
mitigation approach that modifies the treatment of measurement outcomes for fidelity kernels.
Their experiments combined this procedure with dynamical decoupling and measurement
twirling, and their discussion acknowledged problem-dependent calibration and limitations of the
underlying assumptions. I regard this work as evidence that combining physical noise
suppression with kernel-specific processing is already established experimentally. The proposed
framework must therefore be differentiated through its particular mechanism and estimator,
rather than through this combination alone.

I distinguish three questions when interpreting Figure 4: whether the estimated matrix
approaches the intended ideal matrix, whether it satisfies the properties required by the learning
method, and whether its similarities remain informative. These questions are related but not
equivalent. The concentration analysis of Thanasilp et al. [9] shows why an apparently regular
matrix or pronounced diagonal can coexist with poor distinguishability between inputs. |
therefore interpret visual agreement through quantitative reconstruction evidence and transparent
postprocessing, without treating heatmap appearance as proof of improved generalization.

(a) 3D Surface View

Ideal Keel K Noisy Kemel K Echo-Protected Kernel K K(,j)
1.0
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Figure 4. Kernel matrix comparison: (a) 3D surface plots, (b) contour maps (top view), and (c) diagonal profile of the
kernel values for the ideal kernel K, noisy kernel K, and echo-protected kernel K. The noisy kernel shows noticeable
distortions, whereas the echo-protected kernel closely reproduces the ideal structure, demonstrating effective preservation
of the kernel under noise.



5.2 Kernel matrices and preservation of structure
5.2.1 Entry wise errors and matrix errors

I write the raw reconstructed matrix as
K=K+B+EZ&, E[Z] = 0. (44)

Using the Frobenius inner product and E(B, Z)r = 0, I obtain

EIlK — K I12=Il B 12+ z var(R;).  (45)
ij
This identity does not require errors in different entries to be independent. If I mirror upper-

triangular estimates, the duplicated off-diagonal terms must still be counted twice in the full
matrix norm. I report the relative reconstruction error and normalized matrix alignment as

_IR-K I (K, K)r

ep=—m— A= (46)
F I K llp Il K llsll K Il

Alignment measures direction in matrix space and is insensitive to a positive overall scaling. It
cannot substitute for absolute calibration. I would additionally report off-diagonal reconstruction
error, since a correct diagonal can dominate a heatmap without establishing informative
similarities.

5.2.2 A bound for the product encoding

Let ay = (1 + Axcosdy)/2 and by, = (1 + cosdy)/2,so q = [[x ax and K = [] b. I expand
their difference by telescoping:

n

u @ — ﬂbk - Z(ak — by (ﬂ ar> (ﬂ br>_ 47)

k r<k r>k

All factors lie in [0,1]. Therefore
1% 1%
9= KI<5 ) (A=A lcostl <5 ) (1=, (48)
k=1 k=1

For identical attenuation 1 = e~ X, this gives | — K| < n(1 — e %) /2 < ny/2, with the trivial
probability bound of one available when tighter. Increasing each visibility reduces this worst-
case bound. It does not remove the dependence on system size.

5.2.3 Spectral correction and its limits

If the measured matrix is asymmetric, I first form K = (I? +K T) /2. Since the ideal K is
symmetric, orthogonality of symmetric and skew-symmetric matrices gives

| K—KI2=I K, — K 12+l K — K 1I%. (49)



Thus, symmetrization cannot increase the Frobenius error relative to the ideal symmetric target.
For K, = Qdiag(u,)Q7, its nearest positive-semidefinite matrix in Frobenius norm is

K, = Qdiag(max(u,,0))Q". (50)

To see this, I rotate the optimization into the eigenbasis of K. Off-diagonal elements add
squared error, while each admissible diagonal element must be nonnegative; its optimum is
therefore max(u,, 0). Projection onto the closed convex positive-semidefinite cone gives

Il Ky — K llp<Il Ks — K llf (K > 0). (51)

This is a classical matrix correction. I would show raw and corrected errors separately, because a
good corrected heatmap cannot identify which improvement came from the hardware. Kernel-
matrix regularization and mitigation are established parts of the comparison [7].

For E = K, — K, the eigenvalue perturbation bound is
lur (Ks) — 1 (KO <N E <N E . (52)

Small negative eigenvalues can therefore result from estimation error even when the target is a
valid kernel. Conversely, positive semi definiteness alone says nothing about predictive
relevance.

5.2.4 Diagonal normalization and out-of-sample consistency

If the diagonal of a PSD matrix K, is strictly positive, I can normalize it with D = diag(K,):
Kinnorm = D_1/2K+D_1/2, (Kmnorm)ii = 1. (53)

This congruence preserves positive semi definiteness, but can amplify errors when diagonal
entries are small. It also changes the estimator. Simply replacing the diagonal of an arbitrary
measured matrix by ones is not equivalent to (53) and does not guarantee a PSD result.

For the ideal normalized pure-state fidelity kernel, (3) requires a flat diagonal at one.
Consequently, I cannot interpret the U-shaped “ideal diagonal profile” in Figure 4 as Kj;. It
would need a different, explicitly defined cross-section, or it must be replaced. In the present
dephasing model, the measured self-return is instead

n

1+4
Qii=1_[ > £, (54)

k=1

which is below one unless all visibilities equal one. With the same exposure and attenuation for
every input, even this noisy diagonal is constant across sample index.

A train-only PSD repair also requires an out-of-sample rule. One explicit construction retains
strictly positive eigenvalues /A, and eigenvectors @, defines training features z; = /11/ ZQI e,

and maps a raw query vector k, to

2(x) = A772QTky,  Ke(xx) = 2(0)7z(x).  (55)



This produces a consistent PSD feature representation, but small retained eigenvalues can
amplify query error, so any truncation threshold must be selected using training data. If [ use
normalized features, I apply the same normalization rule to future inputs. I do not repair the
training matrix and then silently assume that unrelated raw test similarities define the same
kernel.

Finally, I distinguish matrix recovery from distinguishability. For probabilities bounded away
from zero and one, resolving a difference § with shot noise requires M = 0(5~2) for fixed
precision confidence. If informative differences shrink exponentially with n, this scaling is
exponential. Near zero probability, relative-error shot requirements differ, but can still be
exponential. These estimator-dependent limitations are consistent with quantum-kernel
concentration analyses [9]; echo suppression alone does not establish their removal.

6.1 Machine-learning classification accuracy versus noise strength: Demonstrate practical
benefit

I assess the proposed protection mechanism through its contribution to learning on unseen data,
while distinguishing that contribution from the suitability of the underlying representation. Glick
et al. [11] developed covariant quantum kernels that exploit group structure in data and
demonstrated their implementation on superconducting hardware. Their results emphasise the
importance of matching the kernel’s structure to the learning problem. A physically more
accurate estimate of an unsuitable representation need not improve classification.

Huang et al. [12] established a further distinction between computational difficulty and
predictive advantage. Their analysis showed that classical learning can predict some quantities
despite the difficulty of computing them directly. I therefore distinguish improvement over an
unprotected quantum implementation from superiority over competitive classical models.
Agliardi et al. [10] illustrate this distinction experimentally: mitigation substantially improved
their quantum classifications while producing performance comparable to classical alternatives.
Noise resilience within a quantum workflow and quantum advantage are separate claims.

For Figure 5, I interpret classification accuracy as evidence about the complete learning
procedure, including feature encoding, kernel estimation, model selection, and prediction-time
evaluation. Reduced estimation error does not guarantee higher accuracy because the importance
of a kernel perturbation depends on its relationship to the labels and the decision boundary. I
accordingly limit the proposed framework’s immediate objective to a reproducible generalisation
benefit under defined noise conditions and justified resource expenditure. Broader claims of
universal robustness or scalable quantum advantage require additional evidence beyond
improvement on a particular classification task.



Classification Accuracy vs. Noise Strength ( Accuracy at 6 = 1.0 )
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Figure 5. Machine-learning classification accuracy versus noise strength (o). The echo-protected kernel (blue) consistently
achieves higher accuracy than the noisy kernel (red) and remains close to the ideal (green) performance. At o = 1.0, echo
protection improves the accuracy by approximately 0.26 (= 43.3%) compared to the noisy kernel, demonstrating the practical
benefit of the proposed method for robust quantum kernel learning.

6.2 Classification and the meaning of improved accuracy
6.2.1 Derivation of the support vector classifier

For a binary task, I use the real Hilbert space of Hermitian operators with inner product (4, B) =
Tr(AB). With feature p;, I define the soft-margin problem

min 1/2 Il w ”2+ Csvm E fi
w,b,§ -
l

subjectto  €;({w,p;) +b) =1 ¢, & = 0. (56)

I introduce nonnegative multipliers ; for the margin constraints and n; for {; = 0. The
Lagrangian is

L=1/21wl*+ Csvafi - Z a; [£;((w,pi) +b) =1+ &] - Zm §i- (57)

L

Stationarity with respect to w, b, and &; gives

W=Zai{’il)i; zaifz’:O; Csym —a; —n; = 0. (58)
7

l



Substituting these relations into (57), I obtain the dual problem

a

i

l

max Zal—l/ZZala]{’J]KU , OSai SCsvm, Zai{’i = 0. (59)
Lj

For a free support vector with 0 < @; < Cgy,, complementary slackness yields b = £; — ¥;
a; £;K;;. The decision function is

flx) = Z a; ;K (x;, x) + b. (60)

L

In the noisy workflow, I solve (59) using the chosen admissible estimated kernel and evaluate
future points with the corresponding test—train kernel. Both training and prediction are part of the
noise-dependent experiment.

6.2.2 What kernel accuracy can guarantee

I first hold the trained coefficients and intercept fixed to isolate prediction-time estimation. If
|K (x;, %) — K(x;, x)| < € for every training point, then

Fe - F@] <) a|RGw0) - K| <e ) e (6D

l L

The predicted sign is unchanged whenever |f(x)| > € Y; ;. A previously correct prediction is
guaranteed to remain correct if its signed margin £ (x) exceeds this bound. A smaller kernel
error can therefore protect predictions near the decision boundary, but does not force a higher
classification accuracy on every dataset.

If I retrain on the perturbed kernel, the coefficients also change. Writing k(x) = k(x) + Ak(x), I
obtain the exact decomposition

fof= Z (@&; — a;) €;k; + Z & tidk; + (b—b).  (62)

Equation (61) alone does not bound the first and third terms. SVM solutions can have nonunique
dual coefficients or changing support-vector sets, so I do not infer a universal retraining
guarantee from a heatmap.

6.2.3 An explicit retraining bound for ridge classification

To make the training sensitivity analytically explicit, I also consider kernel ridge classification
with no intercept and labels . In the feature space, minimizing N~ | @w — £ I3+ A || w |I?
gives the normal equation (®7® + NADw = &T£. With K = @7 the corresponding
coefficient vector and prediction are

a=(K+yl)1s, f(x) =k(x)"a, y =NA1> 0. (63)



Here @ is the feature matrix; the same argument applies in the operator feature space. Let K =
K + E be a symmetric training-matrix perturbation, and define A = K + yl and A = A + E. The
inverse identity gives

a—a=(A1t—-AY)e=-AEA1L (64)
Since K = 0, | A=Y I,< 1/y.If | E ll,< ¥, the smallest eigenvalue of 4 is at least y—I| E |l,,
and
LE Il €1l (R
— =22 dll, S —— .
Y=l EI3) y—IE I,

For a perturbed test vector k = k + e, I expand f — f = kT(a& — a) + eX@ and apply Cauchy—
Schwarz:

A

la&d—al,< (65)

NG NNE NN 20, e Il 1,
Y=l EI2) Y=l E I

This bound explicitly links training-matrix error, test-kernel error, and regularization. If both
training matrices are PSD, I can replace the denominator y—|| E [, by y and dispense with the
small-perturbation condition, because both regularized inverses have norm at most 1/y. The
resulting statement concerns ridge classification, not the SVM objective in (56).

If () — f0)| < (66)

6.2.4 Accuracy curves and uncertainty

For a fixed held-out set of size N, [ define

Ntest
_ 1 _
Koc(0) = 3— ) 1{signfy () = £} (67)
test =1

This quantity depends on the data distribution, split, feature map, classifier, hyperparameters,
noise, and measured kernels. There is no accuracy-versus-noise function that follows from echo
symmetry alone. To estimate an expected accuracy curve, I repeat the complete procedure over
prescribed training splits and noise or shot realizations, then report the mean and uncertainty. |
use paired splits and paired evaluation data when comparing protocols and select
hyperparameters without consulting test labels.

For a fixed classifier evaluated on independent identically distributed test examples, the

conditional standard error is estimated by J A’c\c(l — A,C\C) /Niest- This does not include training

variability or shared hardware drift. I therefore distinguish uncertainty across complete repeated
runs from uncertainty conditional on one trained model.

For a paired comparison on the same test set, [ define d,, = 1{echo correct} —
1{unprotected correct}. The accuracy difference is d, with conditional estimated standard error

Sa/+/ Niest- This retains the covariance between the two predictions rather than treating the
accuracies as independent.



Figure 5 displays values of 0.86, 0.60, and 0.98 at its final noise point. Their arithmetic
consequences are

0.86 — 0.60
0.86 — 0.60 = 0.26, ~—o0a0 X 100% = 43.33%. (68)

The first is a gain of 26 percentage points; the second is a relative increase in accuracy. The
ideal-to-protected gap and relative error reduction are different quantities:

0.12
0.98 — 0.86 = 0.12, 098 X 100% = 12.24%, (69)

(1-0.60) —(1—0.86)
1-0.60

X 100% = 65%. (70)

I can verify these numerical comparisons, but I cannot derive the three starting accuracies from
the specified physical framework. I would retain them as results only if supported by
reproducible simulations or measurements. Otherwise, [ would label the curve as illustrative and
avoid using it as evidence of practical benefit.

7 Interpretation of the five figures

I establish the mathematical connection among the figures through a sequence of conditional
statements. Figure 1 specifies a PSD target similarity and a hybrid learning architecture. Figure 2
requires an explicit control sequence that preserves that target; the dephasing echo in (16)
provides one such realization. Figure 3 follows from the resulting probabilities together with
bias, sampling variance, and resource cost. Figure 4 requires quantitative matrix diagnostics and
a distinction between physical recovery and classical correction. Figure 5 requires independently
evaluated predictions; its numerical accuracy values are not consequences of the echo identity.

For the model developed here, I can state a precise protection result: ideal echo pulses reduce
single-qubit kernel bias and equal-shot mean-squared error under exponentially correlated
Gaussian dephasing. With the specified pulse depolarization model, this benefit survives only
when (34) holds; under unequal execution costs, (40) is the relevant test. I do not extend this
conclusion to arbitrary noise, arbitrary feature maps, or scalable learning advantage.

Before making an empirical claim, I would specify the dataset and preprocessing, feature angles
and circuit depth, noise spectrum or channel, pulse schedule and errors, measurement count,
acceptance rule if any, calibration cost, matrix processing, classifier selection, and test protocol. I
would compare the echo against an unprotected baseline and applicable established mitigation
under the same resource definition. These specifications make the proposed mechanism testable
and determine which statements the eventual figures can support.

Across Figures 1-5, I organise the scientific argument around a sequence of distinct
requirements: a specified protection mechanism, a justified kernel estimator, improved
estimation under controlled comparisons, preservation of relevant matrix structure, and
independently evaluated predictive benefit. The reviewed literature supports investigating these
connections but does not determine their outcome for the proposed protocol. I identify the



unresolved question as whether its particular echo-based mechanism provides a reproducible
benefit beyond established control, verification, and kernel-processing approaches.

8 Conclusion

I have formulated a time-symmetry-inspired framework for examining echo protection in
quantum kernel estimation. The central issue is the physical and statistical meaning of the
protection mechanism. An inverse encoding operation establishes reversibility of the intended
computation; a claim of error suppression additionally requires a justified account of how the
protocol acts on unwanted dynamics or erroneous measurement contributions.

I have organised the assessment around a sequence of linked but distinct requirements:
preservation of the target similarity measure, improved estimation under controlled noise,
recovery of the relevant kernel-matrix structure, and predictive benefit on unseen data. This
structure makes resource accounting integral to the assessment. A reduction in error among
accepted measurements must be evaluated together with acceptance probability, sampling
uncertainty, circuit overhead, and any classical correction applied to the matrix.

The present formulation does not establish that a particular echo protocol satisfies these
requirements. That conclusion will require an explicit control sequence, a mathematically
justified estimator, and reproducible comparisons with existing mitigation methods under
comparable experimental budgets. Scalability and classical competitiveness remain separate
questions.

I therefore identify the next scientific task as determining where a specific echo intervention
produces a measurable learning benefit and where its assumptions or costs prevent one. The
value of the proposed framework lies in making those boundaries explicit so that any eventual
claim of protection rests on demonstrated improvements in estimation and prediction.
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    ∑  i , j ​    c  i ∗   K  i j   c  j = Tr  (   A † A ) = ∥ A  ∥  F 2 ≥ 0 .      ( 4 )


  ℬ


    M  a = ⌊ ℬ /   c  a ⌋


    c  a


  a


     (   B  i j   ( F ) ) 2 −    (   B  i j   ( E ) ) 2 >     q  i j   ( E )  ( 1 −   q  i j   ( E ) )    M E −     q  i j   ( F )  ( 1 −   q  i j   ( F ) )    M F .      ( 40 )


  A


  V =   𝟏  A


  Z


  a = 𝔼  [ V ] > 0


  b = 𝔼  [ V Z ]


    V  i j =   U  𝜙    (   x  j ) †   U  𝜙  (   x  i )


  r = ℙ  ( Z = 1 ∣ A ) = b / a ,       r ^ =     ∑  s ​    V  s   Z  s    ∑  s ​    V  s .      ( 41 )


  b = a   K  i j


  r −   K  i j


  r = 1


    M  A


   ( M , a )


    M  A = m > 0


  r


  r  ( 1 − r ) / m


  Pr  (   M  A = 0 ) =    ( 1 − a )  M ,


    𝛱 0 =  |  0  n ⟩ ⟨  0  n |


  MSE  (   r ^ ∣   M  A > 0 ) =    ( r −   K  i j ) 2 + r  ( 1 − r ) 𝔼  [   M  A  − 1 ∣   M  A > 0 ]


  MSE  (   r ^ ∣   M  A > 0 ) =    ( r −   K  i j ) 2 + r  ( 1 − r ) 𝔼  [   M  A  − 1 ∣   M  A > 0 ]


  ≃    ( r −   K  i j ) 2 +   r  ( 1 − r )  M a    ( M a ≫ 1 ) .      ( 42 )


  ≃    ( r −   K  i j ) 2 +   r  ( 1 − r )  M a    ( M a ≫ 1 ) .      ( 42 )


    e 10


    e 01


    q obs =   e 01 + s q


  s = 1 −   e 10 −   e 01 ≠ 0


      q ^ corr =       q ^ obs −   e 01  s ,     Var  (     q ^ corr ) =     q obs  ( 1 −   q obs )  M   s 2 .      ( 43 )


   [ 0 , 1 ]


    p  i j  (  0  n ) = Tr  (   𝛱 0   V  i j   𝛱 0   V  i j † )


    M  − 2   ∑  r , s ​ Cov  (   Z  r ,   Z  s )


    K ^ = K + B + 𝛯 ,     𝔼  [ 𝛯 ] = 0 .      ( 44 )


  𝔼 ⟨ B , 𝛯  ⟩  F = 0


  𝔼 ∥   K ^ − K  ∥  F 2 = ∥ B  ∥  F 2 +   ∑  i , j ​ Var  (     K ^  i j ) .      ( 45 )


    𝜖  F =   ∥   K ^ − K  ∥  F  ∥ K  ∥  F ,     𝒜 =   ⟨   K ^ , K  ⟩  F  ∥   K ^  ∥  F ∥ K  ∥  F .      ( 46 )


    a  k =  ( 1 +   𝜆  k cos   𝛥  k ) / 2


    b  k =  ( 1 + cos   𝛥  k ) / 2


  q =   ∏  k ​    a  k


  K =   ∏  k ​    b  k


    ∏  k = 1  n    a  k −   ∏  k = 1  n    b  k =   ∑  k = 1  n   (   a  k −   b  k )  (   ∏  r < k ​    a  r )  (   ∏  r > k ​    b  r ) .      ( 47 )


  =  | ⟨  0  n |   U  𝜙    (   x  j ) †   U  𝜙  (   x  i )    |  0  n ⟩ | 2


   [ 0 , 1 ]


   | q − K | ≤  1 2   ∑  k = 1  n   ( 1 −   𝜆  k )  | cos   𝛥  k | ≤  1 2   ∑  k = 1  n   ( 1 −   𝜆  k ) .      ( 48 )


  𝜆 =   e  − 𝜒


   | q − K | ≤ n  ( 1 −   e  − 𝜒 ) / 2 ≤ n 𝜒 / 2


    K  s =  (   K ^ +     K ^  T ) / 2


  K


  ∥   K ^ − K  ∥  F 2 = ∥   K  s − K  ∥  F 2 + ∥   K ^ −   K  s  ∥  F 2 .      ( 49 )


    K  s = Q diag  (   𝜇  r )   Q  T


    K + = Q diag  ( max  (   𝜇  r , 0 ) )   Q  T .      ( 50 )


    K  s


  =  | ⟨  0  n |   U  𝜙    (   x  j ) †   U  𝜙  (   x  i )    |  0  n ⟩ | 2


  max  (   𝜇  r , 0 )


  ∥   K + − K  ∥  F ≤ ∥   K  s − K  ∥  F      ( K ≽ 0 ) .      ( 51 )


  E =   K  s − K


   |   𝜇  r  (   K  s ) −   𝜇  r  ( K ) | ≤ ∥ E  ∥ 2 ≤ ∥ E  ∥  F .      ( 52 )


    K +


  D = diag  (   K + )


    K  m n o r m =   D  − 1 / 2   K +   D  − 1 / 2 ,        (   K  m n o r m )  i i = 1 .      ( 53 )


    K  i i


    q  i i =   ∏  k = 1  n    1 +   𝜆  k 2 ,      ( 54 )


    𝛬 +


  =   K  i j .      ( 5 )


    Q +


    z  i =   𝛬 +  1 / 2   Q +  T   e  i


      k ^  x


  z  ( x ) =   𝛬 +  − 1 / 2   Q +  T     k ^  x ,       k ext  ( x , x ′ ) = z    ( x )  T z  ( x ′ ) .      ( 55 )


  𝛿


  M = O  (   𝛿  − 2 )


  n


  ⟨ A , B ⟩ = Tr  ( A B )


    𝜌  i


   min  w , b , 𝜉    1 2 ∥ w  ∥ 2 +   C svm   ∑  i ​    𝜉  i


  |  0  n ⟩


  =   K  i j .      ( 5 )


  subject to    ℓ  i  ( ⟨ w ,   𝜌  i ⟩ + b ) ≥ 1 −   𝜉  i ,       𝜉  i ≥ 0 .      ( 56 )


  subject to    ℓ  i  ( ⟨ w ,   𝜌  i ⟩ + b ) ≥ 1 −   𝜉  i ,       𝜉  i ≥ 0 .      ( 56 )


    𝛼  i


    𝜂  i


    𝜉  i ≥ 0


  ℒ =  1 2 ∥ w  ∥ 2 +   C svm   ∑  i ​    𝜉  i −   ∑  i ​    𝛼  i  [  ℓ  i  ( ⟨ w ,   𝜌  i ⟩ + b ) − 1 +   𝜉  i ] −   ∑  i ​    𝜂  i   𝜉  i .      ( 57 )


  w


  b


    𝜉  i


  w =   ∑  i ​    𝛼  i  ℓ  i   𝜌  i ,       ∑  i ​    𝛼  i  ℓ  i = 0 ,       C svm −   𝛼  i −   𝜂  i = 0 .      ( 58 )


    U  𝜙    (   x  i ) †   U  𝜙  (   x  i ) = I


   max  𝛼  [   ∑  i ​    𝛼  i −  1 2   ∑  i , j ​    𝛼  i   𝛼  j  ℓ  i  ℓ  j   K  i j ] ,     0 ≤   𝛼  i ≤   C svm ,     ∑  i ​    𝛼  i  ℓ  i = 0 .      ( 59 )


  0 <   𝛼  j <   C svm


  b =  ℓ  j −   ∑  i ​    𝛼  i  ℓ  i   K  i j


  f  ( x ) =   ∑  i ​    𝛼  i  ℓ  i K  (   x  i , x ) + b .      ( 60 )


   |   K ^  (   x  i , x ) − K  (   x  i , x ) | ≤ 𝜀


   |   f ^  ( x ) − f  ( x ) | ≤   ∑  i ​    𝛼  i  |   K ^  (   x  i , x ) − K  (   x  i , x ) | ≤ 𝜀   ∑  i ​    𝛼  i .      ( 61 )


   | f  ( x ) | > 𝜀   ∑  i ​    𝛼  i


  ℓ f  ( x )


    k ^  ( x ) = k  ( x ) + 𝛥 k  ( x )


    f ^ − f =   ∑  i ​   (     𝛼 ^  i −   𝛼  i )  ℓ  i   k  i +   ∑  i ​      𝛼 ^  i  ℓ  i 𝛥   k  i +  (   b ^ − b ) .      ( 62 )


   (   x  i ,   x  j )


  ℓ


    N  − 1 ∥ 𝛷 w − ℓ  ∥ 2 2 + 𝜆 ∥ w  ∥ 2


   (   𝛷  T 𝛷 + N 𝜆 I ) w =   𝛷  T ℓ


  K = 𝛷   𝛷  T


  a =    ( K + 𝛾 I )  − 1 ℓ ,     f  ( x ) = k    ( x )  T a ,     𝛾 = N 𝜆 > 0 .      ( 63 )


  𝛷


    K ^ = K + E


  A = K + 𝛾 I


    A ^ = A + E


    a ^ − a =  (     A ^  − 1 −   A  − 1 ) ℓ = −     A ^  − 1 E   A  − 1 ℓ .      ( 64 )


    𝒞  i j   ( a )


  K ≽ 0


  ∥   A  − 1  ∥ 2 ≤ 1 / 𝛾


  ∥ E  ∥ 2 < 𝛾


    A ^


  𝛾 − ∥ E  ∥ 2


  ∥   a ^ − a  ∥ 2 ≤   ∥ E  ∥ 2 ∥ ℓ  ∥ 2  𝛾  ( 𝛾 − ∥ E  ∥ 2 ) ,     ∥   a ^  ∥ 2 ≤   ∥ ℓ  ∥ 2  𝛾 − ∥ E  ∥ 2 .      ( 65 )


    k ^ = k +   e  x


    f ^ − f =   k  T  (   a ^ − a ) +   e  x  T   a ^


   |   f ^  ( x ) − f  ( x ) | ≤   ∥ k  ( x )  ∥ 2 ∥ E  ∥ 2 ∥ ℓ  ∥ 2  𝛾  ( 𝛾 − ∥ E  ∥ 2 ) +   ∥   e  x  ∥ 2 ∥ ℓ  ∥ 2  𝛾 − ∥ E  ∥ 2 .      ( 66 )


  𝛾 − ∥ E  ∥ 2


  a


  𝛾


  1 / 𝛾


    N test


     Acc ^  a  ( 𝜎 ) =  1    N test   ∑  r = 1    N test  𝟏 { sign   f  a , 𝜎  (   x  r ) =  ℓ  r } .      ( 67 )


    Acc ^  ( 1 −  Acc ^ ) /   N test


    d  r = 𝟏 { echo correct } − 𝟏 { unprotected correct }


    d ¯


    s  d /    N test


  0 . 86 − 0 . 60 = 0 . 26 ,       0 . 86 − 0 . 60  0 . 60 × 100 % = 43 . 33 % .      ( 68 )


  0 . 98 − 0 . 86 = 0 . 12 ,       0 . 12  0 . 98 × 100 % = 12 . 24 % ,      ( 69 )


  a = F


     ( 1 − 0 . 60 ) −  ( 1 − 0 . 86 )  1 − 0 . 60 × 100 % = 65 % .      ( 70 )


     ( 1 − 0 . 60 ) −  ( 1 − 0 . 86 )  1 − 0 . 60 × 100 % = 65 % .      ( 70 )


  a = E


    q  i j   ( a ) = Tr  [   𝛱 0   𝒞  i j   ( a )  (   𝛱 0 ) ] ,       B  i j   ( a ) =   q  i j   ( a ) −   K  i j .      ( 6 )


    𝒞  i j   ( E )  |  zero noise  (   𝛱 0 ) =   V  i j   𝛱 0   V  i j † .      ( 7 )


    K  i j


    U  𝜙  ( x )


  f  ( x ) =   ∑  i = 1  N    a  i K  (   x  i , x ) + b ,      ℓ ^  ( x ) = sign f  ( x ) .      ( 8 )


    a  i


  b


  𝒩


    q  i j = Tr  [   𝛱 0   U  j † 𝒩  (   𝜌  i )   U  j ]


  = Tr  [   𝜌  j 𝒩  (   𝜌  i ) ] ,      ( 9 )


  = Tr  [   𝜌  j 𝒩  (   𝜌  i ) ] ,      ( 9 )


    U  i =   U  𝜙  (   x  i )


    𝜌  i = 𝜌  (   x  i )


  𝒩


   | 𝜓  ( x ) ⟩ =   U  𝜙  ( x ) |  0  n ⟩ ,     𝜌  ( x ) =  | 𝜓  ( x ) ⟩ ⟨ 𝜓  ( x ) | .      ( 1 )


    𝒟  p  ( 𝜌 ) =  ( 1 − p ) 𝜌 + p I / d .      ( 10 )


    q  i j =  ( 1 − p )   K  i j + p / d ,       q  i i = 1 − p + p / d < 1    ( p > 0 ,   d > 1 ) .      ( 11 )


    U † U = I


  U =   G  L ⋯   G 2   G 1


    U † =   G 1 †   G 2 † ⋯   G  L †


    U †


    U  𝜙  ( x ) =   R  z  ( 𝜙  ( x ) ) H ,     | 𝜓  ( x ) ⟩ ≃    | 0 ⟩ +   e  i 𝜙  ( x ) | 1 ⟩   2 .      ( 12 )


  ≃


    𝛥  i j = 𝜙  (   x  i ) − 𝜙  (   x  j )


    K  i j =      | 1 +   e  i   𝛥  i j | 2 4 =   1 + cos   𝛥  i j 2 =  cos 2  (   𝛥  i j / 2 ) .      ( 13 )


  K  ( x , x ′ ) = Tr  [ 𝜌  ( x ) 𝜌  ( x ′ ) ]


  n


    U  𝜙  ( x ) =  ⨂  k = 1  n   R  z  (   𝜙  k  ( x ) ) H


    K  i j =   ∏  k = 1  n    1 + cos   𝛥  i j , k 2 .      ( 14 )


  ℏ = 1


    H n  ( t ) =  1 2 𝛽  ( t ) Z .      ( 15 )


  Z


  X


  T / 2


  X


  T


  = ⟨ 𝜓  ( x ′ )  | 𝜓  ( x ) ⟩ ⟨ 𝜓  ( x ) | 𝜓  ( x ′ ) ⟩


    𝛷 1 =   ∫ 0  T / 2  𝛽  ( t ) d t


    𝛷 2 =   ∫  T / 2  T  𝛽  ( t ) d t


  X Z X = − Z


  X   e  − i Z   𝛷 2 / 2 X   e  − i Z   𝛷 1 / 2 =   e  − i Z  (   𝛷 1 −   𝛷 2 ) / 2 .      ( 16 )


    U  j †  [ echo block ]   U  i


    𝛷  y =   ∫ 0  T  y  ( t ) 𝛽  ( t ) d t ,       y F  ( t ) = 1 ,       y E  ( t ) =  {    1 ,  0 ≤ t < T / 2 ,   − 1 ,  T / 2 ≤ t ≤ T .      ( 17 )


  𝛽  ( t ) =   𝛽 0


    𝛷 F =   𝛽 0 T


    𝛷 E = 0


  C  ( 𝜏 ) = 𝔼  [ 𝛽  ( t + 𝜏 ) 𝛽  ( t ) ]


  = ⟨ 𝜓  ( x ′ )  | 𝜓  ( x ) ⟩ ⟨ 𝜓  ( x ) | 𝜓  ( x ′ ) ⟩


    𝛷  y


    W  y  ( T ) = 𝔼  [   e  − i   𝛷  y ] =   e  −   𝜒  y  ( T ) ,       𝜒  y =  1 2 𝔼  [   𝛷  y 2 ] .      ( 18 )


    𝜒  y =  1 2   ∫ 0  T  d t   ∫ 0  T  d s y  ( t ) y  ( s ) C  ( t − s ) .      ( 19 )


  S  ( 𝜔 ) =   ∫  − ∞ ∞  C  ( 𝜏 )   e  − i 𝜔 𝜏 d 𝜏


    Y  y  ( 𝜔 ) =   ∫ 0  T  y  ( t )   e  i 𝜔 t d t


    𝜒  y =  1  4 𝜋   ∫  − ∞ ∞  S  ( 𝜔 )    |   Y  y  ( 𝜔 ) | 2 d 𝜔 .      ( 20 )


    Y  y


     |   Y F  ( 𝜔 ) | 2 =   4  sin 2  ( 𝜔 T / 2 )    𝜔 2 ,        |   Y E  ( 𝜔 ) | 2 =   16  sin 4  ( 𝜔 T / 4 )    𝜔 2 .      ( 21 )


    T 2


    𝜔 2   T 4 / 16 + O  (   𝜔 4   T 6 )


  =  | ⟨ 𝜓  ( x ′ ) | 𝜓  ( x ) ⟩  | 2 .      ( 2 )


      𝜌 ¯  i   ( y ) =  1 2  (    1    e  − i   𝜙  i   e  −   𝜒  y     e  i   𝜙  i   e  −   𝜒  y  1 ) .      ( 22 )


    𝜌  j


    q  i j   ( y ) =   1 +   e  −   𝜒  y cos   𝛥  i j 2 .      ( 23 )


    q  i j   ( y ) =   ∏  k = 1  n    1 +   e  −   𝜒  y , k cos   𝛥  i j , k 2 .      ( 24 )


    q  i j   ( y ) = 𝔼  [   ∏  k = 1  n    1 + cos  (   𝛥  i j , k +   𝛷  y , k ) 2 ] ,      ( 25 )


   0  n


    U  c    ( t ) †   H n  ( t )   U  c  ( t )


  C  ( 𝜏 ) =   𝜎 2   e  −  | 𝜏 | /   𝜏  c ,     S  ( 𝜔 ) =   2   𝜎 2   𝜏  c  1 +   𝜔 2   𝜏  c 2 .      ( 26 )


  𝜎


    𝜏  c


  =  | ⟨ 𝜓  ( x ′ ) | 𝜓  ( x ) ⟩  | 2 .      ( 2 )


  𝜈 = 𝜎 T


  𝜎


  𝜈


    𝜒 F =   𝜎 2   ∫ 0  T  d t   ∫ 0  t  d s   e  −  ( t − s ) /   𝜏  c


  =   𝜎 2   𝜏  c  [ T −   𝜏  c  ( 1 −   e  − T /   𝜏  c ) ] .      ( 27 )


  =   𝜎 2   𝜏  c  [ T −   𝜏  c  ( 1 −   e  − T /   𝜏  c ) ] .      ( 27 )


  L = T / 2


  I  ( L ) =   ∫ 0  L  d t   ∫ 0  L  d s   e  −  | t − s | /   𝜏  c = 2   𝜏  c L − 2   𝜏  c 2  ( 1 −   e  − L /   𝜏  c ) ,


  J  ( L ) =   ∫ 0  L  d t   ∫  L  2 L  d s   e  −  ( s − t ) /   𝜏  c =   𝜏  c 2    ( 1 −   e  − L /   𝜏  c ) 2 .      ( 28 )


  J  ( L ) =   ∫ 0  L  d t   ∫  L  2 L  d s   e  −  ( s − t ) /   𝜏  c =   𝜏  c 2    ( 1 −   e  − L /   𝜏  c ) 2 .      ( 28 )

