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Abstract3

Ancillas, mid-circuit measurements, noise, post-selection and classical post-processing are4

each credited with making quantum machine-learning models non-linear in their input. Here we5

show that, when the input enters only through Pauli encoding gates, these all draw on one budget:6

the spectral range of the encodings in each shot. For any procedure with finitely many shots,7

arbitrary channels, feed-forward and a bounded classical head, the expected output extends to8

complex inputs a+ib as an entire function bounded by
∏

i
cosh(Eib), where Ei is the range of shot9

i, and its Fourier coefficients lie below a Gaussian whose variance is the sum of the E2

i
. Range10

spent inside one shot buys sharp features at the Heisenberg rate, range spread over shots only11

at the shot-noise rate, so a hybrid model that encodes once per shot needs quadratically more12

encodings than a coherent circuit to resolve a jump. What range costs depends on the regime:13

circuit depth, capped by coherence, when the encoding scale is fixed, and input precision when14

it can be rescaled. Post-selection escapes the budget only with infinitely many shots. Sixteen15

experiments on IBM, IQM and IonQ processors, fifteen of them pre-registered, test the predicted16

rates and costs.17

1 Introduction18

A parameterised quantum circuit that encodes a scalar x through gates e−ixG/2 computes a trigono-19

metric polynomial f(x) =
∑

ω cωe
iωx whose frequencies are set by the eigenvalue differences of the20

generators [1, 2, 3]. Unitary evolution is linear in the state, so non-linearity in x is usually sought21

elsewhere: in ancillas, mid-circuit measurements with feed-forward [4, 5], dissipation, repeat-until-22

success circuits [6], reservoirs, or classical post-processing of the measured outcomes. Benchmarks23

treat these as separate mechanisms [7]. We show that they all draw on the same budget, the spectral24

range of the data encodings within each shot, under one standing assumption that we state once25

here and that every result below uses: the input x enters the model only through its encoding gates.26

A classical layer that transforms x before it is encoded, or a choice of circuit that depends on x27

itself rather than on measured outcomes, lies outside our scope and can add any non-linearity at28

no quantum cost; so does non-linearity in the quantum state, which requires copies of the state.29

The rates we find are those of phase estimation, and several of our corollaries restate known30

results in the language of data encodings: the polynomial method of query complexity [8], the31

Cramér–Rao bound with the sequential Heisenberg limit and its standard quantum limit for repeti-32

tion [9, 10], the approximation rates of Bernstein polynomials [11, 12] and the Chebyshev–Newman33

theory of rational approximation [13, 14]. What is new is the object that unifies them. For a single34

shot whose E encodings are interleaved with arbitrary non-covariant operations and feed-forward,35

where no single generator exists, we bound the total outcome mass of the analytically continued36
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probabilities by cosh(Eb); the bound multiplies over adaptively chosen shots, so the expected out-37

put of any finite-shot procedure with any bounded classical head on the outcomes extends to an38

entire function bounded by
∏

i cosh(Eib) (Theorem 1; Fig. 1). From this one bound follow the39

degree (Corollary 1), the slope through the Fisher budget
∑

iE
2
i (Corollary 2), a Gaussian Fourier40

spectrum with that variance, an exchange rate between depth and shots with its constants (Corol-41

lary 3; Supplementary Note 2), a finite-floor exchange rate for post-selection (Theorems 3 and 4)42

and, through a realisability construction, the statement that every admissible function is reached43

by a circuit with exactly that many encodings. Input-Lipschitz bounds of the coherent kind were44

known [15]; we add the incoherent side.45

The consequences are concrete. Range spent inside one shot, through depth or through rescaled46

encodings RY (sx), buys sharp features at the Heisenberg rate, whereas the same range spread over47

shots or over unentangled qubits buys them only at the shot-noise rate, for every kind of sharp48

feature, not only a jump. A hybrid model in which every shot encodes x once and a classical neural49

network maps the measured bits to the output therefore needs the square of a coherent circuit’s50

encoding budget to resolve a jump, whatever the network computes. What the range costs, however,51

depends on the regime. When the scale of each encoding is fixed by the architecture, as in data52

re-uploading, range costs gate depth and coherence caps it (Theorem 2). When rescaling is free,53

as on IBM hardware, where RY (16x) compiles into the same two physical pulses as RY (x), range54

costs nothing quantum: shots of single rescaled gates resolved a jump at the coherent rate, with an55

error that fell as T−0.55 in the encoding budget T against T−0.23 for repeated RY (x) shots, with a56

replication on IQM hardware, much as in entanglement-free Heisenberg-limited phase estimation [16]57

and geometric encodings [17]. In that regime the precision of the input caps the usable scale: a58

datum known to precision δ supports a slope of at most
√

2/π/δ at any budget. The price in the59

title is paid in range; which resource the range costs, depth, coherence or input precision, is what60

each regime decides.61

Post-selection, the classic exception to the polynomial method (PostBQP = PP [18]; rational62

degree [14]), escapes the bound only in the limit of infinitely many shots. In query complexity, the63

post-selected quantum query complexity of a Boolean function equals the least degree of a rational64

approximation up to a factor of two [14], with no constraint on the success probability. On hardware65

it is the success floor that sets the shot cost, so we work with a finite floor and show that it fixes the66

exchange rate between encodings and shots (Theorems 3 and 4); the question of which functions67

of an outcome probability measurement and post-selection can realise is that of quantum Bernoulli68

factories [19].69

Within this function class, the structure of a circuit decides which coefficients it can reach.70

Hidden time-reversal and reflection symmetries remove frequencies, and a single upload on m qubits71

caps the top coefficient at 2−m, which is the Fourier form of the separable limit discussed below.72

Both properties can be computed before training, and a companion paper [20] develops them and73

tests them on hardware. Here we test the theory in sixteen experiments on IBM, IQM and IonQ74

processors, fifteen of them with criteria and a prediction committed to version control before the75

job (on IBM, the prediction comes from the device’s calibrated noise model), and we report the76

runs that missed alongside those that passed, distinguishing predictions that could have failed from77

consistency checks (Table 2).78

Earlier work computes exact spectra and coefficients for Clifford-plus-rotation circuits [21, 22],79

bounds the largest frequency from the encoding [2, 23, 24], studies coefficient magnitudes for typical80

(Haar or 2-design) parameters [25, 26], trainable or exponential encoding scales [27, 17], generalisa-81

tion in terms of the encoding spectrum [28], the relation between explicit, implicit and re-uploading82

models [29] and the Fisher information as a capacity measure [30]; classical surrogates of models83

with concentrated spectra are known [31]. The single-qubit universality that our realisability con-84
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Any finite-shot procedure obeys one bound
|[F](a+ ib)| ≤ ∏i cosh(Eib)

Ei: range of shot i (its encodings). Any adaptive shots, channels, ancillas, feed-forward, bounded head.

Same budget: 16 encodings degree limit
∑iEi

slope limit
(∑iE2

i )1/2
exact output,
jump target

encodings for a
jump to RMS ε

One deep shot
16 16 ε−2

16 single shots
16 4 ε−4

Useful depth is capped
by coherence and input precision

Post-selection escapes
only with infinitely many shots

Scope
x enters only via encoding gates

Figure 1: One budget for non-linearity. Top, every finite-shot procedure obeys the master
bound (Theorem 1), which fixes the degree, the steepness and a Gaussian spectrum. Middle, two
ways to spend the same 16 encodings: the degree limit is the same, but one deep shot reaches slope
16 and 16 single shots at most 4, so a jump to RMS error ε costs ε−2 encodings in one shot and
ε−4 by repetition. The output curves are exact: the best bounded polynomial of degree 16 and the
best bounded head on 16 single-encoding shots against the jump target (grey). Bottom, coherence
and input precision cap the range per shot, post-selection leaves the class only with infinitely many
shots, and every result assumes that x enters only through encoding gates.

struction uses was shown in [32], and the ε−2 against ε−4 contrast is that of amplitude estimation85

against sampling [33] in a different guise.86

2 Results87

2.1 Channels do not change the function class88

Lemma 1 (Channel closure). Let x enter only through encoding gates Uj(x) = e−ixGj/2 whose89

generators have integer eigenvalue half-differences (λ − λ′)/2 and spectral range ∆j = λmax(Gj) −90

λmin(Gj). Interleave them with arbitrary x-independent unitaries, CPTP maps and instruments,91

where measurement outcomes may control later operations, including whether later encodings are92

applied. Then the outcome-averaged model f(x) = Tr[Oρout(x)] is a trigonometric polynomial with93

|ω| ≤ maxbranches
∑

j ∆j/2. For Pauli generators (∆j = 2) this is Nmax, the largest number of94

encodings on any outcome branch.95

We call the largest frequency an encoding can carry, ∆j/2, the range of the encoding (half96

the spectral range of its generator). It is 1 for a Pauli encoding and s for RY (sx), and we count97

encodings in these units throughout; “spectral range of a shot” below means the sum of the ranges of98

its encodings. Table 1 confirms the lemma for reset, for mid-circuit measurement with feed-forward99
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(including an extra upload controlled by the outcome), for repeated measurement and for mixed100

noise. Two operations leave the class, as they must. Post-selection divides by an x-dependent101

success probability and makes f rational in eix, and a coherent over-rotation of the encoding makes102

the generator spectrum non-integer [34].103

Table 1: Channel closure on 3 system qubits and 1 ancilla (two layers of three RY (x) encodings,
readout ⟨Z⟩ on the qubit whose light cone contains every encoding, 20 random circuits per row,
128-point FFT). Nmax is the frequency bound of Lemma 1, the number of encodings on the longest
branch; it is 8 where an outcome-controlled extra upload adds one encoding per layer. Top frequency:
the largest frequency carrying more than 10−14 of the peak power. Every mechanism covered by the
lemma reaches its bound exactly, with top frequency Nmax and power above Nmax at the level of
floating-point rounding; the two controls that violate its assumptions spread power up to the grid
limit (64).

Mechanism Nmax top frequency power above Nmax

unitary 6 6 3.5 × 10−31

ancilla reset between re-uploads 6 6 3.4 × 10−31

mid-circuit measurement + feed-forward 8 8 5.8 × 10−31

repeated mid-circuit measurement 6 6 1.5 × 10−30

depolarizing + amplitude damping + dephasing 6 6 4.4 × 10−31

post-selection on the ancilla 6 63 1.8 × 10−3

encoding over-rotation, ε = 0.07 6 64 5.1 × 10−3

2.2 One bound for every finite-shot procedure104

A procedure learns about x only by running circuits with Pauli encodings. It may run any number of105

shots, choose each next circuit and when to stop from all outcomes so far, and output any bounded106

function F of the full shot record, for example a sample mean passed through a neural network, a107

ratio estimator for post-selection, a majority vote or the result of a repeat-until-success loop (when108

a single shot can suffice for a prediction is analysed by Recio-Armengol et al. [35]). Let T be the109

number of encodings executed along the record, each counted by its range (a rescaled encoding110

RY (sx) with integer s counts as s, Lemma 1), and let Ei be the count within shot i.111

Theorem 1 (Master bound). Let a procedure run shots with spectral ranges E1, E2, . . . , with any112

channels, ancillas, mid-circuit measurements and feed-forward inside a shot and any adaptive choice113

between shots under a bounded stopping rule, and output a head |F | ≤ 1; let V =
∑

iE
2
i (the114

largest value over records). Then x 7→ Ex[F ] extends to an entire function with |E[F ](a + ib)| ≤115

maxrecords
∏

i cosh(Eib) ≤ eV b2/2, and every Fourier coefficient obeys |cω| ≤ e−ω2/2V . For n inco-116

herent encodings (shots of one-encoding circuits, or single uploads on separable states) V = n.117

The proof continues the outcome probabilities to complex x = a + ib, shows that the total118

outcome mass of a shot with E encodings is at most cosh(Eb), and then shifts the integration119

contour (Methods). For an unbounded stopping rule the theorem applies to the procedure truncated120

after k encodings, which differs from the original by at most ∥F∥∞ supx Prx[T > k] (Corollary 1).121

Bounds on the derivatives of a single coherent circuit’s output in terms of its generator norms are122

known [36]. For one coherent circuit even the bound |E[F ](a + ib)| ≤ cosh(Tb) on the expectation123

is classical: every real trigonometric polynomial of degree T bounded by 1 on the real line obeys124
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it, with equality for cosTx (Bernstein’s inequality in the strip). That bound does not multiply125

over shots. A head on N shots is a sum over 2N records, and the classical inequality controls one126

polynomial rather than the total outcome mass
∑

o |po|, which is what Theorem 1 bounds. For one127

encoding per shot the mass bound reduces to the classical growth of complex Bernstein polynomials,128

(|z|+ |1−z|)N = cosh(b)N at z = cos2((a+ ib)/2), combined with Hoeffding’s lemma cosh b ≤ eb2/2.129

For parallel encodings on a product state it is a concentration property of the generator’s spectrum,130

in the language of modes of asymmetry [37]. To our knowledge, the bound cosh(Eb) for a shot131

whose E encodings are interleaved with arbitrary non-covariant operations and feed-forward, where132

no single generator exists, is new, and so is its product over adaptive shots. The proof takes half133

a page. The bound is tight for every E: E consecutive encodings with nothing between them134

have outcome mass exactly cosh(Eb), and maximising the mass over circuits with an ancilla, a135

mid-circuit measurement and outcome-controlled extra encodings comes within 10−5 of the bound136

without exceeding it (Methods). It extends to every generator whose eigenvalue half-differences137

are integers, each encoding counted by its range (Methods). Its interest lies in what the product138

implies, above all a Gaussian spectrum whose variance V is the Fisher budget of Corollary 2, which139

makes the theorem a spectral Cramér–Rao bound. One coherent circuit of depth T has V = T 2,140

and inside its degree the bound is close to vacuous (it equals e−1/2 at ω = T ), as it should be.141

2.3 Non-linearity is paid in encodings142

Degree, steepness, the exchange rate and the separable limit all follow as corollaries; two more, for143

curvature and for every kind of sharp feature, are in Supplementary Note 1. Since
∏

i cosh(Eib) ≤144

eT |b|, the periodic entire function Ex[F ] has exponential type at most T , and shifting the contour145

removes every Fourier coefficient beyond T :146

Corollary 1 (Encoding count). If T ≤ Tmax on every record, x 7→ Ex[F ] is a trigonometric147

polynomial of degree ≤ Tmax. In general Ex[F ] lies within ∥F∥∞ supx Prx[T > k] of a polynomial of148

degree ≤ k, for every k.149

A Cauchy estimate on the circle of radius V −1/2 bounds the slope by
√
eV ; the Fisher information150

of the shot record gives the sharp constant:151

Corollary 2 (Steepness). | d
dxEx[F ]| ≤ ∥F∥∞

√

I(x), where I is the Fisher information of the record,152

and I ≤ ∑

iE
2
i for shots with Ei encodings each.153

A single circuit with T encodings can therefore be as steep as T , the Heisenberg scaling of phase154

estimation, whereas N shots of a depth-E circuit reach only E
√
N =

√
TE, the standard quantum155

limit. A bounded function of slope s misses a jump by an RMS error of order s−1/2, so resolving a156

jump costs an error ∝ T−1/2 with depth and ∝ (TE)−1/4 with shots. Exact computations confirm157

each step (Fig. 2; Methods). Three classical heads and an adaptive sequential test stay within the158

degree bound, and the slope reaches its bound at N = 1 only, so for N > 1 the Fisher bound is159

a bound and not an attained value (Fig. 2b; Supplementary Note 2). With post-selection and N160

shots, the expected ratio estimator is a polynomial of degree at most NE, which approaches the161

ideal rational output only once N ≳ 1/qmin (Fig. 2c). Hybrid models with classical non-linear heads,162

polynomial readouts, multiple copies and repeat-until-success loops all live inside the same budget.163

So do classifiers, because the probability of each predicted label is the expectation of a bounded164

function of the shot record, hence a polynomial of degree at most T whose slope obeys Corollary 2.165

Corollary 3 (Exchange rate). For a jump from −1 to +1, every procedure with T encodings, at most166

Emax per shot, TEmax ≥ 2, has RMS error ≥ 0.46 (TEmax)−1/4 in its expected output E[F ] (and167
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hence in every single prediction, since mean-squared error is at least squared bias). One coherent168

circuit reaches RMS error at most 4(T + 1)−1/2 (Fejér mean) and repeated single-encoding shots at169

most 1.88T−1/4 (majority vote).170

Resolving a jump to RMS ε therefore costs Θ(ε−2) encodings with depth and Θ(ε−4) with single-171

encoding shots, and for these two arms the constants are known to within a factor of 1.5: in exact172

computations over the class optimum of each arm, error×(TEmax)1/4 settles at 0.55 for the best173

head on one-encoding shots (error 0.55T−1/4) and at 0.70 for the best bounded polynomial of degree174

T (error 0.70T−1/2), against the lower bound 0.46 (Fig. 2a; the Fejér mean of the proof is a looser175

0.90T−1/2). Over every allocation we tested, depth-E Fejér circuits read out by a majority vote,176

which are not class optima, give constants between 0.55 and 0.96. What matters is the spectral range177

per shot, Emax, whether it comes from depth or from rescaling. A single qubit of ibm_fez shows178

the two rates directly (Fig. 2a). Optimal bounded step approximants with T = 2 to 64 encodings,179

compiled into circuits with exactly T encodings, resolved a step with error ∝ T−0.48 (bootstrap 95%180

interval 0.45–0.50, fitted over T = 2–32), while the same encodings spent on repeated shots with a181

majority vote gave T−0.27 (0.24–0.29); the difference of the two exponents is 0.21 (0.18–0.24). The182

T = 64 point is reported but not fitted, because its 128 measurement points sit at the Nyquist183

limit of a degree-64 polynomial (Supplementary Note 6). At T = 64 depth won by a factor of184

1.9, even though the deep circuit carried 130 physical pulses, and all pre-registered criteria passed.185

Adaptivity and mid-circuit noise do not raise the degree either. A one-qubit dynamic circuit on186

ibm_fez used mid-circuit measurement, reset and feed-forward to choose its second sub-circuit from187

the first outcome, and stopped after 4 or 6 encodings. Its power above degree 6 stayed at 2.2 times188

the shot-noise floor (the criterion was below 3 times), and it kept 82% of the ideal low-degree power.189

Depth is not the only way to raise Emax. On IBM hardware RY (θ) compiles to two fixed
√
X190

pulses and virtual Z rotations, so RY (16x) costs exactly as much as RY (x). On one qubit of191

ibm_kingston the visibility of RY (sx) lay between 0.991 and 0.994 for every s from 1 to 16. We192

ran shots at scales 1, 2, 4, . . . , 2J in two quadratures, four per setting, and read them out with a193

Bayes head fixed in advance. They resolved the jump with error ∝ T−0.55 (bootstrap 95% interval194

0.43–0.67, three budgets T = 56, 120, 248), against T−0.23 (0.11–0.34) for the same budget spent195

on RY (x) shots; the difference of the exponents is 0.32 (0.15–0.48). At T = 248 their error of 0.094196

was below 0.116, the bound of Corollary 3 for any procedure with one encoding per shot. Every197

value lay within 0.015 of the prediction of the calibrated noise model, and all pre-registered criteria198

passed (an exponent of at least 0.40 with rescaling and at most 0.35 without), with both intervals on199

the passing side. The square-root penalty therefore comes from repeating one encoding, not from a200

lack of coherence across shots. As in phase estimation [38, 16, 39] and in exponential encodings [17],201

geometric scales place almost the whole Fisher budget V =
∑

iE
2
i in the largest scale. On IQM202

Garnet the rotation angle is a physical pulse parameter rather than a virtual frame change, which203

makes the test harder. A pre-registered replication on 20 qubits in parallel gave exponents of 0.57204

(0.45–0.69) against 0.25 (0.13–0.37, an interval that includes the threshold 0.35) and an error of205

0.090 at T = 248, below the one-encoding bound; all criteria passed on the point estimates once we206

had corrected a shot-ordering error in our handling of aggregated counts (Supplementary Note 6).207

2.4 Repetition buys sharpness at the square root208

The same square root governs every sharp feature, not only jumps. Corollary 1 credits N shots of a209

depth-E circuit with a literal degree of NE, but their derivatives behave like those of a polynomial210

of degree E
√
N : the slope of the expected output is at most E

√
N and its curvature at most eNE2,211

whereas a bounded polynomial of degree T reaches T and T 2 (Supplementary Theorem 1). The212

Gaussian spectrum of Theorem 1 turns this into a rate for every kind of feature: for a target g213
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with an α-Hölder singularity, every finite-shot procedure has ∥E[F ] − g∥2 = Ω
(

(V log V )−(2α+1)/4
)

214

(Supplementary Theorem 2), and exact optimisation over all bounded heads on V single-encoding215

shots attains the exponent to within 0.007 for α from 0 to 1 (Supplementary Note 1). So V incoherent216

encodings are worth about
√
V coherent ones whatever the feature. For one encoding per shot these217

statements are classical: an N -shot head is a Bernstein polynomial with bounded coefficients in the218

outcome probability, the object of Bernoulli factories [40, 41] and stochastic computing [42], whose219

approximation rates [11, 12] correspond to depth
√
N . Theorem 1 extends them to circuits with220

E encodings and arbitrary operations in each shot. For analytic targets the difference disappears,221

since smooth features need no large derivatives. A feature of width w therefore costs about 1/w222

encodings in a coherent circuit and about 1/w2 by repetition. This is where the polynomial method223

is loose, and it shows that the non-linearity repetition buys inefficiently is sharpness rather than224

degree.225

The resolution limit is visible directly on ibm_fez. For smoothed steps tanh(cosx/w) with w226

from 1
2 to 1

64 , quadrupling the budget from 8 to 32 encodings shrank the narrowest width resolved227

to RMS 0.1 by a factor of 6.8 with depth (from 0.14 to 0.021) but only by 2.5 with shots (from228

0.26 to 0.10), against same-day predictions of 7 and 2.7 and asymptotic factors of 4 and 2, so these229

budgets are still pre-asymptotic. At w = 1
2 both arms stayed below 0.021, and all criteria passed.230

The exchange rate is a statement about capacity, not about training. Fitted to its class optimum,231

a one-qubit circuit with 64 encodings had a third of the test error of the matched equal-scale232

hybrid model on a sharp step (0.060 against 0.186), and in trained hybrid models the price of the233

classical head rose from 0.002 to 0.110 in test error as the feature width fell from 1
2 to 1

32 . Gradient234

training, however, did not collect the capacity: in five pre-registered attempts, trained circuits with235

narrow two-qubit layers never beat a fairly read-out hybrid model at matched encodings, a pre-236

registered task-level sharpness law failed, and a circuit chosen after diagnosing one of those failures237

beat the hybrid and its theorem ceiling on fresh seeds only when its layout contained the target238

(Supplementary Note 4). None of the capacity bounds in this paper is a trainability result.239

2.5 Only coherent encodings count240

The effective degree is one instance of a general rule: encodings count fully only when they act241

coherently. For one upload of weight wj on each of m unentangled qubits the outcome mass is242

at most
∏

j cosh(wjb), so for integer weights Theorem 1 holds with V =
∑

j w
2
j , and the quantum243

Fisher information again gives the sharp slope:244

Corollary 4 (Copies are shots). If x enters once on each of m qubits through Pauli encodings with245

weights wj and the pre-encoding state is separable, then for every later channel, measurement and246

head |F | ≤ 1, |∂xE[F ]| ≤ (
∑

j w
2
j )1/2. An entangled pre-encoding state reaches

∑

j |wj |.247

This is the separable limit of quantum metrology [9, 43] applied to data encodings. With248

equal weights, a single upload on unentangled qubits, the most common encoding, is worth only249 √
m coherent encodings in sharpness whatever circuit follows, and it misses a jump by at least250

0.46m−1/4 even when its expectation is known exactly. Its degree is m, but with local readout its251

ideal outcome law is literally that of m shots of one encoding. With geometric weights wj = 2j
252

the bound (
∑

j w
2
j )1/2 lies within a factor

√

4/3 of the largest weight, so rescaled uploads avoid the253

penalty without entanglement.254

On ibm_fez the separable limit was never exceeded, and an entangled input beat it on IBM255

and IQM processors. With x encoded once on each of m ≤ 24 qubits of an ibm_fez chain, the256

separable arms stayed below
√
m, while the same CNOTs placed before the encoding produced a257

GHZ-type input whose slope exceeded
√
m at every size, by up to 2.1 times at m = 12; GHZ states258
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with an m-fold phase response have been prepared with trapped ions [44] and Rydberg atoms [45].259

A phase-robust replication on IQM Garnet gave slopes of 3.25, 5.61 and 6.40 against
√
m = 2, 2.83260

and 4 for m = 4, 8 and 16 (the m = 16 value was reported but not gated). On IonQ Forte-1 the test261

was inconclusive: its phase-robust bound was computed after the run, and several blocks returned262

fitted visibilities above 1 (Supplementary Note 5). The separable arms are consistency checks, since263

noise channels can only lower a slope (a coherent over-rotation of the encodings could raise it); the264

entangled arms are predictions that could have failed. Trained entangle-first models did not reach265

their capacity (Supplementary Note 5), so the corollary bounds capacity rather than what training266

finds.267

2.6 Coherence and input precision cap the range268

Theorem 2 (Noise). (i) If every encoding is followed by dephasing along its axis with coherence269

factor η, every procedure with T encodings (any control, ancillas and adaptivity) has Fisher informa-270

tion at most cT , c = η2/(1−η2), and misses a jump by RMS ≥ 0.46 (cT )−1/4 whatever its allocation271

(for cT ≥ 2). (ii) For a general channel whose Kraus span contains the generator, the bound is272

cNT with a channel-dependent constant cN . (iii) Under (i), coherent blocks of E∗ = 1/(2 ln η−1)273

encodings (for η ≥ e−1/2) repeated T/E∗ times have Fisher information T/(2e ln η−1), which tends274

to cT/e as η → 1.275

Theorem 2 composes the channel-extension bound of noisy metrology [46, 47, 10, 48] with276

Corollary 2; in Fourier terms the same dephasing suppresses the component ω by η|ω| [49]. Part277

(iii) is the optimal Ramsey interrogation time of Huelga et al. [50]. It is a statement about Fisher278

information, and we do not claim that block strategies attain the RMS bound. Noise thus restores279

the shot-noise rate for every architecture, with a constant set by the coherence per encoding, and the280

best circuit spends the coherence of one shot before repeating. When the generator lies outside the281

Kraus span, error correction with noiseless ancillas restores Heisenberg scaling [51, 52], and whether282

depth keeps buying non-linearity as models grow then depends on the encoding axis relative to the283

dominant noise.284

The theorem counts noise per encoding gate. A rescaled gate RY (sx) carries range s through a285

single noisy channel, so when the encoding angle is a classical control parameter, gate noise does not286

cap the spectral range. Noise on the input does. If x carries Gaussian noise of width δ, then RY (sx)287

dephases by e−s2δ2/2 and its Fisher information per shot, s2e−s2δ2

, peaks at s = 1/δ. Over N shots288

the Fisher information is then at most N/(eδ2), and every procedure returns to the shot-noise rate289

beyond s ≈ 1/δ. If instead the datum itself is known only to precision δ, identically in every shot,290

each output is a bounded function convolved with the noise, and its slope is at most
√

2/π/δ at any291

budget. Non-linearity bought by rescaling is therefore capped by the precision of the input, just as292

depth is capped by coherence.293

On one qubit of ibm_fez a budget of 64 encodings kept paying for depth under the device’s native294

noise (RMS 0.086 for one circuit of depth 64, against 0.227 for 64 single-encoding shots). Adding a295

4µs idle after each encoding moved the best allocation to 16 encodings per shot, as predicted, but296

by less than the pre-registered margin (0.013 against 0.02), because the idle also added a coherent297

phase that the noise model did not include (Supplementary Note 6). A redesigned run replaced298

the idle by random Z flips directly after every encoding, which in this run is RZ(−x) (p = 0.015,299

32 patterns per point). These flips act along the encoding axis, are virtual on IBM hardware and300

realise exactly the dephasing of part (i), with η = 0.97 and E∗ = 16.4. Among E ∈ {4, 16, 64}301

the dephased arm did best at E = 16 (RMS 0.171, against 0.187 and 0.243), the native arm kept302

improving up to E = 64 (0.090 against 0.138), every value lay within 0.01 of the prediction of the303

calibrated noise model, and all criteria passed. The run locates E∗ only to within a factor of 4,304
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Figure 2: Non-linearity is paid in encodings. a, at a fixed total of T encodings, error on
a jump for the class optimum of each arm: the best polynomial of degree T bounded by 1 (one
coherent circuit) and the best bounded head on T single-encoding shots, which for a jump is the
majority vote (lines, exact computation); markers, the same two arms measured on one qubit of
ibm_fez, where the depth circuits realise the best polynomial bounded by 0.98 (within 6% of the
class optimum) and the error is evaluated on the 128 design points; dotted lines: the lower bound
0.46 (TEmax)−1/4 for each arm. b, the steepest slope of the expected output against the number
of shots, for three heads, with the Fisher bound

√
N (Corollary 2) and the depth scaling N ; the

head that minimises the error on a jump (open squares) is the majority vote at every budget, and
the head of largest slope is steeper but stays below

√
N (Supplementary Note 2). c, a post-selected

model of the square wave 0.9 sign(sin x) (E = 2, floor 0.2) estimated from N shots: the bias to the
ideal rational output vanishes once N ≳ 1/qmin, while the error including shot noise stays above
the infinite-shot ideal.

and the margin by which E = 16 beat E = 4 (0.016) is comparable to its shot-noise standard error305

(about 0.01); the clear result is the reversal at E = 64.306

2.7 The price of conditioning on outcomes307

Conditioning on a measurement outcome is the one operation that leaves the class. A post-selected308

model with E encodings outputs f = N/D, where D = q(x) is the success probability and N =309

Tr[(Π ⊗ O)ρ(x)]. By Lemma 1 both are trigonometric polynomials of degree at most E, with310

|N | ≤ D ≤ 1. Rational functions can approximate kinks exponentially better than polynomials [13],311

which is the usual argument for post-selected and repeat-until-success neurons [6], and Mahadev312

and de Wolf showed that unrestricted post-selection realises exactly the rational degree [14]. How313

much of that advantage survives depends on the success floor q = minx q(x).314

Theorem 3 (Post-selection is a polynomial up to ε). Let r = (1 − √
q)/(1 +

√
q). For every J ≥ 0315

there is a trigonometric polynomial pJ of degree ≤ (J + 1)E with supx |f − pJ | ≤ 1/TJ+1

(1+q
1−q

) ≤316

2rJ+1, where Tn is the Chebyshev polynomial.317

A post-selected model therefore reaches precision ε with the expressive power of at most E (1 +318

ln(2/ε)/(2
√
q)) unitary encodings. The proof uses the Chebyshev residual polynomial of iterative319

linear solvers with condition number 1/q [53], which also underlies polynomial approximations of320
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1/x in quantum linear-system algorithms [54, 55] and fixed-point amplitude amplification [56]. A321

model that post-selects at several stages is covered once its acceptance events are combined into322

one, whose probability D still has degree at most E. The decay rate r is attained: a three-323

qubit circuit with a single encoding and floor exactly q outputs q/
(1+q

2 + 1−q
2 cosx

)

, whose Fourier324

coefficients decay exactly as
√
q r|k|. The price is paid in shots. Because D is itself a polynomial325

of degree E, Bernstein’s inequality bounds its curvature, and the mean shot overhead satisfies326

Ex[1/q(x)] ≥ 2
πE

√
q arctan πE

2
√

q ≈ 1/(E
√
q), so a low floor cannot be confined to a single point.327

Combining the two results gives the main consequence.328

Theorem 4 (Post-selection cannot change the approximation rate). If every trigonometric poly-329

nomial within 2ε of a target g has degree at least K(2ε), every post-selected model with E en-330

codings and error ≤ ε has
√
q ≤ E ln(2/ε)/

(

2(K(2ε) − E)
)

and hence a mean shot overhead331

≳ 2(K(2ε) − E)/(E2 ln(2/ε)).332

Post-selection therefore trades encodings for shots at a bounded exchange rate and never turns333

a polynomial rate into an exponential one. Newman’s e−√
n rate for |x|, realised by post-selection,334

forces q ≲ poly(E) e−2
√

E and a shot overhead ≳ e
√

E/poly(E). A repeat-until-success neuron335

whose attempts each succeed with probability at least 1/2 is worth at most 1+ln(2/ε)/1.76 unitary336

encodings per encoding, about 5 at ε = 10−3.337

Every admissible pair is realised by a circuit. Any N , D of degree E with |N | ≤ D ≤ 1 can be338

implemented on two qubits with exactly E single-qubit encodings (Methods), by the construction339

behind quantum signal processing [57, 58] and single-qubit data re-uploading [59, 60]. The same340

construction on one qubit shows that every bounded real trigonometric polynomial of degree K is341

a unitary model with K encodings, so Theorem 3 is an operational equivalence once pJ is divided342

by 1 + supx |f − pJ | to make it bounded, which at most doubles its error.343

None of 124 trained post-selected models beat the floor of Theorem 3 or the shot-overhead344

bound. In RMS error over x ∈ [−π, π), Theorem 3 gives the floor floor(E, q) = maxJ [d(J+1)E(g) −345

1/TJ+1(1+q
1−q )], where dK(g) is the RMS distance from the target g to the trigonometric polynomials346

of degree K, and no post-selected model beats RE , the best error of any rational function of degree347

E, so the error is at least max(floor(E, q), RE). For the square wave g = 0.9 sign(sin x), the target348

of this section, the optimum stays within a factor of 1.66 of this bound, and below a saturation349

floor (about 0.2 at E = 2) lowering q buys nothing. When encodings, shots and qubits are counted350

together, post-selection pays off only when depth is the binding constraint (Supplementary Note 3).351

We also measured the price on hardware. For the square wave at E = 2 and 3 and floors352

q ∈ {0.5, 0.2, 0.05}, we built the optimal post-selected models as two-qubit circuits with exactly E353

encodings, together with the best unitary models of the same degree, and ran them on ibm_kingston.354

All pre-registered criteria passed. At fixed encodings post-selection changed the function class: at355

E = 2 the RMS error was 0.231, against 0.420 for the unitary model. Every error stayed above356

the floor of Theorem 3 at the measured qmin, and every mean shot overhead above the Bernstein357

bound; both hold by construction, because errors and overheads are computed from degree-E fits358

to the measured probabilities (Methods). At E = 3, lowering the floor from 0.5 to 0.05 cut the error359

from 0.272 to 0.201 while E[1/q] rose from 1.43 to 3.61. At E = 2 the same change bought nothing360

below q ≈ 0.2, the predicted saturation. The excess error over the ideal grew as the floor fell (from361

+0.011 to +0.052 at E = 3), the noise price of dividing by a small success probability (Fig. 3a,b;362

Supplementary Note 3). Degree-E polynomials fitted to the measured outcome probabilities left363

residuals at the shot-noise level, a direct hardware check of the closure lemma. A pre-registered364

scale-up to E = 4 on ibm_fez reproduced the pattern. Every post-selected model beat the unitary365

one (0.197–0.243 against 0.314), lowering the floor from 0.5 to 0.2 helped (0.216 to 0.197), and366
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Figure 3: The price of conditioning. a, RMS error on the square wave 0.9 sign(sin x) of the
best post-selected model with E encodings against the success floor (solid), the floor of Theorem 3
(dotted), the degree limit RE (dashed), and hardware runs of the optimal circuits on ibm_kingston
(dots; squares: unitary models of the same degree). b, measured mean shot overhead against the
shot-overhead bound. c, error against encodings × shot overhead × qubits, with every unit weighted
equally (a convention; Supplementary Note 3); the unitary curve is the L2 tail of the target beyond
degree K, a lower bound on the error of every unitary model with K encodings.

the smallest floor gave the worst post-selected model (0.243 at q = 0.05), because the noise price367

outweighed the gain, as the same-day prediction had foreseen. All criteria passed.368

3 Discussion369

Non-linearity in a quantum model is a budget rather than a mechanism. Every finite-shot procedure370

computes a function whose analytic continuation is bounded by
∏

i cosh(Eib), where Ei is the371

spectral range of the encodings in shot i, and the degree, steepness, curvature and spectrum of that372

function follow from the bound. Spent as spectral range within a shot, through depth or rescaling,373

the budget buys sharp features at the Heisenberg rate. Spent on repetitions of one encoding, it buys374

them only at the shot-noise rate. Hybrid models with classical heads are not exempt: they pay in375

shots, and in trained models we measured that price growing with the sharpness of the target. The376

budget is a physical cost only through the resource that range consumes in a given regime. When377

the scale of each encoding is fixed by the architecture, range costs depth and coherence caps it378

(Theorem 2); only error correction, when the encoding axis lies outside the Kraus span of the noise,379

keeps depth paying as models grow. When rescaling is free and the input is exact, the quantum380

model pays nothing for range, and the square-root penalty of repetition is the only price left; when381

rescaling is free and the input is not exact, its precision caps the range (the input-precision bound).382

Our hardware sits in the regime of free rescaling with exact inputs, which is why rescaled single383

gates matched coherent depth there. This is the quantum-metrology view of expressivity: a model384

can resolve only as much as its measurements learn about x. The same accounting of shots has been385

used to price the certification of reported Fisher geometries of hybrid models [61]; here it prices386
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expressivity itself.387

The mechanisms usually listed as sources of quantum non-linearity are therefore not indepen-388

dent. Measurements and dissipative gates (reviewed in [6]), repeat-until-success circuits [6, 62], mea-389

surement back-action with outcome-dependent gates [5], non-Gaussian gates in continuous-variable390

networks [63], the tensor-product structure of multi-qubit encodings with entangling gates [64] and391

quantum reservoirs [65] all draw on the same budget. The steepness and exchange-rate bounds392

hold for any encoding with a bounded generator, through the quantum Fisher information, and the393

degree bound holds for Pauli encodings; continuous-variable encodings need an energy constraint394

(Methods). Apart from conditioning on outcomes, these mechanisms also produce the same class395

of functions. What separates them is the spectral support and the coefficient magnitudes that a396

circuit’s structure allows, and both can be computed before training [20].397

Conditioning on outcomes does change the class, and Theorems 3 and 4 put a price on it. Depth398

can be exchanged for shots at a rate fixed by the success floor, but the approximation rate cannot be399

improved. The exchange is visible on hardware, where lower floors bought accuracy at a measured400

shot price until the degree limit was reached, and added noise along the way.401

Our results have limitations. The post-selection bound max(floor(E, q), RE) is tight to within402

a factor of 1.7 for jumps and loosens smoothly as the target gets smoother, reaching 4.6–5.8 times403

for a kink at E = 4 and up to 6.5 times for a triangle wave at E ≤ 6, for a reason we identify404

(Supplementary Note 3). Of the sixteen hardware runs, ten passed every pre-registered criterion405

at the first scoring. Two passed with a qualification (a hybrid comparison confounded by a one-bit406

readout, and the IQM multi-scale run, whose first scoring failed two criteria before we corrected407

the shot-ordering error), one is inconclusive (the IonQ phase-robust run, which met its criteria but408

returned fitted visibilities above 1), and three missed (a tie within noise, a margin missed by 0.007409

and a failed first IonQ run; Table 2 and Supplementary Note 6). Most of the hardware runs test410

consistency with a bound as well as a prediction that could have failed; Table 2 marks which is411

which, and the “same-day predictions” on IBM are outputs of the device’s calibrated noise model,412

so agreement with them tests that model as much as the theory. Eleven further runs on selection413

rules and ceilings, four of them with a miss, are reported in the companion paper [20]. The noise414

theorem bounds Fisher information, and we have not shown that coherent blocks of E∗ encodings415

attain the RMS bound that follows from it. In training, narrow two-qubit layouts never beat a fairly416

read-out hybrid model at matched encodings, the pre-registered task-level sharpness law failed, the417

test of entangling before encoding failed through trainability, and the one trained success used a418

layout chosen after the diagnosis of a failure (Supplementary Note 4). Supplementary Theorem 1,419

Corollary 4 and Theorem 2 bound capacity, not trainability. No experiment tests the Gaussian420

spectrum of Theorem 1 directly; its checks are numerical (Methods). Fitted exponents rest on three421

to five budgets each and carry bootstrap intervals (Methods). Most of the hardware evidence comes422

from IBM Heron processors.423

4 Methods424

Proof of Lemma 1425

With Gj =
∑

λ λΠλ, the encoding acts as ρ 7→ ∑

λ,λ′ e−ix(λ−λ′)/2ΠλρΠλ′ , a sum of x-independent426

linear maps weighted by e−ixδ with δ = (λ− λ′)/2 an integer, |δ| ≤ ∆j/2. Averaged over outcomes,427

the circuit is a sum over branches of compositions of linear maps. Expanding each encoding and428

using linearity, every term carries e−ix(δ1+···+δN ) over the N encodings on that branch, and |δ1 +429

· · · + δN | ≤ ∑

j ∆j/2. (The bound counts ranges, not encodings: G = 2Z has half-differences 0,±2,430

so one encoding carries frequency 2.)431
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Proof of Theorem 1 (master bound)432

Purify channels and measurements, so that each record probability is pr(x) =
∑

k frk(x)frk(x̄), a433

sum over the purifying register of products of entire amplitudes; the Cauchy–Schwarz steps below434

run over k as well. For one incoherent encoding on a pure qubit state φ, Cauchy–Schwarz gives435

∑

o |po(a+ ib)| ≤ ∥e−i(a+ib)Y/2φ∥ ∥e−i(a−ib)Y/2φ∥ = ((cosh b+ y sinh b)(cosh b− y sinh b))1/2 ≤ cosh b,436

with y the Y -expectation of the rotated state. Products multiply the bound, mixtures preserve437

the coefficient bound by convexity, and adaptive choices are bounded one shot at a time, so438

|E[F ](a + ib)| ≤ cosh(b)n ≤ enb2/2. Any depth. For a shot with E encodings interleaved with439

arbitrary purified operations, write e−i(a+ib)Y/2 = e−iaY/2 cosh(b/2)(I + tY ) with t = tanh(b/2).440

The amplitude operator is A(b) = cosh(b/2)EP (t), where P (t) is a product of unitaries, e−iaY/2
441

and (I + tY ), and A(−b) = cosh(b/2)EP (−t). By Cauchy–Schwarz and the parallelogram law,442

∑

o |po| ≤ ∥A(b)ψ∥ ∥A(−b)ψ∥ ≤ cosh(b/2)2E(∥Pevenψ∥2 + ∥Poddψ∥2), where Peven/odd collect even443

and odd powers of t. Take b ≥ 0, since the bound is even in b. The degree-k part of P is a444

sum of
(E

k

)

terms, each tk times an operator of norm 1, so ∥Pevenψ∥ ≤ 1
2((1 + t)E + (1 − t)E)445

and ∥Poddψ∥ ≤ 1
2((1 + t)E − (1 − t)E). The bracket is therefore at most 1

2((1 + t)2E + (1 − t)2E),446

and since cosh(b/2)(1 ± t) = e±b/2 the mass is at most cosh(Eb). When feed-forward changes how447

many encodings follow, pad every branch to the largest count E: an x-independent controlled swap448

sends each surplus encoding to a fresh qubit in the +1 eigenstate of Y , where it only multiplies the449

amplitude by e−ix/2 and leaves every record probability unchanged. Every branch then carries E450

encodings at fixed positions, and the expansion applies as written. Products over shots and adaptive451

choices are handled as above, so |E[F ](a + ib)| ≤ ∏

i cosh(Eib) ≤ eV b2/2. Shifting the contour of452

cω = 1
2π

∫

E[F ](a)e−iωada to Im x = −b sgnω gives |cω| ≤ eV b2/2−|ω|b, and b = |ω|/V gives the claim.453

The tail beyond K sums to at most
√

2πV e−K2/2V . The bound is attained: E consecutive encod-454

ings give outcome probabilities cos2(Ex/2) and sin2(Ex/2), whose continuations have total mass455

1 + 2 sinh2(Eb/2) = cosh(Eb), and independent shots of such circuits attain the product. Checks:456

random circuits stay below the bound (one qubit with random unitaries between the encodings,457

0.92 of it at E = 12; an ancilla with dephasing, 0.88 at E = 6; branch-dependent encoding counts,458

at most 0.97), and maximising the mass over every unitary of a two-qubit circuit with a mid-circuit459

measurement whose outcome adds up to two encodings (Emax ≤ 8) comes within 7 × 10−6 of the460

bound in all 12 cases and never exceeds it. The worst case over heads meets the coefficient bound at461

ω = 0. Other generators. The bound holds for every generator whose eigenvalue half-differences are462

integers, with Ei =
∑

j ∆j/2. Subtracting the midpoint of the spectrum multiplies the amplitudes463

by a phase that leaves every pr unchanged, and the shifted eigenvalues lie in {−n,−n + 2, . . . , n}464

with n = ∆j/2. An x-independent isometry that maps each eigenvector of eigenvalue λ to a basis465

state of Hamming weight (n−λ)/2 on n qubits (with an ancilla register for degeneracies) then turns466

the encoding into the n commuting Pauli encodings e−ixZi/2.467

Proof of Corollary 1 (encoding count)468

A complete record τ = (o1, . . . , on) has probability Px(τ) =
∏

i Px(oi | o<i); the i-th factor is469

an outcome probability of the circuit chosen after o<i, a trigonometric polynomial of degree at470

most its number of encodings by Lemma 1. Products add degrees, so Px(τ) has degree ≤ T (τ)471

and Ex[F ] =
∑

τ F (τ)Px(τ) has degree ≤ Tmax; classical randomness is a convex combination.472

For the second part, split the sum into records with T ≤ k (degree ≤ k) and the rest, whose473

contribution is at most ∥F∥∞ Prx[T > k]. This is the polynomial method of query complexity [8],474

used for phase estimation with arbitrary interleaved operations by van Dam et al. [66] and by475

Mande and de Wolf [67], with Fourier degree in place of algebraic degree, classical heads and476
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classical adaptivity across shots. The first part also follows from Theorem 1 by the contour shift,477

since
∏

i cosh(Eib) ≤ eT |b|.478

Proof of Corollary 2 (steepness)479

d
dxEx[F ] = Covx(F, ∂x logPx(τ)), and the score has mean zero, so Cauchy–Schwarz gives | d

dxEx[F ]| ≤480

sdx(F )
√

I(x). For adaptive records the score is a sum of conditional scores and I =
∑

i E[Ii | past].481

Each shot’s Fisher information is at most its quantum Fisher information, which for Ei encodings482

e−ixP/2 interleaved with arbitrary x-independent channels is at most E2
i , the sequential Heisenberg483

bound [9, 10]. Exact enumeration confirms that the degree stays within the bound for majority,484

tanh and random-network heads (N ≤ 32), for an adaptive sequential test with random stopping485

(including the truncation bound) and for the finite-shot post-selection estimator (N ≤ 64), and that486

the maximal slope is at most
√
N in all cases, with equality at N = 1.487

Proof of Corollary 3488

Lower bound. Let |f ′| ≤ s and f(x0) = a, |a| ≤ 1, at a jump of g from −1 to +1. On the +1489

side f(x0 + u) ≤ a + su, so (1 − f)2 ≥ (1 − a − su)2 for 0 ≤ u ≤ (1 − a)/s; on the −1 side490

(1 + f)2 ≥ (1 + a− su)2 for 0 ≤ u ≤ (1 + a)/s. Integrating,
∫

(f − g)2 ≥ [(1 − a)3 + (1 + a)3]/(3s) =491

(2 + 6a2)/(3s) ≥ 2/(3s) per jump. Each window extends at most 2/s from its jump and the jumps492

of sign(cosx) are π apart, so for s ≥ 4/π the windows do not overlap and RMS ≥
√

2/(3πs).493

Corollary 2 allows s =
√
TEmax, which is ≥ 4/π whenever TEmax ≥ 2. Depth. The Fejér mean494

σT g is a degree-T polynomial bounded by 1 (positive kernel); its kernel tail at distance d from a495

jump is at most π/((T + 1)d), so |σT g − g| ≤ min(2, 2π/((T + 1)d)) and RMS ≤ 4(T + 1)−1/2;496

by realisability it is a circuit with exactly T encodings. Shots. The majority vote of N shots497

of RY (x) errs with probability at most exp(−N cos2 x/2) ≤ exp(−2Nu2/π2) at distance u from498

a jump (Hoeffding). The error of its expectation is |E[F ] − g| ≤ 2 Pr[err] (equality for odd N ;499

a tie outputs 0), so (E[F ] − g)2 ≤ 4e−4Nu2/π2

, and integrating over the two jumps gives RMS500

≤ (2
√
π)1/2N−1/4 = 1.88N−1/4 (exact: 0.53–0.56N−1/4 for N ≥ 4). For the mean-squared error of501

a single prediction, which also counts its variance, the squared error is at most 4 when the vote errs,502

which gives (2
√

2π)1/2N−1/4 = 2.24N−1/4 (exact: 0.86–1.01N−1/4 for N ≥ 4). The class-optimal503

constants quoted in Results are computed in Supplementary Note 2.504

Proof of Corollary 4 (copies are shots)505

The quantum Fisher information is convex in the state and additive on products. For one qubit506

under e−ixwG/2 it is 4 Var(wG/2) ≤ w2, so a separable pre-encoding state gives FQ ≤ ∑

j w
2
j .507

Channels, measurements and feed-forward after the encoding cannot increase the Fisher information508

of the record, and Corollary 2 gives the slope bound. The state (|λmin⟩ + |λmax⟩)/
√

2 of H =509

∑

j wjGj/2 has FQ = (
∑

j |wj |)2, and the observable |λmin⟩⟨λmax| + h.c. gives cos((
∑

j |wj |)x). The510

jump bound follows as in Corollary 3. Numerically, 400 random separable-input circuits with ancillas511

and random heads never exceed
√
m; the best head on m local readouts reaches 0.86–0.92

√
m.512

Proof of Theorem 2 (noise)513

For T uses of a channel whose Kraus span contains the generator, the channel-extension method514

bounds the quantum Fisher information of any strategy (parallel with ancillas, or sequential with515

arbitrary control, which reduces to it [48]) by cT ; for dephasing c = η2/(1−η2) [46, 10]. Corollary 2516

turns this into the slope bound. A coherent block of E encodings has contrast ηE and phase Ex,517
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hence Fisher information E2η2E per shot and TEη2E per budget, maximal at E∗ = 1/(2 ln η−1)518

(when η ≥ e−1/2, else E∗ = 1) where it equals T/(2e ln η−1). Its ratio to cT is (1−η2)/(2eη2 ln η−1),519

which tends to 1/e as η → 1. For general channels violating the Hamiltonian-not-in-Kraus-span520

condition the constant cN is an SDP [47, 10].521

Proof of Theorem 3522

Q(t) = TJ+1

(1+q−2t
1−q

)

/TJ+1

(1+q
1−q

)

has Q(0) = 1, so Q(t) = 1 − tPJ(t) with degPJ = J , and |Q| ≤523

1/TJ+1(1+q
1−q ) on [q, 1]. Put pJ = N PJ(D). Then f − pJ = f Q(D) and |f | ≤ 1.524

Proof of the shot-overhead bound525

Let D be a real trigonometric polynomial of degree E with q ≤ D ≤ 1 and minD = q at x0.526

Bernstein’s inequality for D− 1
2 (sup norm at most 1

2) gives |D′′| ≤ E2/2, so D(x) ≤ q+ E2

4 (x−x0)2.527

Integrating 1/(q + E2u2/4) over u ∈ [−π, π] and dividing by 2π gives Ex[1/D] ≥ 2
πE

√
q arctan πE

2
√

q .528

Proof of Theorem 4529

Take J + 1 = ⌈ln(2/ε)/ ln(1/r)⌉, so 2rJ+1 ≤ ε. Theorem 3 gives a polynomial of degree (J + 1)E530

within ε of f , hence within 2ε of g, so (J + 1)E ≥ K(2ε). With ln(1/r) ≥ 2
√
q this is the stated531

bound on
√
q, and the shot-overhead bound converts it into a bound on shots. The degree-limit532

term follows because dropping the floor only enlarges the class: no post-selected model beats RE ,533

the best error of any degree-E rational function.534

Realisability of every admissible pair535

For |N | ≤ D ≤ 1 of degree E the outcome probabilities p1,2 = (D ± N )/2, p3 = 1 − D are536

non-negative trigonometric polynomials of degree ≤ E summing to one. Fejér–Riesz writes pi =537

|ai(e
ix)|2, so v(z) = (a1, a2, a3, 0) is a unit polynomial vector in C

4. Its lowest and highest coefficients538

are orthogonal, so a rank-2 projector P with Pc0 = 0 and (I − P )cE = 0 lowers the degree539

by one: w = (I − P + z−1P )v. After E steps v(z) =
∏

j(I − Pj + zPj)w0, and each factor is540

Wj diag(z, z, 1, 1)W †
j , i.e. one RZ(x) on the first qubit between fixed two-qubit unitaries. Measuring541

both qubits and post-selecting outcomes 1–2 gives N/D with exactly E encodings (checked to542

2 × 10−14 on 24 random instances and used for the hardware runs).543

Scope544

Every result assumes that x enters only through encoding gates. Mechanisms outside that assump-545

tion, and what the bounds say about them: (i) a classical map x 7→ ϕ(x) applied before encoding,546

trained or not, or a non-integer scale w in RY (wx), leaves the integer frequency class; the degree547

and Gaussian bounds do not apply, and only the Fisher bound survives (below); (ii) a choice of548

circuit, scale or shot count that depends on x itself, rather than on measured outcomes, is like-549

wise excluded, whereas an outcome-dependent rescaling RY (g(bits)x) is covered with E the largest550

range on any branch; (iii) heads with ∥F∥∞ > 1, such as a ratio estimator before clipping, scale551

every bound by ∥F∥∞; (iv) non-linearity in the quantum state (swap tests, kernel estimates) needs552

copies of the state and is a different question. Corollary 2 uses only the Fisher information of the553

record, so it holds for every encoding: amplitude encodings (where the degree bound is void, be-554

cause normalisation already makes the state non-linear in x), trainable frequency scalings e−iwjxGj
555

(Fisher information ≤ (
∑

j |wj |∥Gj∥)2 per shot, with ∥G∥ the spectral range), and Hamiltonian556
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encodings with non-integer spectra, through the quantum Fisher information of the encoded state.557

Corollary 1 is the algebraic counterpart for encodings with integer eigenvalue half-differences, and558

the lower bound of Corollary 3 holds for every encoding. Theorem 1 holds for every generator559

with integer eigenvalue half-differences, each encoding counted by its range (proof of Theorem 1);560

a generator with spectrum {−2, 0, 2}, for example, counts as two encodings. For several inputs the561

degree bound holds per variable and the slope bound per direction, with the Fisher information562

matrix. Bounded generators are needed: a continuous-variable displacement encoding has quantum563

Fisher information 4 Var(p) and needs an energy constraint. Corollary 4 holds more generally when564

the state is separable across blocks that each hold one encoded qubit and its own ancillas.565

Hardware analysis of the post-selection runs566

By the closure lemma the measured outcome probabilities are trigonometric polynomials of degree567

≤ E. We fit each by least squares on the 16 measured points and evaluate N/D on 4,096 points;568

the continuous error, qmin and E[1/q] come from these fits, with multinomial bootstrap errors. The569

residual of the fits was 0.5–2.0 times its shot-noise expectation, a direct check of the closure lemma570

on hardware. Because the fitted N and D have degree E, the floor of Theorem 3 and the shot-571

overhead bound hold for them by construction (up to small violations of |N | ≤ D in the fits), so572

those criteria check the analysis rather than the device.573

Statistics574

No trained post-selected model fell below the floor (124 models, which share two targets and five575

seeds); since the floor is a theorem, this checks the code rather than estimating a rate. Hardware576

errors are shot-noise standard errors from the estimator, multinomial bootstraps (post-selection)577

or block statistics over repeated settings (Open Quantum runs). Every fitted hardware exponent578

carries a parametric bootstrap 95% interval (4,000 replicates, exponent_ci.py): for the exchange-579

rate run each point estimate is redrawn from its binomial or block law and the bias-corrected580

RMS and the slope are recomputed; for the multi-scale runs, where only the per-budget RMS and581

block counts are stored, the per-point squared errors (128 on IBM, 120 on IQM) are resampled582

as independent, which is approximate. The intervals are: depth 0.48 [0.45, 0.50] against shots 0.27583

[0.24, 0.29] (difference [0.18, 0.24]); multi-scale 0.55 [0.43, 0.67] against equal 0.23 [0.11, 0.34] on IBM584

(difference [0.15, 0.48]) and 0.57 [0.45, 0.69] against 0.25 [0.13, 0.37] on IQM (difference [0.15, 0.49]).585

The exact-computation exponents in the text are deterministic fits over the stated ranges and carry586

no sampling error.587

Pre-registration and the hardware experiments588

Each experiment was frozen in a dated note with thresholds, a pass rule and its interpretation fixed589

in advance, and committed with the same-day prediction before submission. Supplementary Table 1590

lists, for every run, the commit that froze it, its time and the submission time of the job, read from591

the stored result (prereg_record.py). The earliest run reported here (September 2026) is not592

pre-registered in the version-control sense: its note and prediction file were written before the job593

but committed the following morning. Every later pre-registration and prediction was committed594

before the job, with margins from 5 seconds to three hours; the four notes that were touched again595

after their job record an implementation deviation or a provider-side job failure, and none changed596

a criterion. On IBM the prediction came from the device’s calibrated Aer noise model; on IQM and597

IonQ, where no calibrated model was available, the prediction was a noiseless or inline expectation.598

Two learning experiments were re-run under a revised criterion after a miss; every version is on599
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record and counted (Supplementary Note 7). Deviations and errata are recorded with the data. Of600

the 16 hardware runs reported here, 10 passed every gating criterion at the first scoring, 2 passed601

with a qualification, 1 is inconclusive and 3 missed (Table 2); the eleven selection-rule and ceiling602

runs of the same programme, seven of which passed, are reported in the companion [20]. The603

handling of aggregated counts on the Open Quantum devices and the qubit layout of the IQM run604

are described in Supplementary Note 6.

Table 2: Pre-registered hardware experiments reported here (IBM Heron unless noted; eleven further
runs are in the companion [20]). Cost as charged: QPU seconds on IBM, Open Quantum credits
(cr.) on IQM Garnet and IonQ Forte-1. Type: P, a prediction that could have failed (an exponent,
a class change, a slope above a bound, a non-monotonic pattern); C, a consistency check that noise
channels can only move in the allowed direction (a degree or slope below a bound) or that holds by
construction (the post-selection floors); P+C, both kinds among the criteria. ∗Note entered version
control only after the job.

Experiment device QPU s / cr. criteria type outcome

Post-selection, trained
models∗

kingston 79 4 P+C 3 of 4 (tie vs 5
encodings)

Price of post-selection kingston 140 7 P+C pass
Depth-for-shots exchange rate fez 123 3 P pass
Resolution limit, depth vs
shots

fez 175 4 P pass

Adaptive dynamic circuit fez 37 2 P+C pass
Price of post-selection at
E = 4

fez 88 5 P+C pass

Copies vs coherence, 2–24
qubits

fez 112 4 P+C pass

Noisy allocation law fez 135 3 P 1 missed by 0.007
Allocation law, exact
dephasing

fez 205 3 P pass

Trained models on hardware fez 67 3 P pass; hybrid
comparison confounded

Trained models,
light-cone-fixed

fez 67 3 P pass

Rescaled encodings,
multi-scale shots

kingston 416 4 P pass

Copies vs coherence, 4–16
qubits

IonQ Forte-1 25 cr. 2 P 1 failed (phase offsets)

Separable limit, phase-robust IQM Garnet 12 cr. 1 P pass
Separable limit, phase-robust IonQ Forte-1 90 cr. 2 P inconclusive (post-hoc

bound; phase drift)
Rescaled encodings,
multi-scale shots

IQM Garnet 194 cr. 4 P pass after rescoring
(first scoring failed 2)

605

Simulation. Statevector and density-matrix simulation in NumPy and PennyLane 0.44.0. Spec-606

tra from FFTs over 2Nenc +3 equispaced points (128 points for the closure table, Table 1), averaged607

over random parameter draws; a frequency is in the support if its mean power exceeds 10−12 (in608

Table 1, if its power exceeds 10−14 of the peak).609
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Hardware. Qiskit 2.5.2, Qiskit Aer 0.17.2 and Qiskit IBM Runtime 0.49.0; EstimatorV2 with610

TREX, gate twirling and automatic dynamical decoupling off unless stated; the noise model and611

the device calibration are those of the job date (dates in the result file names; job identifiers in the612

repository). Thresholds, job identifiers, QPU seconds and raw data are in the repository. Post-613

selection runs used SamplerV2 with 4,096 shots per point and no readout mitigation; continuous614

errors were computed from degree-E least-squares fits to the measured outcome probabilities, which615

the closure lemma justifies.616

Use of large language models617

Generative AI assistants were used substantively alongside the authors in writing the experiment618

and scoring code, drafting the pre-registration, searching the literature, and drafting and revising619

the text. The authors set the research question, made and approved the pre-registered decisions,620

checked the cited sources, read the final text, and are responsible for its content. Every hardware621

job was submitted only after an author approved it. All reported results are computed by script622

from the released artifacts.623

Data availability624

The pre-registrations, same-day predictions, raw hardware results with job identifiers, and all625

simulation and training outputs that support the findings of this study are available at https:626

//drive.google.com/file/d/1j9aALzKzIhe-RdIA6tbdoJ8GF2Osu44o and will be deposited in627

Zenodo with a DOI on publication. The version-control history that dates each pre-registration628

(Supplementary Table 1) is available to the editors and referees on request.629

Code availability630

The code for every simulation, theory check, learning test and hardware experiment is available at631

https://drive.google.com/file/d/1j9aALzKzIhe-RdIA6tbdoJ8GF2Osu44o. A single command632

re-scores every hardware experiment reported here against its pre-registered criteria from the stored633

results, regenerates the figures and builds this manuscript; a full run also repeats the theory checks634

and the training. The repository’s documentation describes both.635
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