
Table 1: SISO-FSO work survey.

Ref. Detection Turbulence model

[33] Direct LN and GG (Numerical)
[49] Coherent EW
[50, 51] Direct LN and GG
[52] Direct and Coherent GG
[47, 53] Direct and Coherent MG
[48] Direct and Coherent GG
[54] Direct the exponentiated Weibull

irradiance can be normalized as I = Īh where Ī is the average receiver irradiance then
substitute in instantaneous SNR γcoherent = CcĪh and γSIM/DD = Cs(Īh)

2. The mean
SNRs of coherent and direct detection are γ̄1 = E[γ1] and γ̄2 = E[γ2] respectively,
where m is the mode of reception with m = 1 for coherent detection and m = 2 for
direct detection then γ̄1 = CcĪE[h] and γ̄2 = CsĪ

2E[h2] respectively [55]. From the
previous equations, we can obtain after simple manipulation that h = m

√︁
E[hm]γm/γ̄m.

The closed-form SNR statistics below follow [48, 55] and are written in terms of the
normalised SNR µm

2,3, i.e. the electrical SNR obtained for unit-mean turbulence
irradiance (E[hat] = 1) and no pointing loss. It differs from the mean SNR by the

pointing-loss factors in the moment expression below: for GG turbulence, γ̄1 = δ2

1+δ2µ1

and γ̄2 = δ2(1+ρ1)(1+ρ2)
(2+δ2)ρ1ρ2

µ2.

By utilizing this simple random variable transformation, depending on h distri-
bution the resulting SNR PDF under the coherent and direct detection techniques
is obtained which is given for GG turbulent channel with pointing errors [48] using
equation (17).

fγm(γm) =
δ2

mγmΓ(ρ1)Γ(ρ2)
G3,0

1,3

⎡⎣ρ1ρ2(︃ γm
µm

)︃ 1
m

⃓⃓⃓⃓
⃓
δ2+1

δ2,ρ1,ρ2

⎤⎦ (18)

the moments are defined as E [γn] and given by [48]

E [γnm] =
δ2Γ(mn+ ρ1)Γ(mn+ ρ2)

(ρ1ρ2)mn (mn+ δ2) Γ(ρ1)Γ(ρ2)
µnm (19)

2The parameter µ1 = Cc represents the average SNR for coherent FSO sys-
tems under the condition of normalized irradiance (i.e., E[I] = 1) [55]. Here, Cc =
2R2APLO/ [2qR∆BPLO + 2∆B (qRAIb + 2kbTkFn/RL)] ≈ RA/(q∆B) functions as a multiplicative
constant specific to a given coherent system. This constant is defined by several physical parameters: R
is the photodetector responsivity, A is the photodetector area, PLO is the local oscillator power, ∆B is
the receiver’s noise equivalent bandwidth, q is the electronic charge, Ib is the background irradiance, kb
is Boltzmann’s constant, Tk is the temperature in Kelvin, Fn is a thermal noise enhancement parameter,
and RL is the load resistance.

3µ2 = Cs is the average SNR for SIM/DD FSO systems for unit-mean turbulence irradiance and no
pointing loss (i.e., E[hat] = 1) [55] , where Cs = (RAξ)2/ [2∆B (qRAIb + 2kbTkFn/RL)] is a multiplicative
constant for a given SIM/DD system with modulation index ξ.
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48].

C̄ =
Agg
ln(2)

G3m+2,1
m+2,3m+2

[︄
Bgg
µm

⃓⃓⃓⃓0,1,κ1

κ2,0,0

]︄
(25)

C̄ =
Amg
ln(2)

G3m+2,1
2m+2,3m+2

[︄
Bmg
µm

⃓⃓⃓⃓0,1,κ1

κ2,0,0

]︄
(26)

3.4 Average SER

The average symbol error rate (ASER) is determined by integrating the conditional
symbol error probability Pe(γ) across the PDF of the SNR.

ASER =

∫︂ ∞

0

Pe(γ)fγFSO
(γ)dγ (27)

The chosen digital modulation strategy affects the expression of Pc. Here, we con-
centrate on the binary phase shift keying (BPSK), M-PSK, and square M-QAM,
where Pe(γ) = Cmod erfc

√
Dmodγ and the differential BPSK (DBPSK), where Pe(γ) =

Cmod exp(−Dmodγ), where the parameters Cmod and Dmod are provided in table (2).

Table 2: Cmod and Dmod parameters. The first three rows
use Pe = Cmod erfc

√
Dmodγ (BPSK: 1

2 erfc
√
γ); DBPSK

uses Pe = Cmode−Dmodγ = 1
2e

−γ , so equal numerical val-
ues refer to different functional forms.

Modulation Scheme Cmod Dmod M
BPSK (erfc form) 1 / 2 1 -

M -PSK 1 sin2(π/M) > 4

square M -QAM 2-2 /
√
M 3/(2(M-1)) ≥ 4

DBPSK (exponential form) 1 / 2 1 -

3.4.1 ASER for BPSK, M -PSK and M -QAM

To depict erfc(
√
x) as the Meijer-G function describes erfc(

√
x) = 1√

π
G2,0

1,2

[︂
x|10,1/2

]︂
and then using equation [07.34.21.0011.01] in [57], the unified expression for ASER is
given by

ASER =
CmodAmg√

π
G3m,2

2m+2,3m+1

[︄
Bmg

Dmodµm

⃓⃓⃓⃓1,1/2,κ1

κ2,0

]︄
. (28)

for the MG channel. For the GG channel the same steps give, with Agg, Bgg, κ1
(m terms) and κ2 (3m terms) as defined for the GG outage probability (checked
numerically against direct integration of the GG SNR pdf for m = 1, 2),

ASER =
CmodAgg√

π
G3m,2
m+2,3m+1

[︄
Bgg

Dmodµm

⃓⃓⃓⃓1,1/2,κ1

κ2,0

]︄
. (29)
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3.4.2 ASER for DBPSK

By using equation [07.34.03.0228.01] in [57] to represent exp(−x) in terms of

the Meijer-G function as exp(−x) = G1,0
0,1

[︃
x | −

0

]︃
and then using equation

[07.34.21.0011.01] in [57], the unified expression for ASER is given by

ASER = CmodAmgG3m,1
2m+1,3m

[︄
Bmg

Dmodµm

⃓⃓⃓⃓1,κ1

κ2

]︄
. (30)

for the MG channel, and for the GG channel

ASER = CmodAggG3m,1
m+1,3m

[︄
Bgg

Dmodµm

⃓⃓⃓⃓1,κ1

κ2

]︄
. (31)

3.5 Numerical Results of FSO Systems

As an illustration of the mathematical formula presented above, simulation results for
different performance metrics of a single FSO link transmission system is presented
in this section by using link configurations in Table (3) as a default parameters of
the system. Figure (4) shows the outage probability of FSO channel under operation
of coherent and direct detection techniques. It is demonstrated that the atmospheric
turbulence conditions gets severe and/or the pointing error, the outage probability
increases and the ergodic capacity decreases. The pointing errors effect in strong tur-
bulence becomes smaller than the effect in weak turbulence condition. The simulation
results are obtained by using MATLAB from now and on-words. In this section the
horizontal axis is the normalised SNR µm defined in Sec. 3.1; the mean SNR is lower
by the pointing-loss factors given there. In the MIMO section every scheme is plotted
versus its own mean SNR γ̄ = E[γ].

Table 3: FSO link parameters.

Parameter Symbol Value
Transceiver at high altitude settings Zu1 600 m
Transceiver at low altitude settings Zu2 200 m
Angle between the link and the vertical ψ 70o

Rytov variance (plane wave) σ2
R 0.13, 0.53, 2.65

Threshold SNR γT 3 dB
Diameter of receiving aperture 2a 10 cm
Diameter of transmitting aperture DT 10 cm
Transceiver position standard deviation σp 10 cm
Transceiver orientation standard deviation σψ 1× 10−6

Index of refraction structure parameter C2
n [5× 10−15 − 1× 10−13]

Optical wavelength λ 1550× 10−9 m
Beam divergence angle θdiv 2 mrad
Ring radius of the receivers Rcrl 3a = 15 cm
Gauss-Laguerre nodes c 100
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Finally, Figure (5) shows that the distance between the ergodic capacity of coherent
detection and the AWGN benchmark log2(1+ γ̄) in strong turbulence is roughly seven
times the distance in weak turbulence (about 0.5 versus 0.075 bit/s/Hz at 10 dB, and
0.69 versus 0.09 bit/s/Hz at 20 dB). In the next section, we show that spatial diversity
narrows this gap for both coherent and SIM/DD systems.

4 Performance Analysis of Enhanced FSO systems
Using Spatial Diversity (MIMO)

In table (4), a brief about MIMO-FSO channel modeling is introduced. The major
studies take into account the pointing errors rising from random position fluctuations
without considering random orientations which exist in airborne systems. In our study,
we will take all scenarios causing pointing errors.

Table 4: MIMO-FSO work survey.

Ref. Combining methods Turbulence model Pointing errors

[58] OC-EGC LN -
[59] SC LN -
[24] OC-EGC LN and Rayleigh, -
[60] MLC-SOC LN and Neg. Exp -
[20] Alamouti GG
[61] EGC-MRC GG Considered
[62] EGC LN Considered
[63] OSM/MLD LN, GG, and Neg. Exp Considered

4.1 Link Configuration

The analysis involves a slanted communication link connecting two hovering
transceivers positioned at altitudes Zu1 and Zu2, with the condition that (Zu1 ≥ Zu2).
Both of the transceivers are equipped with lightweight, inexpensive, and constrained
precision pointing-acquisition-tracking (PAT) systems. The transceivers incorporate
MIMO-FSO terminals comprisingM transmitters and N receivers, configured as illus-
trated in Figures 6 and 7. In this arrangement,N−1 receivers are distributed uniformly
along the circumference of an imaginary circle of radius Rcrl as shown in Figure 8,
while a single receiver is positioned at the ring’s center [64]. A corresponding config-
uration is employed for the M transmitters, which are oriented towards the center of
the receiving ring. In the channel model (and in the simulations) only the receiver
ring offset Rcrl is used: the M transmit apertures are treated as co-located and each is
aimed at the receiver, so the transmitter ring is only illustrative. The angle of arrival
(AOA) is neglected of this communication link because of its negligible effect.The
individual MIMO channels exhibit independent fading coefficients provided the sep-
aration between the transmitter and receiver units exceeds the channel’s coherence
length [65].

17



By substituting equations (48) and (47) into (46), we get α, µ, and ˆ︁hMIMO for different
m by solving the system of nonlinear equations. The moments in (47) were verified
against Monte Carlo simulations with common jitter; for strong jitter (δ2 ≈ 9–11)
the independent-link expansion deviates from the simulated moments by up to 5% at
v = 4, whereas (47) agrees within the Monte Carlo accuracy. For the parameters of
Table 3 (δ ≈ 8.4) both give the same α-µ parameters to within 0.1%.

A visual assessment of Figures (9,10) reveals a strong correspondence between the
analytical derivations and the simulation outcomes. For a more precise evaluation,
Table (5) provides a quantitative measure by listing the mean squared error (MSE)
between the derived α-µ CDF and the empirical CDF of 106 Monte Carlo samples
with common pointing jitter, averaged over 200 histogram bins. This comparison is
conducted across a broad spectrum of the refractive index structure parameter C2

n,
encompassing the most prevalent atmospheric turbulence models for both weak and
strong regimes. The α-µ parameters are obtained by solving the moment equations to
numerical convergence; for the log-normal case the solution lies on a nearly degenerate
ridge (µ large, α small), so the LN fit is less accurate than the GG fit.

Table 5: MSE accuracy of CDF Derived Model.

C2
n AT SIMO(1,5) MIMO(3,5) MIMO(5,5)

5× 10−15 LN 2.18× 10−6 3.03× 10−6 2.85× 10−6

GG 4.64× 10−8 1.62× 10−7 5.00× 10−7

2× 10−14 LN 6.71× 10−6 5.76× 10−6 4.64× 10−6

GG 1.26× 10−7 1.84× 10−8 1.63× 10−8

1× 10−13 LN 1.04× 10−5 8.11× 10−5 7.03× 10−5

GG 1.87× 10−7 9.81× 10−8 1.08× 10−7

Lower-tail accuracy.

The linear-scale MSE in Table 5 cannot resolve the probabilities that matter for outage.
Table 6 therefore compares, for C2

n = 2×10−14, the Monte Carlo probability P(h < hp)
with the nominal p, where hp is the p-quantile of the fitted α-µ CDF (108 samples,
accumulated in chunks of 107). For GG turbulence the fit is accurate to within 2–16%
down to p = 10−6 (≥ 100 events), so the analytic outage curves are reliable over the
plotted range. For log-normal turbulence the moment-matched α-µ CDF overestimates
the lower tail by a factor of about 2 at p = 10−3 and by up to 10 at p = 10−6

(conservative outage); the LN α-µ results should therefore be used only for the body
of the distribution, not for deep-outage predictions.

Now, the instantaneous SNR can be obtained the by utilizing simple random vari-
able transformation but the average SNR for coherent MRC at the combiner output
is

γ̄c,MRC =
Cc
M
E [hM,1] (50)
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Table 6: Relative error (PMC − p)/p of the fitted α-
µ lower tail, 108 Monte Carlo samples. †fewer than 30
events.

GG LN
p MIMO(3,5) SIMO(1,5) MIMO(3,5) SIMO(1,5)

10−3 +2% +5% −49% −51%
10−4 +5% +11% −65% −68%
10−5 +7% +16% −80% −78%
10−6 +10% +16% −91%† −83%

For SIM system using MRC, the average SNR at the combiner output is

γ̄s,MRC =
Cs
M
E [hM,2] (51)

For coherent system using EGC, the average SNR at the combiner output is

γ̄c,EGC =
Cc
MN

E
[︁
h2M,0.5

]︁
(52)

For SIM system using EGC, the average SNR at the combiner output is

γ̄s,EGC =
Cs
MN

E
[︁
h2M,1

]︁
(53)

So it is readily to consider γ̄comb =
Csystem

MNcomb
E
[︁
hϖM,m

]︁
where Csystem ∈ {Cs, Cc},

ϖ = 1 or 2 for MRC and EGC respectively and Ncomb = 1 or N for MRC and EGC
respectively too. From equations (38), (39), (40), (41), it is easy to formulate a general
instantaneous SNR expression as

γM =
γ̄comb

E
[︂
hϖM,m

]︂hϖM,m (54)

where E
[︁
hϖM,m

]︁
is readily computed from equation (45).

By the analogy as in section (3.1) the relation between the channel state and the

instantaneous SNR for the four cases is hM,m = ϖ

√︃
E
[︂
hϖM,m

]︂
γM/γ̄comb. By utilizing

this simple random variable transformation, depending on hM,m distribution (α − µ
distribution) the resulting SNR PDF over the four cases is obtained by

fγM (γM) ≈ α

ϖΓ(µ)
ϑµϖγ

αµ
ϖ −1

M

exp
(︂
−ϑϖγ

α
ϖ

M

)︂
,

(55)
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4.5 Average SER

ASER is obtained by integrating the conditional probability of symbol error Pe(γ)
with respect to the PDF of the received SNR.

ASER =

∫︂ ∞

0

Pe(γ)fγFSO
(γ)dγ (63)

The chosen digital modulation strategy affects the expression of Pc. Here, we con-
centrate on the differential binary phase shift keying (DBPSK) where ABER =
CmodMγM(−Dmod).

4.6 Numerical Results of MIMO-FSO Systems

To demonstrate the applicability of the preceding mathematical framework, this
section presents numerical results for various performance indicators of a MIMO-FSO
link transmission system. The FSO link is modeled as Gamma-Gamma fading channel
with the effects of atmosphere for weak (C2

n = 5×10−15), moderate (C2
n = 2×10−14),

and strong (C2
n = 1× 10−13) turbulence FSO channels as in Table (3). The results of

SISO system was obtained by using formulas derive in section (3) and they are going
to be compared with MIMO-FSO results in this section.

For fair comparison, the photodetector radius in SISO system is square root of N
times the photodetector radius in MIMO system resulting the same photodetecting
area in both. In Figure (11), the Ergodic Capacity for coherent system is presented.
The ergodic capacities of EGC and MRC are practically identical. To reach 5 bit/s/Hz,
moving from SISO to MIMO(3,5) saves about 0.8 dB of average SNR for coherent
detection, whereas in Figure (12) the saving for SIM is about 3.0 dB. In these compari-
son figures all schemes are normalized to the same average SNR, γ̄ = E[γ], so the SISO
direct-detection curve differs slightly from the Ansari-normalized curves of the previ-
ous section. Because the FSO channel is slow fading, ergodic capacity is optimistic;
Table 7 gives the capacity with outage for coherent detection (moderate turbulence).
At an outage probability of Pout = 10−3 the SISO rate falls 2.5–3.6 bit/s/Hz below
its ergodic capacity, whereas MIMO(3,5) loses only 0.7–0.8 bit/s/Hz, so the bene-
fit of diversity for a delay-constrained link is far larger than the ergodic comparison
suggests.

Table 7: Ergodic capacity and capac-
ity with outage Cout(10

−3) [bit/s/Hz],
coherent detection, moderate turbu-
lence (C2

n = 2× 10−14), 4× 106 Monte
Carlo samples.
SNR SISO MIMO(3,5) AWGN
[dB] ergodic Cout ergodic Cout log2(1+γ̄)
10 3.22 0.75 3.44 2.73 3.46
20 6.36 2.96 6.64 5.84 6.66
30 9.66 6.11 9.95 9.13 9.97
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