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Abstract

Information causality (IC), a generalization of the no-signalling principle, states that com-

municating m classical bits cannot give the receiver access to more than m bits of infor-

mation about the sender’s independent data. Although IC holds in quantum theory and

excludes a broad class of supra-quantum correlations, its validity for the almost-quantum set

has remained open. This semidefinite relaxation of the quantum set satisfies nontrivial com-

munication complexity, no advantage for non-local computation, macroscopic locality, local

orthogonality, and numerical evidence has suggested that it may also satisfy IC. Here we

show that almost-quantum correlations violate IC, and do so without bound. Unlike earlier

violations of IC, which rely on biased guesses, ours is driven by zero-error certificates: each

is rare but never wrong, carries information linear in its probability, and vouches for many

of the sender’s bits at once. Our result establishes a sharp dichotomy: either IC is a valid

physical principle that excludes these correlations, or any nonsignalling theory realizing them

admits no mutual information obeying consistency, data processing and the chain rule. In the

latter case, we discuss why the chain rule is the natural property to relinquish, and how this

possibility relates to histories-based formulations and to locality defined relative to the state

rather than presupposed in a fixed spacetime.

Introduction

Bell’s theorem1 marks one of the sharpest departures of quantum theory from classical physics2–4.

Addressing the question raised by Einstein, Podolsky and Rosen of whether the quantum-

mechanical description of physical reality is complete5, Bell derived an inequality that the

statistics of local measurements on separated systems must obey whenever they admit a local-

causal explanation, and showed that quantum mechanics predicts its violation1,6. Such violations

have since been observed in several milestone experiments7–14. Beyond its foundational signif-

icance, Bell nonlocality is a resource for device-independent information processing, in which

conclusions are drawn from the observed statistics alone, without trusting the internal workings

of the devices4,15. Examples include quantum key distribution based on Bell tests and its

device-independent versions, randomness certification and amplification, self-testing of quantum

states and measurements, and device-independent witnesses of entanglement and of Hilbert-space

dimension, along with other applications16–38.

Quantum nonlocality is nevertheless restricted compared with what relativistic causality

alone would permit. For the Clauser–Horne–Shimony–Holt (CHSH) expression6, local hidden-

variable models reach at most 2 and quantum theory at most 2
√

2, Tsirelson’s bound39, whereas

nonsignalling Popescu–Rohrlich (PR) boxes40,41 attain the algebraic maximum 4. Explaining this

gap, and ideally singling out the set of quantum correlations from physical or information-theoretic

principles, is a long-standing programme. Proposed principles include nontrivial communication

complexity42–44, no advantage for nonlocal computation45, information causality (IC)46, macro-

scopic locality47 and local orthogonality48. Each excludes a large class of supra-quantum correla-

tions, but none is known to single out the quantum set. IC generalizes the no-signalling principle,
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which it contains as the case of zero communication: m bits of communication cannot give the

receiver access to more than m bits of information about the sender’s independent data. IC holds

in quantum theory, recovers Tsirelson’s bound46 and part of the boundary of the quantum set49,

and has been developed in several directions50–53.

Almost-quantum (AQ) correlations54 are the most demanding test case for this programme.

They form the “1 + AB” level of the Navascués–Pironio–Aćın (NPA) hierarchy55,56, a set that

strictly contains the quantum set yet is characterized by a single semidefinite program. They

also arise from strongly positive decoherence functionals in Sorkin’s quantum measure theory57

when later measurements may depend on earlier outcomes58, and from a principle of macroscopic

noncontextuality59. AQ correlations satisfy nontrivial communication complexity, no advantage

for nonlocal computation, macroscopic locality and local orthogonality54. For IC the question

has remained open. IC is violated by the first level of the NPA hierarchy, which contains the AQ

set60, whereas numerical evidence suggested that the AQ set satisfies it54.

Here we show that AQ correlations violate IC, and do so without bound. A single use of

one explicit AQ box and one classical bit suffice; Alice’s data are independent fair bits, every

run produces a guess, and nothing is postselected. The box provides certificates of equality:

whatever the number N of settings, its outcomes certify with probability 1/17 that both parties

chose the same setting, and they never do so when the settings differ. Quantum boxes can

certify equality in this way with probability at most 1/N (ref. 61). Such certificates are exactly

what IC cannot tolerate: an answer that is rarely given but always correct carries information

linear in its probability, and a single certificate can vouch for many of Alice’s bits at once. The

same box is studied in detail in a companion paper61, which separates almost-quantum from

commuting-operator correlations in the zero-error certification of equality and does not concern

IC; the present work is self-contained in its main result.

Results

Information causality

The principle of IC concerns the information a receiver can access about a distant sender’s data

when shared nonsignalling correlations are supplemented by limited classical communication. It

can be appreciated simply with the communication task of random access codes (RACs)62–64.

Alice receives D independent, uniformly distributed bits Z1, . . . , ZD, and Bob receives an index

r ∈ {1, . . . , D}. They share a nonsignalling resource that is independent of these inputs. Alice

sends Bob an m-bit message, and Bob outputs a guess Gr of Zr. IC requires46

I ≡
D
∑

r=1

I(Zr : Gr) ≤ m, (1)

where I(Zr : Gr) is the Shannon mutual information in runs in which Bob’s index is r. The

sum runs over alternative questions, not over bits that Bob learns simultaneously. Paw lowski

et al.46 derived Eq. (1) for any theory in which a mutual information I(X : Y ) can be defined

for all pairs of systems with three properties: (i) consistency, it reduces to the Shannon mutual

information when both systems are classical; (ii) data processing, local operations on either system

cannot increase it; and (iii) the chain rule, I(X : YW ) = I(X : W ) + I(X : Y |W ). Data

processing bounds each term of Eq. (1) by the information that the message M and Bob’s share

B of the resource carry about Zr. The chain rule and the independence of the Zr bound the

sum of these terms by the single quantity I(Z1 · · ·ZD : MB). Finally, because the resource is
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Table 1 | The almost-quantum box p⋆(a, b|x, y). It depends only on whether the settings coincide,

has marginals pA(0|x) = pB(0|y) = 3/17, and satisfies Eq. (2) with s = 1/17 for every number of settings.

p(0, 0) p(0, 1) p(1, 0) p(1, 1)

x = y 1/17 2/17 2/17 12/17

x ̸= y 0 3/17 3/17 11/17

nonsignalling, B alone carries no information about Alice’s data, and the m-bit classical message

contributes at most m. The quantum mutual information has all three properties, so every

protocol with quantum resources, including arbitrary shared entanglement, satisfies Eq. (1)46. A

set of correlations violates IC if some protocol that uses correlations from the set violates Eq. (1).

By the derivation above, no theory whose physical systems realize such correlations admits a

mutual information with properties (i)–(iii).

Certificate boxes

A bipartite correlation experiment involves two spatially separated parties, Alice and Bob, each

performing local measurements on their respective parts of a shared system. laboratories that

share a source. In each round, Alice chooses a measurement setting x ∈ X and records an

outcome a ∈ A; Bob independently chooses y ∈ Y and records b ∈ B. All four alphabets are finite.

Repeating the experiment produces the behaviour (or box ) p = {p(a, b|x, y)}, with p(a, b|x, y) ≥ 0

and
∑

a,b p(a, b|x, y) = 1. A correlation is called nonsignalling (NS) if local outcome statistics of

each party does not depend on the measurement choice of the other party, i.e.

∑

b

p(a, b|x, y) = p(a|x) and
∑

a

p(a, b|x, y) = p(b|y).

Consider a bipartite NS box ps = {p(a, b|x, y)} with N settings per party, x, y ∈ {1, . . . , N} = [N ],

and binary outcomes a, b ∈ {0, 1}, such that

p(0, 0|x, y) = s δxy for some s > 0. (2)

The outcome pair (0, 0) then certifies with certainty that x = y, and it occurs with probability

s whenever x = y; we call such a box a certificate box and s its certification rate. As shown

in ref. 61, for commuting-operator correlations, and hence for all quantum correlations, a box

with N ≥ 3 settings and p(0, 0|x, y) = 0 for x ̸= y obeys
∑

x p(0, 0|x, x) ≤ 1, so every quantum

certificate box has s ≤ 1/N . Shared randomness attains this value: the parties share a uniformly

random label and each outputs 0 exactly when its setting equals that label. In contrast, the box

p⋆ of Table 1 satisfies Eq. (2) with s = 1/17 for every N , and it is almost quantum.

Definition 1 (Almost-quantum correlations54). A box p belongs to the AQ set CAQ if there

exist a Hilbert space H, a unit vector ψ ∈ H, and projective measurements {Aa|x}a and {Bb|y}b
on H such that, for all a, b, x, y, Aa|xBb|yψ = Bb|yAa|xψ and p(a, b|x, y) = ⟨ψ,Aa|xBb|yψ⟩.

Quantum correlations, in the commuting-operator framework, require [Aa|x, Bb|y] = 0 as an op-

erator identity; the AQ set requires commutation only on the state ψ, and it strictly contains

the quantum set54. That p⋆ is almost quantum was shown in ref. 61; for completeness, the short

proof is given in Methods (Lemma 1).
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Random-access block certification

Paw lowski et al. used the RAC version of the IC game to show that PR boxes violate IC46.

To show that the AQ box p⋆ violates IC, we first formulate a zero-error certification task in the

spirit of a RAC. In random-access block certification (RABC), Alice receives a uniformly random

string Z ∈ {0, 1}kN (equivalently, kN independent fair bits), which we divide into N blocks of k

bits, Z = (Z1, . . . ,ZN ) with Zi = (Zi,1, . . . , Zi,k) ∈ {0, 1}k (Fig. 1a). Bob receives a block index

i ∈ [N ], independent of Z. Alice sends Bob one bit M ∈ {0, 1}, which may depend on Z but not

on i, and Bob either certifies that block i consists only of ones, Ci = 1, or gives no certificate,

Ci = 0. A certificate must never be false:

Pr
(

Ci = 1, Zi ̸= 1k
)

= 0 (i ∈ [N ]), (3)

where 1k denotes the all-ones string of length k. The figure of merit is the total certification

probability W =
∑N

i=1 Pr(Ci = 1), where Pr(Ci = 1) refers to runs in which Bob’s index is i.

As in a RAC, Bob is asked about one part of Alice’s string, but, unlike in a RAC, he does not

guess a bit; instead, he certifies, without error, that the whole block Zi equals 1k, and he may

always decline. Since Pr(Zi = 1k) = 2−k, Eq. (3) gives Pr(Ci = 1) ≤ 2−k, and hence W ≤ N2−k

whatever the resources. With shared randomness alone, W ≤ 2−k, and this value is attained if

Alice reports whether a randomly chosen block equals 1k (Lemma 2 in Methods).

Certificates obtained in the RABC game are valuable in the IC game for two reasons. A guess

that is made with probability t but is never wrong carries at least t bits about the requested bit,

that is, information linear in its probability. Moreover, a certificate for block i reveals every bit

of that block, so it answers correctly whichever of the k bits Zi,1, . . . , Zi,k Bob is asked for. The

following proposition makes both points precise.

Proposition 1. Take any zero-error RABC protocol. In the IC game with D = kN bits, Zr ≡ Zi,j

for r = (i−1) k+ j, let Alice send the same message as in the RABC protocol, and let Bob, asked

for Zi,j, run the protocol with block index i and guess Gi,j = Ci. Then I ≥ kW; consequently,

IC with m = 1 implies W ≤ 1/k.

Proof. Alice’s message does not depend on Bob’s index, so the construction is a valid protocol

for the IC game. Fix a question (i, j) and let ti = Pr(Ci = 1). By Eq. (3), a certificate requires

Zi = 1k, so ti ≤ 2−k ≤ 1/2.

Let Z be a fair bit and G a binary guess with Pr(G = 1, Z = 0) = 0 and Pr(G = 1) = t ≤ 1/2.

The joint distribution is then Pr(Z = 1, G = 1) = t, Pr(Z = 1, G = 0) = 1/2 − t and Pr(Z =

0, G = 0) = 1/2, yielding

I(Z : G) = h(t) − 1
2h(2t) ≥ t. (4)

The inequality holds because f(t) = h(t) − 1
2h(2t) − t vanishes at t = 0 and has derivative

f ′(t) = log2[(1 − t)/(1 − 2t)] ≥ 0 for 0 ≤ t < 1/2. For small t the bound is nearly an equality:

h(t) − 1
2h(2t) = t + t2/(2 ln 2) + O(t3), so the information carried by a certificate is linear in its

probability. Since Bob’s question is independent of Alice’s data, Zi,j is a fair bit. By Eq. (3), the

pair (Zi,j , Gi,j) = (Zi,j , Ci) satisfies the assumptions above with t = ti. Hence I(Zi,j : Gi,j) ≥ ti.

The guess Gi,j = Ci does not depend on j, so each of the k questions about block i contributes

at least ti, and

I =

N
∑

i=1

k
∑

j=1

I(Zi,j : Gi,j) ≥ k

N
∑

i=1

ti = kW.

If IC holds, then I ≤ 1, and hence W ≤ 1/k. □
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Violation of information causality

The bound W ≤ 1/k of Proposition 1 lies far above the classical value 2−k. A certificate box

nevertheless exceeds it with the following block-certification protocol (Fig. 1a). Alice finds the

first block that consists only of ones, L = min{ i : Zi = 1k }. If such a block exists, she inputs

x = L into the box, obtains a, and sends the one-bit message M = a. If no block consists only

of ones, she sends M = 1 and does not use the box. Bob, asked about block i, inputs y = i and

obtains b. He certifies, Ci = 1, if M = b = 0, and gives no certificate otherwise. Alice’s message

thus depends only on her string and her outcome, and Bob’s setting only on his index.

Theorem 1. For a box obeying Eq. (2) and every integer k ≥ 1, the block-certification protocol

uses the box at most once and one bit of communication, never certifies falsely, and achieves

W = s
[

1 − (1 − 2−k)N
]

. (5)

Consequently, in the IC game with D = kN data bits,

I ≥ k s
[

1 − (1 − 2−k)N
]

. (6)

Proof. Write u = 2−k for the probability that a given block equals 1k. The blocks are independent,

and the box is independent of Alice’s string and of Bob’s index. Bob certifies only if M = 0 and

b = 0. Alice sends M = 0 only if some block equals 1k, in which case she inputs x = L, and only

if her outcome is a = 0. Bob, asked about block i, inputs y = i. By Eq. (2) the outcome pair

(a, b) = (0, 0) has probability zero unless x = y. Hence Ci = 1 implies L = i, so Zi = 1k, and

Eq. (3) holds.

The event L = i occurs exactly when Zi′ ̸= 1k for all i′ < i and Zi = 1k, so Pr(L = i) =

(1−u)i−1u for i ∈ [N ]. If L = i, the box is used with settings x = y = i and returns (a, b) = (0, 0)

with probability p(0, 0|i, i) = s. If L ̸= i, Bob does not certify: either no block equals 1k and

M = 1, or x = L ̸= y = i and (0, 0) is impossible. Therefore

ti ≡ Pr(Ci = 1) = sPr(L = i) = s u (1 − u)i−1. (7)

Summing Eq. (7) over the blocks, and using u(1 − u)i−1 = (1 − u)i−1 − (1 − u)i, we obtain

W =

N
∑

i=1

ti = s
[

1 − (1 − u)N
]

,

which is Eq. (5); here 1 − (1 − u)N is the probability that at least one block equals 1k. Since the

protocol is a zero-error RABC protocol, Proposition 1 applies, with Bob guessing Gi,j = Ci when

asked for Zi,j , and gives Eq. (6). □

Corollary 1 (Almost-quantum correlations violate IC). The AQ box p⋆ violates IC without

bound. (i) With k = 18 and N = 757 693 settings, I ≥ 1.00000018 > 1. (ii) With N = k2k,

I ≥ k(1 − e−k)/17, which grows without bound.

Proof. Part (i) is a direct evaluation of Eq. (6) with s = 1/17, using D = 13 638 474 data bits.

For part (ii), write u = 2−k. For 0 ≤ u < 1, ln(1−u) ≤ −u. Hence (1−u)N = eN ln(1−u) ≤ e−Nu,

and with N = k2k, so that Nu = k, we obtain (1 − 2−k)k2
k ≤ e−k. Equation (6) then gives

I ≥ (k/17) (1 − e−k). □

Figure 1b shows the bound (6), maximized over k, for the AQ box, for the level-1 boxes of the

NPA hierarchy and at the quantum limit. Few observations are in order.
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IC bound
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N = 1117 N = 757 693

number of settings per party, N

IC
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o
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I

NPA level 1 (s ≈ 1/8)

AQ, p⋆ (s = 1/17)

Quantum (s ≤ 1/N)

(b)

(a)

Alice Bob

i=1 0 1 1
i=2 1 0 1
i=3 1 1 1
i=4 0 0 1
i=5 1 1 1

L: first block = 1k

p⋆ ∈ CAQ

one use

x = L

a

y = i

b

block i

Ci = 1 iff M = b = 0

one bit, M = a

Ci = 1 ⇒ L = i ⇒ Zi = 1k; IC guess: Gi,j = Ci

Fig. 1 | Violating information causality with a certificate box. a The block-certification protocol,

drawn for N = 5 blocks of k = 3 bits. Alice inputs the index L of the first block equal to 1k and sends her

outcome as one bit. Bob, asked about block i, inputs y = i and certifies it, Ci = 1, only if the message

and his outcome both equal 0. By Eq. (2) this happens only if L = i, so a certificate is never false. In

the IC game, Bob answers a question about any bit Zi,j of block i with Gi,j = Ci. b The bound (6),

maximized over k, versus the number of settings per party N : for the AQ box p⋆ (s = 1/17, solid), for

the level-1 boxes of Lemma 3 (Methods) with s = N/[8(N − 2)] (dashed), and for the largest certification

rate compatible with quantum theory, s = 1/N (black). Dots mark the first violations of IC.
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Quantum certificate boxes respect information causality. Quantum boxes never yield a

violation in this protocol. A quantum certificate box has s ≤ 1/N , and the union bound gives

1 − (1 − 2−k)N ≤ N2−k, so the right-hand side of Eq. (6) is at most k sN2−k ≤ k2−k. Since

k2−k equals 1/2 for k = 1, 2 and decreases thereafter, this bound never exceeds 1/2, consistent

with the validity of IC in quantum theory (Fig. 1b). A violation requires certification rates far

above this limit. It needs ks > 1 together with N ≳ 2k, the scale on which the bracket in Eq. (6)

approaches one; hence s ≳ 1/ log2N , whereas quantum boxes have s ≤ 1/N . Correspondingly,

at the threshold of Corollary 1(i), p⋆ gives
∑

x p(0, 0|x, x) = N/17 ≈ 4.5 × 104, while every

commuting-operator box with p(0, 0|x, y) = 0 for x ̸= y obeys
∑

x p(0, 0|x, x) ≤ 1 (ref. 61).

Number of settings. The violation requires many settings. With s = 1/17, the bound (6)

exceeds one only for k ≥ 18, and hence only for N ≳ 218; the precise threshold is N = 757 693

(Corollary 1). Such scenarios lie far beyond the reach of numerical searches, consistent with the

earlier numerical evidence54. The protocol itself applies to every box obeying Eq. (2). The first

level of the NPA hierarchy contains such boxes with s = N/[8(N − 2)] → 1/8 (ref. 61); with

k = 9 they violate IC for every N ≥ 1117 (Fig. 1b), an independent confirmation that this level

violates IC60.

Certainty versus bias. What makes certificates so effective? A binary guess of a fair bit that

is correct with probability (1 + E)/2 carries 1 − h
(

(1 + E)/2
)

= E2/(2 ln 2) + O(E4) bits, with

h(·) the binary entropy. IC therefore constrains squared biases, as in the condition E2
1 + E2

2 ≤ 1

derived from it46,49. A certificate behaves differently: by Eq. (4) in Methods, an answer given

with probability t but never wrong carries at least t bits, linearly in t. In our protocol a certificate

for block i occurs with probability ti ≤ s2−k, but it vouches for all k bits of that block, and the

N ≳ 2k blocks compensate for its rarity. The resulting score, ks[1 − (1 − 2−k)N ], approaches

ks and exceeds one once ks > 1 and N is large enough. Quantum boxes cannot exploit this

mechanism, because their certification rate is at most 1/N , whereas the AQ box keeps s = 1/17

for every N .

Discussion

Our construction shows that almost-quantum correlations permit unbounded violations of in-

formation causality with one classical bit and a single use of a bipartite box. It thus provides

explicit counterexamples to the compatibility of AQ correlations with IC suggested by numerical

evidence54. Earlier obstructions to AQ correlations invoked Specker’s principle in contextuality

scenarios65 and the no-restriction hypothesis for theories reproducing the AQ set66. Our violation

depends only on the bipartite input–output probabilities and the classical operations specified in

the protocol.

Since IC is a proposed physical principle, its violation does not by itself establish unphysicality.

It nevertheless imposes a precise obstruction: no nonsignalling theory that realizes our family and

permits the protocol can admit a mutual information with properties (i)–(iii). The violation alone

does not identify which property fails. For the generalized mutual information of Wakakuwa and

Murao, defined through optimal rates of classical communication over channels with general

probabilistic outputs, consistency and data processing hold, and together with no-signalling the

chain rule would imply IC67; within their framework, it is therefore the chain rule that must fail.

Composite systems may remain well defined, but their operational information content cannot

obey the usual decomposition into conditional contributions.

This obstruction has a concrete connection to generalized histories formulations. In bipar-
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tite Bell scenarios, the existence of a strongly positive joint decoherence functional reproduc-

ing the experimental probabilities, including branching measurement contexts, characterizes the

AQ set57,58. Our family therefore shows that strong positivity and consistency under outcome-

dependent measurement choices can coexist with unbounded IC violations. These histories con-

ditions alone do not recover the information constraints of quantum theory.

A broader possibility is that such violations signal the need for a revised operational account

of subsystems and informational composition. Questions of this kind arise independently in

causal-set approaches68 and in frameworks with dynamical or indefinite causal structure69,70.

These developments motivate examining alternatives to state-independent operator locality. AQ

correlations provide a precise statistical relaxation: in their Hilbert-space characterization, distant

projectors need commute only on the prepared state. Whether this relaxation acquires a physical

interpretation in any such framework remains open. A physical completion might require a

different information calculus, or additional dynamical and compositional requirements might

exclude the offending correlations. Our result constrains these possibilities without selecting a

particular spacetime mechanism.

Our construction uses many settings, leaving the economy of the violation as an important

question. Concatenating copies of smaller boxes, as in Ref.46, does not help, because the conclu-

sive probabilities of successive certificates multiply while their information content is only linear.

More economical violations will require different resources, such as almost-quantum boxes with

more outcomes or behaviours that do not rely on certificates. The exact zeros p(0, 0|x, y) = 0

for x ̸= y make the certification mechanism transparent but are not essential to a finite viola-

tion. Determining useful noise thresholds, particularly as the number of settings grows, remains

important. More broadly, rare conclusive outcomes contribute information at first order in their

probability, whereas small symmetric prediction biases contribute only at second order in the bias.

Certification tasks therefore provide a natural setting in which to uncover operational differences

that average guessing performance alone can conceal.

Methods

0.1 Almost-quantum realization of the box

Lemma 1. For every N ≥ 1, the box p⋆ of Table 1, with settings x, y ∈ {1, . . . , N}, belongs to

CAQ.

Proof. Let {ψ, e1, e2, fx, gx : x = 1, . . . , N} be an orthonormal basis of R2N+3, and define

cx = 3
17ψ +

√
15
34 e2 +

√
5

2
√
17
gx, dx =

√
51
34 e1 + 1

2
√
17
fx,

ux = cx + dx, vx = cx − dx, wx = 1
17ψ − 2

√
15

85 e2 + 2√
85
gx.

These are the vectors ax, bx and wx of ref. 61, with ux = ax and vx = bx. Direct multiplication

gives ⟨ψ, ux⟩ = ∥ux∥2 = ⟨ψ, vx⟩ = ∥vx∥2 = 3/17, ⟨ψ,wx⟩ = ∥wx∥2 = ⟨ux, wx⟩ = ⟨vx, wx⟩ =

⟨ux, vx⟩ = 1/17, and ⟨ux, vy⟩ = ⟨ux, wy⟩ = ⟨vx, wy⟩ = 0 for x ̸= y. Let A0|x be the projector onto

span{ux, wx} and B0|y the projector onto span{vy, wy}, and set A1|x = I−A0|x and B1|y = I−B0|y.

By the inner products above, each of ψ−ux, vx−wx and vy (y ̸= x) is orthogonal to both ux and

wx, so A0|xψ = ux, A0|xvx = wx and A0|xvy = 0; exchanging the roles of u and v gives B0|yψ = vy,

B0|yuy = wy and B0|yux = 0. Hence A0|xB0|yψ = B0|yA0|xψ = δxywx, and the commutation on ψ

in Definition 1 extends to all outcome pairs because A1|x = I−A0|x and B1|y = I−B0|y. Finally,
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p(0, 0|x, y) = δxy⟨ψ,wx⟩ = δxy/17 and pA(0|x) = ⟨ψ, ux⟩ = pB(0|y) = ⟨ψ, vy⟩ = 3/17. For binary

outcomes these values fix all entries of Table 1.

0.2 Classical value of random-access block certification

Lemma 2 (Classical value). For all N ≥ 1 and k ≥ 1, every zero-error protocol for RABC that

uses a one-bit message and shared randomness, but no other resource, satisfies W ≤ 2−k. The

value 2−k is attained.

Proof. All local randomness can be absorbed into the shared random variable λ. For fixed λ,

Alice’s message is a function M = fλ(Z), and Bob certifies block i after message m if and only

if cλ(m, i) = 1, for some function cλ. The value W is the average over λ of the value Wλ of the

deterministic strategy (fλ, cλ). Moreover, the protocol has zero error only if every strategy that

occurs with positive probability does. It therefore suffices to show Wλ ≤ 2−k for a zero-error

deterministic strategy, and we drop the index λ.

Every string Z ∈ {0, 1}kN occurs with probability 2−kN > 0. Hence zero error [Eq. (3)]

requires that c(m, i) = 1 only if Zi = 1k for every Z with f(Z) = m.

Let m0 = f(0kN ) be the message sent for the all-zero string. No block of 0kN equals 1k, so

c(m0, i) = 0 for every i. Let m̄ be the other message and T = {i : c(m̄, i) = 1}. Bob certifies

block i exactly when i ∈ T and f(Z) = m̄, so

W =
N
∑

i=1

Pr(Ci = 1) = |T | Pr
(

f(Z) = m̄
)

.

By the zero-error condition, every string with f(Z) = m̄ satisfies Zi = 1k for all i ∈ T . The

blocks are independent and uniformly distributed, so

Pr
(

f(Z) = m̄
)

≤ Pr
(

Zi = 1k ∀ i ∈ T
)

= 2−k|T |,

and hence W ≤ g(|T |) with g(t) ≡ t 2−kt. We have g(0) = 0, and for every integer t ≥ 1,

g(t+ 1)/g(t) = (1 + 1/t) 2−k ≤ 2 · 2−k ≤ 1. So g is non-increasing on t ≥ 1, and W ≤ g(1) = 2−k.

For attainability, the parties share a uniformly random index ℓ ∈ {1, . . . , N}. Alice sends

M = 1 if Zℓ = 1k and M = 0 otherwise. Bob certifies block i if i = ℓ and M = 1. A certificate

for block i then requires Zi = 1k, so the protocol has zero error, and

W =

N
∑

i=1

Pr(ℓ = i) Pr(Zi = 1k) =

N
∑

i=1

1

N
2−k = 2−k,

which completes the proof.

0.3 Level-1 certificate boxes

The first level of the NPA hierarchy55 is the set of vector correlations.

Definition 2 (Vector correlations). A box p belongs to CVec if there exist a unit vector ψ and

vectors ξa|x, ζb|y in a real or complex Hilbert space such that ξa|x ⊥ ξa′|x for a ̸= a′, ζb|y ⊥ ζb′|y
for b ̸= b′,

∑

a ξa|x = ψ =
∑

b ζb|y, and p(a, b|x, y) = ⟨ξa|x, ζb|y⟩ for all a, b, x, y.

Given an almost-quantum realization (Definition 1), the vectors ξa|x = Aa|xψ and ζb|y = Bb|yψ

form a vector realization, so CAQ ⊆ CVec.
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Lemma 3. Let N ≥ 4 and q = N/[8(N − 2)]. The box pVec
N with settings x, y ∈ [N ], binary

outcomes and

p(0, 0|x, y) = q δxy, p(0, 1|x, y) = p(1, 0|x, y) = 1
4 − q δxy, p(1, 1|x, y) = 1

2 + q δxy

belongs to CVec. It satisfies Eq. (2) with certification rate s = N/[8(N − 2)].

Proof. Let ψ and e be orthonormal, let g1, . . . , gN be orthonormal and orthogonal to both, and

put fx = gx − 1
N

∑

y gy, so that ⟨fx, fy⟩ = δxy − 1/N . With τ =
√

(N − 4)/[16(N − 2)], which is

real for N ≥ 4, define

ξ0|x = 1
4ψ + τe+

√
q fx, ζ0|y = 1

4ψ − τe+
√
q fy,

and ξ1|x = ψ− ξ0|x, ζ1|y = ψ− ζ0|y. Direct multiplication gives ⟨ψ, ξ0|x⟩ = ∥ξ0|x∥2 = 1
4 , ⟨ψ, ζ0|y⟩ =

∥ζ0|y∥2 = 1
4 and ⟨ξ0|x, ζ0|y⟩ = 1

16−τ2+q
(

δxy− 1
N

)

= q δxy. The first two identities make ξ0|x ⊥ ξ1|x
and ζ0|y ⊥ ζ1|y, and each pair sums to ψ by construction. The remaining inner products follow by

linearity, e.g. ⟨ξ0|x, ζ1|y⟩ = 1
4 − q δxy, which reproduces the stated box. All entries are nonnegative

because 1
4 − q = (N − 4)/[8(N − 2)] ≥ 0. The vectors lie in the (N + 1)-dimensional span of ψ, e

and the fx.

The rate N/[8(N − 2)] is the largest certification rate of any level-1 box with N ≥ 4 settings

and binary outcomes, and it decreases to 1/861. For every N ≥ 5 it exceeds the largest almost-

quantum rate, so pVec
N /∈ CAQ

61. Inserting s = N/[8(N − 2)] into Eq. (6) with k = 9 gives I > 1

for every N ≥ 1117. This is the dashed curve in Fig. 1b.

Statement of AI Use

The problem was conceived and the principal results were obtained by the authors. The large lan-

guage model Claude (Anthropic) was used to assist with editing the prose, checking the numerical

thresholds and preparing the figure.

Data availability

No datasets were generated or analyzed during the current study.

Note added

The almost-quantum box used here is studied in detail in a companion paper, “An Unbounded

Separation of Almost-Quantum and Commuting-Operator Correlations in Zero-Error Communi-

cation” by R. Gazi, B. Chatterjee, J. Karmakar, R. K. Patra, M. Banik and A. Das Bhowmik61.

That paper separates almost-quantum from commuting-operator correlations in the zero-error

certification of equality; its results do not concern information causality. The present work is

self-contained in its main result.
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[64] Paw lowski, M. & Żukowski, M. Entanglement-assisted random access codes. Phys. Rev. A

81, 042326 (2010).

[65] Gonda, T., Kunjwal, R., Schmid, D., Wolfe, E. & Sainz, A. B. Almost Quantum Correlations

are Inconsistent with Specker’s Principle. Quantum 2, 87 (2018).
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