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Abstract

Galantai (2023) proved that the vertices of the Nelder—Mead simplices in R" converge
almost surely to a common limit in a random model, but his criterion requires all |T |®
products of transformation matrices, |T| = 3n+ 3 + (n + 1)!, and was verified only for
n < 6. We derive an exact identity for the moment of inertia @« of the simplex. This yields
a deterministic convergence criterion. For probabilistic models of the iteration, we show
that Galantai’s theorem holds in every dimension with blocks of length one, but for n> 5
its uniform model consists almost entirely of shrinks, which never occur for strictly convex
functions. If the replaced vertex has uniformly distributed rank, the vertices converge almost
surely to a common limit in every dimension whenever contractions are more than four times
as frequent as expansions (standard coefficients), with expected rate + ¢/n per iteration. For
Galantai’s insertion model, almost sure convergence follows from a spectral-radius condition,
which we prove in every dimension with the moment of inertia as a Lyapunov function. The
deterministic criterion and the result for uniformly distributed ranks extend to the original,
unordered method. We combine the reflection and contraction coefficients of Puhan and
Blrmen (2026), an expansion coefficient adapted to the share of O« carried by the replaced
vertex, and Kelley’s sufficient decrease safeguard with its constant divided by (n + 1)2. We
give a sufficient condition for the convergence of the resulting algorithm to a critical point.
In tests up to n = 300, it required fewer function evaluations than the method of Gao and
Han in all cases except a test example with a neural network that is motivated by machine
learning, and fewer than the coefficients of Puhan and Blirmen in eleven of the fifteen other
cases.

Keywords: Nelder—Mead simplex method; almost sure convergence; high dimensions; dimension-
dependent coefficients; Sufficient decrease and oriented restart
MSC: 65K10; 90C56; 60F15

1 Introduction

The Nelder—Mead (NM) simplex method [14] is one of the most widely used derivative-free
methods for the minimization of a continuous function f : R” — R; see [12] for a survey.
Its convergence theory is notoriously incomplete. McKinnon [13] constructed strictly convex
functions with continuous derivatives on which the simplices converge to a nonstationary point.
For strictly convex functions of two variables with bounded level sets, Lagarias, Reeds, Wright
and Wright [11] proved that the function values at all vertices converge to the same value and
that the diameters of the simplices tend to zero, and Lagarias, Poonen and Wright [10] proved
convergence to the minimizer for a restricted version of the method. Galantai [6] showed that,
for the convergence of the function values, convexity and boundedness from below suffice in two



dimensions, both for the version of [11] and for the original method of Nelder and Mead. Kelley
[9] proposed a sufficient decrease condition for the average function value at the vertices. He
proved that, for functions with Lipschitz continuous gradient that are bounded below, every
accumulation point of the simplices is a critical point if this condition holds for all but finitely
many iterations and if the product of the largest edge length at the best vertex and the condition
number of the simplex directions tends to zero. If the condition fails, he replaces the simplex by a
smaller one with orthogonal edges, oriented by the signs of a simplex gradient (oriented restart).
Zhao, Urosevit, Mladenovit and Hansen [19] replaced the shrink step by a step that moves
the vertices toward the best vertex one at a time until an improvement is obtained, and they
restarted this modified method from a simplex of the initial size around the best point found until
no further improvement occurred. In their experiments with up to 100 variables, the restarted
method reached global or local minima much more often than the original method. In Section 7,
we discuss which of our convergence results apply to their method. Han and Neumann [8] showed
for f (x) = x" x, with the minimizer as one of the initial vertices, that the oriented lengths of the
simplices converge linearly with a rate constant that rapidly approaches 1 as the dimension n
increases. Gao and Han [7] proved that, for uniformly convex functions with modulus p, every
expansion and contraction step decreases the sum of the function values at the vertices by at
least ’;—;ip(lzdiam). They observed that the standard method uses an overwhelming fraction
of reflection steps in high dimensions, and they proposed dimension-dependent coefficients that
substantially improve its performance for large n. Puhan and Blirmen [16] derived dimension-
dependent coefficients from a model of a single step on strictly convex quadratics, in which
an expected improvement of f is maximized under an assumption on the distribution of the
centroid. Their coefficients follow the pattern of the heuristic schemes of [7] and others: the
reflection and expansion coefficients decrease, and the inside contraction and shrink coefficients
increase with n. In their experiments with quadratics in up to 100 dimensions, they outperformed
the standard coefficients.

In a series of papers [2, 3, 4, 5, 6], Galantai studied the question whether the vertices of
the simplices S¥) that are generated by the NM iteration converge to a common limit point.
Writing the iteration as S*1) = S*) T, P, with transformation matrices Tx and permutation
matrices Py, this becomes a question about infinite products of matrices. In [5], two results
were obtained. Theorem 1 of [5] proves convergence under a density condition on blocks of €
consecutive operations. Theorem 2 of [5] proves convergence with probability one in a random
model in which these blocks are independent and identically distributed with u=E | Y|, < 1,
where Y is the corresponding product of n X n matrices. The verification of the hypotheses
requires the norms of all | T | products of length €, where |T | =3n+ 3 + (n + 1)! is the number
of possible operations, and was therefore carried out for n < 6. In [6], the ordered version of
[11] is compared with the original, unordered method of Nelder and Mead. Theorem 1 of [5] is
extended to both versions [6, Theorem 5], and for n <4 and € < 7 the fractions of products of
length € whose matrix C (Section 2) has spectral norm at most 0.99 are computed, with and
without shrink steps. Since these fractions are larger for the ordered version, Galdntai concludes
that the ordering of [11] improves the convergence behaviour significantly, and he conjectures
that the fractions come close to one for large € [6, Section 7].

In this paper we remove the dimensional restriction. Our starting point is the observation
that in centered coordinates, i.e. after subtracting the centroid of the vertices, every non-shrink
operation acts as a symmetric rank-one modification of the identity followed by an orthogonal
permutation, and every shrink acts as a multiple of an orthogonal permutation (Proposition 3.4).
In this form of the iteration, in a permutation-invariant norm, all operations have explicit norms:

e 1 for reflections and contractions,
e x for expansions and

e o for shrinks,



independently of n, of the reordering and of the version of the method (Corollary 3.6, Proposi-
tion 7.1). For asimplex S =[xy, ..., Xn+1] € R”X%*l), define the centroid of all vertices
X = 1 n+1 X
n+1 i=1

the centered matrix and the moment of inertia

D(S)=[x1—X, ..., Xns1 — X], D(S) = HD(S)IIIE = [ x; — x]|2.

=1

Then the moment of inertia @ of the simplex satisfies the exact identity (2) from Theorem 4.1,
which allows @ to be updated during the iteration. This yields a dimension-free deterministic
convergence criterion that can be monitored at cost O(n) per iteration (see Theorem 4.5).

For random models, which are idealizations of the deterministic algorithm and ignore the
dependence of the operations on f and on the geometry of the simplex, this implies that Theo-
rem 2 of [5] on convergence with probability one holds in every dimension n = 2 with blocks of
length one (Corollary 5.3). For n = 5, however, the uniform model of [5] consists almost entirely
of shrink steps (Remark 5.4), and shrinks never occur for strictly convex functions [11, 6].

With a second probabilistic model, in which a uniform distribution is assumed for the choice
of the exchanged vertices in addition to the distribution of the operations, we obtain almost sure
convergence of the vertices also without shrinks, for the standard coefficients under a condition on
the frequencies of the operations that does not depend on n (Theorem 6.2, Corollary 6.3). This
result is applicable to the original method of Nelder and Mead [14], see Section 7, Corollary 7.2.
A third model, the insertion model of [5] without shrinks, assumes that the pairs TP« are
chosen independently and uniformly from the non-shrink operations. Then the criterion for
almost sure convergence is a spectral-radius condition (Theorem 6.6), which we prove in every
dimension, using the moment of inertia as a Lyapunov function (Theorem 6.7); Table 1 gives
the spectral radius for a selection of values n < 500.

Kelley’s sufficient decrease condition [9] is a suitable tool to detect stagnation and, under
additional conditions, to guarantee that the accumulation points of the simplices are stationary.
However, in its original form it becomes overly strict in high dimensions, since one iteration
changes a single vertex (Lemma 8.2). We introduce dimension-dependent forms. Dividing the
constant in Kelley’s sufficient decrease condition by (n + 1)? removed the false alarms in our
tests. Combined with the reflection and contraction coefficients of [16] and an expansion coeffi-
cient adapted to the share of @ carried by the replaced vertex, this defines our Algorithm 1. It
converges to a critical point under conditions that can be checked along a run (Theorem 8.3).
In numerical tests, Algorithm 1 reached the minimizer on McKinnon’s two smooth stagnation
examples and detected the stagnation on the nonsmooth one. It required fewer function evalua-
tions than the method of [7] in all fifteen test cases of Section 8.4 and than the coefficients of [16]
alone in eleven, and it came close to the target on an ill-conditioned problem with n = 300, on
which both other methods remained far from it (Section 8.4). With the contraction coefficient
of [7] instead, it was more efficient on this problem for 40 < n < 150, but less efficient in the
other cases of Section 8.4.

As in [5], we note that the convergence of the vertices to a common limit does not imply
that the limit is a stationary point [13, 4]; this is the reason for the safeguard in Algorithm 1.

2 The Nelder—Mead method in matrix form

We use the version of [11], as in [5]. The simplex of iteration k is S® = [x,..., x(" ] €

R"=<("*1 and the vertices are ordered so that f(x¥) < - - - < f(x* ). We omit the superscript
1 n+1

when no confusion can arise and write

x, == x, XA)=(1+A)x.—Ax .1 (AER) (1)



for the centroid of the n best vertices and the points on the line through x,.1 and x.. We
allow general coefficients: expansion y > 1, contraction y € (0, 1) and shrink o € (0, 1); the
standard choice is x =2,y =0 = % One iteration consists of the ordering and exactly one of
the following operations:

reflection (type r): X(1) replaces xn+1; this includes the case in which X(1) is accepted in
the expansion branch;

e expansion (type e): X(x) replaces xn.1;

e outside contraction (type oc): X(y) replaces xn+1;

e inside contraction (type ic): X(—y) replaces xp.1;

e shrink (type s): x; is replaced by x1 + o(xi —x1) fori=2,...,n+ 1.

The new vertex is inserted into the ordering according to the rules of [11] (rule (2) in [5]).
A non-shrink step of type t thus has the coefficient a;, where

ar=1, Ae = X, Ooc =V, Uic = —V.

One NM step is defined as follows: Let the vertices be sorted, let fi = f (x;), and let a,
ae, 0oc and aic be the coefficients of the four non-shrink step types. It computes f. = f (X(ar))
and determines an accepted point v:

e if f1 < fi <fn, then v = X(a,) (reflection);

e if fr < fi1, then fe = f(X(ae)) is computed, and v = X(a.) if fe < fr (expansion), otherwise
v = X(ar) (reflection);

o if frn < fr < fn+1, then foc = f(X(aoc)) is computed, and v = X(aoo) if foc < fr (outside
contraction);

e if fr = fn+1, then fic = f(X(ai)) is computed, and v = X(aic) if fic < fa+1 (inside
contraction).

If no point is accepted in the last two cases, the NM step calls for a shrink; otherwise, v replaces
Xn+1. With the coefficients ar = 1, ae = ¥, doc = ¥ and aic = —y, and with a shrink whenever
the NM step calls for one, this is the method of [11]. Algorithm 1 in Section 8 uses NM steps
with other coefficients and replaces the shrink by an oriented restart.

Matrix form. Let e € R"*! and e~ € R” denote the vectors of ones and ey, . .., en:+1 the unit
vectors of R"*1. Following [5], definefora,c € R andj=1,...,n+1

1+a 5

/ =2 e
T(a) = 8 Za , Tsnr(O) = Olpi1+(1—0) ere T, Pi=ley...,e-1,€n1,€,...,€n)
Then ST(a) = [x1, ..., Xs, X(a)], S Tsnr(0) is the shrunk simplex, and every iteration has the

form
stk+1) = stk 7 P,

with Ti € {T (ar), T (ae), T (aoc), T (aic), Tshr(0)} and a permutation matrix P¢ describing the re-
ordering. All these matrices have column sums one, i.e. B T = e’. For the standard coefficients,
the set of all possible pairs is [5, (6)]

T= T(3)P, T(=3)P;:j<n+1}U{T(1)P;:j<n}



b
U {T(2)P1} U {Tne(*)P : P permutation” ,

with |T | =3n R+ 3 + (jn + 1)!. We write T  for the subset of the 3n + 3 non-shrink elements.
With F = (1)_,:_7 ,every TP €T satisfies F-*TPF = 1% with C € R"*" [5, Lemma 1],
[6, Lemma 15], and the convergence of the vertices to a common limit follows if the products of

the matrices C tend to zero summably [5, Lemma 2].
Theorem 2 of [5] states that if, for fixed € > 2, thefroducts Y of € consecutive matrices C are

chosen independently with probabilities py and u = v pv |Y b <1, then the vertices converge
to a common limit with probability one. For the uniform distribution, u < 1 was verified in [5,
(23)] for n < 6 by computing all |T |¢ products.

3 Centered coordinates
Definition 3.1. Let M = /541 — %,ng be the orthogonal projector onto
W={yeR"™:e"y=0}, andlet W' = {r e R**("1 : re =0}.

For a simplex S define the centered matrix and the moment of inertia

D(S)=SN=[x1—X, ..., Xns1 — X1, CD(5)=HD(5)||5= xi — X|2.

=1

>
Herex= ! ”+,.1={,- is the centroid of all vertices. For the iteration, we write Dy = D(S%)

and @, = O(SW).
Lemma 3.2 states properties of the moment of inertia @(S) and the centered simplex D(S).
Lemma 3.2. (a) ®(S) =L o b — x|

(b) 5 diam(S)’> < @(S) < 3 diam($)*,

(c) ®©(SP) = D(S) for every permutation matrix P.

(d) The rows of D(S) belong to W'

Proof. Part (a) follows using Lagrange’s identity componentwise. (b) For all i/=j, we have
Ixi — x;]|2< 2||x; — x[| 2+ 2||x; — X|| < 2 ®(S). The upper bound follows from (a), since the
sum has n(n+1)/2 terms. (c) PN =MNP and P is orthogonal. (d) Ne = 0. O

The next lemma contains further properties of the projection matrix .

Lemma 3.3. Let A = {A €e R"Ux(*1) . oTA = T}, For A, B € A we have AB € A and

MNABMN = NAMBM. Moreover, D(SA) = D(S) NAn for every S and every A € A.

Proof. NABM — NANBMN =MNA(/ —N)BMN = _* (NAe)(e”BMN) = _* (NAe)(e"N) = 0. Simi-
n+1

n+1

larly, SAN — SMAN = 1, (Se)(e” AM) = 0. ]
In the next proposition, a centered form of the transformation matrix is presented.
2
Proposition 3.4 (Centered form). Let w = ep+1 — Lle, sothat|lw| = " ,and w = w/||w]|.
n+

=t
For all a, 0 € R and every permutation matrix P,

NT()PN=N—(1+a)ww’ P, N Tshe(o)P N =0 NP.

Consequently, D1 = Dk M — (1 + ax)WW T Py for non-shrink steps and Di+1 = oDPx for
shrink steps. On W, the matrix M — (1L + a)Ww 7 is symmetric with the simple eigenvalue —a
(eigenvector w ) and the eigenvalue 1 of multiplicity n — 1, and P is orthogonal.



Proof. Write T(a) = I+ue’,,,; withu = (1+a)(c”—e,b+1), wherec=1 z”,-=1 e;.. Since c—ep+1 =
le—mtle 1= -2y, we have u = —(1+a)w/ w||” € W. Hence NT(a)N = M+u(MNen.1) =
N+uw" =N—(1+a)Ww’. For the shrink, N7 (o) = ol + (1 — o)eie’ M = ofl, since
eN =0. Because PN =P, the first two identities follow, and the recursion for D, follows from
Lemma 3.3. The spectral statement is clear, and permutations preserve W and the Euclidean

norm. O
Definition 3.5. For A€ Alet |[A|=max{ fNAN| :rew’, |[r| =1}.

By Lemma 3.3, |AB| < |A]| |IB|, and |D(SA)|| < |D(S)|| |A| both for the spectral and
the Frobenius norm. The norm | - | is induced by the Euclidean norm on W' and is therefore
invariant under permutations of the vertices.

Now we obtain explicit values of the permutation-invariant operator norms for Nelder—-Mead
non-shrink and shrink operations.

Corollary 3.6 (Explicit norms). For every permutation matrix P, we have
IT(a)P | = max{1, ||}, |Tshe(O)P | = O.

For the standard coefficients, reflections and both contractions have norm 1, expansions norm 2

and shrinks norm 12 independently of n and of the reordering.

The norm | \,]f is equivalent to the spectral norm of the matrices C used in [5], with a constant
that grows like n + 1.

h i
Proposition 3.7 (Relation to [5]). Let M = ‘Ie_T ER™D="gnd R=1[0]/ )N € R,

For every product A=T1P1 - - - TkPx of elements of T, the corresponding product of the matrices
C of [5, Lemma 1] is C1---Ck= RNAMN M. Moreover,

A v
[Cr---Ckl, < n+1 |A| and [Al< n+1|Ci--Cil>

Proof. Since F = [e1| M], the relation AF = F | 2 gives AM = MC, where C=C; - --Ck by
the block-triangular structure. Since e"M =0, we have MM = M and RM = [0 | I,)]M = I,.

Hence C = RAM = RMNANM. The map ¢ : W' - R r'— r M/ is injective with inverse
z'> zR, and zC = ¢(¢-1(z) NAN). The bounds follow from |M|,= n+1land|R|,<1. O

The proof uses only e’ A =e’. For every A € A we therefore write C(A) = RMNAN M ; then
F -1AF has the block form above with C = C(A), and both bounds of Proposition 3.7 hold.
This applies in particular to the matrices of the original method in Section 7.

4 An exact identity for the moment of inertia

For a simplex S with ordered vertices define d = || x,+1 — xc|| and the share of the worst vertex

n d?

s(S) = - .
n+1 ®O(S)

By framing the moment of inertia physically using the parallel axis theorem, the nonlinear
update of moving a vertex becomes completely decoupled from the rest of the simplex, and we
obtain Theorem 4.1.

Theorem 4.1 (Moment-of-inertia identity). Let S be nondegenerate. Then s(S) € (0, 1], and
for every A€ R and o >0, we have

D [x1, ..., %0, X(A)] =D(S) 1+ (A2 —1)s(S), ® S Tene(0) = 0> D(S). (2)



)3 2
Proof. By the Huygens—Steiner theorem, for allm € {1,2,3,...} we have " .y;—z. =
i=1
M1 2+ mlly” — f fi ith centroid d
Vi—y m z or pom y <o Yim Wi cen roi and every z.
Let'x. be as in H/) ;,s mlTM fXT we obtain
h 2

2 2
= — X — % =W+ =W+
B(S) =W nlie— x|+ i — 2| =W d e o

d.

Hence s(S) < 1, and s(S) > 0 because d > 0 for a nondegenerate simplex. Replacing xn,+1 by
X(A) changes neither W nor x., and [X(A) — xc |F |A| d. Therefore ® becomes W +A? [ d* =
D(S) + (A2 —1) ﬂ’;ldz. A shrink multiplies all differences x; — x; by o, and the claim follows

from Lemma 3.2(a). [

Remark 4.2. The |dent|ty aIso follows from Proposmon 34. WithG=N—(1+a)Ww’ we

have G2 =N+ (a2 —1)WwW 7T and |IDW | = 2Y|xm1 —XI = " d?. Hence ||DG| =
n n+1 F

O+ (a?—1), 7, d

The shares s;(S) of all vertices, defined in Lemma 4.3 below, sum to (n + 1)/n. This
implies that the average of the shares equals exactly 1/n, which is stated in Lemma 4.3. In
our probabilistic model in Section 6, this implies that for a uniformly distributed choice of the
vertices, the expected share of the moment of inertia carried by the replaced vertex is exactly
the average share 1/n, regardless of the simplex’s geometric distortion.

Lemma 4.3 (Average share). Forj=1,...,n+1let s (S = m’:"1_||x,. —xc(—j)Hz/CD(S), where

x!= js the centroid of the vertices other than,x Then 1":11 si(s)=1

Proof. Since x —x = _n (x — x( ), we have s (S) = 21 x — X 2/®D(S), and the claim
J n+1 J J n H J H

follows by summation. O

Theorem 4.1 yields the following corollary.

Q.

Corollary 4.4 (Product formula). Let si = s(S®). Then O« = ®o *p, where @i =
1 + (af — 1)s; for non-shrink steps and @; = o* for shrink steps. In particular, ¢; = 1 for
reflections, 1 < ¢; < x> for expansions and y* < ¢, < 1 for contractions. Since x., d and ® can
be updated with O(n) operations, the factors ¢; can be monitored along a run at cost O(n) per
iteration.

The product formula yields a deterministic convergence criterion that involves only the scalar
sequence (¢«)« and holds in every dimension.

Theorem 4.5 (Deterministic criterion). Let (S¥') be generated from a nondegenerate simplex
S© by non-shrink NM operations with coeff&:ents |ak| < x and by shrinks with coefficient o,

and let k = max /XX, 1_ o} If zkzo ®r < oo, then there is x € R" with x‘k) — X for

n(n+1)
allie{l,...,n+1}, and vV >
I — %I < erx o,
j=k

>
In particular, if limsup, | _ i i< 108 @i=—2n <0, then HX,-(k) —X|| = O (exp(—(n — €)k)) for

every € € (0, n). If f is continuous at X, then f(x¥) — f(X).

Proof. Reordering does not change x. For a non-shrink step,

_ _ X(ag) —xp1 1+ oy
xUr1) — g0 = ol = (X = X 1),
n+1 n+1

\/'
and |1+ ai| <1+ xtogether with d” = 215,®; < "+1(Dk give |[x(k+1) — g () || < X "

n(n+1)
For a shrink, x‘x*1) — x(k) = (1 — g)(x1 — X), whose norm is at most (1 — o) ®. Hence



S en o >V e T, > Vv
| XUV -5 < k) Dr< oo, soxX) converges to some X with [ () —% | <k o D

Since [x% — x| <~ @y, the estimate follows. Under the lim sup-condition, @y < e-*7-*

for sufficiently large k, which gives the rate. The continuity of f yields the last statement. [

Remark 4.6. Theorem 4.5 plays the role of [5, Theorem 1] and of its extension to both versions
of the method [6, Theorem 5]. The density condition on €-products, whose verification requires
all |T |e products, is replaced by a condition on the scalars ¢« =1 +(ozk2 — 1)sk. The identity also
shows the mechanism behind the dimension dependence: a typical vertex carries the share 1/n
(Lemma 4.3). A single contraction therefore reduces ® only by a factor of about 1 —2- % and

a single expansion increases it by a factor of about 1 +,%, (standard coefficients). This parallels

the descent factor g—;} obtained by Gao and Han [7, Theorem 2.1] for the sum of the function

values.

Remark 4.7 (Relation to [7]). For uniformly convex f and standard coefficients, Gao and Han [7,
Corollary 2.2] showed that diam(5%) — 0 whenever infinitely many expansion or contraction
steps occur. By Legmvﬁ(b), in this case we also have ®x — 0. Theorem 4.5 requires the
stronger condition , @« < oo, which in addition yields convergence of the vertices to a
common point. Since reflections leave ® unchanged (Corollary 4.4), ® stays constant along
consecutive reflections. By [7, Example 2.3], for every m there is a uniformly convex function
on R3 for which the first m iterations from a regular simplex are reflections. Hence no a priori
rate for @k can hold without further assumptions.

5 First-moment criteria in all dimensions

For the first result about almost sure convergence of the algorithm, as in [5], we consider a
probabilistic model for the choice of the operations in the Nelder—Mead iteration. We make the
following assumption.

Assumption 5.1 (Random model (R1)). The pairs TkPy, k B, are independent and identically
distributed on a finite set of matrices T (a: )P and T« (0)P , and S**1 = SOT, P, The
probabilities of the types are pr, pe, Poc, Pic, Ps.

Under the above distribution assumption and an additional assumption on the expected
value, we obtain the following result about almost sure convergence:

Theorem 5.2. Under Assumption 5.1, let u=E |ToPo | = 1+(x—1)pe—(1—0)ps.\/If < 1, then
with probability one all vertices converge to a common limit, and E diam(S®¥) < = 2n |Do|| , .

Proof. By Lemmgy3.2(b), diam(s™) < =\L| k< v 7)(ibk 2l By coroll 3.6
froof By temmaga- 20} il Ted % = F1'1 Foa 2P BY RRRel 62
Q’HQOH:S’U( Bpd EszCDk < co. Thus 5, /@« < o almost surely, and Theorem 4.5/ap-

- ]
plies.

We can apply Theorem 5.2 to the setting of [5], where almost sure convergence was verified
for dimensions up to 6.

Corollary 5.3 (Theorem 2 of [5] in every dimension). Let the elements of T (standard coeffi-
cients) be chosen independently and uniformly. Then

3n+4+(n+1)/2

n = >
H 3n+3+(n+ 1)l <1 foreveryn=2,

and the conclusion of [5, Theorem 2] holds in every dimension n = 2 with blocks of length € = 1.



Proof. By Corollary 3.6, the n reflections and the 2n + 2 contractions I have norm 1, the
expansion has norm 2 and the (n + 1)! shrinks have normzl. This gives un, and u, < 1is
equivalent to (n + 1)! > 2. Theorem 5.2 completes the proof. ]

Remark 5.4 (Dominance of shrinks). The condition u < 1 of Theorem 5.2 is equivalent to
(1 —o)ps> (x — 1)pe, i.e. to ps > 2p. for the standard coefficients. A first-moment criterion with
blocks of length one can therefore succeed only through shrink steps. In the uniform model of
[5], the probability of a shrink is ps = (n + 1)!/|T |, which tends to one. For n =5, more than
97% of all operations are shrinks. This is also the regime behind the values reported in [5, (23)]
for n = 4. Since no shrink steps occur when NM is applied to strictly convex functions [11,
Lemma 3.5] (see [6, Lemma 8] for the original method), the relevant question in high dimensions
is the shrink-free case.

6 Second-moment criteria in all dimensions

Now we modify the probabilistic model by adding a uniform distribution assumption on the
indices Jx € {1, . .., n + 1} of the exchanged vertices. Note that the identity of Theorem 4.1
measures the contraction of the simplex in all directions simultaneously.

6.1 Exchangeable vertex ranking

We define the probabilistic model with uniform distribution of the choice of the exchanged
vertices as follows:

Assumption 6.1 (Exchangeable model (R2)). Let (tx, Jk)k=0 be independent and identically
distributed, where t« € {r, e, o, ic, s} has the distribution (p:) and Ji is uniformly distributed
on{1,...,n+1}andindependent of r. Starting from a nondegenerate S(©), S (k+1) s obtained
from S as follows. If Ti/= s, the vertex x(Jkk’ is replaced by xc + ar [xc — x‘k}k), where x. is

the centroid of the other n vertices. If tx = s, a shrink with factor o towards the vertex )9‘? is
performed. Let F¢ denote the o-algebra generated by 1o, Jo, . . ., Tk-1, Jk-1, i.€. the information
about the first k steps. Then S is determined by Fi, whereas (14, J«) is independent of Fx.

Since @ is invariant under reordering, (R2) describes NM operations in which the rank of
the replaced vertex is uniformly distributed and carries no information about the geometry of
the simplex. We obtain the following results about almost sure convergence under conditions
on the iteration parameters and the corresponding probabilities:

Theorem 6.2. Under Assumption 6.1, we have

E®@ |F]=9 0, where O =o0’p +(1—p)— 1<p 1—-0a®.
k+1 k n k n s s T T

=S

In particular, EQx = O®o. If 8, < 1, then with probability one all vertices converge to a
n
common limit X, and E diam(S®) < 2@, 9%2.

Proof. By Assumption 6.1, S, and hence ®« and the shares s;(5%)), j=1,...,n+ 1, of
Lemma 4.3, are determined byF, whereas 1« and J« are independent of Ec and of each other,
with P(tv = 1) = pr and P(Jk =j) = 1, .

Let t«/=s. Since the numbering of the vertices does not change ® (Lemma 3.2(c)), Theo-
rem 4.1, applied to the replaced vertex XJU/?’ gives

CDk+1 = 1+ (a%k —_ 1) SJk(S(k)) (Dk-



Here oy, @« and the shares si(S (k)) are known if Fx and 7« are given, and Jk is uniformly
distributed and independent of Fx and t«. Hence the conditional expectation of s, (S%) is the
average share, and Lemma 4.3 gives

R+1 2

E @ |Fote = 1+(@ —1) -1 < s(SW) dr= 1+ % ~1 o
T n+1 n

j=1
If e = s, then @ys+1 = 0°Dy by Theorem 4.1. In both cases, E[®:1 | Fi, ] = g(tx) ®«, where
g(s) =0% and g(t) =1+ (a>2 — 1)/n for t/=s

To average over 1, we use the tower property of conditional expectations. Since Fi is

contained in the o-algebra generated by F« and t,, we have

E O | Fk =E g(t«) O« | Fr .

As % is determined %Fk and 1« is independent of Fy, the right-hand side equals ®« E[g(t«)] =
Or . pcg(t). With  ,sp: =1 — ps, we obtain
- 2 1- 5 2 1= 2
p-g(t)=0o°ps+  p: 1— =o’ps+(l—ps)— ~ Prl-ay =0n
T T=s 7=s

This proves E[@.1 | Fi] = 1?nCDk Taking expectations gives EQ:1 = 9, EDx, and ED = F4Do
follows by induction, since 5\ is de'i?rmlmst\f

>V
By Jensen’s inequality, E ®x < E®r= @32 hence E « Pk <o, and Theorem 4.5

yields almost sure convergence. The bound for the diameter follows from Lemma 3.2(b). ]

For the standard coefficients y=2andy =0 = lz this yields the following result:

Corollary 6.3 (A dimension-free condition). For the standard coefficients,
¢ =1-3p -, 3p +p)—3p ,
n 4 s ; 4 oc ic e

and 8, < 1 if and only if nps + poc + pic > 4pe.. Without shrinks, the condition reads
Poc + Pic > 4 pe,

independently of n: contractions must be more than four times as frequent as expansions. Then
U,=1—c¢/nwithc= %1(poc + pic) — 3pe, so that EQx < e-*"®o. Reducing E® by a constant
factor thus takes O(n) iterations.

For the coefficients proposed by Gao and Han [7], the result is as follows:

Corollary 6 4 (1Coeff|C|ents of Gao and Han). For the dimension-dependent coefficients y =
,y— and o = 1—lof[7],
4

2n
12 1 7n*’+12n—4 4(n+1)
19’7= 1__ s+ 1-— s - oc t+ Pic) — e
, Pst(d—p)— 162 (Poc * pic) 2 P

and 9, < 1 if and only if 16n(2n — 1) ps + (7n? + 12n — 4)(poc + pic) > 64(n + 1) pe. Without
shrinks, the condition reads

(7n* +12n — 4) (poc + pic) > 64(n + 1) pe,

7n?*+12n-4 4(n+1) —ck/n
and then %h =1 —c/n with c= — g7 (Poc + pic) — 2 pe, so that EQk < e ®o.
Proof. Since x> — 1 = i‘%“, 1 —y? = 712074 gng4 1 — g2 = 2n-1 Theorem 6.2 gives the
n 16n? n?

formula for ¢, and
16n3 (1 —9,)=16n(2n — 1) ps + (7n? + 12n — 4) (Poc + pic) — 64(n + 1) pe.

This proves the conditions for 9, < 1. The bound for E®; follows from ¥ = (1 — ¢/n)* <
e—ck/n' O

10



6.2 The insertion model of [5]

In the random model of [5], the replaced vertex is always the vertex in position n + 1, which is
determined by the previous insertions. Its share is therefore not uniformly distributed, and we
use a second-moment operator.

Assumption 6.5 (Insertion model (R3)). The pairs T«P are independent and uniformly dis-
tributed on T, and SV = sOT, p,. Let Fx = o(T:Pi : i < k).

_LetU € R+ V=" have orthonormal columns spanning W, so that UUT =M. For TP €
T let A(TP) = U'TPU € R™", and let Qx = (D«U)"(DkU). By Lemma 3.3, DU =
DU A(TkPy), and @ = tr Q. Define the linear operator

1 =
L.(Q) = A(TP)" QA(TP)
3n+3 B
TP €T
on the symmetric n X n matrices.
For the probabilistic model (R3) with uniformly distributed choice of the transformation
matrices, we obtain the following result about almost sure convergence.

Theorem 6.6. Under Assumption 6.5, E[Qi1 | Fi] = La(Qx). If
p(Ln,) < 1, (3)

then for every r € (p(Ln), 1), there is a constant C, with EQx < C,r*®o. Moreover, with

probability one, all vertices converge to a common limit, and lim supk_,ookl log O« < logp(Ln).

Proof. The first statement follows from the independence of TyP«x and Fy. Hence EQ« = Lkn(Qo).
Let ||Lk,u denote the norm of Lknas an operator on the symmetric n X n matrices with the

Frobenius norm. By Gelfand’s formula, || | < C, r* for every r > p(L,). We use the following
inequalities between the trace and the Frobenius norm:

Vv _
trX < n [X||f forallXeR™, X < trX if Xis positive semidefinite.

The first is the Cauchy—Schwarz inequality for the Frobenius inner product, trX = tr(I"X) <
n

2 Z Z 2
I1,| £ [IX|/r. The second follows from [ X|f =" ;A2 < ;A; ~ = (trX)?, where Ay,..., A, =

0 are the eigenvalues of X. Since @« = tr Q« and Qo is positive semidefinite with tr Qo = @,
we obtain

v VA VA Vo
EQw = tr,(Qo) < 0| Li(Qi)lr = n| Ifl|Qolr < ng rtrQo= "nCred,

which proves the bound for EQ, with C, = \/n*Cr'. Asin the proof of Theorem 6.2, E Zk \/CIT,( <
oo, and Theorem 4.5 applies. For r < r < 1, MarkoV’s inequality gives P(®x > r¥) <
C/r/r')®o. By the Borel—Cantelli lemma, @« < r’* for all large k almost surely, which proves

the last statement. ]

Now we verify that (3) holds for all n.
Theorem 6.7. Let n=2, b, = " and w =U"W, and let v, be the smallest eigenvalue of
s —2(n+1) s
M,=""23(L5) (WWT), where L:(X) =apla 7 er A(TP) X A(TP)T is the adjoint of L.
Then

for every symmetric Q, va >0, and tr L](Q) < (1 — bnva) tr Q for every Q = 0. In particular,
p(Ln)n S 1 - ann < 1.

11



Proof. Since UUT = N and PN = MNP, Proposition 3.4 gives A(T(a)P)=(In — (L +a)Www " )P
with the orthogonal matrix P = UTPU. Hence AAT = I, + (&> — 1)ww T and tr(A7 QA) =
tr Q+(a®—1) W " Qw, which is Theorem 4.1 in these coordinates. The set T contains n+1 outside
and n+1 inside contractions witha? —1 = ——4, n reflections with a> — 1 =0 and one expan5|on
with a? — 1 = 3. Averaging gives the identity for tr L,(Q), since ——(n+1)+3 /(3n+3) =
Summing it along L, yields, for Q = 0O,

=1 .
trLp(Q)=trQ — b, w L (Q)W =trQ— b,tr(QM,) < (1 — bava) tr Q.

i=0

The map L, preserves positive semidefiniteness: if Q > 0, then x" AT QAx = (Ax)" Q(Ax) =
0 for every x € R”, so that each term ATQA of L,(Q) is positive semidefinite, and so is their
mean. By induction, every power Li preserves positive semidefiniteness. (Since every A(TP)
is invertible, with det(/, — (1 +a)W w ") = —a/= 0, the same argument shows that L/ also
preserves positive definiteness.)

Toshowv, >0, letQ = 0withtr(QM,) =0, andletQ; = L"(p) >0.ThenWw ™ Q;wW =0, i.e.
Q;w =0, fori=Oz..,n—1 If Q;w =0, then h—A+a)WWT)Q(lh,—1+a)WWwT)=Q, so
that Qi1 = 3ﬁ1+—3 P ETP Qi P where every insertion permutation P, j =1,..., n+1, occurs.
Since all terms are positive semidefinite, Qi+1v = 0 implies Q:P;v = 0 for aII/. Starting from
QmW = 0 and descending m times, we find that Qo vanishes on PNJm . PNi w=UP; - PyWw
forallm<n—1andalljs,...,jm. Since w is a multiple of e,+1 n+1e Pjen+1=enforj<n,
and Pjem, = em-1 for j < m, the matrix Qo vanishes on U (e — ? yform=2,...,n+ 1.
Any n of the n + 1 vectors e, — n%le span W, hence Qo = 0. Thus tr(QM,) > 0 for every
Q = 0 with @Q/=0, and v, > 0.

Finally, every symmetric Q is a difference Q = Q. — Q- of positive semidefinite matrices
with lQl = tr Q. +tr Q- for the trace norm. Since L" preserves positive semidefiniteness,
||L,,(Q) L < trL,(Qs)+tr L,,(Q ) < (1—bnvs) Q k. Thus the operator norm of L, induced by
the trace norm is at most 1 — b,v,, and Gelfand’s formula, together with the submultiplicativity
of this norm, gives p(L») = limm-c HL’Z”H*l/(m”) <(1—=bwvy) Y, ie. p(L))"<1—byv, O

The moment of inertia is thus a Lyapunov function for the insertion model: by Theorem 6.6,
E[Dis1 | Fi] = tr Ln(Qk) = (1 — bnsk)Dk < D, Where s, is the share of the worst vertex, and
O« decreases in expectation by at least the factor 1 — b,v, over every n consecutive steps, since
the worst vertex cannot carry a zero share for n steps.

By Theorem 6.7, condition (3) holds in every dimension n = 2; hence, by Theorem 6.6, all
vertices converge to a common limit with probability one in the insertion model. The bound
p(Ls)" < 1 — bnv, is weak, since v, decreases rapidly: numerically, v, decreases from 0.53 for
n =2 to 0.0081 for n = 8. The rate is described by Table 1, which lists p(L,) for a selection of
values n < 500. The decay rate per iteration behaves like 1 — ¢,/n, where ¢, = n(1 — p(L»))
increases from 0.164 for n = 2 to 0.475 for n = 500.

For the uniform distribution on T , the types have the frequencies p, = 3:+3 , Pe = and

1
3n+3
Poc = pic = =, 50 that Corollary 6.3 gives n(1 —0,) = = 2— —+§or the exchangeable model with
these frequenues (last column of Table 1). For every n in Table 1, the computed eigenvalue A has
aresidual below 10-12, and the corresponding eigenvector Y is positive definite. This identifies
A as p(Ln): since L, maps positive semidefinite matrices to positive semidefinite matrices, p(Ln)
is an eigenvalue with a positive semidefinite eigenvector Z by the Krein—Rutman theorem, and

with Z < ¢¥ for some c >0 we obtain p(Ln)Z = JK(2) < cAy for all k, hence p(L,) < A.

Remark 6.8 (Complexity). The operator L, acts on a space of dimension n(n + 1)/2. By
Proposition 3.4, each A(TP ) is a rank-one modification of a permutation, so one application of
L, costs O(nJ operations. Since the insertion permutations P; only shift indices, the sum over
j can moreover be evaluated in closed form for each of the four coefficients, which reduces the
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cost to O(n?). Hence p(L,) can be computed, e.g. by Arnoldi iteration, in polynomial time. In
contrast, [5] requires |T |¢ matrix products. The same holds for every distribution on T, with
L, replaced by the corresponding weighted sum.

Table 1: Spectral radius of the second-moment operator L, for the insertion model (R3), com-

pared with the exchangeable model (R2) with the same frequencies, for which n(1—9,) = 1—2L1.
n+

n__ p(Ln) n(1—p(Ly) n(1—0,)
2 0917811 0.164 0.167
3 0.921278 0.236 0.250
5 0.939981 0.300 0.333
10 0.964294 0.357 0.409
20 0.980234 0.395 0.452
40 0.989430 0.423 0.476
60 0.992743 0.435 0.484
100 0.995515 0.448 0.490
150 0.996953 0.457 0.493
200 0.997689 0.462 0.495
250 0.998137 0.466 0.496
300 0.998438 0.469 0.497
350 0.998655 0.471 0.497
400 0.998819 0.472 0.498
450 0.998947 0.474 0.498
500 0.999050 0.475 0.498

Note that in [5], the dimension was only considered up to n = 6.

7 The original method

In the original method of Nelder and Mead [14], the vertices keep their positions. Let hx and €«
be indices of a worst and of a best vertex of S, determined as in [6, Algorithm 1]. A non-shrink
step replaces xp, by xc+au(x. —xn,), where x. is the centroid of the other vertices, and a shrink

Kk
replaces every x; by xe, + o(x; — x¢,). Following [6, (5)—(8)], this reads S ) _ 5( )Thk(ak)
and S = S(")Ts"er(a), respectively, with

k

Tila) =1+ cila) —e; ]

7 T"(0) = ol + (1 — o) eje’,

where cj(a) € R"*? has the entry —a in position j and Lf,' elsewhere. For the standard
coefficients, these matrices form the set

1 shr 1
To={Tia):a€{£,,1,2}, j<n+1}U{T; (,):j<n+1}

with 5(n+1) elements [6, (10)]; let To be the subset of its 4(n+1) non-shrink elements. Note that
Towa(at) = T(a) and T"(0) = Tenr(0). If P and Q are permutation matrices with Pen.1 = g
and Qe; = e}, then

T{a) =P T(a)P7, T;"(0) = QTsnr(o) Q7, (4)

cf. [6, (17), (18)]. If ties are broken consistently, both versions generate the same simplices, up
to the order of the vertices [6, Section 4].
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Proposition 7.1 (Original method). Let W, = (e; — —1-e)/|le; — L-e|. For all a, 0 € R and
n+1 n+1
Jj=1...,n+1,

NT{a)N=N—(1+a);W7, N7"(o) N =of,
J

J
shr
|7i(a) | = max{1, |a[}, IT; (o)]=o0

Replacing the vertex ¥ of a nondegenerate simplex S by x'=) + A(x-) — x;) multiplies ®(S)
by 1+ (A% — 1)s [S), with x'?) and s @s in Lemma 4.3. Consequently, Corollary 4.4 and
Theorems 4.5, 5.2 and 6.2 hold for the original method, with s the share of the replaced vertex.

Proof. By (4), P = MNP and Proposition 3.4, NT{(a)M=P N—(1+a)Ww’ P",and PW = w;,.
The shrink is treated in the same way. Since r '= rP maps the unit sphere of W' onto itself,
|PAP T | = |A|, and Corollary 3.6 gives the norms. The statement on @ is Theorem 4.1 for the
simplex with the vertices renumbered so that x; comes last; this does not change @, and the share
of the last vertex becomes s;(S). The proofs of the cited results use only these properties. [

The exchangeable model (R2) is thus a model of the original method of Nelder and Mead. Its
uniform case is the model behind the fractions computed for the original method in [6, Section 7].

Corollary 7.2 (Uniform model of the original method). Let the elements of T, be chosen
independently and uniformly. This is the model (R2) with p: = 15 for all five types, and

17 3 11

S — E|To|= —.
20 T 107 ITol = 7

On o

For n = 3, U, < 1, and with probability one all vertices converge to a common limit. For the
uniform distributionon T o, On=1 +isn > 1.

Proof. Under the uniform distribution on T,, the type of the step and the index j of the replaced
vertex, or of the centre of the shrink, are independent and uniformly distributed, which is (R2).

Theorem 6.2 gives 9, = 2 -1 +4 -1 0—-3+3+3  and Proposition 7.1 gives E|To| =

. 5. . 5n 1 4
§1+2+1+1+%.Wltﬁoustshrlnks,ﬂnzl_m 0— 3+3+3 . ]

The method of Zhao et al. The method MNM of Zhao, Uro3sevic, Mladenovit and Hansen
[19] uses NM steps with the standard coefficients but replaces the shrink step: if the NM step
calls for a shrink, only the worst vertex is moved toward the best one, i.e. x.1 is replaced by
X1+ U(Xns1 — x1) with p =1 — 6 = 1 ip their notation, and further vertices are moved in the
following iterations until an improvement is obtained. The new vertex of a modified shrink does
not lie on the line through x,:1 and x., but the proof of Theorem 4.1 applies to an arbitrary
new vertex.

Proposition 7.3 (Modified shrink). Let S be nondegenerate, let J/= B be two vertex indices,
and let S' be obtained from S by replacing x,; with y = xg + u(x; —xg), where 0 < u < 1. Then

n 2
S') = S —_— — (N2 — — (= ,
O(s)= () + " =y =x N =y — x|

+ vV
and the centroid of the vertices moves by at most 2 (1—u) ®(S)/(n+1). If (J, B) is uniformly
distributed on the n(n + 1) ordered pairs of distinct indices, then

_2(1 —p)(1 +un)

EdS)= 1
n(n+1)

(S).
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>
Proof. Write ¢ = x{-/). Replacing x, changes neither cnor W, =", [Ix; — c|[2 and ®(S) =
W, + Ll X0 = c|l as in the proof of Theorem 4.1. This gives the first assertion. The centroid
n+

. v
BPRURHRY $po V(0 + 1) = (1 — u)(xs — x)/(n + 1), and x5 — x| < diam(s) <~ 2(S)

> 2 >
For the expectation, let zi=x;— X, sothat ;z;=0, |z =®(S)and ,_g(z), z8) =
—®(S). Since x;, —c = %J and xg — c = zg + ,Z;, averaging over the n(n + 1) pairs gives

2 n + 1 2 _ n;l
Ellx — ¢l = - D(S), E(x —G&X —¢) =0, El|lxs — 9 " (S).
Sincey —c=pu(x;, —c)+ (1 — u)(xs — c), it follows that
e (n+1)+(1_p)(n—-1)—(n+1) 2(1 — u)(1 + un)
Elly—c*—E|x—cf = . D(S) = — 2 D(S),
{ "
and the first assertion yields the claim. O

A single modified shrink can increase @, but on average it reduces O like a contraction. The
following remark summarizes which of our results on convergence apply to the method of [19].
Remark 7.4 (Convergence results for the method of [19]). By Proposition 7.3, Theorem 4.5
holds for MNM with k = max \./1")‘7, KT Theorem 5.2 gives no result, since every

n(n+1) n+1
operation of MNM has invariant norm at least one (Corollary 3.6; in centered coordinates, a
modified shrink is a rank-one modification of the identity). Theorem 6.2 applies in (R2) if
a modified shrink moves a uniformly chosen vertex toward another one, with o? replaced by
the factor of Proposition 7.3. For the standard coefficients and u = %, 9, < 1 if and only if

Poc + Pic + %(?:’(Lnilgs > 4p.: a modified shrink acts like a further contraction.

Theorems 6.6 and 6.7 apply to MNM without shrinks, since its other steps are those of NM;
in this model, all vertices converge almost surely in every dimension.

8 A maoadified algorithm with a sufficient decrease safeguard

The previous sections suggest two changes of the coefficients for large n. The possibility of
stagnation at nonstationary points [13] calls for a safeguard in addition. In this section we
combine both in Algorithm 1, prove a convergence result for it and test it numerically.

8.1 Coefficients

By Theorem 4.1, an expansion multiplies ® by 1 + (x> — 1)s«. The cost of an expansion in
terms of @ can therefore be bounded by adapting the expansion coefficient to the share s, of
the replaced vertex, which is available at cost O(n) (Corollary 4.4).

Proposition 8.1 (Share-capped expansion). Let x> 1 and w > 0, and let
n r—-w
X =min Y 1+ ’,
k n sk

Then 1 < x« < x, and an expansion with coefficient y« multiplies ®« by at most 1+ w/n.

Proof. Since s¢ € (0, 1] and w > 0, we have xx > 1. By Theorem 4.1, the factor is 1+(X2k—1)sk <
1+ % se=1+%. m

Nsk n

Puhan and Bl rmen [16] write the trial points as xc + p(xc — Xn+1), Xc + px(Xc — Xn+1),
Xc + PVoc(Xe Xn+1) and xc  Mie(Xc Xav1). We denote their values from [16, Theorems 1—
4, Lemma 2], with the constants of [16, Section 5], by p"8, x"8, g:B, yizB and o8, so that
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PB,,PB

ar = p, ae = p"Px"?, aoc = PPPYPRand aic = —y"%. In particular, p™® =1+ _ !

—2tm+iy’
XPB=1+2+ _jﬁEBand ot = (—91))1/”, whereas y°¢ and " tend to 4 as n — oo. For n = 40,
for example, ar = 1.0122, ae = 1.1128, aoc = 0.7392 and aic = —0.6878.

In contrast to the fixed expansion coefficients x = 1+ 2 of [7] and p"®x"® ~ 1+ 3_of [16],
the cap allows long expansions when the replaced vertex carries a small share of ®. Fora,=1
and contraction coefficients +y, Proposition 8.1 gives ¥, < 1—,} (1= y*)(poc + pic) — wpe in the
exchangeable model (R2). Fory = lzand w =1, the dimension-free condition of Corollary 6.3
thus becomes poc + pic > %pe instead of poc + pic > 4pe.

The choice of the contraction coefficients is decisive. For the coefficients of [7], the contraction
coefficient y, = 54— %naccounts for most of the improvement in our tests: for the ill-conditioned
problem of Section 8.4, changing only the contraction coefficient required 6847 (n = 40) and
13717 (n = 60) function evaluations, compared with 5336 and 13199 for the full set of [7], while
the standard method failed. The contraction coefficients of Puhan and Blirmen [16] tend to —710
instead of %. By Theorem 4.1, their inside contractions reduce ® more strongly per step than
those with —y, for n = 4, and their outside contractions for n = 42; both 1—ozf)C and 1—a2ictend
to 0.51 instead of 1—76. Algorithm 1 therefore uses the reflection and contraction coefficients of [16],
i.e. o = p™, aoc = pPPy"® and aic = —y™®, gombined with the share-capped expansion. The
shrink coefficient is not needed, since shrink steps are replaced by oriented restarts (Section 8.2).
Since p”® > 1, we note that for ¥ = 2 and w = 1 the expansion point X(x«) lies beyond the
reflection point, because =1+ ¢ > 1+ 1 + m = (p"®)2. With these coefficients,
w = 1improved on the uncapped expansion with yx = x = 2 in all eleven test cases with n < 80,
and w € {0.25, 0.5, 2} in eight to ten of them. The value w = 0.25 reduced the effort on the
ill-conditioned problem for n = 40, 60 and 80 by 12—-15%, but increased it on the sphere with
n =20 and on the Rosenbrock function with n = 10. With the contraction coefficient y,, every
w € [0.25, 2] improved on the uncapped expansion. We use w =1 and xy = 2. For comparison,
Section 8.4 also reports the variant with a, = 1 and the contraction coefficient yn.

8.2 Sufficient decrease and oriented restart

We use the safeguard of Kelley [9]. For a sorted nondegenerate simplex S let

V(S) = [Xa — X1, .o, Xner — Xal,  Vsf = V(S)T F(x2) — F(xa), .. ., f(Xne2) — Flxa) T

be the matrix of simplex directions and the simplex gradient, let €.(S) and €-(S) be the largest

and smallest distance ||x,- — X1 |Jj =2, and Ietf_(S) be the mean of the function values at the
vertices. Kelley’s sufficient decrease condition [9, (3.1)] reads

2.(5)

TSy — £(SW) < —dl| Vswfl,  a=ado———n
f( ) f( ) 0“ S(k)f” (o] ||VS(0)fH

(5)
with ao = 10-%. If the condition fails, the simplex is replaced by an oriented restart [9, (3.5)]:
a smaller simplex with orthogonal edges at the best vertex,

Y1 =Xy, yis1 =x1+ 1 €.(S) sign (Vsf); & (j=1,...,n),

with sign(0) := 1. Its condition number is at most (1 + n)? [9, Section 3.2]. Thus the shrink
coefficient is not needed, since shrink steps are replaced by oriented restarts.

Lemma 8.2. For a non-shrink step that replaces x(,fll by v, we have

FV)— F(x®))

n+1

f(s®) —f (W) =
In particular, (5) holds if and only if f(v) <f(x(’2+1) —(n+1)a ||VS(k)fH2-
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Proof. The multiset of function values changes only by replacingf();f’;)l) by f(v). O

Lemma 8.2 is the analogue of Theorem 4.1 for the function values. One iteration changes
a single vertex, so Kelley’s condition requires the new vertex to improve on the worst one by
an amount that grows linearly with n. In our experiments, this leads to false alarms in high
dimensions (Table 3). We therefore consider the dimension-free form of the safeguard

Fv) <f) — a|Vswsl, (6)

i.e. (5) with a replaced by a/(n + 1), and the relaxed form of the safeguard
a
(k) y — — 2
fv) <f0q20) n+1 HVS(k)fH , (7)

i.e. (5) with a replaced by a/(n+ 1) In our tests, (6) still triggered restarts on the sphere from
n = 40 on, although the standard method converges there without a safeguard; for n = 300, these
false alarms were frequent, and one run exhausted the budget. Condition (7) triggered no restart
onthe sphere (Table 3). A heuristic reason is the following. For a reflection, f (xn+1)—f (X(1)) =
2 VF (xc)T (xn+1 — Xc), and in high dimensions the search direction x. — x,+1 tends to become
nearly orthogonal to the steepest descent direction, as suggested by the experiments of Torczon
[17] (see also [7, 16]). A single step can therefore improve the worst vertex only slightly even if
the method does not stagnate. Algorithm 1 uses (7). Since Kelley’s convergence theorem holds
for every a > 0, these modifications do not affect the theory. Following [9], shrink steps are
replaced by oriented restarts, and the iteration is stopped after three consecutive restarts.

Algorithm 1 Nelder—Mead with dimension-dependent coefficients and a sufficient decrease

safeguard )
Require: nondegenerate simplex S'; x =2, w =1, ao =107, o™, y'°, y'° of [16]
ocC ic

1: sort the vertices; set o = a0 €+(5®)/|| Vs f|| and r=0
2:fork=0,1,2,... (until a termination criterion holds) do

3: compute x., the share s and the simplex gradient gx = Vs f V4
4: perform one NM step (Section 2) with the coefficients p®8, ys = min{y, 1+ w/(ns«)},
pPBYES
and —y%>; let v be the accepted point (none if the NM step calls for a shrink)
5: if v exists and f(v) <f(x,§lj)1 - Hng2 then
6: replace x(,,kzl by v, sort the vertices, set r=0
7: else
8: if v exists, replace x(,,l?l by v and sort the vertices
9: perform an oriented restart of the current simplex and sort the vertices; setr=r+1
10: if r = 3 then stop (stagnation detected)
11: end if
12: end for

8.3 Convergence

Combining Kelley’s theorem with Theorem 4.5 yields convergence of all vertices to a single
critical point, under conditions that can be checked along a run.

Theorem 8.3. Let f : R” —» R be bounded below with Lipschitz continuous gradient. Suppose
that Algorithm 1 does g)t\;top and performs only (}nite/y many oriented restarts, and that

D<o and @k cond V(5W) — 0.
k=0

Then all vertices converge to a common limit x, and Vf(x) =0.
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Proof. Let ko be the first iteration after the last restart. For k = ko, every iteration accepts a

point v satisfying (7). By Lemma 8.2, the sequence (5%)k=« then satisfies (5) with the constant
a/(n + 1)?> > 0, and the mean function values decrease strictly. The simplices are sorted and
remain nondegenerate, since T (A) is nonsingylar for /= 0. Hence Assumption 2.1 of [9] holds.
By Lemma 3.2(b), €.(S ) < diam(s ®) < 2@, so that €.(S ) cond(v (s¥)) - 0. By [9,
Theorem 3.1], every accumulation point of the simplices is a critical point of f.

Since xx < x, P°® < x and |p"®y"El, v"B.< x, all step coefficients satisfy |ax| < x, and
Theorem 4.5 applies to (5%),=« . Hence the vertices converge to a common limit X, which is
an accumulation point of the simplices and therefore critical. ]

Remark 8.4. All hypotheses of Theorem 8.3 can be monitored along a run: the restarts are
counted, @y is available at cost O(n) by Corollary 4.4, and cond(V (S¥)) can be estimated
periodically. The excluded case of infinitely many restarts corresponds to repeated detection
of stagnation; there the algorithm stops after three consecutive restarts. The simplex gradient
requires one linear solve with V (S¥) per iteration, which costs O(n®) operations. Since Vsf
is the gradient of the affine interpolant of f at the vertices, it does not depend on the order
of the vertices. It can therefore be obtained from the inverse of the matrix with rows (x7, 1),
j=1,...,n+ 1, which changes by a rank-one matrix in each NM step; with the Sherman—
Morrison formula, the cost is O(n?) per iteration.

8.4 Numerical results

As a test of the implementation, we applied the method of [11] with Kelley’s original condition
(5) to McKinnon’s examples, with the initial simplex and termination criterion of [9, Section 4].
For (t, 8, ¢) = (3, 6, 400) and (2, 6, 60), the single oriented restart occurs at iterations 21 and
19, exactly as reported in [9]. For the nonsmooth case (1, 15, 10), the three restarts occur
at iterations 40—42 instead of 44—46; this offset is presumably due to implementation details.
Table 2 shows the results of Algorithm 1 and of its variant with a, = 1 and y,, which for
n = 2 uses the standard contraction coefficient y, = 12 McKinnon’s construction is tailored
to the standard coefficients. With the coefficients of [16] for n = 2 (p® =61, X = @7
y&B ~ 0.921, yPB ~ 0.570, oPB =~ 0.949) and without a safeguard, the method reached the
minimizer for (3, 6,400) and (2, 6, 60), but it stagnated at (0,0) for (1, 15,10). Algorithm 1
reaches the minimizer in the first two examples without any restart, and in the nonsmooth
example its safeguard detects the stagnation. Dimension-dependent coefficients alone therefore
do not make a safeguard superfluous.

Table 2: McKinnon’s examples, f(x, y) = 9¢|x|" + y + y? for x < 0 and 9x* + y + y? for x >0,

with the minimizer (O, —%) and f *= — .%‘The standard method converges to the nonstationary
point (0, 0). Restarts: iterations of the oriented restarts (—: none); stag.: stagnation detected.
(T, G, @) standard NM Algorithm 1 Alg. 1 with ar =1, y»
final f restarts final f restarts final f
(3, 6, 400) 0 - —0.25 25 —0.25
(2, 6, 60) 0 - —0.25 21 —0.25
(1, 15, 10) 0 63,64,65 —6.7-10-> (stag.) 53,54,55 O (stag.)

Table 3 compares Algorithm 1 with the standard method, with the standard method com-
bined with each of the three forms (5)—(7) of the safeguard, with the method of [7], with the
coefficients of [16] in the method of [11] without safeguard, and with the variant of Algorithm 1
with ar = 1 and the contraction coefficient y, of [7]. The test functions are the sphere, the
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ill-conditioned quadratic and the extended Rosenbrock function:

2

sphere: f(x) = x2
i=1
2

ill-conditioned: f(x) =  ix?
=1

Rosenbrock: f(x) = 100 Xxiv1 — X7 24 (1—x)?% .

i=1

All three have the minimal value f* = 0, attained at x* = O for the sphere and the ill-conditioned
problemandatx*=(1,..., 1) for the Rosenbrock function. The Hessian of the ill-conditioned
problem has the condition number n. For n= 10, 20 and 30, the Rosenbrock function also has a
local minimizer near(—1, 1,..., 1)", with f & 3.9866. The initial simplex is xo, Xo+ €1, ..., Xo+
en, Where the three runs use three random starting points xo drawn from the standard normal
distribution. The target is f < 10-%, with a budget of 3 - 10° function evaluations. For n = 300
we report only the sphere in the table. For the ill-conditioned problem with n = 300, none of the
methods with dimension-dependent coefficients reached the target in at least two of the three
runs. The variant of Algorithm 1 with y, and the method of [7] ended with final values between
0.14 and 35, the method of [16] with values between 0.17 and 4.9, whereas Algorithm 1 came
close to the target (see below). We did not consider the Rosenbrock function in this dimension.
The runs with n = 100 use the O(n?) implementation of the simplex gradient described in
Remark 8.4. It reproduces the evaluation counts and restarts of all runs of Algorithm 1 with
n < 80 exactly, and of four runs with n = 100 and n = 150 that we checked, among them two
runs of the standard method with condition (5), with 11 and 13 restarts.

Table 3: Median number of function evaluations to reach f < 10-8 over three runs; in brackets,
the median number of oriented restarts. “fail”: the target was not reached in at least two runs.
%Budget exhausted in two runs (n < 80 and n = 150) or in all runs (n = 100), with final values
between 1:10-% and 7-10-7 for n < 100 and of 3.2:10-° and 2.3:10-* for n = 150. All runs were
stopped by the safeguard far from the minimizer, with final values between 0.18 and 1290 for
the ill-conditioned problem and between 0.033 and 184 for the sphere. ‘One run exhausted the
budget, with final value 3.4 - 10-%. One run exhausted the budget, with final value 1.01 - 10-%.
flo run reached the target: two runs exhausted the budget, and in one run all vertices attained
the same function value; final values between 17.3 and 27.8. Alg. 1, y»: Algorithm 1 with ar =1
and the contraction coefficient y, of [7].

f n standard + (5) + (6) + (7) [7] [16] Alg. 1, yn Alg. 1
sphere 20 1624 1646 [1] 1624 [0] 1624 [0] 1690 1489 1599 [0] 1342 [0]
sphere 40 10090 4026 [3] 10090 [0] 10090 [0] 4303 3773 3796 [0] 3279 [0]
sphere 60 16903 13294 [9] 16903 [0] 16903 [0] 8501 6757 6141 [0] 5689 [0]
sphere 80 29932 31592 [10] 29202 [1] 29932 [0] 13050 10676 9408 [0] 8979 [0]
sphere 100 42924 29785 [14] 42924 [1] 42924 [0] 17174 15751 12114 [0] 11033 [0]
sphere 300 208669 failb [19] 218316¢ [9] 208669 [0] 152359 125884 156007 [0] 128630 [0]
ill-cond. 20 3557 3353 [1] 3557 [0] 3557 [0] 1912 1683 1778 [0] 1652 [0]
ill-cond. 40 faile 16310 [14] 21871 [1] 61816 [1] 5336 4947 4678 [0] 5011 [0]
ill-cond. 60 faile  failb [33] 35851 [1] 182046 [1] 13199 11753 8690 [0] 10252 [0]
ill-cond. 80 faile  failb [17] 82558 [1] 216815 [1] 24868 21353 15393 [0] 18749 [0]
ill-cond. 100 faile  fail® [16] 79704 [1] 2890357 [1] 46998 35178 22242 [0] 26289 [0]
ill-cond. 150 faile  failb [16] 266227 [4] faile [0] 118942 91321 57555 [0] 67087 [0]
Rosenbrock 10 2921 2921 [0] 2921 [0] 2921 [0] 2698 2152 2406 [0] 2147 [0]
Rosenbrock 20 106043 22505 [8] 36157 [4] 76591 [5] 25615 12355 20071 [0] 13185 [0]
Rosenbrock 30 faile 62257 [13] 159727 [9] 245690 [9] 107919 39641 91248 [0] 41148 [0]

Table 3 leads to five observations.
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Kelley’s original condition. Combined with the standard method, condition (5) often helps,
e.g. for the sphere with n = 40 and n = 100 and the Rosenbrock function with n = 20 and
n = 30, because the restarts recondition the simplex. For the ill-conditioned problem with
n = 60 and for the sphere with n =300, however, it stops all runs far from the minimizer. This
is the effect of the factor n+ 1 in Lemma 8.2.

Conditions (6) and (7). Condition (6) rescues the standard method on the ill-conditioned
problem with a median of one restart for n = 40, 60, 80 and 100 and of four restarts for
n = 150, and it reduces the effort for the Rosenbrock function with n = 20 from 106043 to
36157 evaluations and rescues the standard method for n = 30. On the sphere, where the
standard method converges without a safeguard, it triggered one restart in one of the three runs
with n =40 and n = 60 and in two of the three runs with n = 80 and n = 100. Each of these
runs needed fewer evaluations than without a safeguard, so that these false alarms did no harm.
With n = 300, however, it triggered 7 to 11 restarts per run, and one run exhausted the budget.
Condition (7) triggered no restart on the sphere for any n, including n = 300. It still rescues the
stagnating runs of the standard method, but later; for the ill-conditioned problem with n = 100,
one run exhausted the budget with f = 1.01 - 10-%, and for n = 150 it triggered no restart, so
that, as without a safeguard, two runs exhausted the budget. For the ill-conditioned problem,
the median effort is 61816, 182046, 216815 and 289035 evaluations for n = 40, 60, 80 and 100,
compared with 21871, 35851, 82558 and 79704 with (6), which needed 266227 for n = 150; for
the Rosenbrock function with n = 20 and 30, it is 76591 and 245690 instead of 36157 and 159727.
Combined with the standard method, (7) detects the stagnation on McKinnon’s examples a few
iterations later than (6): the restarts occur at iterations 25, 21 and 53-55 instead of 23, 20 and
46-48. The two forms thus represent a trade-off between avoiding false alarms and detecting
genuine stagnation early.

Algorithm 1. Up to n = 150, no restart was triggered on these problems, so the safeguard
cost no function evaluations. Since (7) holds whenever (6) holds, the runs with n < 100 are the
same for both forms; for the ill-conditioned problem with n = 150, (6) triggered two restarts
in one run. Algorithm 1 needed fewer evaluations than the method of [7] in all fifteen cases,
between 6% (ill-conditioned, n = 40) and 44% (ill-conditioned, n = 100) fewer on the quadratics
and 20%, 49% and 62% fewer on the Rosenbrock function with n = 10, 20 and 30. For the
sphere with n = 300, it needed a median of 128630 evaluations without any restart, and all
runs reached the target. With (6) instead of (7), it needed 146761 evaluations, its safeguard
triggered 1 to 11 restarts per run, and one run exhausted the budget with f = 1.7 - 10-3. For the
ill-conditioned problem with n = 300, Algorithm 1 reached the target in one of three runs, after
276731 evaluations, and ended with f = 1.9 - 10-® and 3.8 - 10-8 in the other two, again without
any restart. On McKinnon’s examples, the safeguard is triggered only in the nonsmooth case,
where it detects the stagnation (Table 2).

Coefficients of [16]. Without any safeguard, the coefficients of Puhan and Blrmen needed
fewer evaluations than those of [7] in all fifteen cases: 7-25% fewer on the quadratics and 20%,
52% and 63% fewer on the Rosenbrock function with n = 10, 20 and 30. With the safeguard (7),
they triggered no restart for n < 80. Since neither method triggered a restart, Algorithm 1 differs
from them in these runs only in the share-capped expansion; the same holds on the quadratics
with n = 100 and n = 150, since Algorithm 1 triggered no restart and no shrink steps occur
for strictly convex functions. The share-capped expansion reduced the effort in eleven of these
fourteen cases, by up to 30%, and increased it for the ill-conditioned problem with n = 40 (1%)
and the Rosenbrock function with n = 20 and 30 (7% and 4%). For the sphere with n = 300,
Algorithm 1 needed 2% more evaluations than the method of [16].

Contraction coefficients. The variant of Algorithm 1 with ar = 1 and y, needed 7%, 15%,
18%, 15% and 14% fewer evaluations than Algorithm 1 on the ill-conditioned problem with
n = 40, 60, 80, 100 and 150. It needed 5-21% more on the other quadratics and 12%, 52% and
122% more on the Rosenbrock function with n = 10, 20 and 30. For the ill-conditioned problem
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with n = 300, it remained far from the target, whereas Algorithm 1 reached it or came close.
By Theorem 4.1, the inside contractions of [16] reduce @ more strongly per step than those with
Vn (Section 8.1); why this is a disadvantage on the ill-conditioned problem for 40 < n < 150
remains open.

These experiments cover three test functions and three runs each. A systematic comparison
on standard test sets such as that of Moré, Garbow and Hillstrom, as in [7], remains to be done.

9 A nonconvex least-squares problem

The test functions of Section 8.4 are convex quadratics and the Rosenbrock function. As a
nonconvex problem, we consider the least-squares approximation of t* on [0, 1] by a neural
network with one hidden layer of m units,

b3 = 2 Vi

f(x) = ti—  Xk2tanh tixgeoa+ X3, = (8)
j=1 k=1

with N = 1000 and m = 10, so that n = 3m = 30. The variables x3x-2, X3x-1 and xsx are
the output weight, the input weight and the bias of the kth unit. Since tanhs = 20(s}- 1
with the continuous sigmoidal function o(s) = 12(1 + tanh s), and since every constant is of
the form atanh b, the universal approximation theorem of Cybenko [1, Theorem 2] shows that
finite sums ,artanh(wit + by) are dense in C([0O, 1]). Hence the infimum of f tends to zero
as m — oo. The function is smooth and nonnegative, but not convex, and its minimizers
are not isolated: f is invariant under permutations of the units and under the sign change
(X3k-2, X3k-1, X3k) '= (—X3k-2, —X3k-1, —X3k) Of a unit, and it does not depend on xsx-1 and
Xak if X3k-2 = 0. For m = 10, the minimal value is already practically zero: from each of 20
random starting points, the Levenberg—Marquardt method with the exact Jacobian (SciPy, at
most 2000 evaluations of the residual) reached f < 1.3 - 10-°, and in two cases f < 10-12,

We use the methods, initial simplices and budget of Section 8.4, but ten random starting
points instead of three, since the results depend strongly on the starting point. Instead of a
single target, Table 4 reports the median number of function evaluations to reach f < 10-?,
10-4, 10-%, 10-7 and 10-%, the median final value after 3 - 10° evaluations, and the median
numbers of oriented restarts and of shrink steps. Two further variants show the effect of the
safeguard: the coefficients of [16] and of [7] with the safeguard (7). With a safeguard, no shrink
steps occur. All runs with a safeguard use the O(n?) implementation of the simplex gradient
(Remark 8.4); for one run of Algorithm 1, the exact gradient gave identical results.

Table 4 leads to four observations.

Shrink steps. Except for the coefficients of [7], all methods without safeguard performed
shrink steps in almost every run, typically thousands. The standard method reached f < 10-2
with the fewest evaluations, but it performed between 3521 and 8851 shrink steps per run,
reached f < 10-% in only one run and ended with the largest median final value. The coefficients
of [16] reached f < 10-* with the fewest evaluations, but they performed shrink steps in nine
of ten runs, reached f < 10-° in only six runs, and their median final value is more than a
thousand times larger than that of [7]. The coefficients of [7] performed at most three shrink
steps per run. They reached f < 10-%, 10-7 and 10-% in all ten runs and gave the smallest final
values, smaller than those of Algorithm 1 and of [16] in nine of ten runs.

Safeguards for the standard method. All three forms of the safeguard improved the standard
method. With (7), the final value was smaller in all ten runs, and the median final value is
about 140 times smaller; with (5) and (6), the final value was smaller in eight and nine runs,
respectively. In this dimension, Kelley’s original condition did not stop any run, although it
triggered between 108 and 152 restarts per run.

Algorithm 1. Algorithm 1 reached f < 10-® in all ten runs and f < 10-7 in nine. Its final
value was smaller than that of [16] in eight of ten runs, but larger than that of [7] in nine. With
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Table 4: Problem (8) with N = 1000 and n = 30: median number of function evaluations over
ten runs to reach f < 10-% ..., 10-% median final value after 3 - 10° evaluations, and median
numbers of oriented restarts and of shrink steps. In parentheses, the number of runs that reached

the threshold if it is smaller than ten; “—”: fewer than six runs reached the threshold, so that

the median exceeds the budget.
method 1072 107 10°¢ 1077 1078 final f restarts shrinks
standard 1938 15882 (7) - (1) - (1) -(0) 8.7 1076 0 8101
+ (5) 2582 15401 221149 (7) -(3) -(0) 4.2-1077 124 0
+(6) 2394 12208 138776 (9) -(3) - (1) 20-107 88 0
+ (7) 2300 10332 133462 (9) 267186 (6) -(1) 6.1- 1910 68 0
[7] 3224 10642 47450 98139 126469 5.1-1 = 0 0
[16] 2592 8540 180690 (6) —(4) -(1) 6.0 10_9 0 2600
Alg. 1, y» 3160 12286 65560 (9) 189176 (6) 289318 (6) 8.1- 10_8 32 0
Alg. 1 2526 10102 62639 219232 (9) -(3) 3.9- 0 39 0

-7

[16] + (7) 2450 9596 45663 (8) —(5) -1 12- 18—8 30 0
[Z]1+(7) 3548 12263 82178 (9) 271614 (6) —(3) 44. 14 0

the contraction coefficient y,, the median final value is smaller, but the final value itself was
smaller in only five of ten runs. The safeguard triggered between 31 and 43 restarts per run. Of
the 379 restarts, 377 were caused by an insufficient decrease rather than by a shrink step, and
they recurred at intervals of roughly 4600 to 7500 iterations (10% and 90% quantiles) until the
budget was exhausted.

Safeguard and shrink steps. For the coefficients of [16], the safeguard (7) improved the
final value in only five of ten runs, but it led to f < 10-® in eight instead of six runs. For
the coefficients of [7], which almost never call for a shrink step, the safeguard was harmful: it
triggered between 12 and 17 restarts per run, the final value was smaller than without safeguard
in only one of ten runs, and f < 10-® was reached in three instead of ten runs. Together with
the results for the standard method, this suggests that the shrink steps are the main obstacle
on this problem and that the safeguards help mainly by avoiding them. This agrees with the
observation of Zhao et al. [19] that the classical shrink step is a main cause of failures of the
NM method; they move the vertices toward the best vertex one at a time instead. Why the
coefficients of [7] almost never call for a shrink step remains open.

10 Conclusions

In centered coordinates the Nelder—Mead operations have a simple structure, and the moment
of inertia of the simplex obeys the exact identity @1 = Ok 1 + (qé2 — 1)s¢ . This yields a
deterministic convergence criterion that can be monitored at cost O(n) per iteration, and it
removes the dimensional restriction of [5]. Theorem 2 of [5] holds in every dimension, but in the
underlying uniform model it is a statement about shrink steps, which do not occur for strictly
convex functions. If the rank of the replaced vertex is uniformly distributed, second-moment
criteria based on the identity give almost sure convergence in every dimension also without
shrinks, under dimension-free conditions and with the rate 1—c/n per iteration. For the insertion
model of [5], almost sure convergence follows from a spectral-radius condition, which holds in
every dimension; the moment of inertia serves as a Lyapunov function in the proof. Since the
identity does not depend on the labelling of the vertices, the deterministic criterion and the
exchangeable model apply equally to the original method of Nelder and Mead; in its uniform
random model, the vertices converge almost surely for n = 3. Because one iteration changes
a single vertex, Kelley’s sufficient decrease condition is overly strict for large n (Lemma 8.2);
dividing its constant by (n + 1)?> removed the false alarms in our tests. Algorithm 1 combines
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this form of the condition with the reflection and contraction coefficients of Puhan and Blrmen
and a share-capped expansion. On McKinnon’s examples, it reached the minimizer in the two
smooth cases and detected the stagnation in the nonsmooth one. It required fewer function
evaluations than the method of Gao and Han in all fifteen tests of Section 8.4 and than the
coefficients of Puhan and B({irmen alone in eleven; the difference to the latter is due to the
share-capped expansion. On the ill-conditioned problem, the contraction coefficient of Gao and
Han was more efficient for 40 < n < 150, whereas for n = 300 only Algorithm 1 came close to
the target. On the nonconvex least-squares problem of Section 9, the method of Gao and Han
reached the smallest function values. The other methods without safeguard performed shrink
steps in almost every run, typically thousands, and the safeguards, under which no shrink steps
occur, improved the final values of the standard method in all ten runs, but worsened those of
the method of Gao and Han in nine; the restarts of Algorithm 1 recurred at regular intervals.
Several questions remain open:

1. an explanation of the results of Table 3 for the variant of Algorithm 1 with ar = 1 and
the contraction coefficient y, of [7]: it needed 7-18% fewer evaluations than Algorithm 1
on the ill-conditioned problem for 40 < n < 150, but 5-21% more on the other quadratics
and 12-122% more on the Rosenbrock function, and for n = 300 it remained far from the
target on the ill-conditioned problem (Section 8.4); a choice of coefficients that combines
the advantages of both; and an explanation of why the coefficients of [7] almost never
call for a shrink step on the problem of Section 9, whereas the other coefficients call for
thousands;

2. /a priori conditions under which Algorithm 1 performs only finitely many restarts and

@« cond(V (S%)) - 0, which would make Theorem 8.3 unconditional; on the problem

of Section 9, the restarts recurred until the budget was exhausted. The identity controls

the size of the simplex, but not its condition. Frame-based variants [15] and fortified

descent [18] offer alternative routes to stationarity, as suggested by Gao and Han [7] for
their coefficients;

3. atheoretical justification of the scaling of a by (n + 1)-2 in (7), which removed the false
alarms in our tests up to n =300 but delays the detection of genuine stagnation.

Remark. All numerical results were obtained with Python (NumPy/SciPy); the spectral radii
in Table 1 were computed by Arnoldi iteration. For the coefficients of [16], the implementation
was extended to separate coefficients for the four trial points. The scripts are available on
request. The manuscript was developed with the assistance of Claude in theorem formulation,
proofs and simulation under the author’s verification.
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