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Abstract. A battery that supports a fast-charging station has to be recharged through the same feeder, and its
converter can supply reactive power while it charges. This paper quantifies how much additional charging that
reactive capability admits and how firmly the estimate can be stated. For each control policy, an AC-feasible
operating point is paired with an upper bound from an outer linear approximation of the branch-flow relaxation;
the dual bound is evaluated in rational arithmetic. A fixed command is then checked over a continuous box of load
and source-voltage uncertainty with an invariant voltage enclosure. Four balanced feeders (16, 33, 69, and 141
buses) and controlled changes of R/X ratio, upstream short-circuit level, connectivity, and head-branch rating
separate voltage, thermal, and converter limits. At the representative 33-bus location, reactive dispatch raises ad-
missible charging from 250.57 kW to 469.35 kW, and the optimization bracket that remains is 1.1x10* kW. A
Volt-VAR curve tuned for the same state inside the IEEE 1547 Category B setting ranges reaches the same value,
so the 124.52-kW shortfall of the default curve is a setting effect. A tuned curve frozen across load levels loses
5.60 kW at the held-out state. In a public 33-bus case, reactive support relieves a binding head-branch limit while
the local voltage stays inside the default dead band. All 3340 reported operating points were re-solved with
MATPOWER and OpenDSS: voltage magnitudes agree within 7.6x10"'° p.u., and no admitted point violates a
network limit.

Keywords: reactive power; battery energy storage; electric vehicle fast-charging station; Volt-VAR control;
convex relaxation; robust feasibility.

1 Introduction

Extreme fast charging places large power demands at single network connections [1], and the charging load that a
feeder can host depends on its voltage, branch-loading, and operating limits [2]. A battery installed beside such a
station reduces the peak seen by the feeder, but it must be recharged later through the same connection. The discharge
rating of the battery says nothing about how much power the feeder will accept during recharging. The planning
question is narrow: if the battery converter supplies reactive power while charging, how much more active power can
the feeder admit, and does that gain hold under uncertain load and source voltage?

Reactive-power control is not new. Distributed photovoltaic (PV) studies have examined local and coordinated
reactive dispatch [3], [4], local voltage control under limited reactive power [5], and optimized Volt-VAR rules [6].
Charger studies show that reactive operation is technically possible and also report converter and dc-link stresses that
battery energy alone does not capture [7], [8]. IEEE 1547-2018 specifies the reactive and voltage-control functions of
distributed energy resources (DER), and IEEE 1547.9 applies them to storage [9], [10]. The capability circle of a
converter, and the fact that capacitive injection can lift a sagging voltage, are therefore taken as known.

Charging flexibility has been assessed with stochastic AC optimal power flow (OPF) for charging pools [11], with
chance-constrained distribution OPF [12], [13], and with robust optimization more generally [14]. Recovery-aware
aggregation [15], storage dispatch at charging stations [16], and multi-service storage sizing [17] address the temporal
and economic sides of the same problem. Recent work coordinates active and reactive power in vehicle-to-grid
stations [18] and combines scheduling with real-time nonlinear OPF on an unbalanced low-voltage feeder [19].

Three weaknesses recur when such studies report a benefit of reactive control. First, the reference policy is often a
fixed default curve, so the reported gain mixes the value of reactive hardware with the cost of untuned settings. Second,
the optimized value usually comes from a local nonlinear solver with no upper bound, so the reader cannot tell how
far it is from the best achievable value. Third, robustness is often judged from a finite set of sampled scenarios, which
does not cover the space between samples. A fourth issue arises when results from different test feeders are compared:
the feeders differ in voltage level, impedance, load, and source strength at the same time, and the difference is then
attributed to topology without a controlled test.

This paper addresses these points for one converter at one location, with hardware held fixed across all policies.
Fig. 1 shows how these parts fit together. The contributions are:
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1) Each policy result is reported as a bracket. The lower value is an operating point that passes a fresh AC
power flow; the upper value is the bound of an outer linear program (LP) of the branch-flow relaxa-
tion [20], [21], recomputed from stored matrices in rational arithmetic. The reactive increment is then
bracketed without assuming global optimality of any local solver.

2) The gain over unity power factor (UPF) is split into a default-setting loss, a capability effect, and the loss
caused by keeping one tuned curve across load states. Snapshot-tuned and frozen Volt-VAR curves inside
the IEEE 1547 Category B setting ranges are compared with optimized P—Q dispatch that has the same
reactive limit.

3) Controlled interventions on public feeders change the R/X ratio at fixed impedance magnitude, the up-
stream short-circuit level, the connectivity, and the head-branch rating one at a time. They show that reac-
tive support relieves a binding branch limit while the local voltage is still inside the Volt-VAR dead band.

4) A fixed command is checked over a continuous parameter box with a voltage enclosure based on fixed-
point load-flow analysis [22], [23]. The remaining gap is split into enclosure conservatism and search res-
olution, and failed background states are reported rather than removed.

5) All reported operating points, including 2875 samples inside the uncertainty boxes, are re-solved with
MATPOWER [24] and the OpenDSS engine [25], and the conic upper bounds are cross-checked with two
independent conic solvers.
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Fig. 1 Assessment workflow. Each policy result is a bracket [L, U]; a fixed command is checked over a continuous box; every
reported operating point is re-solved with MATPOWER and OpenDSS.

Robust AC feasibility has been studied with convex restrictions [26] and with methods that separate power-flow
solvability from engineering limits [27]. Inexact relaxations can produce bounds that do not correspond to an AC
operating point [28]; for that reason the objective bound and the AC feasibility evidence are kept separate here.

The 16-bus planning model is taken from an earlier study that placed charging stations on an island grid with
mixed-integer optimization and AC power-flow screening [29]. In the present paper, the converter rating and location
are fixed and only the control policy changes. Electric-vehicle charging motivates the recharge demand, but the model
applies to any bidirectional battery converter; vehicle arrivals, port allocation, and mobility service are not modeled.

2 Network Model and Control Policies

2.1 Network and Converter

Each case is a balanced radial feeder, or a radial forest, with constant-power loads and fixed source-voltage
magnitude. One charging converter is placed at bus k. Background demand at bus i is scaled by an active-load factor
a and a reactive-ratio factor b. Charging power p is positive when absorbed from the network, and reactive power g
is positive for capacitive injection. The net complex demand is

si=aPf +jab Qf + 1y (0 —j@). )

The converter rating is 0.5 MW active and 0.55 MVA apparent power for every policy. A point is admissible when
the AC power flow has a solution with all bus voltages in 0.95-1.05 p.u. and the apparent power at both ends of each

branch within its planning limit S; L
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0<p<05 p% +q* < 0.55%,
(2)

095 < |V;| £1.05  max(|S5|.|S;]) < S

The MVA limits are planning values. Source import ratings, protection, transformer thermal dynamics, and phase
imbalance are not inferred from the available data. In the 16-bus model the two sources feed separate radial
components, and the transfer configurations keep the network radial; a source bus left without branches is excluded
from voltage monitoring.

Before any charging is admitted, the background state p = g = 0 must satisfy the same limits. This rule prevents
the converter from being credited with repairing a feeder that is already outside its limits. A state that fails the rule is
recorded as background not admitted. A state that fails the rule is recorded as background not admitted and is excluded
from the charging results. For an uncertainty box, the background must be admitted over the whole box.

2.2 Policies With Matched Hardware

UPF fixes g = 0. Optimized P—Q maximizes p over both signs of g subject to (2). Candidate points are generated
by sequential least-squares programming (SLSQP) from four starts: the UPF solution, zero injection, and positive and
negative reactive seeds. The selected p is reduced by 1077 MW and the point is checked again with a fresh AC power
flow. The multistart only produces candidates; the bound of Section 3 measures how good they are.

The local reference uses the IEEE 1547 Category B default Volt-VAR curve [9], [30] with breakpoints
(0.92, +0.445), (0.98, 0), (1.02, 0), and (1.08, —0.44S), where S = 0.55 MVA. The command q = f(|V;]) is
linear between breakpoints and saturates outside them. At each trial p, the local voltage and the reactive command are
solved together. Reactive priority is applied: the curve command is kept and p is rejected if the capability circle is
violated. An active-power scan followed by bisection gives the largest verified p for this policy. No global certificate
is claimed for this nonlinear curve constraint.

The value 0.44S is the default reactive magnitude; IEEE 1547 allows settings to be adjusted within stated
ranges [9]. Two reactive capabilities are therefore studied: an assumed nameplate value Qc,p = 0.242 Mvar, equal to
0.44S, and the full circle, Qcap = 0.55 Mvar. The optimized P-Q comparator is given the same Qcap; With Qcap =
0.242 Mvar it is labeled P—Qiim. A monotone four-point curve has nine parameters: V¢, four voltage breakpoints, and
four reactive values. The two middle reactive values are free, so the dead band may carry a nonzero command.
Appendix C lists the ranges and the tuning procedure.

Two tuned curves answer different questions. A snapshot-tuned curve is chosen for one known load state; it is an
oracle benchmark and is bounded above by the P-Q relaxation with the same Qc,p. A frozen curve maximizes the
mean charging over training states a € {0.50,0.60,0.70} and is then evaluated, unchanged, at six held-out states. In
both cases the reactive law is local, but the active charging level is still screened with the full network model. These
are therefore not fully decentralized charging controllers. The comparison is static. Normalized DER settings are ap-
plied during battery charging as a modeling choice; conformance and stability testing are outside its scope. Device-
specific reactive capability, operator-authorized settings, and dynamic response have to be confirmed for real
equipment.

3 Upper Bounds and Continuous-Box Feasibility

3.1 Branch-Flow Relaxation and Brackets

For a directed branch i — j, let P;; and Q;; be the sending-end powers, v; the squared voltage magnitude, and ©;;
the squared current magnitude, all in per unit. With branch resistance 7;; and reactance x;;, the branch-flow equations
are

Py = Z Pim +pj + 15ty

m:j-m (3)
Qij = Z Qjm + q; + xi544,
m:j-m
Uj =vi—Z(Ti}-Pij+xijQij)+(T£- +Xl2])1,0u (4)

The equality P/ + Qf; = v;¢;; is relaxed to the second-order cone below, which turns the problem into a second-
order cone program (SOCP):

I (2P;;, 2Qij, vi — ;) I, <vi+ 2 )

The model keeps the converter circle, the apparent-power circles at both branch ends, the squared-voltage limits,
and the fixed source voltages. A finite current bound follows from the sending-end limit and the minimum voltage,

?j < (Eij/0.95)2, so every variable has a finite box.
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The cones are replaced by an outer polyhedral approximation solved with HiGHS through SciPy [31], [32]. The
LP starts from axis halfspaces and adds a supporting halfspace at every cone that is violated. Each cut normal is
checked to have norm at most one, and rounding of the cut coefficients is compensated outward over the variable box
(Appendix B). An incompletely refined LP is therefore still a relaxation. Exactness of the relaxation is not assumed,
and the conditions of [33] are not checked; the LP point is used only for the bound.

Write the encoded LP as max ¢ " x subject to Ax < b, Ex = d, and x'° < x < X. For any 1 > 0 and any v, weak
duality with box support gives [34]

U=A"h+v'd +Zmax{pjx}°, pjx;}, p=c—ATA—=ETv. (6)
J
In (6), A and v are taken from the LP solver, but exact stationarity is not required: any residual p is accounted for
by the box term. The bound is computed in exact rational arithmetic from the stored double-precision coefficients and

rounded upward. A separate script recomputes it from the stored matrices without calling a solver. The device limit
adds U < 0.5 MW. This certifies the arithmetic of the encoded LP; the network data themselves remain model inputs.

Let L and U be the attained AC value and the outer bound for a policy. Besides U — L, the reactive increment over
UPF satisfies

maX(O, LPQ — UUPF) < Ap* < UPQ - LUPF' (7)

The bound in (7) uses only the inclusion of the UPF feasible set in the P—Q set. It identifies cases in which the
increment is much larger than the remaining optimization uncertainty.

3.2 Fixed Command Over a Continuous Box

A robust command uses one (p, q) for every parameter value in the box and, for the 16-bus model, for all three
network configurations. Voltages and flows follow the realized parameters; reactive recourse is not allowed. For
uncertainty half-width e € {0.05,0.10} and nominal load level a, the box is

a € [a(l—¢), a(l+¢e)], be[l—¢ 1+¢€],
vy € [v§ — 0.05¢, v§ + 0.05€¢].
These are engineering sensitivity ranges, not fitted distributions, so no failure probability is attached to them. When

calibrated forecast errors are available, chance-constrained methods [11]-[13] are the better choice; no such data exist
for the present cases.

(®)

For a cell of (8), the center AC equations are solved first. On a radial network, the voltage satisfies the fixed point
V =T;s,vy) = vyl —Z(s/V), where Z is built from path impedances. Let V¢ be the center voltage, a,, = [V¢|, d
an elementwise bound on |s — s¢|,§ = |s¢| + d, M = |Z|, and e€ the center residual. For a radius vector 0 < p < a,,
the disks |V — V¢| < p are mapped into themselves for every parameter value in the cell if

sp d
b +M<—)S . by=e+6v 1+M(—), ©)
0 av(av_p) P 0 0 a,

with elementwise products and quotients. The map is a contraction on the disks in the p-weighted infinity norm if
MG p/(a, — p)D];
K:max[ Sp/Cay =PI _ (10)
L Pi
Under (9)—(10), a unique voltage solution exists inside the disks for every realization in the cell, and |V;| €
[av‘i —pi Ay + pi]. Branch currents are bounded from the same perturbations and multiplied by the endpoint voltage

bounds to enclose both branch-end apparent powers. A cell is accepted only if every enclosed quantity meets its limit.
Unresolved cells are split, and the accepted cells must cover the whole box. Appendix A gives the derivation.

The command is found in three steps. An optimization over the box vertices gives a candidate (p, q). With q fixed,
a scan finds an accepted lower p and a higher tested value, and bisection narrows this interval to at most 10~7 MW;
every new lower point receives a full box check. Depth budgets of 12 and 18 splitting levels expose the effect of
enclosure conservatism. An unresolved upper trial does not prove infeasibility, and because the checker is not shown
to be monotone in p, the refined value is reported as an attained point.

The outer relaxation at the box vertices bounds the continuous problem from above, because a command that is
feasible everywhere is feasible at each vertex. The total bracket is reported in two parts: the gap between the vertex
bound and the vertex candidate, and the derating from the vertex candidate to the enclosed point. The bisection width
is reported separately. The enclosure uses residual inflation and positive margins in double-precision arithmetic, in-
stead of directed-rounding interval arithmetic. A failed AC center, an unresolved enclosure, and a fully enclosed box
are kept as distinct outcomes.



4 Test Systems and Verification Protocol

Table 1 lists the feeders. The 33- and 69-bus benchmarks originate from [35], [36], and the 141-bus model
represents part of the Caracas distribution system [37]. The 33-, 69-, and 141-bus data used in the study are identical
to the MATPOWER 8.1 cases case33bw, case69, and casel41 (largest absolute difference 1.1 x 1071 in loads and
1.7 X 1078 p.u. in impedance). The 141-bus loads, given in kVA, are converted at power factor 0.85, and its near-
zero-impedance branch 86-87 (|z| = 6.4 X 1077 p.u.) is kept unchanged. The 16-bus model is the geographically
based planning model of [29]. It reproduces the stored voltages of the supplied normal and transfer files to within
4.1 X 1077 p.u. The main mechanisms are also reproduced on the public feeders.

Table 1 Feeder data and declared operating assumptions.

Model kV P/Q (MW/Mvar) vy (p.u.) Source
16-bus 22.00 11.376 /2.310 1.00 [29]
33-bus 12.66 3.715/2.300 1.02 [35], [24]
69-bus 12.66 3.802/2.695 1.02 [36], [24]
141-bus 12.47 11.945/7.403 1.02 [371, [24]

Note: Loads are unscaled totals. The 16-bus model has normal and two source-transfer configurations. Public files carry no branch
ratings; the 10-MVA limit and v, = 1.02 p.u. are study settings.

The nominal matrix has six fixed locations per feeder (Table 7 in Appendix D), three load levels a €
{0.55,0.62,0.72}, and three policies, giving 216 cases. Tuned-curve and robust tests use the representative buses 2,
18, 65, and 141 of the 16-, 33-, 69-, and 141-bus models. Controlled experiments use the 33-bus model at bus 18 and
a = 0.62. Every branch R/X is multiplied by 0.5, 1, or 2 at fixed impedance magnitude. An upstream Thevenin branch
with R/X of 0.1 represents an ideal source or a short-circuit level of 250, 100, or 50 MVA behind a fixed internal
voltage of 1.02 p.u.; the feeder-head voltage is then free to change. Two virtual reconnections move branch 7—8 to 26—
8 and branch 3-23 to 20-23 with the same impedance and loads.

The 16-bus transfer configurations are swept over & = 0.80-0.86 at bus 2, where branch loading becomes binding.
A uniform branch limit of 6, 10, or 20 MVA is tested on the public feeders. On the public 33-bus model, the charger
is placed at bus 2 and the head-branch limit is set to 1.02, 1.05, or 1.10 times its background apparent power at a =
0.62, with all other limits at 10 MVA.

Third-party AC verification. All 3340 operating points reported in Sections 5 and the appendices were re-solved
outside the study code. Only operating parameters were passed on: network, bus, a, b, vy, p, q, and the declared
intervention. The networks were rebuilt from the MATPOWER case files and from the raw 16-bus data.
MATPOWER 8.1 [24] on GNU Octave 8.4 [38] solved each point with Newton—Raphson runpf at a mismatch
tolerance of 107° p.u. A tighter tolerance cannot be reached on the 141-bus model because branch 86-87 sets a
floating-point mismatch floor near 101° p.u. The OpenDSS engine (DSS C-API 0.14.5, OpenDSS revision 3723)
through OpenDSSDirect.py [25], [39] solved the same points as three-phase circuits in physical units with constant-
power loads, R, = R;, X, = X;, and no shunt capacitance, at a voltage tolerance of 10~12 p.u. The points comprise
the nominal matrix, all controlled, transfer, rating, tuned-curve, and hourly cases, and a 5 X 5 x 5 grid (including all
vertices) inside every enclosed box. The grid is a sampled consistency check; robustness rests on the enclosure.
Rejected backgrounds were re-solved to confirm that they violate a limit. For the conic bound, the branch-flow SOCP
was re-formulated from the MATPOWER data and solved with Clarabel 0.11.1 through CVXPY 1.9.3 [40], [41], in
addition to an earlier MATLAB coneprog [42] comparison.

5 Numerical Results and Discussion

5.1  Policy Comparison Across Feeders

At a = 0.62, all six locations on the 16- and 141-bus models reach the 500-kW converter limit under every policy
(Fig. 2). Reactive control adds nothing at these locations in the nominal state. Voltage limits bind at downstream
locations of the 33- and 69-bus models: buses 16 and 18 on the 33-bus feeder and buses 61 and 65 on the 69-bus feeder
show the largest differences between policies.

Of the 216 nominal cases, 198 pass the background rule; the 18 rejected cases are the 141-bus states at « = 0.72.
Each of the 132 admitted UPF and P—Q cases has either the device-cap bound or an outer-LP bound, and the largest
bracket U — L is 1.11 X 1073 kW. At bus 18 of the 33-bus feeder, the P-Q value is 469.348541 kW and its bound is
469.348647 kW. With (7), the reactive increment at this location lies between 218.7803 and 218.7805 kW. The bracket
measures optimization uncertainty for the stated model only.



Table 2 Charging at « = 0.62 (kW) at the representative buses.

Feeder/bus | UPF Default P—Qiim P-Q Snapshot Frozen
16/2 500.00 500.00 500.00 500.00 500.00 500.00
33/18 250.57 344.82 436.25 469.35 469.35 463.75
69/65 333.40 386.03 437.64 461.61 461.61 446.88
141/141 500.00 500.00 500.00 500.00 500.00 500.00

Note: IEEE 1547 Category B default curve. Snapshot and frozen curves use Qc,p = 0.55 Mvar; P — Qjipy uses Qcap =
0.242 Mvar.
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Fig. 2 Admissible charging at @ = 0.62 for the six fixed locations on each feeder, with 500-kW/550-kVA hardware for every
policy.

5.2  Default Setting, Reactive Capability, and Frozen Curves

Table 2 and Fig. 3 separate the parts of the gain. On the 33-bus feeder, P—Q dispatch exceeds UPF by 218.78 kW
and the default curve by 124.52 kW. The default-curve shortfall does not survive tuning: a snapshot-tuned curve
reaches 469.34864 kW, which is within 9 X 107 kW of the P-Q outer bound. On the 69-bus feeder the snapshot-
tuned curve is within 4.8 X 10™* kW of its bound. On the 16- and 141-bus feeders the converter limit closes the
comparison. The tuned curve that achieves this is a plateau through the optimized g, which is allowed by the static
setting ranges. It serves as an oracle for a known state.

With Qcap = 0.242 Mvar for both the curve and P-Q dispatch, the snapshot-tuned curve again reaches the P-Q
value (P—Qiim). On the 33-bus feeder, the 91.43-kW difference between the default curve and P—Qiim is therefore caused
by the default settings. The further 33.10 kW comes from the larger assumed reactive capability. On the 69-bus feeder
the two parts are 51.61 kW and 23.97 kW. Neither part should be attributed to coordination as such.

The frozen curve, trained on a € {0.50,0.60,0.70}, gives 463.75 and 446.88 kW at the held-out @ = 0.62 on the
33- and 69-bus feeders. These values are 5.60 and 14.73 kW below the state-specific P—Q values. Because curve
training is nonconvex, the losses include the restriction to one shared curve and any remaining tuning error. The mean
of the state-wise P—Q bounds over the training states limits the possible improvement of the frozen tuning to 2.26 kW
on the 33-bus feeder and 20.61 kW on the 69-bus feeder (Table 6). On the 141-bus feeder, all training states saturate
the converter, so the training objective does not identify a curve and the default setting is kept. Over the five admitted
held-out states it averages 424.27 kW against 471.99 kW for state-wise P—Q. A curve trained only on unconstrained
states can thus fail when a held-out state becomes voltage-limited.
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Fig. 3 Decomposition of the reactive benefit at @ = 0.62. Crosses mark the snapshot-tuned Volt-VAR result with the same Qcap
as the bar it lies on.

5.3 Impedance Angle, Source Strength, and Connectivity

Source impedance and feeder R/X interact strongly (Fig. 4). With an ideal source, P—Q charging for R/X multipliers
of 0.5, 1, and 2 is 500.00, 469.35, and 375.17 kW, and the increments over UPF are 85.85, 218.78, and 162.02 kW.
The increment is not monotonic in R/X. At low R/X, the converter limit caps the P—Q result and hides a large voltage
sensitivity; at high R/X, reactive injection moves the voltage less per Mvar.

At the original R/X, reducing the upstream level from an ideal source to 100 MVA lowers UPF charging from
250.57 to 9.02 kW and P-Q charging from 469.35 to 369.38 kW. The reactive increment grows from 218.78 to
360.36 kW while the P—Q capacity itself falls by 99.97 kW. A large relative gain from reactive power can therefore
indicate a weak connection rather than a strong one. At 50 MVA the background state violates a limit for all three R/X
settings, and no gain is reported.

The two reconnections change the bus-18 P—Q value from 469.35 to 464.10 kW (branch 7-8 moved to 26—8) and
to 482.46 kW (branch 3—23 moved to 20-23), with loads and impedances unchanged. These changes are modest. They
show sensitivity to connectivity in these two counterfactuals and do not rank topologies. Since the four feeders differ
in voltage level, load, impedance, and source settings at once, cross-feeder differences are described in this paper as
feeder-dependent, not topology-dependent.
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~ 500 - -
2
= 400 3 -
] R TE R
23007 22 I gz I 2z
5 33 23 23
gor iz I ER i iz
20
U r -
9]
ideal 250 100 50 ideal 250 100 50 ideal 250 100 50
Upstream short-circuit level (MVA) Upstream short-circuit level (MVA) Upstream short-circuit level (MVA)

Fig. 4 Controlled R/X and upstream short-circuit interventions on the 33-bus feeder, bus 18, @ = 0.62. Branch impedance
magnitudes are fixed within each R/X setting. At 50 MVA the background state violates a limit for all three R/X settings.
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5.4  Branch-Loading Relief Inside the Dead Band

On the public 33-bus feeder, with the head-branch limit set to 2.93335 MVA (1.05 times its background loading), UPF
and the default curve both admit 162.32 kW. P—Q dispatch admits 361.41 kW with ¢ = 0.415 Mvar (Fig. 5). The bus-
2 voltage is 1.0182 p.u., inside the 0.98—1.02 p.u. dead band, and the lowest feeder voltage is 0.9688 p.u., so no voltage
limit is active. The head-branch limit binds. Capacitive injection at bus 2 reduces the reactive power drawn through
the head branch and releases apparent-power capacity for active charging. The default curve cannot respond because
its voltage trigger is never reached.

The effect holds at the other two rating factors: UPF and P—Q admit 65.27 and 291.76 kW at 1.02, and 322.02 and
463.69 kW at 1.10. Snapshot-tuned curves recover the P—Q value at all three factors, because their dead band can carry
a nonzero command. The limitation shown here belongs to the default voltage-triggered rule.

The 16-bus transfer configurations show the same mechanism on the planning model. With source SS1 out of
service and ¢ = 0.84, UPF admits 241.71 kW and P—Q admits 320.16 kW, and the default curve stays at g = 0. At
a = 0.86 the values are 5.06 and 99.91 kW. With SS2 out of service the corresponding values are 247.28 and
324.99 kW at a = 0.84. The public intervention reproduces the interpretation without access to the planning files.

~@- Unity PF =i~ Optimized P-Q
() =fr  Default VOIt-VAR =¥ Snapshot-tuned Volt-VAR
a
z
&
o 400 F //.
ol
=]
)
]
en 200
8 2
=11}
g
=
U 0 1 1 1
)
= default dead-band upper edge, 1.02 p.u
5]
on
3
= 1.019
4
[an ]
o0 [ E—
2 1018 = =il
1.02 1.05 1.10

Head-branch limit / background apparent power

Fig. 5 Public 33-bus head-branch rating intervention, charger at bus 2, @ = 0.62. The ratings are study assumptions. (a)
The default curve coincides with UPF and the snapshot-tuned curve with P—Q. (b) The local voltage stays inside the default
dead band for every policy.

5.5 Fixed Commands Over Continuous Boxes

Table 3 and Fig. 6 give the enclosed P-Q commands. The bisection width is at most 10™* kW, so the remaining
brackets are not a result of search resolution. For the larger 33-bus box, UPF lies in [85.494, 85.722] kW and P-Q in
[386.258, 386.529] kW, and (7) places the robust increment between 300.536 and 301.035 kW. On the 69-bus feeder
the robust increment lies between 201.758 and 202.950 kW. Both increments are much larger than the brackets. At
€ = 0.05 on the 141-bus feeder, the P-Q lower value exceeds the UPF bound by 50.49 kW (Table 8). Converter
saturation in the nominal state does not exclude a reactive benefit under uncertainty.

Raising the depth budget from 12 to 18 reduces the 33-bus P—Q bracket at € = 0.05 from 0.481 to 0.120 kW and
the 141-bus bracket from 6.702 to 1.677 kW (Fig. 6b). Since the search width is already below 10~* kW, this reduction
measures enclosure conservatism. At depth 18 the P—Q covers use 3 cells over the 16-bus configurations, 19 cells for
each admitted 33- and 69-bus box, and 145 cells for the admitted 141-bus box. The largest contraction factor is below
0.11. The saved cells were replayed against the inequalities, and their volumes and overlaps were checked in exact
rational arithmetic.

At e = 0.10, the 141-bus background violates an AC limit inside the box and is rejected. This is different from an
unresolved enclosure, for which failure of the sufficient condition alone proves nothing. The fixed-q refinement also
leaves open whether another g or a tighter enclosure would narrow the bracket further.
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Fig. 6 Fixed commands over the uncertainty box. (a) Enclosed charging for UPF and P—Q at depth budget 18. (b) Bracket
U — L at depth budgets 12 and 18 (log scale); the brackets are computational bounds. The 141-bus background fails at € =

0.10.
Table 3 Fixed-command P-Q brackets at « = 0.62, depth budget 18.
Feeder/bus € Enclosed p (kW) Bound U (kW) U—L (kW)
16/2 (3 configs.) 0.05 500.000 500.000 <0.001
16/2 (3 configs.) 0.10 500.000 500.000 <0.001
33/18 0.05 430.648 430.768 0.120
33/18 0.10 386.258 386.529 0.272
69/65 0.05 381.412 381.684 0.273
69/65 0.10 289.008 289.614 0.606
141/141 0.05 498.323 500.000 1.677
141/141 0.10 background counterexample
5.6  Third-Party AC Verification

Both MATPOWER and OpenDSS converged at all 3340 points (Table 4). The largest voltage difference from the

study solver is 7.6 x 1071° p.u. with MATPOWER, which is consistent with its 10~° mismatch tolerance, and
1.9 x 107! p.u. with OpenDSS. None of the 3205 admitted points violates a limit in either tool beyond 3 x 10712;
such residuals occur only where a limit is binding by design. All 2750 box samples remain feasible with a margin of
at least 7.9 X 1078, which is consistent with the enclosure being conservative. All ten rejected backgrounds violate a
limit in both tools. In the 141-bus box at € = 0.10, both tools find the background violation at the same 10 of the 125
grid points, which reproduces the counterexample.

Table 4 Third-party AC re-solution of all reported operating points.

Point set N e |A|V|l (pv) Worst margin
MATPOWER OpenDSS

Nominal matrix 198 5.9 x 10710 8.4 x 10712 =0
R/X, source, connectivity 54 7.1 x 10710 2.3x10712 >0
16-bus source transfer 24 1.3x 10711 43 x 10712 >0
Uniform rating, P — Qjim 20 2.5x 10710 6.5 x 10712 5.1 x107°
Head-branch rating 12 4.4 x 10712 2.2x 10712 39x 10713
Tuned Volt-VAR 54 7.6 x 10710 1.2 x 10711 9.7 x 10711
Hourly illustration 93 7.2x 10710 1.2 x 10711 >0
Box samples (fixed command) 2750 7.4 x 10710 1.9 x 10711 7.9 x 107
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Rejected backgrounds 10 3.1x 10712 8.3 x 10712 all< 0
141-bus box, €=0.10, p=q=0 125 3.9 x 10712 1.6 x 10711 10<0

Note: 4|V|: difference from the study solver over all monitored buses. Margin: smallest normalized limit margin from both tools;
> 0 means no violation larger than 3 X 10712 (solver tolerance at binding limits).

Table 5 compares the conic optimum from two solvers with the attained AC value and the certified bound. The
Clarabel optimum exceeds L by exactly the 10™*-kW safety reduction applied to every candidate and lies at most
7.5 X 10™* kW below U. At the four voltage-limited cases, the largest cone slack is below 6 X 10~7 p.u., so the conic
solution nearly satisfies the AC equality; the AC points at buses 18 and 65 are therefore within 0.1 W of the relaxation
optimum. Where the converter limit binds (16 and 141 buses), the slack is 0.22—0.45 p.u., and the objective agreement
there does not indicate an exact relaxation. The coneprog values fall up to 4.9 X 1073 kW below L at its default
tolerance, so they serve only as a consistency check.

Table 5 Independent conic solution at @ = 0.62 (kW).

Case ACL Clarabel coneprog Outer U Slack
16/UPF 499.999900 500.000000 499.999957 500.000000 0.22
16/PQ 499.999900 500.000000 499.999954 500.000000 0.22
33/UPF 250.568120 250.568220 250.567585 250.568220 3x107°
33/PQ 469.348541 469.348641 469.346430 469.348647 1x107°
69/UPF 333.395809 333.395909 333.390954 333.396660 4x 1077
69/PQ 461.614566 461.614666 461.611540 461.615140 5% 1077

141/UPF | 499.999900 500.000000 499.999943 500.000000 0.44
141/PQ 499.999900 500.000000 499.999864 500.000000 0.45

Note: Slack: largest v;£;; — Pizj - Ql-zj in the Clarabel solution (per unit). coneprog: MATLAB R2023b, tolerance 1077.

5.7 Ratings and Temporal Interpretation

Changing the uniform branch limit from 6 to 20 MV A leaves the 33- and 69-bus results at @ = 0.62 unchanged,
because voltage limits set those values. The 141-bus background fails at 6 MV A and is admitted at 10 and 20 MVA,
so its acceptance region cannot be transferred to a physical feeder without branch data. The 16-bus transfer results
likewise describe the supplied planning model.

An eight-hour nominal profile (Appendix D) converts the admitted hourly p into battery-side charging energy at a
constant efficiency of 0.95. At the 33-bus location, UPF, the default curve, and P-Q give 2.4573, 3.1683, and
3.6881 MWh. These are integrals over an assumed profile and do not constitute a storage sizing result. The 141-bus
state at 22:00 fails the background rule, so no complete-window value is reported for that feeder.

6 Conclusion

For a converter that recharges a station battery through a constrained feeder, the charging gain from reactive power
was bounded rather than estimated. At the representative 33-bus location, attained AC points and outer bounds
evaluated in rational arithmetic place the gain over unity power factor in a 0.2-W interval at 218.78 kW, an 87%
increase in admissible charging. Three planning rules follow from the controlled comparisons. First, a default Volt-
VAR curve measures the cost of its setting, not the value of reactive hardware: a snapshot-tuned curve inside the IEEE
1547 ranges recovers the full 124.52-kW shortfall, and the default-setting loss (91.43 and 51.61 kW on the 33- and
69-bus feeders) exceeds the gain from raising the reactive limit from 0.242 to 0.55 Mvar (33.10 and 23.97 kW), while
keeping one tuned curve across load states costs 5.60 and 14.73 kW at the held-out state. Second, reactive support can
raise charging where no voltage limit binds; on a public 33-bus case it relieves a binding head-branch limit while the
local voltage stays inside the default dead band, so a voltage-triggered rule gives no response. Third, the relative gain
is largest on weak connections, where absolute capacity is smallest, and differences between feeders cannot be
assigned to topology without controlled tests. Fixed commands remain feasible over continuous uncertainty boxes
with P—Q brackets of 0.12-1.68 kW, and MATPOWER and OpenDSS reproduce all 3340 operating points within
7.6x107'° p.u. These statements hold for balanced constant-power feeders, assumed planning limits, and uncertainty
ranges without probabilities; reactive-dependent converter losses, state-of-charge limits, dynamic Volt-VAR stability,
and unbalanced three-phase feeders with measured loads remain to be addressed before field use.

Appendix A: Continuous-Box Voltage Enclosure

Consider T(V;s,v,) = vyl — Z (s/V) with element-wise division. For a radial forest, every root has the
prescribed magnitude and its own phase reference, and disconnected components are handled by the block structure



11
of Z. Let V¢ be a numerical center solution with residual e€ = |T(VS; s, v§) — V€|, a=|V¢|, M = |Z|, and
|s — s¢| < d. The residual is carried explicitly instead of assuming an exact center root.

On the product of closed disks D = {V: |V — V°¢| < p} with 0 < p < a, every voltage satisfies |V| = a — p, and

1 1 Pi
13 _ A (11)
Vi VT ailai—po)
Writing s/V — s€/V¢ = (s —s)/VE +s(1/V — 1/VE) gives
d sl +d
IT(V;s,v9) —VE| <e“+8vyl+ M —+u . (12)
a ala—-p)

If the right side does not exceed p, each parameter-specific map sends D into itself, which is (9). For V,W € D,
|1/V —1/W| < [V —=W]|/(a - p)?, so the Lipschitz constant of T in the norm || z Il ,= max;|z;|/p; is bounded by
K in (10). If k < 1, the Banach fixed-point theorem gives a unique solution in D for every realization in the cell. This
is uniqueness inside the enclosure only; other AC solutions elsewhere are not excluded.

For the load parameters with center (a®, b°, v§), the componentwise bounds are §P; = (a* — a™)P#/2 and §Q; =
max(|a~b™ — ah®|,|a*h* — a‘b¢|) QF, with d; = (§P? + 5Q?)'/? on the feeder power base. All demands and
parameter endpoints are nonnegative, so the extremes of the bilinear term ab lie at the stated endpoints. The converter

command enters s€ but not d. With H the branch-to-downstream-bus path matrix and I = H (s¢/V¢),
d sl+d
si—p(d Usi+dp
a a(a—p)

At each branch end i, the apparent power is bounded by Sy.se(a; + p;)(|I€| + 81). Losses enter through the AC
center and the nonlinear enclosure, so no lossless DistFlow approximation [35], [36] is involved.

), [I] < [I€] + 61. 13)

The radius is initialized from the residual and the uncertainty forcing and enlarged until (9) holds or the attempt is
rejected. A rejected cell is split along its largest normalized width. A violating center is a counterexample; reaching
the depth or cell limit returns unresolved. Background admission uses depth 9; command checks use depth budgets 12
and 18 with at most 24 000 cells per trial. Residual forcing is inflated by 10711 p.u., accepted constraints need a margin
of at least 107°, and ¥ < 1 — 1078, The stored leaf boxes, depths, contraction factors, radii, and margins allow the
inequalities to be replayed; exact rational volume and overlap checks confirm that the leaves cover the box without
overlapping interiors.

Appendix B: Outer-LP Certificate

For the LP of (6), any feasible x satisfies
c'x =ATAx+VvEx+p'x

<ATh+v'd+ z max (p;x}°, p;X;). (14)
j

The argument needs neither an optimal dual vector nor exact stationarity; residuals that would normally be
absorbed by bound multipliers enter through the last term. All bounds must be finite and valid for the original feasible
set. The code checks A > 0, evaluates (14) with exact rational copies of the stored double-precision numbers, and
rounds upward.

Foracone || Bx lI,< a'x + t, any u with || u [l,< 1 gives the valid cutu" Bx — a "x < t. The normal u is scaled
conservatively and its squared norm is checked in rational arithmetic. If the exact cut coefficients h are stored as
floating values h, the right side is corrected outward over the variable box:

Ex e+ Y max{(h - hy)x, (F - )T} (15)
j

Cut rounding therefore never removes a feasible point of the encoded cone. Every cone violated by more than
2 x 10719 receives a cut in each iteration. The loop stops when the cones are satisfied, when the LP objective is within
2 X 1077 MW of the attained AC value, or after 70 iterations. Early stopping can leave cone residuals; the bound
remains valid because of the outer inclusion and (14). Each certificate file contains the sparse matrices, right sides,
objective, bounds, multipliers, and LP point. Device-limited cases use the analytical cap.

Appendix C: Volt-VAR Tuning Protocol

Voltages are normalized to nominal, and q is positive for injection. The Category B setting ranges of IEEE 1547-
2018 Table 8 [9] are imposed: Vier € [0.95,1.05], V, € [Vier — 0.03, Vierl, Va € [Vier, Vier + 0.03], V; € [Vier —
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0.18,V, — 0.02], and V, € [V; + 0.02,Vi¢ + 0.18]. The reactive values satisfy 0 < Q; < Qcap, —Qcap < Q4 <0,

and Q,, Q3 € [—Qcap, Qcap]. Monotonicity Q; = Q, = Q3 = Q, and V; — V, > 107° are added.

For a nonnegative snapshot value g, the settings (Vier, V4, Vs, Vs, V,) = (1.04,0.90,1.04,1.05,1.10) with
(01,0Q4,05,0,) = (q,9,q,0) define a plateau over the observed voltage range. A verified P—Q point on this plateau
is feasible for the local policy. Every local-curve point also satisfies the P-Q model, so its value cannot exceed the P—
Q bound. An attained plateau point close to that bound is thus a near-best snapshot curve, without solving the nine-
parameter design problem globally.

Frozen tuning optimizes the nine parameters jointly with per-state p and q, maximizing their mean over the training
states. Six seeds (the default curve and five injection plateaus) start SLSQP with 300 iterations and tolerance 10711,
Each candidate is re-evaluated by a self-consistent AC solution, a 101-point p scan, and 32 bisection steps, with a
small positive margin. Training uses a € {0.50,0.60,0.70} and evaluation a € {0.49,0.52,0.55,0.62,0.68,0.72}. On
the 141-bus feeder a = 0.70 is rejected in training and a = 0.72 in evaluation. When several curves reach the
converter limit in all training states, the first best curve in the fixed seed order is kept; held-out results are never used
to break ties.

Table 6 Frozen Volt-Var curves, Qcap = 0.55 Mvar (kW).

Feeder Held-out mean Training objective
Adm. Default Frozen P-Q Frozen Bound Gap
16 6/6 500.000 500.000 500.000 500.000 500.000 0.000
33 6/6 370.953 465.691 469.822 465.840 468.104 2.264
69 6/6 395.051 423.789 448.629 428.752 449.364 20.612
141 5/6 424.268 424.268 471.992 500.000 500.000 0.000

Note: Bound: mean of the state-wise P-Q bounds over the training states. Gap: upper limit on the possible improvement of the
frozen tuning.

Appendix D: Additional Results

The fixed locations of the nominal matrix are listed in Table 7, and the UPF brackets of the robust study in Table 8.
The hourly profile is « = (0.72,0.62,0.55,0.52,0.50,0.49,0.50,0.55) for hours 22:00 to 05:00. It is an assumed engi-
neering profile, and the hourly commands are optimized separately from the robust commands. The battery-side energy
is

8
Ey = 0.952ph A, At=1h, (16)
h=1

with the results in Table 9. Summing the seven admitted 141-bus hours would not show that the full window is
feasible, so that partial sum is not reported. Equation (16) ignores reactive-dependent losses, charge taper, state-of-
charge limits, and a terminal energy target.

Table 7 Fixed charger locations in the nominal matrix.

Model Buses (one-based)
16-bus 2,4,6,8,13,15
33-bus 2,12, 16, 18,27, 33
69-bus 11, 17, 26, 49, 61, 65
141-bus 8, 53,87, 108, 121, 141

Table 8 Fixed-command UPF brackets, depth budget 18.

Feeder/bus € Enclosed p (kW) Bound U (kW) U —L (kW)
16/2 (3 configs.) 0.05 500.000 500.000 <0.001
16/2 (3 configs.) 0.10 500.000 500.000 <0.001

33/18 0.05 168.893 168.995 0.103
33/18 0.10 85.494 85.722 0.228
69/65 0.05 211.037 211.302 0.265
69/65 0.10 86.664 87.250 0.586
141/141 0.05 446.191 447.835 1.645
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141/141 ‘ 0.10 ‘ background counterexample

Table 9 Charging energy over the assumed eight-hour profile (MWh).

Feeder/bus UPF Default curve P-Q
16/2 3.8000 3.8000 3.8000
33/18 2.4573 3.1683 3.6881
69/65 3.2341 3.4125 3.6106
141/141 22:00 state not admitted
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