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A Spatial Model of Chronic Wasting Disease and the Optimal

Placement of a Sight-Based Cull

Gabe Flanagin∗ Alex Escoto† Zhen Chao‡

Abstract1

Chronic wasting disease (CWD) is a fatal prion disease of cervids that spreads by direct2

contact and through a persistent environmental reservoir. We ask where and when a cull re-3

stricted to the clinically affected animals that field crews can identify should be placed on a real4

landscape, and what it can achieve. We formulate a five-compartment (susceptible, exposed,5

pre-clinical, clinical, environmental) reaction–diffusion model on a surface built from digital el-6

evation data, with land cover setting the carrying capacity and slope and land cover setting an7

anisotropic diffusion tensor. We optimize a space- and time-dependent removal rate on the clin-8

ical class, computing gradients with the exact discrete adjoint of the finite element scheme. A9

closed-form bound gives the lowest control reproduction number such a cull can reach. With our10

parameters, pre-clinical animals generate 39.5% of local transmission, and maximal effort leaves11

it at or above 1.36 across our sweep. Simulations across reservoir persistence and transmissibil-12

ity confirm that the optimal cull slows but never halts the invasion. The front retains 56–94%13

of its uncontrolled speed, and the control recovers 7–53% of the accumulated loss of susceptible14

deer. Where the herd is depleted, optimal effort forms a ring at the leading edge, 12–19 km15

ahead of the clinical peak. Cumulative incidence can rise under control even as per-capita risk16

falls, because the cull keeps more susceptible deer alive. On three Colorado landscapes, terrain17

and land cover barely change the benefit, and the cull needs 26–35% less effort, since less ground18

carries the invasion.19

Keywords: chronic wasting disease; reaction–diffusion; PDE-constrained optimal control; discrete20

adjoint; surface finite elements; landscape heterogeneity21

Mathematics Subject Classification: 92D30; 49K20; 35K57; 65M6022

1 Introduction23

Chronic wasting disease (CWD) is a fatal, transmissible prion disease of deer, elk, moose and other24

cervids, and it has now been detected across much of North America as well as in Scandinavia25

and South Korea (Escobar et al., 2020). Unlike most wildlife epizootics, it spreads by two routes.26

Infected animals shed prions in saliva, urine and feces long before they show clinical signs (Mathi-27

ason et al., 2006), so transmission occurs both through direct contact and through a contaminated28

environment. Prions bind to soil minerals and remain infectious (Johnson et al., 2006), and pad-29

docks that once held infected deer transmitted the disease to naive animals two years after the30

infected animals were removed (Miller et al., 2004). Since the reservoir persists independently of31
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its hosts, CWD can persist at host densities too low to sustain direct transmission alone (Almberg32

et al., 2011). Field studies now link endemic CWD to population declines in both white-tailed deer33

(Edmunds et al., 2016) and mule deer (DeVivo et al., 2017). There is no vaccine or treatment,34

and management consists largely of removing deer, through harvest or targeted culling, with little35

empirical evidence on how that effort should be placed (Uehlinger et al., 2016).36

Mathematical models have shaped much of what is known about CWD dynamics. Well-mixed37

compartmental models established the roles of direct and environmental transmission (Miller et al.,38

2006; Almberg et al., 2011), showed that environmental persistence can drive population decline and39

extinction (Almberg et al., 2011) and recurrent epizootics (Sharp and Pastor, 2011), and examined40

how harvest and predation interact with transmission (Potapov et al., 2016; FitzGerald and Keener,41

2025). Management-oriented models have compared culling strategies (Wasserberg et al., 2009) and42

contrasted selective removal of infected animals, as by predators, with non-selective removal (Wild43

et al., 2011; Miller et al., 2008). Spatial models have followed more slowly. Ecological diffusion44

models fitted to telemetry and surveillance data reproduce observed spread in mule deer in Utah45

(Garlick et al., 2014) and forecast spread in white-tailed deer in Wisconsin (Hefley et al., 2017), and46

a recent causal analysis of targeted culling in Wisconsin found that it reduced the spatial diffusion47

of the disease rather than its local growth rate (Mandujano Reyes et al., 2025).48

Two recent studies show where the gap lies. Suresh et al. (2026) fit a susceptible–infected–49

environmental system on a 20 km grid over Kansas, coupled between cells by a mixing matrix built50

from the order of first detection, and recover the direction and rate of spread from nineteen years51

of surveillance. Their model has no management lever, and the authors identify the absence of52

land cover, soil and elevation inputs as its main limitation. Yin et al. (2026) pose a stochastic,53

well-mixed susceptible–infected–environmental system and use deep reinforcement learning to find54

a control policy over hunting and environmental decontamination, and name spatial structure as a55

natural extension. Neither model can ask where on a real landscape culling effort should go.56

Optimal control theory offers a principled way to ask that question. It has a long history57

in the management of wildlife disease (Lenhart and Workman, 2007; Clayton et al., 2010), and58

Miller Neilan and Lenhart (2011) extended it to a parabolic epidemic system to optimize the59

spatial distribution of rabies vaccine baits. Modern PDE-constrained optimization provides the60

adjoint machinery that makes such problems tractable on realistic meshes (Hinze et al., 2009).61

To our knowledge, these tools have not been applied to CWD, whose environmental reservoir,62

long pre-clinical stage and strong dependence on habitat make spatial placement both difficult and63

important.64

In this paper we make the CWD model spatially explicit and continuous, with terrain and land65

cover entering both the carrying capacity and the diffusion tensor, and optimize a culling effort66

that varies over space and time. Throughout, the cull is restricted to the one class a field crew can67

identify without a diagnostic test, the clinically affected animals. Our contributions are as follows.68

1. We formulate a susceptible–exposed–pre-clinical–clinical–environmental (S-E-I-R-W) reaction–69

diffusion model on a surface Γ ⊂ R
3 built from digital elevation data, with an anisotropic70

diffusion tensor that redirects movement along terrain contours and with every parameter71

traced to its source (Section 2).72

2. We derive a closed-form, model-independent bound on what a sight-based cull can achieve,73

expressed through R0 and three ratios that can in principle be measured in the field (Sec-74

tion 3.2).75

3. We state the optimal control problem with a sparsity-promoting cost, derive its adjoint system76

and optimality condition, and implement the exact discrete adjoint of a surface finite element77
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scheme, verified by Taylor tests to second order (Sections 3–6).78

4. Through a factorial sweep on a flat domain and an ablation on three Colorado landscapes,79

we characterize where optimal effort falls relative to the invasion front, what it achieves, and80

what terrain and land cover change (Section 7).81

Section 8 discusses the management implications and limitations, and Section 9 concludes. Each82

parameter value is given where the parameter first appears, and the values are collected in Table 183

for the model and in Section 3.3 for the control problem.84

2 The Reaction–Diffusion Model on a Terrain Surface85

2.1 The domain: an embedded surface Γ86

The domain Γ ⊂ R
3 is a two-dimensional surface interpolated from the digital elevation model87

(DEM) of the U.S. Geological Survey (USGS) 3D Elevation Program (U.S. Geological Survey,88

2024a), resampled to a 30 m grid, and triangulated into a mesh Γh (Section 6) whose vertices carry89

a position x ∈ R
3 and whose triangles carry a unit surface normal n(x). Land cover from the90

Annual National Land Cover Database (NLCD; U.S. Geological Survey, 2024b) is aligned to the91

surface by longitude and latitude, so each point of Γ is tagged with a land-cover class that sets92

both K and D. All spatial operators are surface operators: ∇Γu is the tangential gradient of a93

scalar u and ∇Γ · F the surface divergence of a tangential field F.94

2.2 State variables and governing equations95

We split the deer population into four host densities (deer/km2): susceptible S; exposed E, which96

are infected but latent and neither transmit nor shed; pre-clinical I, which are infectious and97

shedding but look healthy in the field; and clinical R, which are visibly affected, shed faster and98

move much less. We write N = S + E + I + R for the total density. A fifth field W is the99

environmental prion load deposited through saliva, urine, feces and carcasses. These are the stages100

of Almberg et al. (2011), resolved one for one, with removal at rate α representing death. Separating101

I from R lets us represent a sight-based cull (Section 3), since R is the set of animals a field crew102

can identify without a diagnostic test.103

The governing system on Γ , with a dot denoting ∂t, is104

Ṡ = ∇Γ ·
(
DS ∇ΓS

)
+ rS

(
1− N

K

)
− S Λ, (1)

Ė = ∇Γ ·
(
DE ∇ΓE

)
+ S Λ− σ1E, (2)

İ = ∇Γ ·
(
DI ∇Γ I

)
+ σ1E − σ2I, (3)

Ṙ = ∇Γ ·
(
DR ∇ΓR

)
+ σ2I − αR, (4)

Ẇ = ρII + ρRR− δW, (5)

where the force of infection per susceptible combines the two transmission routes,105

Λ := β1
(
I +R

)
+ β2W. (6)

Both shedding stages transmit directly at the same rate β1 (Section 2.7). We specify the tensors106

DX in Section 2.5 and the carrying capacity K(x) in Section 2.4. The system is closed with no-flux107

conditions108 (
DX ∇ΓX

)
· ν = 0 on ∂Γ, X ∈ {S,E, I, R}, (7)

where ν is the outward conormal, so deer neither enter nor leave the domain.109
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2.3 Reaction kinetics110

Recruitment rS(1−N/K) is logistic. Density dependence acts through the total density N , and all111

newborns enter S. Direct transmission β1S(I+R) comes from contact with shedding deer of either112

stage, and environmental transmission β2SW from contact with contaminated ground. Infected113

animals leave the latent and pre-clinical stages at rates σ1 and σ2, and αR is the removal of clinical114

deer by disease-induced mortality, together with any predation or harvest that selectively takes115

symptomatic animals. There is no recovery, so every exposed animal eventually becomes clinical.116

Deposition ρII + ρRR combines shedding by living animals with the release at death and during117

carcass decomposition, and δW is the loss of infectivity through degradation, burial or transport,118

with 1/δ the mean persistence time.119

Splitting the shedding period into two stages has two effects. First, the time spent shedding120

is Erlang rather than exponentially distributed, which changes the generation-time distribution121

and with it the growth rate at fixed R0. Second, it lets the stages differ in mobility, since deer122

slow down once clinical signs appear. The two transmission routes also act on different timescales.123

Direct transmission follows the current shedding population, whereas W integrates past shedding124

over a memory of 1/δ, so present risk is decoupled from present prevalence. We treat prions as125

immobile, so (5) is a local ordinary differential equation (ODE) at each point of Γ .126

2.4 Carrying capacity K and demography127

We draw parameter values from the CWD literature, using mule deer data wherever possible, and128

label each value by its provenance: [lit], derived from published CWD data; [def], a unit-defining129

normalization; [cal], back-solved from a stated calibration target; [asm], assumed, that is, expert130

judgment without a supporting citation for this region; and [num], a conditioning or discretization131

parameter that represents nothing about deer or prions. Table 1 collects them, and Section S1 of132

Online Resource 1 records how each value was reached.133

The carrying capacity is a base capacity K0 (deer/km2) scaled by a land-cover coefficient,134

K(x) = K0 c(x), (8)

where c(x) ∈ [0, 1] is the habitat quality of the local land-cover class. We take c from the mule135

deer motilities of Garlick et al. (2014) for the five classes they resolve and set the rest by expert136

judgment (Table 2 and Section 2.5). This makes K discontinuous across class boundaries, and the137

discretization smooths each boundary over a single element (Section 6). We take K0 = 3 deer/km2
138

in the best habitat class, [asm]. Three independent readings of deer density (Geremia et al., 2015;139

Miller et al., 2006; Suresh et al., 2026) bracket it to 2–3, and Section S1 of Online Resource 1140

reconciles them.141

The intrinsic growth rate is r = ln 1.30 = 0.26 yr−1, [lit], the maximum annual finite growth142

rate that Almberg et al. (2011) report for mule deer. This is already the density-free rate the143

logistic term requires. The life-table eigenvalues of Tanner (1975) give at most 0.24. Since a larger144

r speeds recovery, our value errs in the control’s favor (Section S1 of Online Resource 1).145

2.5 Terrain- and land-cover-aware diffusion tensor D146

Climbing is energetically costly for mule deer (Parker et al., 1984), and mountain ungulates cross147

slopes obliquely, so the grade they climb is shallower than the terrain (Redcliffe et al., 2025).148

We therefore let slope redirect movement onto the contour rather than remove it, and scale both149
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directions by the permeability of the local land cover. With es and ec the unit tangent vectors of150

Γ along the slope and along the contour, the diffusion tensor is151

D(x) = κ p(x)
[
η(θ) es ⊗ es +

(
2− η(θ)

)
ec ⊗ ec

]
, (9)

where p(x) ∈ (0, 1] is the permeability of the local land-cover class, set below. The scale κ carries152

the physical magnitude of the diffusivity, and every other factor in (9) is dimensionless. Since D153

is symmetric, the surface diffusion operator is self-adjoint. The trace of D is 2κp at every slope,154

as for a walker with fixed speed u and persistence time tp, whose D = u2tp ⟨e⊗ e⟩, averaged over155

its headings e, has a trace that does not depend on how those headings are distributed. Slope156

thus changes the direction in which deer travel but not how far. The factor η sets how strongly157

movement along the fall line is suppressed, and the fixed trace sends that movement onto the158

contour. Deer on steep ground likely also move less overall, but we do not include this, since it159

would add a parameter with no data to set it.160

Along the slope, diffusion is suppressed by the factor161

η(θ) = ι+ (1− ι) e−γ tan θ, (10)

where θ is the angle between n and the vertical, so tan θ is the grade, which is finite everywhere162

since Γ is the graph of an elevation function. The exponential form follows Tobler’s hiking function,163

in which walking speed falls exponentially with grade (Tobler, 1993), so the penalty begins at the164

first degree of slope and is set by a single rate γ. On flat ground η = 1 and the tensor is isotropic,165

so it does not depend on es where the slope direction is undefined, and the floor ι > 0 keeps it166

nonsingular along es. Each host compartment also carries a mobility multiplier, DX = Dscale
X D(x).167

Susceptible, exposed and pre-clinical animals move alike, since neither latency nor pre-clinical168

shedding is visible in the field, while clinical animals move less (Section 2.6).169

Since no diffusion coefficient has been fitted for mule deer, we fix κ by matching an observed170

spread rate. Every host diffusivity is proportional to κ, so front speeds scale as
√
κ, and one model171

speed converts any observed speed into a required κ. We adopt κ = 4 × 106 m2/yr = 4 km2/yr172

on flat, fully permeable cover, [asm] in value and [lit] in the rate it matches. With this value173

the uncontrolled leading edge (Section 7.2) advances at 0.6–2.9 km/yr across the sweep, and at174

1.6 km/yr at (δ = 0.25, R0 = 3.5), the cell shared with the landscape runs. The single-species175

Fisher–KPP speed 2
√
κrinv, with rinv the invasion growth rate of the linearized infection, overstates176

this, since W does not move and clinical animals move at 0.7 of the base rate. Reported CWD177

spread rates range from 1.6 to 5.5 km/yr. At the shared cell, κ = 4 matches the northwestern178

Kansas zone of Suresh et al. (2026), while the 3.7–5.5 km/yr of Garlick et al. (2014) would need179

κ ≈ 21–47. We choose the slow end because the domain does not scale with κ. A diffusivity an180

order of magnitude larger carries the invasion across any of our landscapes within a few years at181

the higher reproductive numbers, leaving boundary effects rather than a front for the control to182

act on. Even at κ = 4, the uncontrolled invasion reaches the rim of the 40 km sweep disk within183

the control horizon at eight of twelve cells, so the diffusivity and the domain size are one design184

choice. On the flat disk of Section 7.1 this choice costs nothing, since there κ only sets the length185

scale. Every time and percentage holds at any κ′, while distances and speeds scale by
√
κ′/κ. Our186

40 km disk at κ = 4 is thus also a 137 km disk at κ = 47. The landscapes do not rescale this way,187

since terrain and land cover do not stretch with κ (Section S2 of Online Resource 1).188

We take the rate γ = 4.7 from mule deer energetics, [lit]. Parker et al. (1984) measured the net189

cost of travel on a 14.3◦ incline, and for a 66.5 kg adult the cost averaged over ascent and descent190

is 1.83 times the level cost. At fixed power, speed is inversely proportional to cost, so with D ∝ u2191

we have η(14.3◦) = 1.83−2 = 0.30, which gives γ = 2 ln 1.83/ tan 14.3◦ = 4.7. The factor falls to192
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0.07 at 30◦ and 0.01 at 45◦. If diffusivity is instead taken proportional to speed, as in a resistance193

surface, γ halves to 2.4. The floor ι = 10−3 is a conditioning parameter rather than a movement194

parameter, [num]. The exponential reaches it only above 56◦, so it binds on at most 0.02% of the195

elements of any mesh, and it sets the finest edge of the mesh (Section 6). Mesh coordinates are196

in meters and densities per km2. Since mesh length enters only through diffusion, κ is the one197

parameter given in m2/yr.198

The land-cover coefficients rest on the form of the diffusion term. We write it in divergence199

form, ∇Γ · (D∇ΓX), under which p sets how readily deer cross a class and, without reaction, a200

uniform density stays at rest. Under the ecological diffusion ∆(µX) of Garlick et al. (2014), deer201

instead accumulate where their motility µ is low, and the steady state X ∝ 1/µ measures habitat202

use rather than movement. A published coefficient can therefore supply p only if it was fitted in203

divergence form, while an ecological motility measures what c does. We take p from the divergence-204

form Fisher–KPP fit of Mandujano Reyes et al. (2025) to CWD surveillance of white-tailed deer in205

Wisconsin, and c from the inverse winter motilities that Garlick et al. fit to mule deer GPS collars.206

The two need not agree, since barren land is easy to cross but supports few deer and pasture is the207

reverse. Classes that neither source resolves are expert judgment, [asm]. Table 2 gives the values208

for the four classes that cover most of our landscapes, and Section S1 of Online Resource 1 gives209

the rest and how each source maps onto NLCD classes.210

2.6 Host progression: stage durations and clinical mobility211

Four mule deer sources put the time from infection to death at 1.5–2.1 yr (Section S1 of Online212

Resource 1), and we adopt 1.75 yr, [lit]. None resolve the stages, so we apply the 27 : 36 : 17213

exposed:pre-clinical:clinical split of the box-car model of Almberg et al. (2011), which gives 1/σ1 =214

0.591, 1/σ2 = 0.787 and 1/α = 0.372 yr, so215

σ1 = 1.693 yr−1, σ2 = 1.271 yr−1, α = 2.691 yr−1.

For clinical mobility, Barrile et al. (2024a) tracked 179 collared mule deer in central Wyoming216

and found that infected animals began to slow 122 days (110–131) before death, close to clinical217

onset. Their paper does not give the size of the slowdown as a number, so we estimate it from their218

data (Barrile et al., 2024b). We divide each infected deer’s daily mean speed by that of uninfected219

deer from the same herd on the same day, which removes seasonal changes in movement. Relative220

to its level long before death, this ratio falls to about 0.57 in the last ten days of life. Since221

diffusivity scales with the square of speed at fixed persistence, we average the squared ratio over222

the last 1/α = 136 days, which gives 0.68, and adopt Dscale
R = 0.7, [lit]. A scalar multiplier does223

not capture the changes in habitat selection that happen on similar timescales.224

2.7 Prion shedding rates and the prion-unit225

Shedding rates cannot be estimated independently of β2, since scaling ρI and ρR up and β2 down226

by the same constant leaves the dynamics unchanged. Almberg et al. note this, and FitzGerald227

and Keener (2025) show it for the system of Miller et al. (2006). We fix the scale by requiring each228

infected animal to deposit one prion-unit (PU)·yr over its shedding career,229

ρI
σ2

+
ρR
α

= 1, (11)

[def].230
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The split of deposition between the two stages is set by the carcass. Almberg et al. (2011) have231

animals shed 2 prion units per week through both shedding phases, with no increase in the living232

animal, and release a further 100 at death. Since R is the only compartment whose exit is death,233

ρR must carry this pulse. On their 36:17 split, a pre-clinical animal deposits 72 units and a clinical234

one 134. Since our stage durations keep this ratio, ρR = 4ρI reproduces their 35 : 65 division of235

each animal’s deposit between the stages, and with (11) gives236

ρI = 0.440, ρR = 1.760 PU/(deer · yr),

[lit]. The carcass then accounts for 100 of the 206 units an infected deer deposits, and 65% of the237

total falls in the stage a sight-based cull can see. With the route ratio of Section 2.9, this ratio sets238

the size of the blind spot, and Section 7.6 tests both. Background mortality would move some of239

the pulse into the pre-clinical stage and lower the ratio. The model also credits a cull with averting240

the pulse, which holds only if the carcass is removed from the landscape. A carcass left in the field241

still releases its pulse, and the cull then averts only the living animal’s shedding, about a quarter242

of the 134 units.243

The carcass argument does not apply to direct transmission, which needs a live shedder. We244

follow Almberg et al. in taking the two stages to be equally infectious, so (6) carries a single β1 on245

I+R, [lit]. This is a simplification made for lack of data, since clinical animals salivate excessively246

but are also emaciated and barely move.247

2.8 Environmental persistence δ: the swept parameter248

Published values of the environmental decay rate span more than an order of magnitude. Sharp249

and Pastor (2011) adopt a soil residence of three to ten years in the system of Miller et al. (2006),250

or 0.10–0.33 yr−1. The half-lives swept by Almberg et al. (2011) give 0.089–2.77, and Potapov et al.251

(2016) argue that prions become inaccessible after one to two years, giving 0.5–1.0. Garlick et al.252

(2014) attribute 2.56 to Miller et al. (2006), although the paddocks of Miller et al. (2004) were still253

infectious two years after the animals were removed. Section S1 of Online Resource 1 sets out the254

conversions. Given this spread, we sweep255

δ ∈ {0.125, 0.25, 0.5, 1.0} yr−1,

a log2 ladder of mean persistence from eight years down to one, [lit] in range. The two lowest rungs256

bracket the reference value δ = 0.15 at which the route split is set, and since holding R0 fixed ties257

β2 to δ, the sweep varies the generation interval alone (Section 2.9).258

2.9 Transmission calibration259

Published per-capita transmission coefficients do not transfer to a density-dependent, per-area260

formulation, so we fix both β through R0. The split between routes comes from the modeling261

literature and the conversion to best habitat from the mesh, while the total, the least determined262

quantity in the model, is swept.263

In a wholly susceptible landscape at S = K0, an animal entering E reaches both shedding stages264

with certainty, so265

Rdir
0 = K0 β1

(
1

σ2
+

1

α

)
, Renv

0 =
K0 β2
δ

(
ρI
σ2

+
ρR
α

)
, R0 = Rdir

0 +Renv
0 , (12)

where the bracket in Renv
0 equals one by (11). We take the ratio Renv

0 /Rdir
0 from the coefficients266

of Miller et al. (2006) as rendered by Garlick et al. (2014) and Sharp and Pastor (2011), whose267

7



shedding–transmission products γeϵ agree to within 2% (0.0891 and 0.0874 yr−1), and we use the268

latter. The direct coefficient is less settled. Miller et al. fit captive deer and scaled infectivity down269

tenfold for free-ranging animals, giving 0.326 and 0.0326 yr−1, while Garlick et al. need 0.23–0.69 to270

reproduce the observed La Sal–Abajo spread. We adopt βref = 0.1 yr−1, near the geometric mean271

of the two renderings, [asm] in value and [lit] in range. At δ = 0.15 this gives γeϵ/(δβref) = 5.82,272

an environmental share of 85%, which we hold fixed across the sweep.273

The split is sensitive to βref . The same formula gives 18.2 at the free-ranging rate of Miller274

et al., 2.6 at the rate Garlick et al. calibrate to observed spread, and 1.8 at the captive rate.275

Still, environmental dominance is not specific to these renderings, since Yin et al. (2026), using an276

independent parameter set, find Renv
0 ≫ Rdir

0 across most of their parameter plane. Weighting each277

route by intensity times residence puts 60% of R0 in the clinical class and 40% in the pre-clinical278

one, a division that is central to the control problem (Section 3).279

Since R0 is linear in K = K0c(x), it is a local quantity here. Writing280

R0(x) = R̃0 c(x), c =
1

|Γ |

∫

Γ
c(x) dΓ, (13)

R̃0 is the value in the best cover class and R̃0 c the area average. On the three meshes of Section 7.5,281

c = 0.78–0.84. Here R̃0 is a calibration index, not the invasion threshold of (1)–(5), which is the282

sign of the principal eigenvalue of the linearization about the disease-free state and depends on283

the diffusion tensor and the spatial profile of K. The index is also evaluated at S = K(x) rather284

than at the disease-free equilibrium S∞(x), the steady state of (1) with E = I = R = W = 0.285

Diffusion smooths S∞ across habitat boundaries, so on a fragmented mosaic the index misstates286

local transmission near those boundaries. We use R̃0 only to fix β1 and β2 and to index the sweep.287

The distinction from R̃0 c still matters, since reading a landscape average as the best-habitat value288

puts the index below one over much of a poor mosaic, where the epizootic then fails to establish.289

Inverting (12) at the adopted stage rates, with K0 = 3 and the 5.82:1 split, gives290

β1 = 0.0422 R̃0, β2 = 0.2845 R̃0 δ. (14)

Since Renv
0 carries a factor of 1/δ, holding R0 fixed makes β2 proportional to the decay rate. This291

coupling is deliberate. It holds R0, the route split and the host endemic equilibrium fixed across292

the sweep, so lifetime transmission per infected animal is the same and only its timing differs.293

The same R0 then produces a faster epizootic at larger δ. The design suppresses an effect that294

is probably real (Almberg et al. (2011) find R0 rising by about 0.29 per additional year of prion295

half-life) in order to isolate the timing effect (Section S2 of Online Resource 1).296

The uniform endemic state in the best cover class is also a function of R̃0 and δ. Writing297

F (R̃0) =
0.78

(
1− 1/R̃0

)

R̃0 + 0.455

for the equilibrium infection rate in deer/(km2·yr), the endemic state is298

S∗ =
3

R̃0

, E∗ = 0.591F, I∗ = 0.787F, R∗ = 0.372F, W ∗ =
F

δ
, (15)

where each infected stage holds its inflow for its mean duration and the reservoir balances deposition299

against decay. Only W ∗ depends on δ, and by (11) it does not depend on ρR/ρI . At the low anchor300

R̃0 = 2, S∗ = 1.5 deer/km2.301
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Field evidence gives a range for R0. Inverting (15) against three readings from Geremia et al.302

(2015) givesR0 = 1.15–1.34, a lower bound since that herd is hunted below capacity, and the roughly303

one adult in four infected at Table Mesa (Miller et al., 2008) implies R0 ≈ 2.9, [cal]. This range is304

probably low, because a persistent reservoir makes slow prevalence growth compatible with a large305

R0. When constrained to growth rates observed in Colorado, Wyoming and Wisconsin, Almberg306

et al. (2011) obtain R0 as high as 10–11. We therefore sweep R0 over 2, 3.5 and 5, taking 2 as307

the low reference and extending toward the range of Almberg et al. (Section 7.1). Since a larger308

R0 makes the same effort buy less, the low anchor makes the recoverable fractions of Section 7309

optimistic. Section S1 of Online Resource 1 gives the inversions and a structural prevalence ceiling310

of 31%.311

2.10 Stability of the endemic state312

Sharp and Pastor (2011) showed that a model with this structure undergoes a Hopf bifurcation313

as carrying capacity rises, producing recurrent epizootics every ten to fifteen years. In the full314

model, the endemic equilibrium in the best cover class is stable at 11 of the 12 grid cells, with315

decay e-folding times of 14 yr or longer, and on all three landscapes for every carrying capacity the316

land-cover map assigns. At (δ = 1, R̃0 = 5) a mode of period 22 yr grows with an e-folding time317

of about 350 yr, which is negligible over the 30 yr horizon.318

Table 1 Model parameters, adopted values and provenance labels (Section 2.4). Shaded rows are
parameters that the literature does not determine for this region, and are either assumed or swept.
Rows marked swept are varied across the runs of Section 7, and both transmission coefficients move
with R̃0 by (14). Objective and discretization parameters are in Section 3.3.

Symbol Description Value Units Provenance & Section

σ1 Exposed → pre-clinical rate 1.693 yr−1 [lit] 2.6
σ2 Pre-clinical → clinical rate 1.271 yr−1 [lit] 2.6
α CWD removal rate of clinical deer 2.691 yr−1 [lit] 2.6
δ Environmental prion decay swept 0.125, 0.25, 0.5, 1.0 yr−1 [lit] 2.8
ρI Pre-clinical shedding rate 0.440 PU/(deer·yr) [def] 2.7, (11)
ρR Clinical shedding rate 1.760 PU/(deer·yr) [lit] 2.7, (11)

R̃0 Best-habitat reproductive number swept 2, 3.5, 5 — [cal] 2.9, (13)

β1 Direct transmission, both stages 0.0422 R̃0 km2/(deer·yr) [cal] 2.9, (12), (14)

β2 Environmental transmission 0.2845 R̃0 δ km2/(PU·yr) [cal] 2.9, (12), (14)
r Intrinsic growth rate 0.26 yr−1 [lit] 2.4
K0 Base carrying capacity 3 deer/km2 [asm] 2.4
κ Diffusivity scale 4× 106 m2/yr [asm] 2.5
Dscale

S,E,I,R Compartment mobilities 1, 1, 1, 0.7 — [lit] 2.6

γ Slope penalty rate 4.7 — [lit] 2.5
c(x), p(x) Land-cover coefficients Table 2 — mixed; 2.5
ι Tensor degeneracy floor 10−3 — [num] 2.5

3 An Optimal Control Problem: Targeted Culling319

We now use the model as the constraint in an optimal control problem: given a planning horizon320

and a culling effort that can vary over the landscape and in time, where and when should that321

effort be spent?322
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Table 2 The four land-cover classes that cover most of the landscape meshes of Section 7.5, with
the share of each mesh they cover. Column c is the habitat quality in (8), from the mule deer
motilities of Garlick et al. (2014), and p the permeability in (9), from the log-diffusion coefficients
of Mandujano Reyes et al. (2025). All eight values are [lit]. Shares are of the NLCD surface area
of each 100 km box. The sweep disk uses c = p = 1. Section S1 of Online Resource 1 gives the
other classes and the readings behind every value.

Share of mesh (%)

Code Land cover class c p Upper Arkansas Carbondale Estes Park

42 Evergreen forest 0.85 0.62 40.2 34.5 35.0
52 Shrub or scrub 1.00 0.81 29.6 29.8 21.3
71 Grassland or herbaceous 0.80 0.80 16.3 1.2 25.6
41 Deciduous forest 0.75 1.00 2.9 25.2 0.4

Other classes 11.0 9.3 17.7

3.1 The controlled system and the objective323

The control v : Γ × (0, T ) → R is a per-capita removal rate (yr−1) applied to the clinical class, so324

(4) becomes325

Ṙ = ∇Γ ·
(
DR ∇ΓR

)
+ σ2I − αR − v R. (16)

This represents a sight-based cull which is blind to the exposed and pre-clinical classes. We call326

(1)–(5), with (4) replaced by (16), the no-flux conditions (7) and initial data y0, the controlled327

system.328

We assume that control effort is bounded by some vmax > 0, so that controls live in the set329

V =
{
v ∈ L∞

(
Γ × (0, T )

)
: 0 ≤ v ≤ vmax a.e.

}
. (17)

Since no real culling effort changes continuously, we optimize over controls that are constant on330

each of Nb blocks [tb−1, tb) partitioning a control horizon [0, Tc]. This restriction also lets the331

quasi-Newton method of Section 6.8 fit in memory. The admissible set is then332

Vb =
{
v ∈ V : v(x, t) = vb(x) for t ∈ [tb−1, tb), b = 1, . . . , Nb; v ≡ 0 on (Tc, T ]

}
. (18)

The uncontrolled tail (Tc, T ] takes the place of a terminal cost. Without this tail, infections333

generated near the end of the control horizon would not be charged in full, allowing controls to334

stop effort early at little cost.335

The objective functional is336

J(y, v) =

∫ T

0

∫

Γ

[
c1
(
S∞ − S

)
+ c2W + c3 v

2 + c4 v
]
dΓ dt (19)

with c1, c2, c4 ≥ 0 and c3 > 0, where S∞(x) is the disease-free equilibrium. The terms are the337

accumulated susceptible deficit, the accumulated prion load and an elastic net penalty on effort.338

The two state terms cover the two natural ways of pricing the epizootic: by its damage to the herd339

and by the infection itself. The deficit counts infection only through the susceptibles it removes.340

The prion load counts the shedding population directly. Since W neither diffuses nor is controlled,341

(5) integrates exactly to
∫ T
0 W dt = δ−1

∫ T
0 (ρII + ρRR) dt − δ−1

(
W (T ) −W (0)

)
, so pricing W is342

pricing ρII + ρRR up to the constant W (0)/δ and a credit for the contamination left at T . The343
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two terms also steer the control differently, since the deficit reaches the clinical adjoint only where344

susceptibles remain (Section 4.2).345

Writing y(v) for the solution of the controlled system and Ĵ(v) := J(y(v), v) for the reduced346

objective, the problem is347

min
v∈Vb

Ĵ(v). (20)

A minimizer exists by the argument of Miller Neilan and Lenhart (2011, Thm. A.2) for a parabolic348

susceptible–infected–recovered (SIR) system of the same type, since Vb is bounded, closed and349

convex and c3 > 0 makes the control cost weakly lower semicontinuous. It need not be unique.350

Since v ↦→ y(v) is nonlinear, Ĵ is nonconvex, and the method of Section 6.8 finds a stationary point.351

3.2 The reach of the control352

Restricting the control to the clinical class is central to this paper. At any instant the clinical353

class holds under a third of the shedding animals, and every clinical animal has already spent354

about forty weeks transmitting as a pre-clinical one. The control also cannot act on W directly, so355

contamination can be prevented but never removed.356

We can see what such a control can achieve in closed form. A constant cull enters only through357

α→ α+ v, so in (12) it shortens the clinical terms and leaves the two 1/σ2 terms, the transmission358

from the pre-clinical stage, unchanged. SplittingR0 = Rpre
0 +Rclin

0 by stage, the control reproduction359

number is360

Rc(v) = Rpre
0 + Rclin

0

α

α+ v
, (21)

which decreases toward Rpre
0 as v grows but never reaches it. A cull of the clinical class can therefore361

bring Rc below one only where Rpre
0 < 1 and362

vmax > α
R0 − 1

1−Rpre
0

. (22)

The pre-clinical fraction depends on the route ratio m = Renv
0 /Rdir

0 , the deposition ratio ϱ = ρR/ρI363

and the duration ratio τ = σ2/α. Within the direct route the stages divide in proportion to their364

durations, and within the environmental route in proportion to their deposits, so365

Rpre
0

R0
=

1

1 +m

[
1

1 + τ
+

m

1 + ϱ τ

]
. (23)

At our adopted values of m = 5.82, ϱ = 4 and τ = 0.472 this fraction is 0.395, so Rpre
0 < 1366

requires R0 < 2.53. At R0 = 2 the condition requires vmax > 12.8 yr−1, a cull that takes 83% of367

clinical animals before they die and is likely well beyond what a sight-based protocol can sustain368

(Section 3.3), and at R0 = 3.5 and 5 no cull rate suffices. Figure 1 maps this condition over R0369

and ϱ. Raising ϱ from 4 to 8 halves the rate needed at R0 = 2, to 6.1 yr−1, but at our cap of370

vmax = 3 yr−1 and the adopted m, the index stays above one at every cell of the sweep whatever371

the value of ϱ.372

Equation (23) does not depend on the spatial model. It shows how the ratios we are least sure373

of set the local reach of a sight-based cull. Raising ϱ, or raising m while ϱ > 1, shifts transmission374

toward the clinical stage and lowers Rpre
0 /R0, so the same cull reaches more of R0. Taking ϱ ≥ 1375

is safe, since clinical animals shed at least as much as pre-clinical ones while alive and ρR also376

carries the carcass pulse (Section 2.7). Each ratio could in principle be estimated in the field, τ377

from the timing of clinical onset in collared animals, ϱ from shedding and carcass prion loads, and378

m, the hardest, from separate estimates of β1 and β2. With an estimate of R0, (23) and (22) then379
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Fig. 1 The smallest constant cull rate that brings the control reproduction number (21) below one,
from (22), over R0 and the deposition ratio ϱ at the adopted route ratio m = 5.82. The color scale
also gives the share of clinical deer culled before they die, v/(v + α), and the bold line marks the
cap vmax = 3. In the hatched region Rpre

0 ≥ 1 and no cull rate suffices. Its edge is solid at m = 5.82,
dashed at m = 2.6 and dotted at m = 18.2, the route ratios tested in Section 7.6

test whether a sight-based cull could stop an outbreak before any spatial model is built. Like R̃0,380

however, (21) is a local well-mixed index rather than the spatial threshold. It explains why every381

result in Section 7 is a reduction in accumulated burden and never an elimination, and what the382

spatial optimization adds is where and when a bounded effort does the most good.383

3.3 Control problem parameters384

None of the weights is an economic cost. Setting c1:c3:c4 would require pricing a culled deer against385

an infected one in a shared currency, and neither price exists. Uehlinger et al. (2016) found no386

study that supplies a per-animal cost of CWD management. The ratios instead state what is being387

traded off. They support conclusions about the spatial and temporal structure of the optimal policy388

and comparisons under identical weights, but not about absolute effort levels or cost-effectiveness.389

We set c2 = 0 except in one comparison (Section 7.3). Then c1 only sets the overall scale of J ,390

which does not change the minimizer, so we fix c1 = 10 and read c1/c3 and c1/c4 directly off c3391

and c4.392

The quadratic weight c3 is a Tikhonov term. It makes J strictly convex in the control at fixed393

state and keeps the optimal control a continuous function of the adjoint rather than bang-bang,394

although Ĵ stays nonconvex. Since only c1/c3 matters, c3 is also the price of effort, so we calibrate395

it rather than choose it. The value c3 = 0.5 is set against the capacity vmax by the saturation probe396

of Section S2 of Online Resource 1, [cal].397

The linear weight c4 is an L1 term, [asm], that makes the optimal effort exactly zero wherever398

the benefit density falls below it (Section 5). At c4 = 0 effort is positive wherever clinical animals399

remain, so a purely quadratic objective returns a thin cull everywhere, which no agency can carry400

out. The L1 term instead separates zones that are culled from zones that are not. We fix c4 = 0.5.401

The same policy follows from a budget on the total effort over the control window, whose multiplier402
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takes the place of c4 in the optimality condition. The c4 form prescribes the threshold and finds403

the effort, while the budget prescribes the effort and finds the threshold. We use the first since404

it needs no outer iteration on the multiplier, although the second is likely closer to a real culling405

constraint.406

We adopt vmax = 3 yr−1, [asm], as our estimate of what a sustained cull at full effort could407

achieve. Against α = 2.69 yr−1, this cap culls v/(v + α) = 53% of clinical animals before they408

die of the disease and shortens the mean clinical stage from 136 to 64 days. Clinical animals are409

conspicuous and barely move, so they neither hide nor leave. The carcass pulse enters ρRR as the410

pulse size times the natural death flux αR, so animals leaving at the cull rate vR deposit no pulse.411

A clinical animal therefore deposits ρR/(α + v), its live shedding over the shortened stay plus a412

pulse with probability α/(α+ v), and we read v as a cull that removes the carcass.413

We take Ttail to be one infect–deposit–decay cycle at the slowest grid cell, 1/σ1 +1/σ2 +1/α =414

1.749 yr plus 1/δ = 8 yr at δ = 0.125, so Ttail = 10 yr, [def]. We use the same Ttail at every cell415

so that objective values stay comparable. The tail makes the terminal term depend on δ through416

the reservoir transient, and it still truncates the future. Section 7.6 tests the effect of doubling it.417

Table 3 collects these settings with the horizon and the discretization.418

Table 3 Objective, horizon and discretization parameters. Shaded rows are assumed. Every run
uses these values except the comparison of Section 7.3, which moves the state weight from c1 onto
c2.

Symbol Description Value Units Provenance & Section

c1 Weight on the susceptible deficit 10 — [def] 3.3
c2 Weight on the environmental load 0 — [def] 7.1
c3 Quadratic weight on v 0.5 — [cal] 3.3
c4 Sparsity (L1) weight on v 0.5 — [asm] 3.3
vmax Maximum effort on R 3 yr−1 [asm] 3.3
Tc Control horizon 20 yr [asm] 7.1
Ttail Continuation tail 10 yr [def] 3.3
T Simulated horizon 30 yr [def] 3.1
Nb Control blocks 20 — [asm] 7.1
∆t Time step 0.05 yr [num] 6.3

4 Derivation of the Adjoint System419

To optimize (20) with a gradient-based method we need Ĵ ′(v). We begin by collecting the state as420

y = (yS , yE , yI , yR, yW ) := (S,E, I, R,W ), so that the reaction terms, including the control, are421

fS(y, v) = G(y)− SΛ, G(y) := rS
(
1− S + E + I +R

K

)
,

fE(y, v) = SΛ− σ1E, fI(y, v) = σ1E − σ2I,

fR(y, v) = σ2I − (α+ v)R, fW (y, v) = ρII + ρRR− δW.

(24)

With DW := 0, the controlled system reads422

ẏk = ∇Γ ·
(
Dk∇Γ yk

)
+ fk(y, v), k ∈ {S,E, I, R,W}. (25)

The only nonzero control derivative is ∂fR/∂v = −R, in the one compartment the cull can see.423
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4.1 The Lagrangian and its derivative424

Adjoining the state equations with multipliers λ = (λS , λE , λI , λR, λW ), we form the Lagrangian425

L(y, v, λ) = J(y, v) −
∑

k

∫ T

0

∫

Γ
λk

[
ẏk −∇Γ ·

(
Dk∇Γ yk

)
− fk(y, v)

]
dΓ dt. (26)

For any y that satisfies the state equations, L = J for every λ, so we are free to choose λ to426

eliminate the state sensitivities. With the running cost and Hamiltonian density427

ℓ(y, v) := c1
(
S∞ − S

)
+ c2W + c3v

2 + c4v, H(y, v, λ) := ℓ(y, v) +
∑

k

λkfk(y, v), (27)

we perturb v → v + ε δv within V and let δy solve the linearized system428

˙δyk −∇Γ ·
(
Dk∇Γ δyk

)
−
∑

j

∂fk
∂yj

δyj =
∂fk
∂v

δv, (28)

with δyk(·, 0) = 0 and no flux. Taking the Gâteaux derivative of (26), substituting (28) and429

integrating by parts once in time and twice in space (Hinze et al., 2009, Ch. 1), with λk(·, T ) = 0430

and (Dk∇Γλk) · ν = 0 to remove the boundary terms, leaves431

δL =
∑

k

∫ T

0

∫

Γ
δyk

[
λ̇k +∇Γ ·

(
Dk∇Γλk

)
+
∂H
∂yk

]
dΓ dt +

∫ T

0

∫

Γ

∂H
∂v

δv dΓ dt. (29)

Choosing λ so that the first bracket vanishes leaves a derivative in δv alone.432

4.2 The adjoint system433

With ξ := r(1−N/K)− rS/K and ω := −rS/K, the adjoint system is434

−λ̇S −∇Γ ·
(
DS∇ΓλS

)
= −c1 + λS

[
ξ − Λ

]
+ λE Λ, (30)

−λ̇E −∇Γ ·
(
DE∇ΓλE

)
= λS ω − λE σ1 + λI σ1, (31)

−λ̇I −∇Γ ·
(
DI∇ΓλI

)
= λS

[
ω − β1S

]
+ λE β1S − λI σ2 + λR σ2 + λW ρI , (32)

−λ̇R −∇Γ ·
(
DR∇ΓλR

)
= λS

[
ω − β1S

]
+ λE β1S − λR

(
α+ v

)
+ λW ρR, (33)

−λ̇W = c2 − λS β2S + λE β2S − λW δ, (34)

with no-flux boundary conditions and λk(·, T ) = 0. Over non-habitat cells (K < 0.01) the logistic435

term of (1) is replaced by −rS, giving ξ = −r and ω = 0.436

The adjoint λk(x, t) is the marginal cost over [t, T ] of one additional unit of compartment k.437

For times in the control window, the part of [t, T ] beyond Tc is the continuation tail, whose cost438

reaches the last controlled block through λ(·, Tc).439

The running costs enter (30)–(34) only as source terms, −c1 in row S and c2 in row W . Given440

the trajectory, the adjoint is linear, so it is the sum of the responses to these two sources, and441

they reach λR by different routes. Every coupling out of λS carries a factor of S (the entries442

feeding rows E, I, R and W are ω, ω − β1S, ω − β1S and −β2S), because S multiplies every443

cross-compartment term of (1). The couplings out of λW carry no such factor, feeding rows I and444

R through the shedding rates ρI and ρR. The deficit therefore passes into the infected adjoints only445

where susceptibles remain, while a reservoir weight would pass into λR wherever clinical animals446
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shed, the depleted core included. Neither route makes λR proportional to S or R pointwise, since447

each source then travels backward through a coupled parabolic system. The optimal effort is448

v∗ = P [(λRR − c4)/(2c3)] (Section 5), so all of the steering lies in λR, and effort is positive only449

where λR > c4/R. With c2 = 0 only the S-gated route is active. Section 7.3 tests whether this450

gating decides where effort falls and shows the core effort that the reservoir route adds.451

The weak form of the adjoint follows Section 6.1, with (34) advanced at each node, and its452

bilinear parts are those of the state problem.453

5 Optimality Condition and the Reduced Gradient454

With λ solving (30)–(34), only the Hamiltonian derivative survives in (29), which gives the reduced455

gradient456

∇Ĵ(v) = 2c3 v + c4 − λRR, (35)

as the Riesz representative in L2(Γ×(0, Tc)). One state solve and one adjoint solve give the gradient457

with respect to every control degree of freedom.458

The optimizer raises v wherever λRR, the clinical density times the marginal future cost of459

one clinical animal, exceeds the marginal cost c4 + 2c3v of effort. Effort is worthless where there460

is nothing visible to cull (R → 0) or where culling buys nothing (λR → 0), and the continuation461

tail keeps the latter from happening at the end of the control window. Notably, neither λII nor462

λWW appears. The optimizer reaches the pre-clinical class and the reservoir only indirectly, by463

removing the clinical animals that I feeds and that contaminate W , and Section 7 measures what464

that indirect effect is worth.465

5.1 First-order necessary condition466

Since V is convex, a local minimizer v∗ satisfies467

⟨∇Ĵ(v∗), ṽ − v∗⟩ ≥ 0 for all ṽ ∈ V, (36)

which for a pointwise box is equivalent to468

v∗(x, t) = P[0,vmax]

(
λRR− c4

2c3

)
, (37)

where y and λ are those of v∗, so the condition is coupled through the state and adjoint solves. Over469

the block-constant set Vb, testing (36) against block-constant variations replaces the instantaneous470

benefit density by its block average,471

v∗b (x) = P[0,vmax]

(
χb(x)− c4

2c3

)
, χb(x) :=

1

∆tb

∫ tb

tb−1

λR(x, t)R(x, t) dt, (38)

with ∆tb = tb − tb−1 the block length, which is the continuous counterpart of the block gradient472

in Section 6.5. Every statement about the runs refers to (38), while (37) serves for intuition.473

Pointwise, c4 acts as a cutoff on the benefit density474

χ(x, t) := λRR. (39)

The optimal effort is exactly zero wherever χ < c4 and above that ramps up with slope 1/(2c3), so475

c4 shifts χ and c3 sets the slope, which is why the two can be set independently.476
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Any zero set has to come from c4. The sign structure of (30)–(34) suggests that λR > 0 on [0, T ).477

We have λS < 0, and since ω ≤ 0, the forcing λS [ω − β1S] + λEβ1S of row R is nonnegative when478

λE ≥ 0. RowW has forcing (λE−λS)β2S ≥ 0, so λW ≥ 0, and a backward parabolic equation with479

nonnegative forcing and zero terminal data has a nonnegative solution. This argument is formal,480

since the signs of λS and λE are read off the same coupled system. A proof would need a maximum481

principle for the cooperative transposed system, which we do not give. Taken at face value, it says482

that a sight-based cull is never harmful, only sometimes not worth its cost, so at c4 = 0 there is483

no zero set. This is consistent with the disk runs, where the zero set at c4 = 0.5 lies ahead of the484

invasion, where R ≈ 0, and effort in the depleted core never falls below 0.13 yr−1 (Section 7.3).485

In the code we monitor the equivalent fixed-point form486

v∗ = PV

(
v∗ − s∇Ĵ(v∗)

)
for any s > 0, (40)

with the residual measured at s = 1 in the L2 norm. Condition (37) suggests the forward–backward487

sweep of Lenhart and Workman (2007), but that method has no descent guarantee and can diverge488

when the coupling is strong, as it is here through the −λR(α+ v) term. The method of Section 6.8489

keeps the forward–backward structure but takes a safeguarded descent step.490

6 Numerical Methods and Implementation491

The state system, the adjoint system and the gradient (35) share one surface finite element space492

and one lumped-mass implicit–explicit (IMEX) step, and since the diffusion tensor is symmetric,493

the forward and backward sweeps also share one matrix factorization. We build Γh by smoothing494

the 30 m DEM of Section 2.1 with a Gaussian of standard deviation 90 m, subsampling it to a 90 m495

grid, triangulating, and remeshing the surface with mmg under an anisotropic metric built from the496

slope factor (10). The target edge length is
√
2− η(θ)hmax along ec and

√
η(θ)hmax along es,497

following the diffusion lengths
√
κ(2− η)/r and

√
κη/r, so elements are long along contours and498

thin up steep slopes, down to hmin =
√
ι hmax. We take hmax = 250 m on all three landscapes,499

the uniform h of the sweep disk (Section 7.1), giving 323,798–370,354 nodes (Section S3 of Online500

Resource 1). Each vertex carries the land-cover class of the NLCD cell it falls in, and K and p501

are the piecewise-linear interpolants of their values at the vertices. A class boundary is therefore502

smoothed over one element, at most a few hundred meters, well below the flat-ground diffusion503

length
√
κ/r = 3.92 km. The tensor (9) uses the normal of each surface element, so η and the504

frame (es, ec) are constant on each element, while the mesh metric uses the area-weighted average505

of the triangle normals around each vertex. The solver is implemented in FEniCSx with PETSc.506

The authors used Claude (Anthropic) to assist with developing the codebase and with revising507

and editing drafts of the manuscript. The authors checked all code, results and text and take full508

responsibility for the content of the article.509

6.1 Weak formulation510

Let Vh ⊂ H1(Γh) be the continuous piecewise-linear space with nodal basis {φi}Ni=1. Multiplying511

the host equations by ψ ∈ Vh and applying the surface divergence theorem gives the weak problem:512

find Xh ∈ Vh such that513

∫

Γh

Ẋh ψ dA = −
∫

Γh

DX∇ΓXh · ∇Γψ dA+

∫

Γh

fX(yh, v)ψ dA ∀ψ ∈ Vh, X ∈ {S,E, I, R},

(41)
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with fX from (24), and the no-flux conditions are natural. We build Λ once and share it between514

the S and E rows, so the discrete system conserves infections by construction. Equation (5) is515

discretized at the nodes.516

6.2 Semi-discrete system517

Expanding in the basis gives518

MẊ = −AX X+ FX(y), X ∈ {S,E, I, R}, Ẇ = ρI I+ ρR R− δW, (42)

with consistent mass matrix [M]ij =
∫
Γh
φiφj dA, stiffness matrix [AX ]ij =

∫
Γh

DX ∇Γφi ·∇Γφj dA519

built with (9), and FX the projected reaction terms.520

We replace M by the lumped mass matrix ML = diag(M1), obtained with a vertex quadrature521

rule, which preserves total mass and costs no order of accuracy for linear elements. Lumping522

removes one source of undershoot, since the positive off-diagonal entries of M can let the diffusion523

step go negative on sharp data. It does not guarantee positivity, since for an anisotropic tensor524

that also requires a mesh that is nonobtuse in the metric of DX , which our mesh generator does525

not enforce on steep ground. We therefore claim no discrete maximum principle, although in526

uncontrolled forward runs on two of our meshes no compartment went negative at any time step.527

Reaction terms use a Gauss rule.528

6.3 Time integration529

Diffusion is linear and potentially stiff, while reaction is nonlinear and non-stiff, so we advance each530

host compartment by a first-order IMEX step,531

(
ML +∆tAX

)
Xn+1 = MLX

n +∆tFX(yn), X ∈ {S,E, I, R}, (43)

and W by the exact solution of its linear ODE at each node,532

Wn+1
i =Wn

i e
−δ∆t +

(
ρII

n
i + ρRR

n
i

) 1− e−δ∆t

δ
, (44)

which is unconditionally stable. The time step is limited by accuracy rather than stability, since533

the fastest explicit rate gives α∆t = 0.135 at ∆t = 0.05 yr, well below the explicit-Euler stability534

limit of 2. We check convergence in ∆t in Section 7.6.535

6.4 Monolithic assembly and block factorization536

All five compartments share a mixed space of degree-1 Lagrange elements. The implicit side of537

(43) is the bilinear form538

a(Q,Ψ) =
∑

X∈{S,E,I,R}

∫

Γh

[
qXψX +∆t (DX ∇Γ qX) · ∇ΓψX

]
dA +

∫

Γh

qWψW dA, (45)

where Q and Ψ are the mixed trial and test functions. Its coefficients do not depend on the state, so539

we assemble and factorize its matrix A once before the time loop and rebuild only the load vector.540

Since there are no cross-compartment terms, A = blockdiag(ML+∆tAS , . . . , ML+∆tAR, ML)541

is factorized block by block, and at the adopted mobilities two distinct factorizations serve all five542

compartments. The load vector carries all reaction terms at the previous time level, including −vR543

in the R row, with the growth term switched to −rS where K < 0.01, a branch the adjoint must544

inherit. A time step costs one vector assembly and one back-substitution.545

17



6.5 The discrete adjoint of the IMEX scheme546

We differentiate the discrete state system exactly (discretize-then-optimize) rather than discretizing547

the continuous adjoint, since only the former gives the exact gradient of the quantity we actually548

minimize. An inexact gradient can fail to be a descent direction near a stationary point, which549

stalls the line search.550

Let yn ∈ R
5N collect all five compartments at tn = n∆t and let vn ∈ R

N be the control on551

[tn, tn+1), with Nt = T/∆t steps in total. The IMEX step then reads552

Ayn+1 = L
(
yn,vn

)
, n = 0, . . . , Nt − 1, (46)

where L is the nonlinear load vector. Using a right-endpoint rule for the state terms and a left-553

endpoint rule for the control, the discrete objective is554

Jh(v) = ∆t

Nt∑

n=1

∫

Γh

(
c1(S∞,h − Sn

h ) + c2W
n
h

)
dA + ∆t

Nc−1∑

n=0

∫

Γh

[
c3(v

n
h)

2 + c4v
n
h

]
dA, (47)

where Nc = Tc/∆t is the number of controlled steps. The state sum runs over the whole horizon555

and the control sum over the control window, which is the continuation tail of Section 3.1 in discrete556

form. With one multiplier λn+1 ∈ R
5N per step, the discrete Lagrangian is557

Lh = Jh(v) −
Nt−1∑

n=0

(
λn+1

)T(
Ayn+1 − L(yn,vn)

)
. (48)

Let g ∈ R
5N be assembled from

∫
Γh
(−c1ψS + c2ψW ) dA, so that ∂Jh/∂y

n = ∆tg. Stationarity558

with respect to yn, 1 ≤ n ≤ Nt, then gives559

A
TλNt = ∆tg, A

Tλn =

[
∂L

∂y

(
yn,vn

)]T
λn+1 + ∆tg. (49)

No term arises from y0, which does not depend on the control (Section 6.7). Since AT = A,560

the backward sweep reuses the forward factorizations. We assemble the transposed Jacobian by561

differentiating the load integrand with respect to each state, inheriting the K < 0.01 branch, and562

its terms are exactly the right-hand sides of (30)–(34) without their c1, c2 forcings.563

Differentiating with respect to the control gives564

∂Jh
∂vn

= ∆t
[
2c3ML v

n + c4ML1 − sv
(
yn,λn+1

)]
,

(
sv
)
j
=

∫

Γh

Rn
h λ

n+1
R,h φj dA, (50)

for 0 ≤ n ≤ Nc − 1. The backward sweep still runs over the tail, which is how the tail’s cost565

reaches λNc , but no gradient is assembled there. Dividing by ML gives the Riesz representative566

gnv ≈ 2c3v
n + c4 −Rnλn+1

R , the discrete counterpart of (35), in the pairing567

〈
a, b

〉
= ∆t

Nc−1∑

n=0

N∑

i=1

(
ML

)
ii
ani b

n
i ,

(
ML

)
ii
=

∫

Γh

φi dA. (51)

For block-constant controls, let β(n) be the block containing step n, N (b) the number of steps568

in block b, and E the prolongation from block fields to step fields, zero past Nc. Representing the569

gradient of Ĵb(z) := Ĵ(Ez) in the pairing (51), restricted to block-constant fields, makes the block570
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gradient the time average gb = (N (b))−1
∑

β(n)=b g
n, not the sum. This is the discrete counterpart571

of (38). The optimizer works in the block pairing with weights ∆tb := N (b)∆t.572

Finally, for (49) to be the exact transpose, every term of the adjoint load must use the same573

quadrature rule as the term of L it differentiates, or the Taylor test degrades from second order to574

first. Mass terms use the vertex rule that produces ML, and all reaction, cost and gradient terms575

share one explicitly fixed Gauss degree. The quadrature of A is unconstrained, since A appears576

identically in both sweeps.577

6.6 Spin-up: computing the initial condition578

We compute the disease-free equilibrium S∞ by running (43) from S = K, E = I = R = W = 0579

until580

maxi
⃓⃓
Sn+1
i − Sn

i

⃓⃓

∆t maxiKi
< εdrift (52)

or until a cap Tspin is reached, in which case the solver warns that the field has not converged.581

We take εdrift = 10−5 yr−1 and Tspin = 60 yr. The cap is generous because equilibration across a582

habitat patch of scale L is diffusive and takes a time of order L2/κ.583

6.7 Initial conditions584

Each run starts from an established epizootic with all five compartments populated, rather than585

from an introduction. We build this initial state y0 in two stages. First, we seed the disease on586

S∞, since starting from S = K would superimpose a demographic transient on the epidemic one587

at a comparable timescale (1/r = 3.8 yr). The seed is a Gaussian focus in horizontal coordinates,588

ϕ(x) = ϕ0 exp
(
− ∥x− x0∥2

2ς2

)
,

(
E, I,R

)
(·, 0) =

(
πE , πI , πR

)
ϕ, W (·, 0) = ρIπI + ρRπR

δ
ϕ,

(53)
so all four disease compartments share one spatial profile. The amplitude ϕ0 is the total infected589

density at the center x0, split by the stationary stage distribution σ1E = σ2I = αR into π =590

(0.338, 0.450, 0.212), with the reservoir at its Ẇ = 0 level. We seed an established focus rather591

than a single case because 85% of R0 runs through the environment, and a latent-only seed on a592

clean landscape would suppress most transmission while the reservoir charged. We use ς = 500 m,593

the scale of a mule deer winter home range, and ϕ0 = 2 deer/km2, which introduces about 3.1594

infected animals. Both values, and the location of the focus, are [asm].595

Second, we advance the uncontrolled system from the seed, with the same step and v ≡ 0, until596

the accumulated clinical burden reaches a fixed detection threshold,597

∫ Tintro

0

∫

Γ
R dΓ dt ≥ Rdet, Rdet = 60.8 clinical deer-years, (54)

and take all five fields at that moment as y0, so the detection time Tintro is an output. Clinical ani-598

mals are the ones most likely to be reported, sampled and found positive, so the rule approximates599

a fixed expected number of detections, although it ignores the pre-clinical infections that harvest600

testing also finds. Holding Rdet fixed starts every run at the same accumulated clinical burden, so601

each run begins when its own surveillance would detect the disease. The value is a design constant602

rather than a field estimate. We set it to the burden accumulated in twenty years at δ = 0.25 and a603

landscape-average R0 of 2 on a 1397 km2 test mesh of the Park Range in northern Colorado. Each604

run computes y0 once and shares it between its baseline and its optimization.605
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6.8 Optimization606

Each outer iteration consists of a forward sweep that stores the trajectory, a backward sweep that607

returns the gradient, and a step. The admissible set (18) is a box, and we minimize over it with the608

limited-memory, bound-constrained quasi-Newton method L-BFGS-B (Byrd et al., 1995; Nocedal609

and Wright, 2006), as implemented in SciPy. Since L-BFGS-B works in the Euclidean inner product610

of the vector it receives rather than in (51), we pass it ζ = M
1/2
b v, where611

Mb = diag
(
(ML)ii∆tb

)
(55)

is the mass matrix of the block pairing. The Euclidean inner product of ζ is then (51), the gradient612

with respect to ζ is M
1/2
b ∇Ĵ , and the box stays a box. This scaling matters on the landscape613

meshes, since (ML)ii spans more than four orders of magnitude across a graded mesh.614

6.9 Verification615

Errors in an adjoint fail silently, since a wrong sign or a missing Jacobian term still gives plausible616

output. We verify the gradient with the Taylor test, in which the remainder R1(ε) = |Ĵ(v +617

εd) − Ĵ(v) − ε⟨∇Ĵ(v), d⟩| decays as O(ε2) only if the gradient is exact, and we run it at a control618

strictly inside the bounds. Before this, a mesh-free check of the pointwise algebra compares the619

reaction terms, adjoint rows and gradient expression against numerically differentiated references620

at random states. It also verifies the structural identities: which compartments the control reaches,621

S∗ = K0/R0 at the endemic equilibrium, and the exact time integral of (5). Over 600 random states622

its worst relative residual is 2.9 × 10−9, at the truncation error of the central-difference reference.623

We run the Taylor test on the Upper Arkansas mesh of Section 7.5, where terrain and land cover624

exercise every term of the operator, along a full-support direction and along one supported on the625

last control block, which isolates the continuation tail. Both converge at rate 2 over five decades626

of ε (Table S5 of Online Resource 1).627

7 Simulations628

7.1 The sweep domain and the run design629

We run the parameter sweep on a flat disk of radius 40 km with no landscape, meshed at a uniform630

h = 250 m (93,701 nodes). Results did not change qualitatively on meshes refined to h = 100 m.631

Here c = p = 1 everywhere, so K = K0 = 3 deer/km2, D = κ(es ⊗ es + ec ⊗ ec) and S∞ = K0,632

giving a disease-free herd of 15,080 deer. The disease is seeded at the center, so every solution is633

radially symmetric, and with c ≡ 1 the best-habitat R̃0 of (13) is the local reproductive number,634

which we simply write as R0 in this section. Removing the landscape lets us isolate how the swept635

parameters act, and Section 7.5 shows what K(x) and D(x) add.636

We vary δ ∈ {0.125, 0.25, 0.5, 1} yr−1 and R0 ∈ {2, 3.5, 5} as a full factorial of 12 cells, each637

with its own uncontrolled baseline, under the settings of Table 3. The R0 axis runs from the low638

anchor of Section 2.9, where the infection spreads without depleting the herd behind it, to values639

where a depletion front crosses the disk. We also tested R0 = 10, near the upper range of Almberg640

et al. (2011), but do not report it, since the herd collapses inside the window and control recovers641

only 1–4% of Ĵ . The control horizon Tc = 20 yr is about the shortest window over which a culling642

policy can be evaluated, since CWD epizootics take one to three decades to reach double-digit643

prevalence, and its annual blocks match the period on which agencies set quotas. Each cell starts644

from its own detection state (Section 6.7), reached between 5.5 yr at (δ = 1, R0 = 5) and 19.1 yr645
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at (δ = 0.125, R0 = 2) after seeding, at a domain prevalence of 0.24–1.98%. Every optimization646

stopped on the relative-reduction criterion in 8 to 10 iterations, with the projected-gradient residual647

(40) reduced by a factor of at least 8.6× 103. This certifies stationarity, not global optimality.648

The grid sets c2 = 0 because pricing the reservoir would confound the δ sweep. Since W ∗ ∝ 1/δ649

while the host equilibrium does not depend on δ, a fixed c1:c2 would weight the reservoir less and650

less as δ rises. Section 7.3 checks that this choice does not drive the placement of effort.651

7.2 The uncontrolled wave652

Figure 2 shows the radial structure of the uncontrolled invasion at the slowest and fastest reservoirs.653

Transmissibility sets how deeply the herd is depleted behind the front, and reservoir persistence sets654

how soon the infection leaves the depleted core. At R0 = 2 the infection is a dome centered on the655

focus, where the herd still holds 61–82% of S∞, and the three host classes share nearly one profile.656

At higher R0 the core is depleted to 3–33% of S∞, and the infection leaves it as an outward pulse.657

A fast reservoir empties the core quickly, so the pulse forms within six years of handover, while a658

slow one keeps the core infectious with prions shed early in the epizootic. At (δ = 0.125, R0 = 3.5),659

for example, the infected density is still highest at the focus in year 12. Within a pulse the classes660

are ordered by stage, with the exposed peak 2.5–5.0 km ahead of the clinical one and the reservoir661

behind both.662

The front also speeds up with both parameters. Its leading edge, the outermost radius at which663

E + I + R ≥ 0.1 deer/km2, advances at 0.58 km/yr at (δ = 0.125, R0 = 2) and at 2.94 km/yr at664

(δ = 1, R0 = 5), and reaches the rim within the control horizon at eight of twelve cells. Whether665

the herd collapses depends on R0. At R0 = 2 the herd declines by 6 to 48% over the full 30 yr666

and the epizootic is still growing at T , so every reduction we report there is in an integral over a667

growing trajectory. At R0 ≥ 3.5 the epizootic burns through the herd within the window, reducing668

it by 76–94% everywhere except (δ = 0.125, R0 = 3.5). Table S6 of Online Resource 1 gives each669

cell’s handover state and uncontrolled outcome.670

7.3 Where the effort goes671

Figure 3 sets the optimal control of one cell against its state. We measure positions from the leading672

edge, against the state averaged over each control block, and average them over the years in which673

the edge lies inside 38 km. Where the herd is not depleted, the effort forms a disk around the focus.674

At R0 = 2 and δ ≤ 0.25 it peaks at the focus, where the clinical density and RS also peak, and675

falls to zero 10–22 km beyond the leading edge. At δ ≥ 0.5 it flattens into a plateau, marking the676

transition to a depletion front.677

Where a depletion front forms, the effort meets the invasion at its leading edge. At R0 ≥ 3.5678

the control is a ring that travels outward with the invasion, with its peak on average 0.4–3.8 km679

inside the leading edge. This places the peak 10–13 km outside the maximum of RS, except at680

(δ = 1, R0 = 5) where the gap is 6.2 km, and 12–19 km outside the clinical peak. Since the681

optimality condition places effort where λRR exceeds c4 + 2c3v (Section 5), a peak this far out682

means that λR rises steeply across the front, toward the intact herd that the next clinical animal683

would reach, so the effort follows the adjoint rather than the clinical field. The placement does684

not come from the S-gating of the deficit source (Section 4.2). Moving the whole state weight685

onto W , with c2 scaled so that the uncontrolled J is unchanged, leaves the peak at the edge and686

changes total effort by 2% (Fig. 3k–o), since the source of W reaches λR without passing through687

λS . Toward the end of the window the ring falls back to 5–7.5 km behind the leading edge, which688

may reflect the approaching rim or the end of the control at Tc.689
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Fig. 2 The invasion on the flat disk, with R0 = 2 in (a)–(c), 3.5 in (d)–(f) and 5 in (g)–(i).
Uncontrolled radial profiles twelve years after handover at δ = 0.125 (a, d, g) and six years after
at δ = 1 (b, e, h). S/S∞ is dashed, and E, I, R and W are each scaled by their largest value over
these six panels, so the panels compare magnitudes as well as shapes. Panels (c), (f) and (i) show
the leading edge, the outermost radius at which E + I +R ≥ 0.1 deer/km2, against time for every
δ, uncontrolled (solid) and under the optimal control (dashed). Each curve stops when the edge
reaches the rim or the infection falls below the threshold everywhere. The gray line marks Tc
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Fig. 3 Radial state and control at (δ = 0.25, R0 = 3.5) under three objectives. Panels (a)–(e) are
the reference c1 = 10, c2 = 0. Below them the state weight moves onto W , to (c1, c2) = (5, 12.21)
in (f)–(j) and (0, 24.41) in (k)–(o), with c2 scaled so that the uncontrolled J is unchanged. The
panel at t = s shows the state at s and the control of the block [s, s+1). The front advances about
1.6 km over a block, so against the block-mean state used in the text the effort sits about 0.8 km
further in than drawn. Each density is scaled by its own maximum in the panel. S/S∞ is dashed
and v (thick, right axis) is on one scale shared by all panels. The gray line marks the radius at
which the infected profile falls to half its plateau. In every row the effort peak runs ahead of the
clinical peak. Pricing W lowers the ring and raises the core without moving the peak

The depleted core is not abandoned. Behind the front the effort falls but never reaches zero,690

and instead it tracks the susceptibles. At (δ = 1, R0 = 3.5) it falls from 1.59 yr−1 at handover to691

0.13 in year 6, when the core holds 18% of its disease-free herd, and climbs back to 1.24 by year 19692

as the herd recovers. The zero set created by c4 lies ahead of the ring rather than in the core.693

7.4 What the control achieves694

The optimal control slows the invasion but does not stop it (Fig. 2c, f, i and Table 4). In every695

cell the controlled front keeps advancing through the horizon, and once the control ends at Tc it696

accelerates again. At R0 = 2 the control holds the front to 0.56–0.68 of its uncontrolled speed and697
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delays its arrival at 20 km by 3.6–7.9 yr. At R0 ≥ 3.5 the front keeps 75–94% of its uncontrolled698

speed, and the delay shrinks as δ rises, from 4.4 to 0.7 yr at R0 = 3.5 and from 2.2 to 0.3 yr at699

R0 = 5.700

Table 4 The optimal control on the flat disk, as percentage change against each cell’s own un-
controlled baseline. “Hazard” is the mean force of infection (56), “mean v” the mass- and block-
weighted realized effort over the disk, “speed” the controlled leading-edge speed over the uncon-
trolled one while the edge is interior, and “delay” how much later the controlled edge reaches 20 km.
Table S7 of Online Resource 1 gives further measures.

R0 δ Deficit Hazard Mean v Speed Delay (yr)

2 0.125 −28.6 −27.1 0.19 0.68 3.6
0.25 −45.3 −40.8 0.55 0.61 6.7
0.5 −53.3 −46.2 1.15 0.56 7.9
1.0 −51.1 −40.1 1.66 0.60 6.4

3.5 0.125 −36.8 −30.9 0.96 0.75 4.4
0.25 −30.7 −21.3 1.46 0.81 2.7
0.5 −18.7 −9.6 1.41 0.83 1.4
1.0 −10.0 −0.5 1.02 0.88 0.7

5 0.125 −25.7 −17.6 1.37 0.83 2.2
0.25 −15.4 −9.5 1.29 0.83 1.2
0.5 −9.2 −3.3 1.05 0.90 0.6
1.0 −7.4 +2.6 0.83 0.94 0.3

The accumulated deficit, the objective’s own measure, follows the same pattern. The control701

recovers 29–53% of it at R0 = 2 against 7–26% at R0 = 5. At R0 ≥ 3.5 the benefit falls monotoni-702

cally with δ, and where the herd collapses fastest the control recovers a tenth of the deficit or less.703

At R0 = 2 the benefit instead peaks at δ = 0.5, since a weak epizootic with a persistent reservoir704

barely grows inside the window and leaves little to prevent. Part of why a high R0 is harder to705

control is that its epizootic is further along when it is detected. At every δ, detection at R0 = 5706

hands over about three times as many infected animals as at R0 = 2.707

We measure the per-deer risk of infection by the S-weighted mean force of infection,708

Λ =

∫ T

0

∫

Γ
S Λ dΓ dt

∫ T

0

∫

Γ
S dΓ dt

, (56)

quoted per 1000 susceptible deer-years, rather than by cumulative incidence. Incidence rises under709

control at 5 of 12 cells, by up to 17%, because the control keeps deer alive and so exposes more of710

them. On the per-deer measure control helps at 11 of 12 cells, and changes it by only −0.5 and711

+2.6% at the two δ = 1 cells with R0 ≥ 3.5, where the control buys standing deer and little else.712

7.5 What the landscape adds713

We now restore the landscape on three 100×100 km Colorado meshes, to show whatK(x) andD(x)714

add rather than to forecast these regions. Fitting the model to a region would mean replacing κ,715

K0 and the land-cover coefficients with local estimates (Section 8). In the Upper Arkansas (Fig. 4)716

and around Carbondale, terrain carves the habitat into branching valleys, whereas around Estes717
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Park (Fig. 5) the main contrast is in the land cover, between the foothills and the plains. Terrain718

is the USGS 3DEP 1/3 arc-second DEM (U.S. Geological Survey, 2024a) and land cover the 2025719

Annual NLCD (U.S. Geological Survey, 2024b). Section S3 of Online Resource 1 describes the three720

meshes and gives the Carbondale figures. Each mesh is run at δ = 0.25 with a landscape-average721

R0 of 3.5, so the disk’s (δ = 0.25, R0 = 3.5) cell serves as the reference. On each mesh we cross722

the slope tensor with the land cover in a 2× 2 ablation. The isotropic arms set η ≡ 1 at unchanged723

κ, and the flattened arms replace p and c by their area-weighted means. Since κ is not rescaled by724

the mean permeability p = 0.70–0.78, every landscape invasion runs slower than the disk’s, so the725

comparison with the disk is qualitative.726

Fig. 4 The Upper Arkansas mesh: (a) terrain as the anomaly about its mean, (b) the land-cover
diffusivity κ p(x) and (c) the disease-free equilibrium S∞. The cross marks the focus. S∞ is highest
on the valley floors and lowest on the ridges

Fig. 5 The Estes Park mesh, on the same terms as Fig. 4. S∞ is lowest on the high peaks to the
west and on the developed land and cropland of the plains to the east
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The slope tensor already shapes S∞, which is K smoothed by the diffusion operator. The727

smoothing length is
√
κη/r up the slope and

√
κ(2− η)/r along the contour, so it goes from728

3.92 km in both directions on flat ground to 0.39 and 5.5 km at 45◦. The tensor therefore preserves729

habitat boundaries on steep ground that isotropic diffusion erases, and above 600 m/km of relief it730

sharpens |∇ΓS∞| about fourfold.731

The landscape barely moves the benefit. On each mesh the deficit reduction varies by at most732

3.7 points across the four arms, and every run recovers 28–34% of the deficit, against 30.7% at the733

matching cell on the disk (Table S4 of Online Resource 1). What the landscape changes is where734

the effort goes. The full model reaches its benefit with the least effort on every mesh, 26–35% less735

than with neither mechanism, and each mechanism contributes on its own. Most of this saving is736

ground the invasion barely reaches, which the optimal policy leaves untreated (Table S4 of Online737

Resource 1).738

Fig. 6 The Upper Arkansas at δ = 0.25, R̃0 = 4.24, c4 = 0.5, with the land cover measured,
at t = 2, 8, 14 and 18. Panels (a)–(d) show the optimal v (inferno, [0, vmax]) under the slope-
anisotropic D and (e)–(h) under the isotropic one. The panel at t = s shows the fronts at s and
the control of the block [s, s+1). The dashed white line is the uncontrolled 0.1 deer/km2 front and
the solid cyan line the controlled front. By t = 2 the front already runs west in narrow fingers up
the tributary valleys. Table S4 of Online Resource 1 summarizes all four arms

Figures 6 and 7 set each measured-land-cover arm’s optimal control against its uncontrolled739

front. As on the disk, the control forms a ring at the invasion front and holds the front several740

kilometers behind the uncontrolled one by year 20. On the Upper Arkansas the tensor breaks741

the western front into fingers along the tributary valleys and the control follows them, whereas742

isotropic diffusion merges them into one lobe. The heaviest effort, however, is placed by the land743
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Fig. 7 The Estes Park mesh at R̃0 = 4.50, on the same terms as Fig. 6. The front is nearly round
at t = 2

cover rather than by the slope. In the terrain-driven valleys the land cover sends effort to the low744

ground, and the tensor strengthens this. On the Upper Arkansas, effort is 3.2 times heavier in the745

lowest elevation quartile than in the highest in the full model, against 0.9 with neither mechanism.746

7.6 Robustness747

The control rarely saturates. The space–time share at vmax is at most 4.3%, so no reduction in748

Table 4 is limited by the cap. The magnitudes do rest on the two transmission ratios we know749

least well (Section 3.2). Rerunning the (δ = 0.25, R0 = 3.5) cell at ϱ = 5, and at m = 2.6 and750

18.2, moves the recovered deficit between 20 and 37% about the reference 31%. In every arm,751

however, Rc(vmax) ≥ 2.31 and the front keeps 74–82% of its uncontrolled speed, so the qualitative752

conclusions hold. On the Park Range test mesh (Section 6.7), doubling the continuation tail moved753

the reported reduction by 1.3 points, and refining ∆t to 1/40 yr changed the uncontrolled objective754

by 0.17%. Section S4 of Online Resource 1 gives these checks in full.755

8 Discussion756

8.1 What a sight-based cull can and cannot do757

We deliberately kept the formulation narrow. Splitting the shedding population into pre-clinical758

and clinical stages lets us aim the control at animals a field crew can see, and shows that this visible759

class carries about 60% of transmission, mostly through the carcass and the late-stage shedding760
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that the reservoir accumulates. The optimizer has no direct lever on the remaining 40%, and every761

infection it acts on has already been transmitting, unseen, for about forty weeks. Despite this blind762

spot, the control slows the front by up to 44% and recovers 7–53% of the accumulated susceptible763

deficit, with transmissibility deciding most of the difference. It never halts the front or eliminates764

the disease, as (21) predicts before any computation.765

Since this bound does not depend on the spatial model, field estimates of ϱ and m, the two766

ratios we know least well, would show whether such a cull is worth attempting before any spatial767

model is fitted (Section 3.2). The results are stationary points of a nonconvex problem under stated768

weights rather than certified optima, and where the epizootic does not turn over inside the window,769

they are reductions in an integral over a growing trajectory.770

The epizootic crosses the domain as a front, and local dynamics relax toward their endemic771

level on e-folding times of 14 yr or longer (Section 2.10), so nothing in the runs is near a fixed772

point. The model describes the first few decades of an epizootic on a real landscape, which is the773

window over which a policy is chosen and that surveillance covers. Its well-mixed endemic limits774

are properties of the kinetics rather than predictions.775

8.2 Implications for management776

Three findings bear directly on how culling effort might be allocated, with the caveat that the model777

has not been fitted to any specific region. First, where transmission is strong enough to deplete778

the herd, the optimal effort is concentrated at the leading edge of the invasion rather than at the779

clinical peak or the point of first detection (Section 7.3). Effort is worth most where the next clinical780

animals would reach an intact herd. This is consistent with the field result of Mandujano Reyes781

et al. (2025) that targeted culling in Wisconsin reduced the spatial spread of CWD rather than782

its local growth rate. Miller Neilan and Lenhart (2011) found a similar placement for rabies in783

raccoons, where the optimal vaccine distribution is an arc of bait ahead of the infectious wave,784

although vaccination protects susceptibles directly while a sight-based cull removes only infected785

animals. Second, the benefit of a fixed effort falls steeply with transmissibility and, at moderate to786

high transmissibility, with the speed of the reservoir (Table 4), so early detection and an estimate787

of R0 largely set what a culling program can expect to achieve. Third, cumulative incidence is a788

poor metric for evaluating such a program, since a cull that keeps more deer alive also exposes789

more of them. Per-capita measures such as (56) or the herd deficit avoid this artifact (Section 7.4).790

On real terrain, the landscape changes the policy far more than its benefit. Terrain and land791

cover together let the optimizer reach nearly the same benefit with a quarter to a third less effort,792

mainly because poor habitat and steep ground carry less of the invasion and need no culling793

(Section 7.5). Miller Neilan and Lenhart (2011) found the same effect for rabies, where a river let794

a partial arc of bait do the work of the full arc needed on a uniform domain. This saving compares795

optimal policies across models, however, and not policies on one landscape.796

8.3 Limitations797

The model makes several structural simplifications. There is no background mortality, so α absorbs798

disease-induced death together with any predation or harvest that selectively takes symptomatic799

animals, v is total removal effort rather than effort above a normal hunt, and v ≡ 0 is an unmanaged800

herd. As a result, the optimizer counts every averted infection as a certain future shedder, which801

biases optimal effort upward. At the annual adult survival of 0.82 reported by Geremia et al. (2015)802

and Miller et al. (2008), about a tenth of infected animals would die before shedding and over a803

fifth before becoming clinical. Adding a background mortality of µ = 0.198 yr−1 would require re-804
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solving the transmission coefficients against R0. The model also has no age or sex structure, which805

caps endemic prevalence at 31% (Section S1 of Online Resource 1), and no seasonal migration.806

We read Γ as winter range and every parameter as an annual average over the months the herd807

occupies it, so nothing here addresses summer-range prevalence or the timing of a cull within a808

year. Directed relocation would need an advection term, which is not self-adjoint and would cost809

us the shared factorization, so a seasonal signal in β1 and β2 is a cheaper alternative.810

The effort cap vmax limits a per-animal removal rate, whereas in practice the binding constraint811

is search. On the disk, clinical density at handover is one animal per 14–42 km2 of invaded ground,812

so effort scales with area covered rather than animals found, and a cap on effort per unit area would813

be the more faithful constraint. Since a generous vmax flatters the positive results and strengthens814

the negative ones, we hold it fixed and report saturation. A continuum model also has no extinction815

threshold, so a residual density can regrow a front during the tail, and we make no claim of local816

elimination.817

Two inputs carry most of the remaining uncertainty. The first is the pair of transmission ratios818

ϱ and m, which set the 60:40 split and so the size of the blind spot. Across the arms of Section 7.6819

the recovered deficit ranges from 20 to 37% about the reference 31%, while Rc(vmax) stays above820

2.3, so the qualitative conclusions hold across the bracket but the magnitudes do not. Of the two,821

ϱ is the better target for field estimation, since it only shifts shedding later within an infection and822

so changes mainly what the cull can see, while m also routes transmission through W , where it823

waits about 1/δ, and so changes the speed of the epizootic as well. The second, the diffusivity κ,824

matters less than it first appears. On the disk it only sets the length scale, so the results there hold825

at any κ once distances are rescaled (Section 2.5). On the landscapes it sets the diffusion length826 √
κ/r against the width of valleys and habitat patches, and a larger value would smooth more of827

the land cover out of S∞, so the results of Section 7.5 are conditional on it.828

8.4 Extensions829

On the landscapes, κ cannot be raised at fixed domain size without driving the invasion into the830

boundary, and the natural follow-up is to enlarge κ and the domain together using the ecological831

diffusion model of Garlick et al. (2014) (Section 2.5). That model uses GPS-fitted motilities for832

each cover class in place of a fitted scalar, and aggregates the population in good habitat without833

a separate carrying-capacity field, so it would replace both of our weakest inputs at once. The834

transmission coefficients should also be reconciled with the fitted estimates of Wasserberg et al.835

(2009) and Miller et al. (2006), and K0 and the land-cover coefficients calibrated against regional836

surveillance and density data.837

The most interesting extensions of the control address what v cannot reach. A second control838

on the reservoir, through soil treatment, would enter (5) as −v2W . This would be a qualitative839

addition, since the current model can prevent contamination but not remove it. Removing the840

carcasses of animals that die naturally is a separate lever that the model does not include. It acts841

on deposition rather than on W , is not limited to the clinical window, and averts a pulse that842

carries about 41% of R0. That share rests on reading 49% of each animal’s deposit, the 100 of843

206 prion units of Almberg et al. (2011), as a removable carcass (Section 2.7), and shrinks if less844

of the deposit is tied to the carcass. A non-selective cull that reaches the pre-clinical class is the845

other half of the gap, and the deficit running cost already prices the healthy animals such a cull846

would remove. Smaller extensions include a take limit
∫∫

vR ≤ C on animals removed, restriction847

to accessible management units, and imperfect detection.848
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9 Conclusions849

We have developed a spatially explicit model of chronic wasting disease on real terrain and used it850

as the constraint of an optimal control problem for a cull restricted to clinically affected deer. A851

closed-form bound shows that, under a plausible cap on effort, such a cull cannot by itself bring852

transmission below replacement anywhere in our range 2 ≤ R0 ≤ 5, because it never reaches the853

pre-clinical animals that generate about 40% of transmission. Within that limit, the exact discrete854

adjoint lets us compute where and when a bounded effort does the most good. Optimal effort855

meets the invasion at its leading edge, slows the front to 56–94% of its uncontrolled speed and856

recovers 7–53% of the accumulated loss of susceptible deer, with transmissibility deciding most of857

the difference. On real landscapes, terrain and land cover change where effort is needed far more858

than how much can be achieved. The analysis identifies the deposition ratio ϱ and the route ratio859

m as the quantities whose field estimation would most sharpen these conclusions, and points to860

carcass removal and environmental decontamination as the levers most likely to close the gap a861

sight-based cull leaves open.862
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