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Abstract

Some consequential futures consist of plausible steps arranged into an unlikely
sequence, which simulation seldom produces. Here ideal amplitude amplification,
which raises the chance of drawing such futures while preserving their relative
likelihoods, becomes a gate-level circuit that marks a future by its coherently
accumulated surprisal, with a finite-precision analysis of the marking and the circuit’s
logical cost. For a five-state Markov process six steps ahead, a 30-qubit circuit
verified against exact enumeration raised the share of rare futures drawn from 2.5%
to 98.0% in four iterations, leaving their relative likelihoods unchanged. The known
process is an exactly verifiable testbed; the claim is a construction and a hardware
demonstration, not a computational advantage. On IBM Kingston, compact reference
circuits with matched controls showed the structure of amplification at 228 routed
two-qubit gates (z = 50, per-future p = 0.98) but not at about 1,170, including after a

pre-registered test of noise suppression.

Keywords: Quantum computing; Amplitude amplification; Rare-event sampling;

Markov processes; Entropy rate; Superconducting qubits; Qiskit

Introduction

Many consequential outcomes are path dependent. Droughts and floods can arise

from combinations of drivers that are individually unremarkable [1], financial distress
1
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spreads through chains of exposure between institutions [2], and power-grid
blackouts propagate through sequences of individual line failures [3]. Classical rare-
event simulation, through importance sampling, multilevel splitting and genealogical
particle methods, is highly effective once the event of interest has been specified [4—
8]. Guo et al. [9] consider a different target: every outcome whose own probability is
at most a threshold 4, without naming those outcomes in advance. For stationary
processes they set 4 = 2%~ for trajectories of length L, with a at least the entropy
rate, so that a trajectory is rare when its surprisal per step is at least a. They show
that a classical algorithm with sample access needs 2(1/4) samples to sample from
the rare-conditioned distribution, whereas a quantum algorithm with coherent access
to a state-preparation unitary and its inverse needs (5(1/@) applications of
them, where p.... is the total probability of the rare set. This work takes the
constructive step: it realises that rarity test as an explicit circuit, verifiable against
exact enumeration, and measures what the construction costs and how its

amplification step behaves on superconducting hardware.

Guo et al. [9] build the marking of rare outcomes from the state-preparation unitary
itself, by applying a polynomial threshold to outcome probabilities, so that rare
outcomes never have to be identified, and establish the asymptotic sampling
complexity of the approach. Gupta et al. [10] combine quantum stochastic models,
which prepare sample states with less memory than any classical model of the
process, with amplitude amplification, and establish advantages in both memory and
time. Both results concern asymptotic complexity. When the process is known, the
marking can be computed from its rules: for a Markov process with a known transition
matrix, the surprisal of a trajectory is a sum of per-step terms, so it can be

accumulated coherently and compared with the threshold, and amplitude
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amplification [11, 12] then raises the probability of the marked futures. Amplitude
amplification and estimation already underpin quantum approaches to Monte Carlo
estimation and financial risk [13—16], and Grover search has been run on hardware at

a few qubits [17, 18].

This work makes four contributions. First, an explicit rarity oracle for stochastic
trajectories, which accumulates fixed-point transition surprisals in a Fourier-basis
register and reduces the threshold test to the sign of one bit. Second, a finite-
precision analysis that separates circuit error, which must be zero, from classification
error caused by rounding, with a sufficient precision for exact classification
(Proposition 1). Third, the logical cost of the complete circuit as the horizon and the
precision grow, including the preparation and reflection steps. Fourth, controlled
hardware experiments with matched oracle and control circuits, which detect the
predicted amplification structure at 228 routed two-qubit gates but not at about 1,170,

including after a pre-registered test of standard noise suppression.

Because the circuit is built from the transition matrix, a classical computer holding the
same matrix can compute the rare-set probability, and sample exactly from the fixed-
point rare-conditioned distribution, by dynamic programming over states and
accumulated fixed-point surprisal; where the fixed-point classification is exact, as at
H = 6 with b = 7, that is also the real-valued target. The known process is the
testbed that makes every result checkable against exact values; no quantum

advantage is claimed for it.

Methods

Stochastic process and future trajectories

The process has five states and transition matrix
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0.20 0.65 0.07 0.05 0.03
0.15 0.08 0.62 0.10 0.05 |[. (1)
0.10 0.08 0.12 0.62 0.08
0.08 0.06 0.10 0.12 0.64

Its stationary entropy rate is h,, = 1.1535596 bits per step: the uncertainty in each

(0.88 0.05 0.03 0.025 0.015
T =

step that remains once the full past is known [19]. A future x = (x4, ..., xy) is the
sequence of the next H states given X, = 1, with probability Py, (x) = [1tZ1 Ty, x,-

Following Guo et al. [9] with @ = h,, + §, the rare set, its probability and the threshold

are
Rp={x:0 < Py(x) <4y},
Prare = Z Py (%), Ay = Z_H(hw+6)' (2)
XERA
so a future is rare when its surprisal —log, Py (x) is at least S, = H(h., + §); no future

lies exactly on the threshold, so the choice between a strict and a non-strict inequality
does not matter here. We set § = 1.5 bits per step to obtain a low-probability target
while keeping the number of ideal amplification iterations modest: at H = 6, prare =
0.025 and the first amplification maximum occurs at r = 4. Table S5 shows that
smaller § values produce substantially less rare targets, whereas larger values
require materially more amplification iterations. Guo et al. treat stationary processes;
here every future instead starts in state 1, the most persistent state, so the threshold
is a fixed reference level set by the stationary entropy rate, not an estimate of the

expected surprisal from state 1.

Rare futures as atypical sequences

The entropy rate of the chain is

h.oo = —Zﬂ,’iZTij logZTij' (3)
J

i
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where 7 is its stationary distribution. By the Shannon—-McMillan—Breiman theorem
[19, 20], the per-step surprisal —H log, P, (X) of a future drawn from the process
converges to h,, with probability one, from any starting state. A rare future has per-
step surprisal of at least h,, + §, so the rare set lies outside the typical set and p,4.e
vanishes as the horizon grows. The rate is set by the scaled cumulant generating

function of the surprisal S; = —log,Py(X),

1
AQ) = Jim T log,E[2754] = logyp(TO-Y), (10D =74, @)

where p is the spectral radius and A’(0) = h,,. By the Gartner—Ellis theorem [21],

Prare = 27H (Rt ®)¥0l) 1 (5) = sup[4s — 4] (5)
For the chain of equation (1), I(h, + 1.5) = 0.439 bits per step, attained at 1* =
0.648. Exact enumeration up to H = 10, and a transfer-matrix calculation on a grid of
2 x 10~* bits beyond it, show the approach to this rate: —H log,p ... falls from
0.887 at H = 61t00.611 at H = 20 and 0.478 at H = 120, approaching I from above
as the sub-exponential factor in equation (5) loses weight. The rare futures are
nevertheless the majority by count, 88.9% of the 15,625 futures at H = 6 (Fig. 1b):
most sequences contain some unlikely transitions, while most of the probability lies
on futures that remain in persistent states. The probability mass the algorithm targets
therefore falls exponentially with the horizon, while ideal amplitude amplification
changes the cost of reaching it from about 1/p;,y. draws to about 7/ (4,/prare)

coherent iterations (equation (13)).
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Figure 1. The oracle marks rare futures, which are most sequences but little

probability. a, One amplification iteration Q = —AS,A*0 acting on the path register
(three qubits per step) and the accumulator (m qubits). A prepares |Py). The oracle
0 = U'Z,4 U loads the offset c, applies the quantum Fourier transform, adds the
fixed-point surprisal s,, ., of each transition as phase rotations conditioned on the
step registers, returns to the computational basis, changes the sign when the most
significant accumulator bit is 1, and uncomputes. The reflection about the prepared
state applies AT, the reflection S, about the all-zero state, and A. Pale blue blocks
prepare or unprepare the state; amber blocks mark rare futures. b, Per-step surprisal
of the 15,625 futures at H = 6, as a share of futures (grey line) and as a share of
probability (blue bars), in bins of 0.25 bits. The dotted line marks the entropy rate h,
and the dashed line the rare threshold h., + §; the shaded region holds the rare

futures.

Encoding and state preparation

Each step is held in three qubits, of which five basis states encode the process states
and three are unused, so the path register has 3H qubits. The trajectory distribution

is prepared as
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|Py) = Z\/PH(X) |x) (6)

by a cascade of uniformly controlled R,, rotations [22—-24]. Within each step the three
bits are prepared from most to least significant, each conditioned on the previous
step’s register and on the bits already prepared. Rotations conditioned on unused
encodings are set to zero, so the prepared state has no amplitude on invalid
encodings. At H = 6 the prepared probabilities matched the enumerated P, (x) to

within 2.4 x 10715 in every basis state.

Fixed-point surprisal

Transition surprisals and the threshold are held to b fractional bits,

s;j = round (Zb(—longij)), T, = [22S,]. (7)
With S, (x) = X sx,_,x, the fixed-point surprisal of a future, the fixed-point test S, (x) =

T, can disagree with the real-valued definition for futures close to the threshold. Each

si; lies within 1/2 of 2°(—log,T;;) and T, lies within 1 of 225, so

12725, (x) + log, Py (x)| < H2~(®+D), 0<27bT, -5, <27b. (8)

Proposition 1 (precision for exact classification). Let g be the smallest distance,
in bits, between the threshold S, and the surprisal of any valid future. If b >
log,[(H/2 + 1)/g], the fixed-point test S;,,(x) = T, agrees with the real-valued

definition for every future.

Proof. By equation (8), the rescaled fixed-point surprisal 2725, (x) lies within H 2~®+1
of the true surprisal, and the rescaled threshold 27T, lies within 2~? above S,. The
order of the two can change only if the shifts together reach g, which needs (H/2 +

D2b>g. -
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The condition is sufficient, not necessary. Below it, agreement depends on how the
rounding errors fall and has to be checked for each b; at H = 6 the bound gives b =
13, whereas b = 7 already classifies every future correctly (Results). Two kinds of
error are therefore recorded separately: a circuit error, where the circuit’s result
differs from the fixed-point test, which must be zero; and a precision error, where the
fixed-point test differs from the real-valued rare set, reported as a count and as

misclassified probability mass.

Rarity oracle

An accumulator register of m qubits is initialised to an offset c, transformed to the
Fourier basis, and receives each transition surprisal as phase rotations [25, 26]: for
accumulator qubit j, a diagonal gate [27] on that qubit and the step registers the
transition depends on applies the phase 2ms/2/*1. The inverse transform then leaves
¢ + Y. s mod 2™ in the register. With

2™ > max(Ty, Spmax — Tp + 1),
Cc = Zm_l - Tb'

(9)
where S, is the largest fixed-point surprisal over valid futures. In operator form, with
U the accumulation step (offset, Fourier transform, phase rotations and inverse
transform),

Ul)|0)m = |x)c + Sp (), 0 =UTU @ Zinep)U,

012)[0), = (=1)Ee®=Tol |x)|0),,,
where [-] is 1 when its argument holds and 0 otherwise. Equation (9) gives 0 < ¢ +

(10)

S, (x) < 2™ for every valid future, so the sum never wraps and its most significant bit
is [S,(x) = T,]: no comparator and no validity flag are needed. Unused encodings

are given zero surprisal; they never carry amplitude, because the preparation assigns
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them none and both the oracle and the reflection about |Py) preserve the span of

valid basis states.

Amplitude amplification

Write the prepared state of equation (6) as

|Py) = sinb |1hz) + cosb [1hz),

1
hg) = ﬁzﬁ JPa GO |x), (11)

where sin?6 = p is the probability of the marked set and | 3) is the normalised
component on unmarked futures. With A the preparation, S, = I — 2|0)(0| the
reflection about the all-zero state of the path register and O the oracle, one iteration is
Q = —AS,AT0 (Fig. 1a). Q rotates the plane spanned by |y%) and [z) by 26 [11, 12],

SO

Q"|Py) = sin[(2r + 1)6] [z) + cos[(2r + 1)6] [Yxz), (12)
and after r iterations each future is drawn with probability

sin?[(2r + 1)6]

P( )_ PH(x Sin29 ) XERAr 13
r = cos?[(2r + 1)0] (13)
Py(x) 0520 , X &R,

The probability of a rare future is therefore P. = sin?[(2r + 1)8], first maximal near

r* =|m/(460)] [12], and the distribution within the rare set, B.(x | R,) = Py(x)/p, is the
conditional distribution of the process for every r: amplification changes how often
rare futures are drawn, not which of them are drawn. At every horizon studied here r*
is also the first integer at which B. reaches a local maximum. At r = 1, equation (13)
gives the ideal change in each future’s probability used to test the hardware output,
and the ideal hardware signal sin?36 — p. Where the process can only be sampled,

as in the setting of Guo et al. [9], a rare future takes 1/p draws on average, against
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about 7r/(4,/p) iterations of Q; by equation (5), the first grows as 2" and the second

as 2H1/2,

Validation

Three checks were applied at H = 6. First, for every one of the 15,625 valid futures,
the path register was set to that basis state, the accumulator circuit was run in Qiskit
Aer’s matrix-product-state simulator [28], and the full accumulator register was read
and compared with ¢ + }'s mod 2™. Second, the complete amplification circuit, from
preparation through four iterations, was simulated as a statevector at b = 7 and at

b = 4, and after each iteration the probability of every path-register basis state and of
the accumulator’s zero state was recorded and compared with exact amplitude
amplification of the enumerated distribution under the same fixed-point marking.
Third, the probability of a rare future under the real-valued definition was computed

directly from the recorded probabilities, never inferred from the analytical formula.

Resource accounting

Logical resources were counted after transpiling the same circuits to the basis
{R,, VX, X,CNOT} with all-to-all connectivity at optimisation level 3. Counts are

reported at a fixed precision, b = 4, and at the lowest b with zero mismatches.

For a K-state process held in g = [log, K] qubits per step (q = 3 here), the circuit
uses gH path qubits and m accumulator qubits, gH + m in all, with m set by the
threshold and the largest accumulated surprisal (equation (9)). A future of length H
has H transitions. The first leaves the fixed start state, so its phase rotations are
conditioned on one step register and cost m diagonal gates on g + 1 qubits; each of
the remaining H — 1 transitions couples two consecutive step registers to an

accumulator qubit, giving (H — 1)m diagonal gates on 2q + 1 qubits in the

10
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computation and as many again in the uncomputation, so the oracle’s cost grows as

Hm before synthesis. For r iterations the two-qubit cost of the whole circuit is

C = CA +7r (CO + CR), (14)
where C, is the preparation, C, the oracle and Cy the reflection about the prepared

state, which holds two preparations and the reflection about zero. In the counts of
Table S3, C, grows linearly from 62 two-qubit gates at H = 2 to 286 at H = 6 and Cy
from 152 to 696, so the oracle is more than 90% of every iteration and the

preparation is under 1% of the total at H = 6.

Hardware reference and matched control

The full circuit is too deep for present hardware, so the amplification step was tested
with compact references at H = 2 and H = 3. Each indexes complete futures in base
5, using 5 and 7 qubits respectively, prepares the trajectory distribution with a general
state-preparation circuit, and marks rare futures with a diagonal gate built from the
enumerated rare set. These references serve only to test amplification on hardware
and do not scale. Because rare futures are the majority by count (21 of 25 at H = 2,
109 of 125 at H = 3), noise that flattens the output distribution raises the raw rare-hit
rate on its own. The primary statistic is therefore the difference between each circuit
and a matched control: the same circuit with a diagonal gate that is the identity on all
valid futures and has random phases on unused indices, compiled to the same
physical qubits. An identity would be removed by the compiler; the random phases,
on indices that carry no amplitude in the ideal circuit, make it synthesise a diagonal
gate on the same qubits, of comparable routed two-qubit cost. Noisy simulations
used noise models built from IBM calibration snapshots of Fez, Kingston and

Marrakesh, retrieved on 29 October 2026, with 3 repeats of 20,000 shots per arm.

11
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The hardware test was fixed before any run: a one-sided, pooled two-proportion z
test of oracle against control, passed when z > 5, using four alternating oracle and
control pairs of 5,000 shots each, giving 20,000 shots per arm, submitted as eight
primitive unified blocs (PUBs) of a single Sampler job for each horizon, on the
backend chosen from the noisy-simulation results before submission. Control and
oracle circuits must agree in routed two-qubit count to within 2%. Matching the routed
two-qubit count controls a major contribution to each circuit’s exposure to noise but
does not make the physical noise identical, because gate placement, timing,
coherent errors and drift can differ between the two circuits. The control is the identity
on the valid subspace only in the noiseless circuit, where the unused indices carry no
amplitude. Errors that populate those indices, 7 of 32 at H = 2 and 3 of 128 at H = 3,
make the control’'s random phases dynamically relevant, so the measured difference
is not a function of the rare-future marking alone. The size of that effect was tested by
repeating the noisy simulation with 24 further independent phase seeds at each
horizon, under criteria fixed and hashed before any result was seen and deposited
with the data. Each control was compiled to the oracle’s layout and kept only if it met

the same 2% matching rule; all were kept at both horizons (Results, Table S6).

Software and hardware

Circuits were built, simulated and compiled for IBM hardware with Qiskit [29] and
Qiskit Aer, and submitted with Qiskit IBM Runtime version 0.51.0. The 30-qubit
statevector simulation at b = 7 used Qiskit version 2.5.2 and Qiskit Aer version
0.17.2 on an Apple-silicon Mac with 32 GB of memory and took 39 minutes; the
calibration-snapshot noisy simulations, and the compilation and submission of the
hardware jobs, used the same software on the same machine. All other computations

used Qiskit version 2.6.1 and Qiskit Aer version 0.18.2 on two CPU cores of a Linux

12
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machine, where the 27-qubit simulation at b = 4 took 17 minutes. NumPy computed
the classical reference values: trajectory probabilities, the rare set and its mass.
Hardware runs used IBM Kingston (ibm_kingston), a quantum processing unit (QPU)
on the IBM Quantum Platform built on a 156-qubit superconducting IBM Heron r2
processor and hosted in the platform’s Washington DC (us-east) region. IBM Fez and
Marrakesh, QPUs with the same processor type, were used only in the noisy
simulations that selected it. The main hardware run used the Sampler primitive’s
default options, under which no dynamical decoupling, twirling or readout mitigation is
applied, so the measured signal reflects the processor’s native noise. In the
calibration in force when the jobs ran, Kingston’s median CZ error was 1.8 x 1073, its
median readout error 9.8 x 1073, and its median T, and T, were 235 and 150 ps;

values for the qubits used are given with Table 2.

Noise-suppression run

A follow-up run on 30 October 2026 tested whether standard error suppression
recovers the three-step signal. Its design and analysis were fixed in a pre-registration
record written at 00:17:01 UTC on 30 October 2026, 17 minutes before submission,
and deposited with the data. The record embeds the Kingston calibration that IBM
served at 00:08:59 UTC, and IBM’s job records show the first job submitted at
00:34:16 UTC, so the record is bracketed by two IBM-side timestamps and was
prospectively fixed before the first hardware submission; it was not lodged with an
external preregistration registry. The compiled circuits of the 29 October jobs were
resubmitted unchanged, on the same physical qubits, in one IBM Batch under three
conditions: native; dynamical decoupling [30, 31] with XpXm sequences scheduled
as late as possible; and the same decoupling with Pauli twirling of the two-qubit gates

[32, 33] (Qiskit’s active-accum strategy, 20 randomisations of 250 shots).

13
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Measurement twirling was off throughout. Twelve jobs ran in four rounds with the
order of conditions rotated; each job held one oracle and control pair for each horizon
at 5,000 shots per circuit, giving 20,000 shots per arm per horizon in each condition.
IBM’s records of all twelve jobs confirm the options of each condition, that the
submitted circuits are identical to those of 29 October, and that the counts analysed

are identical to the recorded shots.

Statistical analyses

All statistics were computed from the raw counts. At each horizon the amplification
signal is the oracle-minus-control difference d = P, e (rare) — P.oniro1(rare), where
each probability is the fraction of shots that returned a rare future; raw rare-hit rates
are reported but are not used as evidence of amplification (Results). The retention of
the ideal signal, R = d/d;qca, iS reported as a descriptive quantity with no test
attached. Detection used the pre-specified one-sided shot-level pooled two-
proportion z test fixed before the 29 October run, passed at z > 5; 95% intervals for
the signal use the unpooled standard error. The statistic treats the shots within an
arm as independent Bernoulli draws; the experimental units above the shot are the
four oracle and control pairs within a run, and the runs themselves, so the pair-level
agreement and the between-day comparison reported below are complementary
evidence rather than substitutes for the pre-specified test. With k, and k. rare
outcomes in n, and n. shots, p, = ko/no, Bc = kc/nc and p = (ko + k) /(ng + ne),
the statistic and the interval are
Po — Pc
APy + )

(15)

5 (1—5 5 (1—p
o — Po + 1.96\/290( Do) n e Pc),
Nng ne
The consistency of the four pair signals within a run was assessed with

14
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where d, is the signal of pair k and w, the inverse of its unpooled variance,
compared with a y? distribution on three degrees of freedom. The per-future pattern
was measured by the Pearson correlation p between each future’s change in
frequency from control to oracle and its change under ideal amplification (equation
(13) at r = 1), over all futures and over the rare futures alone. The shape of the rare-

conditioned output was measured by its total-variation distance from the target,

=13

XERA

fw
Syensf ) TR (17)

where f(x) is the number of shots that returned x; the reference value for sampling

alone is the mean distance over 200 samples, each of the observed number of rare
hits drawn from the target. In the noise-suppression run, the primary test was one-
sided, for an increase in the three-step signal under each form of suppression relative
to native, with an unpooled standard error and a threshold of z > 3 for each of the
two comparisons. Three secondary checks were set: that the four round-matched
changes share a sign; that the per-future correlation at three steps reaches p > 0.30
and exceeds native; and that the two-step signal under suppression passes z > 5

and does not fall below native by z > 3.

Results

Rare sets and precision

At H = 6, 13,888 of the 15,625 futures are rare, yet together they carry probability
0.0250 (Table S1 (Additional file 1), Fig. 1b). As the horizon grows their total
probability falls towards the large-deviation rate of 0.439 bits per step (Methods). The

nearest future lies 5.7 x 10™* bits from the threshold, so the bound above guarantees

15
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exact classification only from b = 13. In practice b = 7 already gives zero
mismatches, while b = 4 misclassifies 9 futures carrying 1.4 x 10~* of probability,
0.57% of the rare mass (Table S2). Below the guaranteed bound agreement is not
monotone in b: b = 9 misclassifies two futures even though b =7 and b = 8
misclassify none, so exactness at b = 7 is a verified property of that choice, not a

guaranteed one.

Circuit validation

The accumulator returned the exact register value on all 15,625 valid futures at b = 7
and on all 15,625 at b = 4, with no errors. With Table S2 and the statevector check
below, this means the b = 7 oracle marks exactly the real-valued rare set and the b =

4 oracle marks exactly its fixed-point set.

Exact agreement of the complete circuit at six steps

The complete 30-qubit circuit, simulated as a statevector at b = 7, reproduced exact
amplitude amplification of the real-valued rare set future by future: every trajectory
probability agreed to within 5.9 x 107> at every iteration, the accumulator returned to
zero to within 4.2 x 10~ 1%, and the probability on unused encodings stayed below

2.5 x 10731 (Fig. 2a, Table 1). After four iterations a rare future was drawn with
probability 0.9798, against 0.0250 before amplification, and the amplified rare-
conditioned distribution lay within 5.0 x 10715 of its target in total variation, so the

relative likelihoods of the rare futures were unchanged.

The 27-qubit simulation at b = 4 followed exact amplification of its fixed-point marked
set equally closely, to within 4.4 x 10~1°. Measured against the real-valued target, its
final probability was 0.9787 and its rare-conditioned distribution lay 5.7 x 103 from

the target, the effect of the 9 futures misclassified at b = 4, not a circuit error.
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Figure 2. Four iterations raise the rare-future probability to 0.98, and cost

grows with horizon. a, Probability of drawing a rare future against amplification
iteration r at H = 6 (6§ = 1.5, b = 7). The grey line is sin?[(2r + 1)8] with sin?8 =
Prare- BlUue points are the complete gate-level Qiskit circuit, simulated as a 30-qubit
statevector and computed directly from the simulated probabilities of all 218 path-
register states; they lie on the curve to within 4.1 x 10714, b, Logical two-qubit gates
for r* iterations of the general circuit against horizon, at fixed precision b = 4 (grey

squares) and at the lowest b with no mismatches (blue circles, labelled with b), after

transpiling to {R,, VX, X, CNOT} with all-to-all connectivity.

Resource scaling with horizon and precision

At fixed b = 4 the oracle grows from 2,441 to 11,777 two-qubit gates between H = 2
and H = 6 (Fig. 2b, Table S3). The cost is dominated by the diagonal gates that
couple consecutive step registers to an accumulator qubit, (H — 1)m in the
computation and as many again in the uncomputation, each on seven qubits and
compiled to 27 — 2 = 126 CNOTSs [27]. With the Fourier transforms and the first step,
the oracle costs 262 to 305 two-qubit gates per transition and accumulator qubit, so it
grows in proportion to (H — 1)m; the step between H = 3 and H = 4 reflects the

accumulator growing from 8 to 9 qubits. The counts are specific to this compilation:
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each diagonal gate is synthesised generically at 27 — 2 CNOTSs, whereas only 5% =
25 of its 64 control patterns carry a non-zero phase, so sparser synthesis would
lower the constant without changing the growth with (H — 1)m. Exact marking
changes the picture through the accumulator width: at H = 5 the lowest b with zero
mismatches is 13, giving an oracle of 19,725 two-qubit gates, more than at H = 6

with b = 7 (15,933).

Predicted hardware regime

Noise erodes much of the ideal signal at two steps and most of it at three (Fig. 3,
Table S4). At H = 2 with one iteration the predicted signal is +0.35 to +0.41 against
an ideal +0.65, with z from 70 to 82. At H = 3 it falls to +0.039 to +0.060 against an
ideal +0.52, with z from 8.6 to 12.5. On Fez and Marrakesh the H = 3 control missed
the 2% matching tolerance, so only Kingston gives a valid three-step comparison,
with a predicted z of 12.5. A second iteration raises the ideal success but lowers the
predicted signal at H = 2 on all three backends, and at H = 3 on all three, although
every three-step control at r = 2 misses the matching rule. One iteration is therefore
the preferred design at both horizons, and Kingston, which gives the largest

predicted signal at both, is the chosen backend.

The predicted signal is not materially sensitive to the particular random phases given
to the control. Over 24 further phase seeds at each horizon, all of which met the
matching rule, the predicted signal varied by a standard deviation of 0.0041 at H = 2
and 0.0029 at H = 3, 1.3 and 0.9 times the shot-noise standard error of a single arm,
and no seed changed its sign (Table S6). Every seed gave a two-step signal above
z = 80 and a three-step signal of at most +0.0553, under a fifth of the ideal +0.521;
within this noise model, the qualitative result at both horizons is therefore robust to

the phase choice.

18



394
395

396

397

398

399

400

401

402

403
404
405
406
407
408
409

410
411

412

Raw rare-hit rates cannot identify amplification

At H = 2 and H = 3 rare futures are most of the valid basis states even though they
carry little probability under the process, so noise that flattens the output raises the
raw rare-hit rate on its own: in the noisy simulations the control alone reaches well
above p,,.., towards the 0.656 of a uniform output over all indices at H = 2 and 0.852
at H = 3. A raw rare-event frequency therefore cannot identify amplitude
amplification, and every hardware conclusion below rests on the oracle-minus-control

contrast and on the per-future pattern of the change.

Table 1. Amplification at H = 6 (Qiskit Aer statevector)

Exact
P(rare), amplification, Max error

real fixed-point per  Accumulator Dy to real-
b r definition marking trajectory leakage valued target
7 0 0.024977 0.024977 2.3 x 10715 na 4.6x 10715
7 1 0.210066 0.210066 5.9 x 107> 1.3 x 1074 4.6 x 10715
7 2 0508127 0.508127 3.8x107** 19x107**  47x107%
7 3 0.803021 0.803021 1.4x 1071 3.2x 10714 4.7 x 10715
7 4 0.979845 0.979845 5.3 x 10716 41x 10714 49 x 10715
4 0 0.024977 0.024977 1.1x 1071 nfa 4.6x1071
4 1 0.209060 0.209060 4.3 x 107> 6.0 x 10715 52x 1073
4 2 0.505902 0.505902 7.5x 10716 1.1 x 107 5.6 X 1073
4 3 0.800485 0.800485 1.9 x 10717 1.5x 10714 5.7x 1073
4 4 0.978669 0.978669 7.2x 10716 2.7 x 10714 5.7 x 1073

b = 7 uses 30 qubits and marks the real-valued rare set exactly; b = 4 uses 27 qubits
and misclassifies 9 futures. P(rare) is computed directly from the simulated
probabilities of all 218 path-register states. The exact-amplification column gives
P(rare), real definition, under exact amplification of the fixed-point marked set.
Accumulator leakage is the magnitude of 1 — P(accumulator = 0). Dy is the total-
variation distance of the amplified rare-conditioned distribution from its real-valued

target.

Amplification signal on superconducting hardware

Both jobs ran on IBM Kingston on 29 October 2026 (UTC), with four alternating

oracle and control pairs of 5,000 shots each (20,000 shots per arm), on the same
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physical qubits as the noisy simulation (Table 2). Both comparisons met the matching
rule, with 228 routed two-qubit gates in each arm at H = 2 and 1,168 and 1,166 at

H = 3. IBM’s job records retain the submitted circuits and the raw shots of every
PUB; the counts analysed here are identical to those records, and in each job the
four oracle circuits are identical, as are the four controls. At H = 2 the oracle circuit
drew a rare future with probability 0.6836 and the control with 0.4351, a signal of
+0.2485 (95% interval +0.2391 to +0.2579; z = 50.1), against +0.408 predicted and
+0.65 ideal. At H = 3 the probabilities were 0.7353 and 0.7583, a signal of —0.0230
(95% interval —0.0315 to —0.0144; z = —5.3), against +0.060 predicted and +0.52
ideal. By the stated test (confirmatory), the two-step difference reaches the threshold

of z > 5 set before the runs and the three-step difference does not reach it.

I predicted, noise model < measured, Kingston ---- ideal
a b
0.7 1 ideal +0.65

0.6

g ideal +0.52

T 0.5 1
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Fez Kingston  Marrakesh Fez Kingston Marrakesh

Figure 3
Figure 3. The two-step signal is detected on hardware, the three-step signal is

not. Oracle-minus-control signal for one amplification iteration, predicted under noise
models built from IBM calibration snapshots retrieved on 29 October 2026, and
measured on Kingston. a, H = 2 (5 qubits). b, H = 3 (7 qubits). Bars show means

over 3 simulations of 20,000 shots per arm; error bars show 95% binomial intervals
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for a 20,000-shot hardware run. Grey bars fall below the z > 5 threshold or miss the
2% matching rule. The dashed line is the ideal signal, sin?360 — p,,.. Black diamonds
are the signals measured on Kingston on 29 October, with 95% intervals (hidden by

the symbol in a).

The following analyses are exploratory; they were not specified before the run. The
four pairs gave signals from +0.2418 to +0.2564 at H = 2 and from -0.0268 to
-0.0186 at H = 3, consistent within sampling error (y3 = 1.8, p = 0.61, and y3 = 0.5,
p = 0.92). Across the 25 two-step futures, the change in each future’s frequency from
control to oracle tracked the change predicted by ideal amplification (Pearson p =
0.98; 0.81 over the 21 rare futures), and did so within each pair separately (p from
0.98 to 0.99; 0.74 to 0.84 over rare futures), so the two-step difference has the
pattern of amplification, not only a higher rare-hit rate; across the 125 three-step

futures the same correlation was p = 0.04.

At two steps the measured signal was 61% of its prediction, almost entirely because
the control drew rare futures more often than predicted (0.435 against 0.300; oracle
0.684 against 0.708), consistent with stronger mixing than the noise model predicted,
since the control’s output, concentrated on the most likely future, is the more
sensitive to mixing. Among the shots that returned a rare future, the spread over the
21 rare futures lay 0.141 from the target P(x | R,) in total variation for the oracle arm
and 0.175 for the control, against 0.013 and 0.017 expected from sampling alone and
0.439 for a uniform spread. Noise therefore distorted the relative likelihoods in both
arms by far more than sampling error, but the amplified arm was no further from the
target than its control. In aggregate the oracle arm’s rare-hit rate, 0.684, lies only

0.028 above the 0.656 of a uniform output, so the aggregate alone cannot separate
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amplification from mixing; the oracle arm’s spread over the rare futures, 0.141 from
the target against 0.439 for a uniform spread, and its per-future correlation of 0.81
over the rare futures alone show that it kept the shape of the amplified distribution,

which mixing would have erased.

At three steps the signal had the opposite sign to its prediction in all four pairs. Both
arms drew rare futures far more often than p.,.. = 0.086, towards the 0.852 of a
uniform output over all 128 indices (relaxation towards the all-zero index, a non-rare
future, pulls the other way), and their spreads over rare futures (both 0.368 from the
target, against 0.029 from sampling alone and 0.457 for a uniform spread) had lost
most of the target’s shape. The three-step outputs were therefore largely noise-
dominated. Were both arms depolarised equally, the oracle arm would still lie above
the control, so the consistent deficit of 0.0230 shows that the two compiled circuits
responded differently to noise: the control departed further from its prediction (0.758
against 0.607) than the oracle (0.735 against 0.667). The submitted circuits, retrieved
from IBM’s job records and simulated without noise (400,000 shots each), reproduce
the ideal values within sampling error (0.607 and 0.086 at H = 3, against 0.607 and
0.086; 0.772 and 0.122 at H = 2, against 0.773 and 0.123), confirming that the deficit
does not arise from the submitted circuit logic; its physical mechanism was not
identified. The noise models were optimistic at both horizons, more so for the deeper
circuit. They used calibration data retrieved at least 6.9 hours before the jobs ran,
Kingston was recalibrated 19 minutes before they ran, and they omit crosstalk,

coherent errors, leakage and drift.
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Table 2. Hardware run on IBM Kingston

Routed 2q,
Shots oracle/ P(rare), P(rare), Predicted Ideal
H r perarm control  oracle control Signal 95% interval  z signal signal  Retention
2 1 20000 228 /228 0.6836 0.4351 +0.2485 [+0.2391, +0.2579] 50.1 +0.408 +0.650 0.38
3 1 20000 1168/1166 0.7353 0.7583 -0.0230 [-0.0315,-0.0144] -5.3 +0.060 +0.521 -0.04

Four oracle and control pairs of 5,000 shots each per job, submitted alternately. z is the pooled two-proportion statistic of the stated
test; the interval uses the unpooled standard error. Predicted signal is the mean of the Kingston noisy simulation (Table S4).
Retention is the signal divided by the ideal signal. Jobs dbhgjlht9uhs73ca7e9g and dbhgk2hq260s73bv9100. Calibration in force at
run time on the qubits used: H = 2: qubits 3, 24, 16, 22, 23, median CZ error 1.2 x 1073, readout error 1.2 x 1072, T; 227 us, T, 118
us. H = 3: qubits 75, 71, 93, 79, 74, 72, 73, median CZ error 1.2 x 1073, readout error 1.3 X 1072, T, 248 us, T, 154 ys.
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483 Standard suppression does not recover the three-step signal

484 To test whether standard error suppression could remove the three-step deficit, the
485 same compiled circuits were rerun on the same physical qubits of Kingston on 30
486 October 2026 (Methods). The run used three conditions: native, dynamical

487 decoupling, and dynamical decoupling with Pauli gate twirling. It had four rotated
488 rounds in one batch, and the analysis was pre-registered before submission. Neither
489 form of suppression raised the three-step signal (confirmatory, pre-registered: +0.013
490 native, —0.004 and +0.006 with suppression; changes z = —2.8 and —1.1, against a
491 pre-registered threshold of z > 3 for an increase; Fig. 4, Table 3). Decoupling

492 lowered it in all four rounds. Twirling moved both arms towards random output (rare-
493 future frequencies 0.83 and 0.82, against 0.85 for a uniform output). The per-future
494 correlation at three steps rose from 0.36 to 0.54 under decoupling, meeting the pre-
495 registered criterion, but over the rare futures alone, a check that was not pre-

496 registered, it was 0.10, against 0.17 native, so no amplification pattern among the
497 rare futures was recovered. The two-step signal was detected in every condition (z =
498 25 to 40), and decoupling raised it from +0.135 to +0.195. The native runs did not
499 repeat the 29 October values: the three-step signal was +0.013 against —0.023, and
500 the two-step signal was about half as large (+0.135 against +0.249), although the

501 reported two-qubit gate and readout errors of the qubits used were unchanged.

502 Taken together, the two campaigns bracket the practical regime for these reference
503 circuits: the amplification signature was present at 228 routed two-qubit gates and
504 absent at about 1,170. The two horizons differ in more than gate count, in qubit
505 number, physical qubits, layout, depth and oracle, so these results bracket the

506 regime for these implementations rather than establishing a universal gate-count

507 threshold. The reproducible feature is the distinction between the two regimes, not
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the magnitude of the two-step signal, which was +0.249 on 29 October and +0.135
on 30 October: at two steps the signal passed the detection threshold on both days
under every condition, with each future’s change tracking ideal amplification, while at

three steps the signal was near zero or reversed on both days and under both forms

of suppression.
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Figure 4. Noise suppression does not recover the three-step signal. Oracle-

minus-control signal for one amplification iteration on IBM Kingston, 30 October
2026, under three conditions: native, dynamical decoupling (XpXm), and dynamical
decoupling with Pauli twirling of the two-qubit gates. a, H = 2. b, H = 3. Bars are the
signals pooled over four rounds of 5,000 shots per arm, with 95% intervals from the
unpooled standard error; dots are the four single-round signals; the open diamond is
the native signal measured on 29 October. The ideal signals are +0.650 at H = 2 and

+0.521 at H = 3.
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523 Table 3. Noise-suppression run on IBM Kingston, 30 October 2026

P(rare), P(rare), Per-future Change against
Condition H  oracle control Signal 95% interval  z p native (z) Retention
Native 2 0.6343 0.4993 +0.1350 [+0.1253, +0.1446] 27.2 0.97 n/a 0.21
Decoupling 2 0.7004 0.5054 +0.1951 [+0.1857,+0.2044] 39.9 0.99 +0.0601 (+8.8) 0.30
Decoupling + twirling 2 0.6888 0.5691 +0.1197 [+0.1103, +0.1291] 24.8 0.99 -0.0153 (-2.2) 0.18
Native 3 0.6807 0.6675 +0.0132 [+0.0040, +0.0224] 2.8 0.36 n/a 0.03
Decoupling 3 0.7500 0.7543 -0.0044 [-0.0128, +0.0041] -1.0 0.54 -0.0176 (-2.8) -0.01
Decoupling + twirling 3 0.8271 0.8208 +0.0064 [-0.0011, +0.0138] 1.7 0.24 -0.0069 (-1.1) 0.01

524 The circuits and physical qubits of Table 2. Each condition comprises four oracle and control pairs of 5,000 shots, one in each of
525 four rounds with the conditions rotated, giving 20,000 shots per arm. Decoupling: XpXm sequences scheduled as late as possible.
526 Twirling: Pauli twirling of the two-qubit gates, 20 randomisations of 250 shots. z is the pooled two-proportion statistic; the interval
527 and the change against native use unpooled standard errors. Retention is the signal divided by the ideal signal. Per-future p is the
528 Pearson correlation between each future’s measured and ideal change from control to oracle; over the rare futures alone it was
529 0.81,0.86,0.88atH =2 and 0.17, 0.10, 0.05 at H = 3 (native, decoupling, decoupling + twirling). Ideal signals are +0.650 at H = 2
530 and +0.521 at H = 3. Batch 7855afd6-8494-4677-b80a-698b9c7fc19c.
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Discussion

What has been constructed. \When the process is a known finite-state Markov
chain, the rare set defined as in Guo et al. [9] can be marked by a circuit that is
exactly verifiable at this scale. The circuit combines standard techniques: surprisal
accumulated in the Fourier basis [25, 26], so each transition costs one diagonal gate
per accumulator qubit; an offset preload, so the comparison reduces to the sign of
one bit; and reliance on the prepared state’s support, so unused encodings need no
flag. What is new is the complete trajectory-level construction and its
characterisation: the rarity of a future, defined by its surprisal against an entropy-rate
threshold, becomes an executable oracle whose every component was checked

against exact enumeration.

Precision and resources. Exact marking has a cost that does not follow the horizon
smoothly. Proposition 1 guarantees classification from b of about log,[(H/2 + 1)/g],
and the gap g varies irregularly with the horizon (Table S1): the boundis 15at H =5
and 13 at H = 6. Below it, zero mismatches depend on how the rounding errors fall
and must be checked for each b; at H = 6, b = 7 and b = 8 classify every future
correctly while b = 9 misclassifies two (Table S2), which is a property of the rounding
pattern, not of the circuit. The oracle dominates the cost at every horizon, with the
preparation under 1% of the total at H = 6, and the general construction grows as
Hm in conditioned phase rotations; at about 66,802 logical two-qubit gates for four
iterations at b = 7 with this synthesis, the six-step circuit is far beyond present

hardware.

What the hardware shows. Raw rare-hit rates cannot identify amplification on a

noisy processor, because noise alone pushes the output towards the many rare
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futures; the matched control is therefore essential, and its limits are stated in
Methods. Against that control, the two-step circuit showed the signature of amplitude
amplification on both days and under every condition: a signal that passed the
detection threshold set before the run, and a change in each future’s frequency that
tracked ideal amplification with p = 0.98 across all 25 futures. At three steps, with
about 1,170 routed two-qubit gates, the signal was near zero or reversed on both
days, the per-future correlation collapsed, and the tested suppression techniques,
dynamical decoupling and Pauli gate twirling, did not recover it; twirling moved both
arms towards random output. The two circuits can also differ under noise for reasons
unrelated to amplification, as the reversed sign of 29 October shows, and a noiseless
replay of the submitted three-step circuits confirms that their intended ideal behaviour
is correct. Error mitigation by extrapolation has carried circuits of thousands of two-
qubit gates on IBM processors [34], and its measurement cost can be reduced with
learned surrogates [35], but it corrects estimated expectation values, such as the
probability of a rare future, not the individual samples that a sampler of rare futures

returns.

Relation to the recent rare-event literature. Guo et al. [9] and Gupta et al. [10]
establish asymptotic sampling advantages, the first from a coherent probability
threshold and the second from quantum stochastic models combined with
amplification. This paper’s contribution lies elsewhere: an executable construction, its
finite-precision and resource characterisation, and a hardware test of the

amplification step with matched controls and pre-registered analysis.

Limits and the path ahead. The results have four limits. First, the transition matrix is
known, so the same information gives exact classical sampling of the rare-
conditioned distribution, and no quantum advantage is claimed. Second, the six-step
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results are ideal simulations, beyond present hardware depth. Third, the hardware
references take the rare set as a list, so they test amplification and the noise model,
not the general oracle. Fourth, the calibration-derived noise models omit crosstalk,
coherent errors, leakage and drift, and they predicted a detectable three-step signal
that did not appear (the two-step signal was 61% of its prediction on 29 October and
33% on 30 October). Together these restrictions keep every result checkable while
separating the correctness of the algorithm from what present hardware can run. The
mechanism is aimed at models that can be run but whose probabilities are hard to
calculate, such as large climate, epidemic and financial simulators whose observed
paths aggregate many hidden ones. There the rule-based oracle demonstrated here
cannot be built; it would be replaced by a rarity test built from the generator alone, as
in Guo et al. [9]. That test needs the simulator itself, and its inverse, to run coherently
as a quantum circuit, which is the dominant cost and remains open for simulators of

this size.

Conclusions

A gate-level Qiskit circuit marks and amplifies the rare futures of a five-state Markov
process over six steps, with every component verified against exact enumeration. At
7 fractional bits it marks the real-valued rare set exactly, and its 30-qubit simulation
raises the probability of a rare future from 0.025 to 0.980 in four iterations. On IBM
Kingston, a two-step reference circuit of 228 two-qubit gates, which marks rare
futures from a precomputed list, drew rare futures more often than its matched
control by +0.2485 (z = 50.1), passing the test set before the run; the difference was
detected again on 30 October with and without noise suppression, while at three
steps, with 1,168 two-qubit gates, the predicted signal was not seen on either day. A
hardware signature consistent with amplitude amplification was therefore detected on
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Kingston at 228 two-qubit gates but not at 1,168, and the complete six-step circuit, at
tens of thousands of logical two-qubit gates, remains beyond current

superconducting hardware.

List of abbreviations
CNOT: controlled-NOT gate; CZ: controlled-Z gate; PUB: primitive unified bloc; QPU:

guantum processing unit.
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