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Abstract 15 

Background 16 

Displacement can alter healthcare requirements before resources can be procured and deployed. Health 17 

planners must balance aggregate service, severe shortages and geographic priorities. We examined whether 18 

protecting adverse system losses and extreme-demand conditions also protects primary healthcare and 19 

maternal and newborn health provision. 20 

Methods 21 

We formulated a three-stage stochastic linear programme for 177 local government areas and 348 supply 22 

hubs in ten Nigerian states. Four displacement-derived archetypes and three severity levels generated 23 

twelve planning scenarios. Matched comparisons evaluated expected-loss minimisation, conditional value-24 

at-risk, geographic priority penalties and a shortage cap in a preselected extreme-demand scenario. We 25 
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assessed resource-specific coverage, geographic outcomes, shortage feasibility and sensitivity to resource 26 

conditions and priority construction. A separate extension imposed minimum maternal and newborn health 27 

coverage in every scenario. 28 

Results 29 

At the assumed probabilities, 95% conditional value-at-risk equalled maximum scenario loss. Risk 30 

aversion produced small loss reductions. Compared with expected-loss minimisation, the integrated policy 31 

reduced the penalty-weighted priority increment by 4.087% and pooled priority-weighted shortage by 32 

0.168%, while expected base loss increased by 0.033%. Primary healthcare coverage remained 37.743%, 33 

but maternal and newborn health coverage declined from 70.959% to 70.309%; geographic effects were 34 

mixed. Minimum protected shortage was only 20.266 pooled units below the reference cap. Secondary 35 

expected-loss minimisation approached this minimum while preserving most non-protected service. The 36 

largest feasible common maternal and newborn health coverage floors were 62.716% at baseline capacity 37 

and 64.907% at 120% capacity with unchanged budgets. At expanded capacity, feasible positive floors 38 

prevented zero maternal and newborn health allocation, at higher expected loss and lower primary 39 

healthcare coverage. 40 

Conclusions 41 

Loss protection and geographic priorities do not guarantee resource-specific service adequacy. Planners 42 

should specify protected services, test target feasibility and examine geographic and resource-specific 43 

trade-offs together. These findings concern a calibrated planning system; they do not demonstrate observed 44 

utilisation gains or clinical benefit. 45 

Keywords: healthcare resource allocation; displacement; stochastic programming; health equity; 46 

conditional value-at-risk; maternal and newborn health; service adequacy; Nigeria. 47 
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Background 48 

Planning problem and study setting 49 

State health authorities and humanitarian health planners must decide how to procure and distribute scarce 50 

resources when displacement changes both the location and magnitude of need. Commitments made before 51 

demand becomes clear can constrain later responses. The practical question is which services and locations 52 

a plan protects when available resources cannot meet all requirements. A low expected system loss may 53 

coexist with severe shortages in adverse conditions or insufficient provision in a particular service. We 54 

examine these competing objectives for primary healthcare and maternal and newborn health in 55 

displacement-affected areas of Nigeria. 56 

Multistage stochastic programming links early commitments to decisions that can adapt as information 57 

becomes available. Healthcare applications demonstrate how adaptive allocation can be combined with 58 

explicitly defined equity considerations [1]. However, the value of a risk or distributional control depends 59 

on the uncertainty representation, the actions permitted and the resources available. Adding a preference 60 

weight or an adequacy constraint cannot itself create capacity, stock or funding. Its effects must be 61 

assessed against a common physical system and a clearly specified benchmark. 62 

Health-service allocation studies also demonstrate the importance of making competing outcomes explicit. 63 

Bowers et al. [2] developed a multicriteria postnatal service allocation tool through stakeholder 64 

engagement, supporting comparisons of costs and quality. Wang et al. [3] combined accessibility 65 

assessment and mathematical optimisation to examine healthcare equity in an ageing community. These 66 

studies connect allocation criteria to service-management questions. Our application examines a different 67 

setting: uncertain displacement-related requirements and the consequences of protecting losses, geographic 68 

priorities or specific services. It evaluates modelled allocation trade-offs rather than an implemented 69 

service redesign. 70 

This study considers 177 local government areas (LGAs) and 348 supply hubs in ten North-Central and 71 

North-West Nigerian states. Primary healthcare (PHC) and maternal and newborn health (MNH) have 72 

separate service requirements and resource constraints. Four displacement-derived spatial archetypes and 73 

three severity levels define twelve terminal demand scenarios. Initial procurement and allocation decisions 74 
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are common across scenarios; subsequent decisions respond first to the archetype and then to severity. The 75 

three information stages are distinguished from the three physical allocation periods. Demand is balanced 76 

at the planning horizon, without intermediate clinical service deadlines. 77 

Loss protection geographic priority and demand adequacy 78 

Three distinct planning concerns motivate the model. Loss-tail protection addresses large realised system 79 

losses. Geographic priority changes the marginal penalty attached to shortages using displacement share, 80 

the age composition of displaced people and an access deficit. Demand-tail adequacy limits shortage under 81 

demand conditions designated as extreme before optimisation. These controls protect different outcomes 82 

and need not select the same allocation. A policy can improve its weighted objective while worsening 83 

resource-specific coverage or a geographic distributional indicator. 84 

Conditional value-at-risk (CVaR) evaluates the upper tail of a policy-dependent loss distribution [4]. By 85 

contrast, the conditional shortage cap considered here uses a protected demand set fixed independently of 86 

allocation decisions. High-loss scenarios can change with the policy, whereas the protected demand set 87 

remains unchanged. The shortage cap is an adequacy restriction on specified demand conditions, not a risk 88 

measure interchangeable with CVaR. The primary protected set contains R18 HIGH, scenario S12; its 89 

conditional expected shortage therefore equals shortage in that scenario. 90 

The finite probability distribution also determines what loss-tail protection means. Every terminal scenario 91 

has probability at least 0.05, so both 95% and 99% CVaR coincide with maximum scenario loss. These 92 

confidence levels describe the assumed planning distribution and do not estimate the occurrence frequency 93 

of extreme displacement. Comparisons of policies optimised at different confidence levels therefore use a 94 

common evaluation criterion. This prevents a change in the definition of the reported tail statistic from 95 

being mistaken for improved policy performance. 96 

Equity likewise requires a declared criterion. The efficiency implications of fairness depend on how 97 

fairness is defined [5]. Geographic-priority penalties express priorities, but do not guarantee equal 98 

coverage, higher minimum coverage or lower geographic dispersion. The analysis accordingly 99 

distinguishes the penalty-weighted priority increment in the objective from the priority-weighted shortage 100 
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diagnostic, PHC and MNH system coverage, and LGA-level coverage outcomes. Pooled shortage 101 

measures combine unlike resource units and are treated as model indices rather than patient counts. 102 

Research gap and questions 103 

The health-service planning gap addressed here is whether a policy that improves a weighted allocation 104 

score also protects the services and locations that planners intend to prioritise. Loss control, geographic 105 

priority and extreme-demand safeguards may select different allocations under the same constraints. Their 106 

effects must therefore be compared separately, including the scale of any benefit and the service displaced 107 

elsewhere. A shortage target also requires a feasibility assessment: a tighter bound may exceed what the 108 

system can deliver. Finally, an objective that protects only one adverse demand state can leave other 109 

service outcomes unspecified, making the choice of a secondary objective consequential. 110 

The study asks four questions. First, how much does CVaR-based loss protection change expected base 111 

loss, worst loss and resource coverage relative to risk-neutral allocation? Second, how does geographic 112 

priority redistribute shortages, and do weighted gains coincide with improvements in resource-specific and 113 

geographic outcomes? Third, when does the fixed demand-tail cap add a restriction, how close is it to the 114 

attainable shortage frontier, and what allocation results from secondary expected-loss minimisation near 115 

that frontier? Fourth, how do budget, inventory and capacity conditions affect service, and what additional 116 

protection and trade-offs arise when a minimum MNH coverage requirement is explicitly imposed? 117 

Contributions and scope of the evidence 118 

The contribution is an empirical comparison of established controls within a common three-stage planning 119 

system. Risk-neutral, CVaR-only, tail-only and zero-priority hybrid policies distinguish loss protection 120 

from demand adequacy. Matched priority-weighted policies identify the additional effect of imposing the 121 

cap. A separate optimisation establishes the minimum protected shortage, followed by secondary expected-122 

loss minimisation within a stated numerical tolerance. Resource-specific and LGA diagnostics then test 123 

whether improvements in an objective or pooled diagnostic translate into broader service benefits. 124 

The results show small worst-loss reductions from risk aversion and no additional aggregate benefit from 125 

the reference cap at zero priority weight. With priority weighting, the integrated policy lowers pooled 126 

priority-weighted shortage but reduces MNH coverage and produces mixed geographic effects. The cap 127 
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lies close to the attainable shortage frontier; secondary optimisation approaches that frontier while 128 

preserving service close to the risk-neutral benchmark. Budget, stock and capacity experiments produce 129 

larger resource-specific changes. An explicit MNH floor prevents a zero-service outcome when feasible, 130 

while revealing additional cost and PHC trade-offs. These are conditional findings rather than universal 131 

superiority of an integrated policy. 132 

The analysis concerns calibrated planning demand, effective capacities, cost indices and assumed scenario 133 

probabilities. It does not estimate clinical utilisation, validate displacement forecasts or demonstrate 134 

clinically timely treatment. Accessibility is represented by distance and effective-speed proxies. Initial 135 

stock is an endowment whose pre-horizon acquisition cost is excluded, so the inventory comparison is not 136 

an all-in investment appraisal. The paper builds on the scenario-construction framework of Okechukwu 137 

and Osu [6] and the expected-loss allocation component of the wider research programme [7, 8], while its 138 

distinct focus is the joint interpretation of loss protection, geographic priority and demand-tail feasibility. 139 

Related research and analytical positioning 140 

The analytical literature informs three health-service decisions: when resources may adapt to new 141 

information, which adverse outcomes should be protected, and how shortages should be distributed. These 142 

decisions require distinct criteria. We review the relevant approaches to establish what the present 143 

comparisons can and cannot show. 144 

Adaptive healthcare allocation under uncertainty 145 

Yin and Büyüktahtakın [1] formulate multistage stochastic epidemic resource allocation with equity 146 

considerations, linking decisions to the progressive revelation of uncertainty. Their work provides a 147 

foundation for combining adaptive allocation with distributive requirements. Fattahi et al. [9] extend the 148 

healthcare planning perspective through integrated resource allocation and sharing, patient transfers and 149 

capacity decisions during a pandemic. Their multistage framework considers several patient and resource 150 

categories and examines a risk-averse version based on non-accepted patients. These studies show that the 151 

operational actions available to the planner are central to the meaning of an allocation model. 152 

The present application uses displacement-derived PHC and MNH requirements as exogenous inputs. It 153 

does not model infection transmission, patient transfers, workforce substitution or clinical sequencing. Its 154 
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scenario tree represents information about spatial archetypes and severity, while the physical allocation 155 

periods govern procurement and deployment. This distinction matters because additional information has 156 

value only when feasible actions can respond to it. The three-stage structure supplies a common decision 157 

framework for the comparisons; the contribution of this paper is the assessment of risk, priority and 158 

adequacy controls within that framework. 159 

Loss tail protection and the meaning of multistage risk 160 

Rockafellar and Uryasev [4] establish the optimisation representation of CVaR for general loss 161 

distributions, including distributions with probability atoms. CVaR therefore provides a tractable way to 162 

penalise adverse losses in finite scenario programmes. The protected outcome must nevertheless be 163 

specified. Fattahi et al. [9] apply risk aversion to non-accepted patients; in the present model, CVaR 164 

applies to base scenario loss comprising operating expenditure and shortage penalties. A reduction in this 165 

cost index cannot automatically be interpreted as the same proportional reduction in unmet service or 166 

clinical harm. 167 

The timing of risk evaluation also deserves attention. In their capacity-planning study, Yu and Shen [10] 168 

compare risk-averse multistage and two-stage formulations using expected conditional risk measures and 169 

derive bounds on their objective-value differences. Their analysis demonstrates that the value of adaptation 170 

depends on the risk formulation and the uncertainty structure. Here, decisions are multistage, but CVaR is 171 

evaluated once over total scenario losses. The model does not implement a recursively nested dynamic risk 172 

measure, and the presence of non-anticipativity constraints alone is not a claim of dynamic consistency for 173 

risk preferences. 174 

Finite probability masses further constrain the interpretation of confidence levels. In this study every 175 

terminal scenario has probability at least 0.05; consequently, both 95% and 99% CVaR equal maximum 176 

scenario loss, as established in Proposition 1. Identical outcomes at these levels can therefore follow from 177 

the distribution itself. This property should be distinguished from a general conclusion that greater risk 178 

aversion never matters. The experiments separate the risk weight from the confidence level and compare 179 

selected policies using a common 95% diagnostic. 180 
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Distributional ambiguity and the boundary of scenario evidence 181 

Recent healthcare research extends risk-sensitive planning beyond a single assumed probability 182 

distribution. Heyhat, Rahmani and Shahparvari [11] develop two-stage distributionally robust healthcare 183 

logistics models with ambiguity sets for demand probabilities and CVaR-based risk control. Their 184 

application includes alternate care sites, heterogeneous patient requirements, several resource categories, 185 

and workforce cross-training and mobility. Their out-of-sample evaluation addresses whether policies 186 

retain performance when demand conditions differ from the fitted planning distribution. 187 

This is an important boundary for the present study. Its twelve scenarios and their probabilities define a 188 

fixed experimental distribution; budget and initial-stock comparisons do not test probability ambiguity or 189 

out-of-sample demand performance. The results therefore establish conditional policy trade-offs for the 190 

specified calibration. Distributionally robust extensions would require explicit ambiguity-set construction 191 

and separate validation. They cannot be inferred merely from the use of empirical archetypes or from the 192 

inclusion of CVaR. Likewise, changing preference weights and expanding physical resources answer 193 

different questions and are evaluated separately. 194 

Equity vulnerability and resource specific outcomes 195 

Bertsimas, Farias and Trichakis [5] analyse the efficiency implications of defined fairness rules, including 196 

proportional and max-min fairness. Their central relevance here is that the price of fairness depends on the 197 

criterion imposed. A priority coefficient attached to shortage expresses a distributive preference, whereas a 198 

minimum-coverage requirement protects a service floor. These devices can select different allocations 199 

even when applied to the same feasible set. Their outcomes should not be described by a common equity 200 

label without identifying the underlying rule. 201 

Huang et al. [12] make this distinction concrete in a two-stage stochastic emergency-supplies allocation 202 

model. They combine operating cost with a Gini-inspired distributional index and use an epsilon-constraint 203 

approach to examine the objectives, with an application to mask distribution in Shanghai. Their 204 

formulation directly represents distributional disparity. The present model instead modifies shortage 205 

penalties using calibrated geographic priorities. It does not minimise a Gini index or impose max-min 206 
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service. Its geographic diagnostics assess the consequences of that priority rule without claiming that the 207 

rule itself guarantees lower inequality. 208 

Dik, Lo and Lai [13] review fairness, equity and equality in humanitarian logistics through a citation-209 

network analysis of 275 articles published between 2007 and 2025. They identify a growing connection 210 

between deprivation-cost and distributional-preference approaches. This broader literature reinforces the 211 

need to state whose outcomes are compared and what notion of disadvantage is protected. In the present 212 

application, LGA coverage dispersion, minimum coverage and the number of low-coverage LGAs are 213 

reported alongside demand-weighted system coverage. PHC and MNH are assessed separately because 214 

pooled improvements can conceal deterioration in one resource. 215 

The distinction also applies within model accounting. The objective priority increment includes resource-216 

specific shortage penalties, while the priority-weighted shortage diagnostic uses the full geographic weight 217 

without those penalties. Neither quantity is an inequality index. Their separate definitions prevent an 218 

improvement in one weighted total from being reported as a demonstrated gain in every distributive 219 

dimension. The coefficients express normative planning priorities rather than estimated social welfare 220 

weights or empirically elicited public preferences. 221 

Demand tail adequacy and multicriteria safeguards 222 

Alturki and Lee [14] survey multicriteria humanitarian logistics models published from 2015 to mid-2023 223 

and identify persistent gaps between modelling research and operational challenges. Together with the 224 

explicit efficiency-equity formulation of Huang et al. [12], this work supports examining competing 225 

criteria transparently instead of relying on one aggregate score. However, the meaning of a constraint 226 

depends on the quantity bounded and the scenarios over which it is evaluated. 227 

The demand-tail safeguard in this paper bounds conditional expected shortage on a demand-defined 228 

protected set selected before allocation. CVaR, by comparison, evaluates the upper tail of the loss 229 

distribution induced by a policy. High demand and high loss need not identify the same scenarios. The 230 

safeguard is therefore a service-adequacy constraint, not a replacement definition of CVaR, a new coherent 231 

risk measure or a chance constraint guaranteeing service with a stated probability. With the singleton 232 

protected set S12, the conditional expectation reduces to that scenario’s pooled shortage. 233 
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This construction permits a direct test of whether the safeguard adds an effective restriction. Risk-neutral, 234 

CVaR-only, cap-only and zero-priority hybrid comparisons hold physical inputs fixed. Matched joint-235 

priority and integrated policies isolate the cap effect when priority weighting is active. An inactive cap can 236 

express a requirement that is already met, but its inclusion alone does not demonstrate additional 237 

protection. Because the cap pools unlike PHC and MNH units, it remains a model adequacy index. The 238 

resource-specific coverage constraint examined separately in this paper protects a different outcome and 239 

has its own feasibility assessment. 240 

Feasibility frontiers and secondary allocation 241 

A shortage target must be assessed against what the resource system can deliver. Before interpreting tighter 242 

caps as stronger protection, the present study minimises protected shortage over the same physical feasible 243 

set. Any cap below that optimum is infeasible under the specified assumptions. This feasibility calculation 244 

separates a preference for lower shortage from the capacity, stock and budget conditions needed to achieve 245 

it. It also prevents an infeasible target from being reported as an attainable policy improvement. 246 

The frontier calculation creates a second interpretative issue: an objective concerned only with protected 247 

shortage may leave outcomes elsewhere unresolved. A solver can then return an allocation with poor non-248 

tail service even though another allocation achieves essentially the same protected shortage with lower 249 

expected loss. The secondary optimisation minimises expected base loss subject to remaining within the 250 

stated numerical tolerance of the minimum protected shortage. This is a numerical lexicographic 251 

approximation, not a claim of a new optimisation algorithm or a complete Pareto frontier. It tests whether 252 

poor aggregate coverage is necessary for tail protection or is an artefact of an objective that leaves 253 

secondary outcomes unspecified. 254 

Latunde et al. [15] examine parameter sensitivity in a linear-programming transportation application. Their 255 

study provides a related Nigerian allocation setting; the present analysis extends the comparison to staged 256 

uncertainty, loss-tail protection and resource-specific healthcare safeguards. 257 

Research gap and analytical position 258 

The reviewed studies already establish adaptive healthcare allocation, CVaR optimisation, distributional 259 

objectives and multicriteria trade-offs. The present contribution is consequently not the introduction of 260 
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these ingredients. It is a controlled empirical assessment of how loss protection, geographic priority and a 261 

fixed demand-tail adequacy requirement interact in a displacement-derived healthcare system. The analysis 262 

connects these controls to a feasibility frontier and to resource-specific and geographic diagnostics, so that 263 

changes in a weighted objective can be distinguished from changes in service and distribution. 264 

This positioning follows the four questions in the Background section. Risk experiments address loss 265 

protection; matched priority comparisons examine redistribution; cap and frontier experiments establish 266 

incremental adequacy and secondary allocation; resource experiments and a separately formulated MNH 267 

floor assess service protection. The framework allows small risk benefits, inactive safeguards, mixed 268 

equity outcomes and infeasible targets to be reported as substantive findings. Conclusions remain 269 

conditional on the twelve-scenario calibration, assumed accessibility network and available actions, 270 

without claims of distributional robustness or clinical effectiveness. 271 

Methods 272 

Study setting and input calibration 273 

This is a computational health-service planning study using secondary aggregate displacement, population 274 

and facility inputs. It compares allocation policies within a fixed calibrated network; it is not a clinical trial 275 

or an evaluation of an implemented programme. The intended decision users are state health planners and 276 

humanitarian coordinators deciding how to allocate limited procurement and deployment resources across 277 

areas and service classes. The study system separates demand, available resources, information revelation 278 

and normative priorities so that matched policy comparisons can isolate the effect of each control. 279 

Study area and healthcare resources 280 

The demand system comprises 177 local government areas (LGAs) in ten North-Central and North-West 281 

Nigerian states, linked to 348 supply hubs. An LGA is the geographic demand unit, while a hub is a supply 282 

node in the calibrated network. Primary healthcare (PHC) and maternal and newborn health (MNH) are 283 

represented as separate resource classes, with their own demand, effective capacity, procurement cost and 284 

shortage-penalty inputs. The model allocates service resources to geographic demand; it does not track 285 

individual patients or clinical pathways. 286 
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Demand quantities represent calibrated planning requirements. They should not be interpreted as directly 287 

observed attendance, distinct patient counts or validated forecasts of clinical utilisation. PHC and MNH 288 

quantities retain their respective model units. Adding them produces a pooled planning index rather than a 289 

clinical equivalence between the two services. Accordingly, system coverage and geographic outcomes are 290 

reported separately for PHC and MNH, alongside the pooled measure used by the demand-tail safeguard. 291 

The ten states are Benue, Kaduna, Kano, Katsina, Kogi, Nasarawa, Niger, Plateau, Sokoto and Zamfara. 292 

International Organization for Migration Displacement Tracking Matrix (DTM) rounds R15–R18 provide 293 

the displacement archetypes [16]. Fixed population and the facility network draw on the Geo-Referenced 294 

Infrastructure and Demographic Data for Development programme (GRID3); facility presence is not 295 

independently validated effective capacity [17, 18]. 296 

For each LGA and archetype, primary PHC demand equals the quarterly planning coefficient multiplied by 297 

the sum of fixed population and 0.50 times the recorded displaced population. MNH demand uses 298 

quarterly expected births and the state facility-delivery proportion. The premium represents service 299 

intensity, not an additional head count. The primary demand formulas are: 300 

𝐷௜,PHC,௦ = ݉௦ 45 000 000
237 527 782 ( ௜ܲ +  ௜,௞ೞ)   (1) 301ܫ0.50

𝐷௜,MNH,௦ = ݉௦ 32.493
4 000 FBRstate(௜)( ௜ܲ +  ௜,௞ೞ)   (2) 302ܫ0.50

In equations (1)–(2), fixed population and recorded internally displaced persons (IDPs) are indexed by 303 

LGA and archetype, respectively; the scenario severity multiplier is 0.90, 1.00 or 1.15, and FBR denotes 304 

the state facility-delivery proportion. The PHC numerator is the reported second-quarter 2025 Basic Health 305 

Care Provision Fund facility visits; the denominator is a national population anchor [19, 20]. Their 306 

different coverage bases make this a planning proxy rather than an observed national utilisation rate. The 307 

crude birth rate is 32.493 per 1,000 annually [21]; division by 4,000 converts it to a quarterly per-person 308 

coefficient. Facility-delivery proportions use the live-birth rows of NDHS Table 9.8, printed page 227 309 

[22]: Benue 0.590, Kaduna 0.259, Kano 0.327, Katsina 0.158, Kogi 0.622, Nasarawa 0.557, Niger 0.302, 310 

Plateau 0.457, Sokoto 0.125 and Zamfara 0.153. Vulnerability multipliers do not enter primary demand. 311 

The coefficient 0.50 represents an assumed additional planning requirement associated with displacement, 312 

applied consistently in both resource formulas; it is not an estimated causal effect of displacement on 313 
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utilisation. Fixed population provides the population anchor, and the displacement term supplies an 314 

intensity premium. The analysis therefore does not identify how many additional consultations or 315 

deliveries displacement causes. The facility-delivery proportion is a utilisation-based calibration input 316 

rather than a normative entitlement to maternity care. These choices define the demand quantities against 317 

which modelled coverage is measured. 318 

Supply connections and physical allocation periods 319 

Admissible hub-to-LGA connections are defined by the specified distance and effective-speed accessibility 320 

estimates. These connections determine which allocations the programme permits. They are fixed across 321 

the reported comparisons and are not generated from raster-based travel-time calculations. The network 322 

therefore represents a planning approximation to access, without establishing actual journey times, route 323 

availability during disruption or clinically timely arrival. 324 

The physical system contains three allocation periods. Hub capacity limits allocations within each period, 325 

while cumulative availability is determined by initial inventory and procurement up to that point. A 326 

separate expenditure bound applies at each decision node. These restrictions have different roles: capacity 327 

controls the volume that can be deployed, inventory and procurement control availability, and the budget 328 

controls affordability. Increasing a preference weight changes the ranking of feasible allocations but does 329 

not relax any of these resource restrictions. 330 

Demand balance is imposed at the planning horizon. The formulation does not require intermediate clinical 331 

service deadlines or represent deterioration caused by waiting. Consequently, a feasible end-of-horizon 332 

allocation establishes modelled service availability, not timely treatment. This temporal boundary is 333 

retained when interpreting both aggregate coverage and the benefit of initial stock. 334 

The fixed network contains 885 PHC and 1,416 MNH admissible links. Effective capacity is constructed 335 

from facility counts, nominal throughput and readiness assumptions, with period shares 0.40, 0.30 and 336 

0.30. Baseline budgets are 2,048,311.829627, 1,689,857.259442 and 1,920,292.340275 cost-index units. 337 

These physical and financial inputs are held fixed when preference weights or demand protection change. 338 

Capacity represents the ability to deploy the modelled service resources; it does not establish staffing, 339 

opening hours, drug availability or readiness at every facility. The national calibration anchors are 340 
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combined with historical displacement archetypes to construct planning conditions, rather than a 341 

contemporaneous observational panel. Consequently, the comparisons answer how the specified system 342 

allocates resources under those conditions, not how well it predicts a particular future quarter. 343 

Demand archetypes and information revelation 344 

Four spatial demand archetypes correspond to Displacement Tracking Matrix (DTM) rounds R15–R18. 345 

Each archetype is combined with LOW, BASE and HIGH severity to form twelve terminal scenarios. The 346 

severity multipliers are 0.90, 1.00 and 1.15, respectively. These branches scale the specified archetype 347 

requirements; they provide magnitude perturbations within the scenario construction rather than twelve 348 

independently observed demand fields. 349 

The three information stages specify when decisions may differ across scenarios. Initial decisions precede 350 

revelation of the archetype and are shared by all paths. Second-stage decisions depend on the archetype 351 

and are shared by its severity branches. Third-stage decisions depend on the terminal scenario. The 352 

historical rounds label alternative archetypes; they are not treated as successive future periods through 353 

which every scenario path must pass. Shared-node variables enforce this information restriction in the 354 

Allocation model and outcome measures section. 355 

Information stages and physical periods therefore serve distinct purposes, even though both have three 356 

levels in this implementation. The first determines what is known when a decision is chosen; the second 357 

determines when procurement and allocation enter the resource balances. No allocation decision may 358 

exploit severity information before the corresponding branch is revealed. 359 

Planning probabilities and the protected demand set 360 

Each archetype receives probability 0.25. Conditional probabilities for LOW, BASE and HIGH are 0.20, 361 

0.60 and 0.20. Multiplying by the archetype probability gives terminal probabilities of 0.05, 0.15 and 0.05 362 

within each archetype. These sum to 0.25 per archetype and to one across all twelve scenarios. The weights 363 

define the experimental planning distribution; they are not estimated frequencies of future displacement 364 

events. 365 

The primary protected state is S12, R18 HIGH, selected by an equal-weight score of the two resource 366 

totals after each is divided by its mean across the four BASE archetypes. This unit normalisation prevents 367 
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the numerical scale of PHC from determining the ranking alone. The selected set is fixed before 368 

optimisation and is not reselected using a policy’s losses. Because rankings among high-severity 369 

archetypes are close, a separate sensitivity protects S06, S09 and S12, whose scores are within 0.1% of the 370 

largest score. This near-maximum set has total probability 0.15, not 0.05. 371 

To make selection reproducible, let ݀௥௦ = ∑ 𝐷௜௥௦௜∈ூ  be total demand for resource ݎ in scenario ݏ, and let 372 ݏ(݇, BASE) denote the BASE scenario for archetype ݇. Define 373 

݀௥ = 1
4

∑ ݀௥,௦(௞,BASE)4

௞=1 ௦ݖ  , = 1
2

∑ ݀௥௦݀௥௥∈ோ    (3) 374 

Both denominators are strictly positive in this application. The primary set contains a maximiser of ݖ௦, 375 

selected before any allocation solve; the selected catalogue entry is S12. Exact ties require a declared 376 

deterministic selection rule or protection of all maximisers. The sensitivity instead uses 377 

0ܶ.001 = ݏ} ∈ ܵ: ௦ݖ ≥ (1 − 0.001)max௩∈ௌ  ௩}   (4) 378ݖ

Rescaling all quantities of one resource by a positive constant leaves this score unchanged because its 379 

numerator and denominator scale together. This unit invariance applies to scenario selection; it does not 380 

apply to the pooled shortage cap, which retains the original PHC and MNH units. 381 

S12 has probability 0.05 and is the sole member of the primary protected set. Conditional expected 382 

shortage on that set equals its pooled shortage. The reference cap is 9,147,367.899574 pooled model units, 383 

defined by the E00 allocation under the same physical inputs. It is a benchmark-relative planning bound, 384 

not an externally established service standard. The near-maximum sensitivity uses its own E00 conditional-385 

shortage reference, 9,143,018.898737 units. Attainability is assessed by frontier optimisation, not assumed 386 

from a percentile label. The scenario probabilities also imply that 95% and 99% CVaR equal maximum 387 

scenario loss. 388 

Cost budget and inventory calibration 389 

Shortage penalties are 10 cost-index units per unmet PHC unit and 25 per unmet MNH unit. Procurement 390 

and allocation costs enter operating expenditure, while unmet demand contributes to the base loss through 391 

the resource-specific penalties. These quantities are normalised cost indices, not currency expenditure. The 392 
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difference between penalty coefficients affects substitution in the optimisation and should not be read as an 393 

empirically measured ratio of clinical harm. 394 

The baseline stage budget is 90% of the supplied full-deployment procurement benchmark. The LOW and 395 

HIGH settings use 80% and 100% of that same benchmark. Thus, the LOW and HIGH percentages refer to 396 

the benchmark, not to multipliers of the baseline budget. Effective capacities, demand, admissible links 397 

and scenario probabilities remain fixed in these budget experiments. Their comparator retains the same risk 398 

and priority weights, allowing the budget effect to be assessed without a simultaneous preference change. 399 

Initial inventory is zero except in the designated inventory experiment. That experiment uses the capacity-400 

derived stock vector equal to 10% of the archived capacity benchmark. It adds starting stock without 401 

expanding any period capacity constraint. Initial stock is an endowment available at the beginning of the 402 

horizon; pre-horizon acquisition expenditure is excluded. The comparison concerns deployment under 403 

alternative starting stock rather than the all-in economic value of purchasing inventory. 404 

Geographic priorities and their interpretation 405 

The supplied priority weights combine displaced-population share, older-IDP composition and access 406 

deficit with coefficients 0.40, 0.35 and 0.25, respectively. Denoting these components by ܽ௜௞, ܾ௜௞ and ܿ௜௞, 407 

the input rule is 408 

௜௞ݓ = 1 + 0.40ܽ௜௞ + 0.35 ௜ܾ௞ + 0.25ܿ௜௞   (5) 409 

The first component is the recorded IDP count divided by fixed LGA population. The second is the share 410 

of IDPs aged 60 years or above, obtained by adding the explicitly recorded male and female age-60-plus 411 

counts. It is defined as zero for the four LGA-round observations with both zero IDPs and zero age-60-plus 412 

counts. These age counts are available for all 708 observations. The third component is one minus the 413 

health-access share. Access is observed in R15 and R17; the LGA-specific mean of these observed values 414 

supplies R16 and R18, covering 354 imputed observations. The age component measures older-person 415 

composition, not comprehensive vulnerability or MNH clinical need. Missing R16 maternal subgroup 416 

indicators are not replaced by zero or used in this priority rule. 417 

ܽ௜௞ = ௜௞ܲ௜ܫ , ܾ௜௞ = ௜௞ܫ60௜௞ܧ ௜௞ܫ)  > 0), ܿ௜௞ = 1 − ௜௞ܣ    (6) 418 
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Here 60ܧ denotes the recorded number of IDPs aged at least 60 and A the observed or imputed health-419 

access share; the zero-IDP convention stated above completes the age-share definition. 420 

The coefficients 0.40, 0.35 and 0.25 express normative priorities; they are not fitted welfare parameters. 421 

The same LGA-round multiplier applies to both resources. Increasing the objective priority weight changes 422 

the ranking of feasible allocations but does not impose equal coverage or a service floor. Sensitivities omit 423 

the age or access component without renormalising the other coefficients, and set imputed access deficits 424 

to zero or one. All variants are evaluated with the same primary priority diagnostics, preventing a changed 425 

scoring rule from being mistaken for an outcome improvement. 426 

Input consistency and experimental scope 427 

The computational input structure separates the scenario catalogue and resource demand from capacity, 428 

cost, budget, initial inventory, shortage penalties and priority weights. This separation is needed to 429 

preserve a common feasible system when comparing policy controls and to identify the single resource 430 

change in each sensitivity case. The verification scope and numerical residuals are reported in the Policy 431 

comparisons and verification section; arithmetic agreement does not by itself validate the underlying 432 

clinical coefficients or access assumptions. 433 

The calibration supports controlled comparisons of loss protection, redistribution, demand adequacy and 434 

resource conditions. The primary demand excludes vulnerability multipliers; subgroup composition enters 435 

only through the separately declared priority mechanism. Neither arithmetic consistency nor these 436 

comparisons establish predictive accuracy, distributional robustness or operational access. Those questions 437 

require additional demand observations, probability validation, access evidence and resource calibration. 438 

Allocation model and outcome measures 439 

The formulation separates physical feasibility from expected base loss and three policy controls: loss-tail 440 

aversion, geographic priority and an optional demand-tail shortage cap. All comparisons use the same 441 

node-based procurement and allocation structure unless a resource input is explicitly varied. The model is a 442 

finite-scenario stochastic linear programme with continuous, non-negative resource quantities. The 443 

following definitions make the information restrictions, accounting conventions and outcome measures 444 

explicit. 445 
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Sets and decisions 446 

Indices distinguish demand locations, supply hubs, resource classes, physical periods and terminal 447 

scenarios. A node belongs to one information stage and one allocation period; each terminal scenario 448 

identifies a unique path from the root to its terminal node. Only admissible hub-to-LGA links carry 449 

allocation variables. Quantities on excluded links are implicitly zero, so accessibility is a feasibility 450 

restriction rather than an additional loss penalty. 451 

Let ܫ be the LGA set, ܬ the hubs, ܴ = {PHC, MNH} the resources and ܵ the terminal scenarios. For each 452 

resource, ܣ௥ ⊆ ܫ ×  its 453 (ݏ)݇ ,௦ be scenario probability݌ is the admissible allocation network. Let ܬ

archetype and 𝐷௜௥௦ terminal demand. A scenario path contains nodes ݊௧(ݏ) for periods ݐ = 1,2,3. All paths 454 

share the root node; paths with the same archetype share the second node. 455 

At node ݊, let ݔ௝௥௡ ≥ 0 denote procurement and ݕ௜௝௥௡ ≥ 0 allocation. Terminal shortage is ݑ௜௥௦ ≥ 0. The 456 

full policy is denoted by ߨ. Node-indexed variables impose non-anticipativity directly: scenarios sharing a 457 

node use the same decisions. Capacity ܭ௝௥௧, initial inventory ܫ௝௥0 , budget ܤ௧, procurement cost ௝ܿ௥௧௉  and 458 

allocation cost ܿ௜௝௥௧஺  are fixed within a given experiment. 459 

Non-anticipativity is imposed through shared variables, not through scenario-specific choices made with 460 

advance knowledge. Two paths sharing a node use the same procurement and allocation decisions at that 461 

node. Their later variables can differ only after their information paths separate. Parameters known at the 462 

outset, including the physical capacities and cost coefficients, remain fixed within an experiment; terminal 463 

demand and archetype-dependent priorities distinguish the scenarios. 464 

Physical and budget constraints 465 

Equations (7) and (8) hold for every hub, resource, terminal scenario and period on its path. Capacity 466 

bounds outgoing allocation in a period. The cumulative availability inequality allows unused stock to carry 467 

forward and prevents allocation before procurement or initial stock makes it available. The formulation 468 

assumes no stock loss or expiry over the planning horizon. 469 

For every scenario path, resource and hub, allocation in a period is bounded by capacity: 470 

∑ ௜௝௥,௡೟(௦)௜:(௜,௝)∈஺ೝݕ ≤ ௝௥௧ܭ , ݐ   = 1,2,3   (7) 471 
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Cumulative allocation cannot exceed initial inventory plus procurement to that point: 472 

∑ ∑ ௜௝௥,௡ഓ(௦)௜:(௜,௝)∈஺ೝݕ
௧

ఛ=1 ≤ ௝௥0ܫ + ∑ ௝௥,௡ഓ(௦)௧ݔ
ఛ=1    (8) 473 

Define node expenditure, for a node at period ݐ, as 474 

௡ܥ = ∑ ∑ ௝ܿ௥௧௉௥∈ோ௝∈௃ ௝௥௡ݔ + ∑ ∑ ܿ௜௝௥௧஺(௜,௝)∈஺ೝ௥∈ோ  ௜௝௥௡   (9) 475ݕ

The budget applies separately at each decision node: 476 

௡ܥ ≤ ௧ܤ    (10) 477 

Equation (9) counts procurement and allocation expenditure at the node’s period. Equation (10) is imposed 478 

at every node separately: the stage budget is available on the realised path, not pooled across mutually 479 

exclusive branches. A shared-node constraint need only be represented once. Shortage penalties influence 480 

the objective but do not consume this operating budget. The cumulative stock restriction and node budget 481 

therefore control different aspects of feasibility. 482 

Terminal service and shortage satisfy demand balance: 483 

∑ ∑ ௜௝௥,௡೟(௦)௝:(௜,௝)∈஺ೝݕ
3

௧=1 + ௜௥௦ݑ = 𝐷௜௥௦,  ݅ ∈ ,ܫ ݎ  ∈ ܴ, ݏ  ∈ ܵ   (11) 484 

Equations (7)–(11), non-negativity and the shared-node information structure define the physical feasible 485 

set ℱ. Repeated path constraints at a shared node are implemented once per node. No hard minimum LGA 486 

coverage floor is included in these experiments. 487 

Assume finite non-negative demand, capacities, initial inventories, budgets and cost coefficients, strictly 488 

positive scenario probabilities summing to one, positive shortage penalties, and finite geographic weights 489 

at least one. The zero-procurement, zero-allocation policy with ݑ௜௥௦ = 𝐷௜௥௦ belongs to ℱ. Demand balance 490 

bounds every shortage between zero and its demand. Thus ℱ is a non-empty polyhedron, and each linear 491 

objective below that is bounded below attains its optimum; boundedness of the entire procurement feasible 492 

set is not required. 493 

A useful consequence of non-anticipativity and non-negative remaining service is the early-allocation 494 

bound. If ܵ(݊) contains the terminal descendants of a node ݊ in period ݐ, then, for each LGA and resource, 495 
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∑ ∑ ௜௝௥,௡ഓ(௦)௝:(௜,௝)∈஺ೝݕ
௧

ఛ=1 ≤ min௩∈ௌ(௡)𝐷௜௥௩ , ݏ   ∈ ܵ(݊)   (12) 496 

The left-hand side is common to all descendants because their histories coincide through ݊; applying 497 

terminal demand balance to each descendant proves the bound. Consequently, unrestricted shortage 498 

ensures feasibility of the initial model but cannot repair an early allocation exceeding a possible 499 

descendant’s demand. 500 

Equation (11) equates cumulative service plus unmet demand to terminal demand for each LGA, resource 501 

and scenario. Non-negative shortage prevents over-service relative to that terminal requirement. There are 502 

no transfers between PHC and MNH units and no constraint that makes one service a clinical substitute for 503 

the other. Coupling arises through shared financial resources and the objective. Because demand is 504 

balanced only at the horizon, these constraints do not guarantee intermediate clinical timeliness. 505 

Base loss and priority increment 506 

Base loss is the common accounting measure used to compare policies. It adds expenditure along the 507 

realised path and the terminal shortage penalties. When expected loss is formed, each terminal loss is 508 

multiplied by its scenario probability; shared-node expenditure is thereby weighted by the probability of 509 

reaching that node. It is not charged as if all mutually exclusive branches occurred together. 510 

For shortage penalty ℎ௜௥, define base scenario loss by 511 

(ߨ)௦ܮ = ∑ ௡೟(௦)3ܥ

௧=1 + ∑ ∑ ℎ௜௥௥∈ோ௜∈ூ  ௜௥௦   (13) 512ݑ

The geographic-priority increment added to expected loss is 513 

(ߨ)ܸ = ∑ ௦௦∈ௌ݌ ∑ ∑ ℎ௜௥௥∈ோ௜∈ூ ௜,௞ೞݓ) −  ௜௥௦   (14) 514ݑ(1

Thus, with priority weight ߟ, the shortage coefficient in the expected-loss and priority terms is 515 ݌௦ℎ௜௥[1 + ௜,௞(௦)ݓ)ߟ − 1)]. The separately reported priority-weighted shortage is 516 

(ߨ)ܹ = ∑ ௦௦∈ௌ݌ ∑ ∑ ௜,௞ೞ௥∈ோ௜∈ூݓ  ௜௥௦   (15) 517ݑ
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The diagnostic ܹ omits the resource penalty and uses the full priority weight; it must not replace ܸ in the 518 

objective or be interpreted as an inequality index. Both pooled shortage diagnostics retain unlike service 519 

units. Resource-specific values and coverage are reported alongside them. 520 

Subtracting one from the full priority weight in Eq. (14) makes this term an increment above the base 521 

shortage penalty. A zero priority weight therefore recovers the base-loss model. The displayed coefficient 522 

following Eq. (14) describes only the expected-loss and priority terms; CVaR can add further sensitivity to 523 

shortage through scenario loss. Objective values from different preference weights should not be 524 

interpreted as directly comparable welfare scores. The base-loss and service diagnostics retain their 525 

definitions across those comparisons. 526 

CVaR and discrete tail interpretation 527 

The confidence level lies strictly between zero and one. The threshold variable identifies a loss cutoff, and 528 

each non-negative excess variable bounds the amount by which scenario loss exceeds that cutoff. The 529 

CVaR minimisation is jointly over the threshold and the excess variables under the inequalities below Eq. 530 

(16). For a fixed threshold and loss vector, minimising excess gives the positive part of scenario loss minus 531 

the threshold. This yields the standard convex piecewise-linear tail-loss representation. 532 

For confidence level ߙ, the CVaR representation is 533 

CVaRఈ(ܮ) = min఍∈ℝ, క≥0 ߞ} + 1
1 − ߙ ∑ ௦௦∈ௌ݌ {௦ߦ    (16) 534 

subject to ߦ௦ ≥ ௦ܮ − ௦ߦ and ߞ ≥ 0. In the present non-negative loss model, restricting ߞ ≥ 0 does not 535 

change the optimal value. The epigraph variables are omitted when the risk weight is zero; CVaR is still 536 

calculated as an outcome diagnostic. 537 

In a discrete distribution, the upper-tail probability mass may include only part of a scenario’s probability. 538 

CVaR is therefore not generally obtained by averaging all losses strictly above an empirical quantile. 539 

Fractional boundary mass must be retained. The following result identifies the special case relevant to this 540 

calibration; it holds for any feasible policy and therefore also for policies selected under different priority 541 

weights. 542 
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Proposition 1. For a fixed policy, CVaR at confidence level α equals maximum loss if and only if the total 543 

probability of the maximum-loss scenarios is at least 1 − α. In particular, a minimum scenario probability 544 

of at least 1 − α is sufficient for this identity to hold for every feasible policy. 545 

The proof is provided in Additional file 1. The identity concerns the specified finite planning distribution; 546 

it does not estimate the frequency or severity of unobserved displacement events. 547 

The proposition applies at both 95% and 99% here. For other confidence levels, CVaR is computed by 548 

sorting losses in descending order and taking exactly 1 −  probability mass, including a fractional 549 ߙ

boundary scenario where necessary. 550 

At the two confidence levels satisfying Proposition 1, the optimisation can equivalently use one worst-loss 551 

epigraph variable ݉: 552 

݉ ≥ ݏ) (ߨ)௦ܮ ∈ ܵ),   minగ∈ℱ, ௠ (ߨ)ܧ + ݉ߣ +  553 (17)   (ߨ)ܸߟ

with the chosen cap imposed separately and (ߨ)ܧ = ∑ ௦௦݌ ߣ For .(ߨ)௦ܮ > 0, minimisation sets ݉ to 554 

maximum loss. This is an equivalent finite-scenario representation, not robustness against demand states 555 

outside the catalogue. 556 

For positive risk weight, the CVaR epigraph can be included directly in the linear objective together with 557 

its excess constraints. For zero risk weight, the epigraph variables do not determine the allocation and their 558 

arbitrary feasible values must not be used to report CVaR. The diagnostic is instead evaluated from the 559 

resulting scenario losses. This preserves a common assessment of risk-neutral and risk-averse policies. 560 

Demand tail adequacy and integrated objective 561 

The protected set is non-empty and has strictly positive total probability. Its membership is fixed from 562 

demand information before optimisation. Conditional weights are the original scenario probabilities 563 

divided by the total probability of this set; they sum to one over its members. Equation (18) averages 564 

pooled shortage using these conditional weights, while Eq. (19) imposes a prescribed non-negative 565 

adequacy bound. 566 

For the fixed protected set ࣮, write ࣮ܲ = ∑ ࣮∋௦௦݌  and define 567 

(ߨ)்ܪ = 1்ܲ ∑ ்∋௦௦݌ ∑ ∑ ௜௥௦௥∈ோ௜∈ூݑ    (18) 568 
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The safeguard is 569 

(ߨ)்ܪ ≤  570 (19)   ߁

For ࣮ = {S12}, Eq. (18) is total pooled shortage in S12. The integrated model is 571 

minగ∈ℱ  ∑ ௦௦∈ௌ݌ (ߨ)௦ܮ + ((ߨ)ܮ)CVaRఈߣ +  572 (20)   (ߨ)ܸߟ

with Eq. (19) included only when a cap is specified. Both preference weights are non-negative. CVaR is 573 

applied to base loss, excluding the extra priority increment. This prevents an unannounced change of the 574 

loss definition across priority experiments. 575 

Equation (20), the physical constraints, and the CVaR excess inequalities form a deterministic-equivalent 576 

linear programme because losses, priority increments and protected shortage are linear in the allocation 577 

and shortage variables. The risk-neutral model sets both preference weights to zero and omits the cap. 578 

CVaR-only allocation uses a positive risk weight and zero priority weight without the cap; cap-only 579 

allocation adds the cap to expected-loss minimisation. The zero-priority hybrid combines CVaR and the 580 

cap. Matched joint-priority and integrated policies have the same positive preference weights and differ 581 

only in whether the cap is imposed. These definitions correspond to the comparisons in Table 1. 582 

For general confidence levels, the explicit linear epigraph form of Eq. (20) is 583 

minగ,఍,క  ∑ ௦௦∈ௌ݌ (ߨ)௦ܮ + ߞߣ + ߣ
1 − ߙ ∑ ௦௦∈ௌ݌ ௦ߦ +  584 (21)   (ߨ)ܸߟ

subject to ߨ ∈ ℱ, ߦ௦ ≥ (ߨ)௦ܮ − ௦ߦ ,ߞ ≥ 0 for every ݏ, and (ߨ)்ܪ ≤  is a 585 ߞ when enabled. The threshold ߁

real variable; its non-negative restriction is optional here because base losses are non-negative. When ߣ =586 

0, the threshold and excess variables can be omitted. A shared node has probability ݍ௡ = ∑ ௦௦:௡∈path(௦)݌ , so 587 

expected operating expenditure is equivalently ∑ ௡௡ݍ  ௡. This verifies that each root expenditure is 588ܥ

counted once in expectation. 589 

Adding the cap restricts the feasible set. At fixed preference weights and physical inputs, the optimal value 590 

of the complete minimisation objective therefore cannot improve when the cap is added. Individual 591 

diagnostics can nevertheless improve because the constrained optimum redistributes losses and shortages. 592 

This distinction is essential when interpreting lower base loss or CVaR alongside a higher complete 593 

weighted objective. 594 
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Feasibility and secondary optimisation 595 

The frontier calculation uses the physical feasible set without imposing the candidate cap. With non-596 

negative demand and inputs, the zero-procurement, zero-allocation policy with all demand unmet provides 597 

a baseline feasible point before a cap is added. Protected shortage is bounded below by zero, so Eq. (22) 598 

identifies the smallest attainable value whenever an optimum is attained. The subsequent comparisons use 599 

the same physical inputs and the same protected set. 600 

The minimum attainable protected shortage is 601 

∗߁ = minగ∈ℱ  602 (22)   (ߨ)்ܪ

Any cap below ߁∗ is infeasible under the same physical inputs. A tail-minimising policy can have arbitrary 603 

outcomes outside the protected set when these outcomes do not affect Eq. (22). To obtain an interpretable 604 

secondary allocation, solve 605 

minగ∈ℱ ∑ ௦௦∈ௌ݌ (ߨ)்ܪ subject to (ߨ)௦ܮ ≤ ∗߁ +  606 (23)   ߝ

The numerical tolerance is ߝ = 10−5 pooled model units. Equation (23) is a numerical lexicographic 607 

approximation. It does not claim exact equality to an analytically known frontier. For a protected set 608 

containing several scenarios, both Eq. (18) and Eq. (22) require conditional probability weights, even if the 609 

probabilities differ. 610 

Proposition 2. Cap feasibility and the value of relaxation. For the stated finite non-negative inputs and any 611 

non-empty protected set of positive probability, the minimum in Eq. (22) is attained. A cap is feasible 612 

exactly when it is no smaller than that minimum. For fixed risk and priority weights, the optimal complete 613 

objective is a non-increasing, convex, piecewise-linear function of the cap on its feasible domain. 614 

The proof is provided in Additional file 1. For planners, the minimum protected shortage is a limit imposed 615 

by the specified resource system. A target below that value cannot be delivered merely by changing the 616 

priority given to shortage. 617 

A binding cap does not necessarily increase the optimal objective: an unconstrained optimum may already 618 

lie on the boundary. Conversely, a slack cap at an attained optimum has zero associated dual multiplier by 619 

complementary slackness. Where the value function is differentiable, its slope is the negative of an optimal 620 
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non-negative cap multiplier. At a kink, optimal multipliers describe subgradients rather than a single 621 

marginal value. No cap shadow prices are estimated in the reported experiments. 622 

The frontier comparison in Eq. (23) is an ߝ-constraint selection: it minimises expected base loss among 623 

policies within ߝ of the primary shortage optimum. It does not guarantee unique geographic allocations. 624 

The stated 10−5 tolerance must be interpreted together with primal residuals, rather than rounded to an 625 

exact zero. 626 

Service and geographic diagnostics 627 

Coverage is evaluated from expected service and demand under the same scenario probabilities. The ratios 628 

in Eq. (24) and Eq. (25) require strictly positive expected demand in the relevant denominator. If a 629 

resource or LGA-resource pair has zero expected demand, its coverage ratio is undefined and should be 630 

reported as not applicable rather than assigned an artificial value. Equation (24) is a ratio of expected 631 

totals, not an unweighted average of scenario coverage percentages. 632 

Resource-specific expected coverage is 633 

ܳ௥ = 1− ∑ ௦௦∈ௌ݌ ∑ ∑௜௥௦௜∈ூݑ ௦௦∈ௌ݌ ∑ 𝐷௜௥௦௜∈ூ    (24) 634 

For an LGA, define 635 

௜௥ݍ = 1 − ∑ ௦௦∈ௌ݌ ∑௜௥௦ݑ ௦௦∈ௌ݌ 𝐷௜௥௦ ௥ݍ  , = |ܫ|1 ∑ ௜௥௜∈ூݍ    (25) 636 

The reported dispersion and low-coverage count are 637 

௥ߪ = [ |ܫ|1 ௜௥ݍ)∑ − ௥)2௜∈ூݍ ]1/2 ,  ௥ܰ = ∑ ૚௜∈ூ ௜௥ݍ} < 0.20}   (26) 638 

Minimum LGA coverage is reported separately. These diagnostics weight LGAs equally, whereas Eq. (24) 639 

is demand-weighted. The pooled coverage index replaces the resource-specific sums in Eq. (24) by sums 640 

over both resources; it is retained for comparison with the pooled tail measure and is not a clinical 641 

equivalence between PHC and MNH. 642 

The standard deviation in Eq. (26) uses the population divisor because the reported LGAs constitute the 643 

modelled study set. When coverage is expressed as percentages, its standard deviation is reported in 644 
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percentage points. The indicator count uses a strict threshold below 20%, and minimum coverage refers to 645 

the smallest defined LGA ratio. These spatial diagnostics differ from minimum scenario coverage: one 646 

compares locations, whereas the other compares terminal demand states. All geographic comparisons 647 

retain the same demand denominators and resource definitions. 648 

Explicit MNH coverage extension 649 

The main model has no resource-specific coverage floor. A separate sensitivity requires at least a common 650 

fraction of total MNH demand to be served in every terminal scenario: 651 

∑ ௜,MNH,௦௜∈ூݑ ≤ (1 − (ߩ ∑ 𝐷௜,MNH,௦௜∈ூ , ݏ  ∈ ܵ,  0 ≤ ߩ ≤ 1   (27) 652 

For fixed ߩ, equation (27) is linear. It protects aggregate MNH coverage in each scenario, not every LGA 653 

or individual patient, and it is stronger than imposing the same fraction only on probability-weighted 654 

demand. The extension retains the F01 objective, S12 cap and all other inputs except the expressly varied 655 

capacity multiplier. The largest feasible common floor is found separately: 656 

∗ߩ = maxగ,ఘ ߨ subject to ߩ  ∈ ℱ, (ߨ)்ܪ  ≤ ,߁  (27),  0 ≤ ߩ ≤ 1   (28) 657 

Demand is fixed, so maximising ߩ remains a linear programme. Its purpose is to establish a feasibility 658 

ceiling; its other allocation decisions do not minimise loss and are not reported as efficient policies. All 659 

floors at or below the attained maximum are feasible, while larger floors are infeasible under the same 660 

inputs. The tested fractions are illustrative planning choices rather than clinically established standards. 661 

Proposition 3. Feasible MNH protection. Suppose the physical and cap constraints are feasible and total 662 

MNH demand is positive in every scenario. For policy ߨ, define its worst-scenario MNH coverage by 663 

(ߨ)minݎ = min௦∈ௌ (1 − ∑ ∑௜,MNH,௦௜∈ூݑ 𝐷௜,MNH,௦௜∈ூ )    (29) 664 

Then Eq. (28) equals the attained maximum of ݎmin(ߨ) over cap-feasible policies. The feasible common-665 

floor interval is exactly [0,  With all other inputs and the numerical cap fixed, increasing capacity, 666 .[∗ߩ

budget or initial stock cannot decrease 667 .∗ߩ 
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The proof is provided in Additional file 1. This result concerns the feasibility of a service requirement. It 668 

does not guarantee that an allocation chosen solely by cost minimisation will provide more MNH service 669 

when capacity increases. 670 

For fixed preference weights, the minimum complete objective is non-decreasing and convex piecewise-671 

linear in a feasible prescribed floor, by the same argument as Proposition 2 with the constraint direction 672 

reversed. Expected base loss alone need not be monotone when other objective components are present. 673 

Moreover, the scenario-wise floor implies at least the same expected aggregate MNH coverage because the 674 

latter is a demand-weighted mean of scenario coverages; the converse does not hold. 675 

Policy comparisons and verification 676 

The experimental design holds the physical system and scenario distribution fixed when comparing risk, 677 

priority and demand protection. Separate experiments vary budget, starting inventory or capacity. This 678 

distinction separates preferences about who should receive service from changes in what the system can 679 

afford or deploy. Comparisons use common definitions of loss, shortage and coverage. Additional file 1 680 

establishes the mathematical ordering properties, while the computational records support the reported 681 

numerical checks. 682 

Matched policy comparisons 683 

Table 1 identifies the principal policies. E00 minimises expected base loss without a demand-tail cap. C02 684 

adds CVaR at risk weight 0.50, while T01 adds only the baseline cap to expected-loss minimisation. 685 

HYBRID 0 combines that risk weight and the cap with zero priority weight. These four cases form a 686 

matched comparison: E00 against C02 isolates risk aversion without the cap; E00 against T01 isolates the 687 

cap without risk aversion; and C02 against HYBRID 0 tests the incremental cap effect in a risk-sensitive 688 

model. Fig. 1 shows these relationships. 689 

The reference cap is 9,147,367.899574 pooled model units and protects S12 throughout the principal 690 

comparisons. J01 and F01 use risk weight 0.50 and priority weight 0.25; only F01 includes the cap. Their 691 

difference identifies the cap effect at fixed weights. F01 against E00 describes the combined policy change 692 

and cannot attribute it to one control. GSTAR and LEX TE answer the separate frontier and secondary-693 

allocation questions in the Tail feasibility and secondary allocation section. 694 
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Table 1. Principal model comparisons 695 

Case Risk weight ߣ Priority weight Demand-tail cap Purpose 

E00 0 0 None 
Expected-loss 

benchmark 

C02 0.50 0 None CVaR only 

T01 0 0 ߁ Tail cap only 

HYBRID 0 0.50 0 ߁ CVaR and tail cap 

J01 0.50 0.25 None 
Joint risk and 

priority 

F01 0.50 0.25 ߁ Integrated policy 

GSTAR 0 0 None Minimise (18) only 

LEX TE 0 0 ߁∗ + 10−5 Minimise expected 

loss at frontier 

 696 

 697 

Fig. 1. Controlled policy comparisons. Each arrow changes one policy component while retaining the 698 

physical system and the other stated settings. Risk and priority values are objective weights; each 699 

cap is the same baseline S12 bound. 700 

Demand, probabilities, capacities, admissible links, cost coefficients, priority inputs and baseline inventory 701 

are identical within these matched policy contrasts. The controls may yield the same aggregate outcome 702 

even when their formulations differ. Equality of reported totals does not establish equality of every hub 703 

allocation or LGA service level. Conversely, adding a cap at fixed objective weights cannot improve the 704 

optimum of the complete minimisation objective, although selected base-loss or service diagnostics may 705 

improve, as explained in the Demand tail adequacy and integrated objective section. 706 
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Preference and resource sensitivity 707 

The CVaR-only sequence uses risk weights 0.25, 0.50, 1 and 2, corresponding to C01–C04, with zero 708 

priority weight and no demand-tail cap. The priority-only sequence Q01–Q03 uses weights 0.10, 0.25 and 709 

0.50, respectively, with zero risk weight and no cap. These sequences test changes in the ranking of 710 

feasible allocations. They do not increase available resources or impose a geographic coverage floor. Their 711 

outcomes are assessed using common base-loss, priority-weighted shortage and resource-coverage 712 

diagnostics rather than by comparing differently weighted objective values as welfare scores. 713 

Budget cases B01 and B02 and initial-inventory case I01 retain the J01 preference weights and use J01 as 714 

their matched comparator. B01 sets budgets at 80% of the supplied full-deployment procurement 715 

benchmark, B02 at 100%, and J01 at 90%. These are percentages of the same benchmark, not reductions or 716 

increases of 20% relative to J01. Capacity, demand and probabilities remain fixed. I01 retains the baseline 717 

budget and uses the supplied stock vector labelled 10%; it does not imply a uniform increase in hub 718 

capacity. Pre-horizon stock acquisition expenditure is excluded from base loss, as specified in the Cost 719 

budget and inventory calibration section. 720 

The resource experiments assess the consequences of the designated input change under the same 721 

preference settings. They do not identify a unique bottleneck, estimate returns on investment or establish 722 

how coverage would respond to arbitrary resource expansions. In particular, comparisons with E00 would 723 

combine a resource change with different objective weights. The matched J01 comparisons avoid that 724 

confounding and support the resource-specific interpretation in the Preference and resource sensitivity 725 

section. 726 

Common evaluation of losses and service 727 

Confidence-level cases A90 and A99 use 90% and 99% CVaR in policy optimisation while retaining the 728 

J01 risk and priority weights. Their realised scenario losses are also evaluated at a common 95% 729 

confidence level. This separates the choice of policy from the definition of the reported loss-tail statistic. A 730 

lower 90% CVaR than 95% CVaR is not, by itself, evidence of a better policy because the two averages 731 

use different upper-tail probability masses. 732 
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 733 

Fig. 2. Planning probability masses and the loss-tail sizes. Panel (a) shows catalogue probabilities, 734 

with S12 highlighted as the fixed demand-protection state. Panel (b) illustrates how a maximum-loss 735 

atom of probability 5% can supply either the entire 5% upper tail or the entire 1% upper tail. Its 736 

identity need not be S12; larger maximum-loss atoms also satisfy Proposition 1. In panel (a), the 737 

horizontal dashed line marks 5% probability mass (the upper tail for 95% CVaR), and the dotted 738 

line marks 1% (the upper tail for 99% CVaR). They are reference masses, not additional scenario 739 

probabilities. 740 

For each policy, CVaR is calculated from its base scenario losses using descending loss order and exactly 741 

the required upper-tail mass, including fractional boundary mass when necessary. Fig. 2 explains the 742 

special case in Proposition 1: the 5% and 1% upper tails can lie entirely within a maximum-loss atom, 743 

making both 95% and 99% CVaR equal maximum loss. The identity of that atom need not be S12. The 744 

demand-tail diagnostic instead evaluates pooled shortage in the predetermined S12 state and retains its 745 

distinct interpretation. 746 

Expected base loss uses the original scenario probabilities. The priority increment in equation (14) enters 747 

the optimisation objective, whereas equation (15) supplies the separately reported priority-weighted 748 

shortage diagnostic. These quantities are reconstructed separately. PHC and MNH coverage use the ratio of 749 

expected service to expected demand in equation (24); they are not unweighted means of scenario 750 

percentages. LGA dispersion, minimum coverage and counts strictly below 20% use equations (25)–(26) 751 

and are evaluated separately for each resource. A pooled coverage change is therefore not treated as 752 

sufficient evidence of improved geographic equity or improved service in both resources. 753 
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Tail feasibility and secondary allocation 754 

The frontier experiment first solves GSTAR, equation (22), over the common physical feasible set without 755 

a candidate cap. Its objective is protected S12 shortage alone. This calculation establishes the minimum 756 

attainable bound for the specified inputs; comparing a proposed cap with that minimum distinguishes a 757 

feasible adequacy requirement from a requirement that the system cannot meet. The frontier is specific to 758 

the baseline budgets, capacities, inventory and admissible links. It must not be transferred unchanged to a 759 

different resource system. 760 

The second calculation solves LEX TE, equation (23), minimising expected base loss while permitting 761 

protected shortage no more than 0.00001 pooled model units above the computed minimum. The tolerance 762 

implements a numerical lexicographic approximation and is considered alongside solver residuals. GSTAR 763 

and LEX TE are consequently compared on both protected shortage and secondary service outcomes. Poor 764 

non-tail service in one GSTAR allocation is not interpreted as a necessary cost of reaching the frontier 765 

when a secondary allocation achieves essentially the same protected shortage with lower expected loss. 766 

This procedure identifies one secondary-efficient allocation near the protected-shortage minimum; it does 767 

not trace a complete Pareto frontier or establish uniqueness. T02 and T03 impose 90% and 80% of the 768 

reference cap with zero risk and priority weights. JT1 imposes the 90% cap with risk weight 0.50 and 769 

priority weight 0.25. These explicit caps are evaluated by direct solves and against the computed feasibility 770 

bound. 771 

Linear programme implementation and evidence coverage 772 

Sparse deterministic-equivalent linear programmes are solved through SciPy’s linear-programming 773 

interface with HiGHS and presolve enabled. The verification environment uses Python 3.12.14, SciPy 774 

1.17.0 and NumPy 2.3.5. Huangfu and Hall [23] provide the solver-method reference recommended by 775 

HiGHS. Shared node variables implement the information structure directly: common decisions cannot 776 

differ across scenarios before the corresponding archetype or severity revelation. The model uses 777 

continuous quantities, so the reported solutions concern a linear allocation programme rather than 778 

indivisible clinical units. 779 
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The computational evidence covers the 18 core cases E00, C01–C04, Q01–Q03, J01, T01–T03, JT1, B01–780 

B02, I01, A90 and A99, together with integrated, frontier, priority-construction, protected-set and MNH-781 

floor experiments. Each reported policy uses the common calibrated demand and declared settings. 782 

Additional file 2 contains computational inputs, scripts, a case register and verification records. The 783 

combined register contains 40 records: 34 optimal results and six infeasible results, including a diagnostic 784 

cap below the frontier. Feasibility-maximisation allocations are distinguished from cost-minimising 785 

policies. 786 

Each case is identified by its objective weights, confidence level, numerical cap when enabled, and 787 

resource inputs. A cap-enabled flag together with the applied numerical bound identifies an adequacy 788 

restriction; a case name alone does not establish whether a cap is present. This explicit definition is 789 

particularly important for the frontier calculations and for comparisons in which objective weights are held 790 

fixed. 791 

Numerical and accounting verification 792 

Verification separates outcome arithmetic from optimisation feasibility. The common-input audit includes 793 

59 checks on demand formulas, scenario probabilities, keys, capacities, budgets and stock construction. 794 

Priority and tail settings have a separate 30-check acceptance record. The completed experiment suite 795 

passes 102 acceptance checks covering primal feasibility, objective reconstruction, scenario-wise MNH 796 

floors, cap satisfaction, common 95% CVaR, monotonic comparisons and agreement with the maximum-797 

floor feasibility envelope. These checks establish computational consistency, not clinical validity. 798 

For the 25-case sensitivity and MNH-protection suite, the largest absolute equality residual is 799 

1.16 × 10−10, the largest inequality violation is 7.00 ×  10−7, and the maximum objective reconstruction 800 

discrepancy is 4.77 ×  10−7 cost-index units. Twenty cases are optimal and five return explicit infeasible 801 

statuses. Per-case residuals and corresponding checks are retained in the supplement. The priority 802 

increment and full-weight shortage diagnostic are reconstructed separately. Residuals are numerical 803 

discrepancies in model units, not percentages of demand. 804 

Near-equality comparisons require unrounded output. The presentation tables round loss values to millions 805 

and coverage to percentages, while the frontier and cap comparisons retain sufficient decimal places to 806 
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distinguish numerical tolerance from substantive slack. A rounded match between policy summaries does 807 

not certify identical decision vectors. Reported improvements that are small relative to total loss are 808 

interpreted at that scale rather than presented as large practical gains. No p-values or statistical-significance 809 

claims are attached to optimisation differences in this fixed scenario experiment. 810 

Priority protected-set and MNH-floor sensitivities 811 

Priority construction is tested by omitting age or access and by assigning the imputed access deficits their 812 

endpoints zero and one. The remaining coefficients are not renormalised. Primary-weight diagnostics 813 

evaluate every resulting allocation on a common scale. A near-maximum protected-set experiment uses 814 

S06, S09 and S12 with conditional weights normalised over their combined 0.15 probability; its cap is the 815 

corresponding E00 conditional shortage. 816 

The MNH extension tests floors of 25%, 50%, 60% and 70% at baseline and 120% capacity. Each retains 817 

risk weight 0.50, priority weight 0.25, baseline budgets, zero inventory and the same numerical S12 cap. 818 

Capacity expansion does not trigger budget or initial-stock increases. No-floor F01 at the matching 819 

capacity supplies the comparator. A separate maximum-floor solve at each capacity determines feasibility 820 

independently of the selected grid. 821 

Verification boundaries and interpretation 822 

T02, T03 and JT1 are confirmed infeasible under their explicit caps. The two 70% MNH-floor cases are 823 

also infeasible. The distinct below-frontier diagnostic provides a further infeasible result in the combined 824 

register. These outcomes are reported as infeasible requirements, not implemented allocations. The 825 

maximum-floor optimisation independently identifies the limit against which the MNH grid is assessed. 826 

LGA outcomes are exported for the risk-neutral E00 and integrated F01 verification policies. They support 827 

the selected distributional comparisons in the Resource specific and geographic outcomes section, but they 828 

do not establish the geographic effects of every sensitivity setting. Alternative optimal allocations may 829 

change individual LGA outcomes while preserving an aggregate objective. The secondary frontier 830 

calculation resolves one such interpretative issue without demonstrating uniqueness across all cases. 831 

Taken together, the experiment design and checks support conditional comparisons within the calibrated 832 

system. They do not constitute prospective validation, a test of probability ambiguity, or an assessment of 833 



 

34 

clinical timeliness. the Results section therefore reports loss protection, cap effects, frontier performance, 834 

resource-specific service and sensitivity as separate findings, with conclusions limited to the controls and 835 

evidence evaluated here. 836 

Artificial intelligence assistance was used in code development, figure preparation and manuscript drafting 837 

and editing, including adaptation of the presentation for a health-services readership. The authors remain 838 

responsible for checking the computational materials, source citations and manuscript and for approving 839 

the final version. AI assistance does not constitute independent validation of the model or its results. 840 

Results 841 

The results distinguish loss-tail protection, the incremental demand-tail cap effect, frontier feasibility, and 842 

service distribution across resources and LGAs. Preference comparisons retain the common physical 843 

system; budget and stock comparisons use J01. Capacity and MNH-floor comparisons use the 844 

corresponding F01 setting. Tables 2–6 report levels and Figs. 3–9 display changes and distributions. Loss 845 

values are cost indices, pooled shortages combine unlike service units, and coverage uses the ratios in 846 

equations (24)–(26). 847 

Expected loss and loss tail protection 848 

Table 2. Principal risk and adequacy outcomes 849 

Policy Expected loss 

million 

CVaR 95 million PHC % MNH % 

E00 81.043572 98.192488 37.743 70.959 

C02 81.043622 98.192246 37.743 70.958 

T01 81.043572 98.192488 37.743 70.959 

HYBRID_0 81.043622 98.192246 37.743 70.958 

J01 81.070910 98.193038 37.743 70.302 

F01 81.070612 98.192488 37.743 70.309 

 850 

The risk-neutral benchmark E00 has expected base loss of 81.043572 million and 95% CVaR of 851 

98.192488 million cost-index units. PHC and MNH coverage are 37.743% and 70.959%. These rates 852 
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provide the service baseline. Because every probability atom is at least 0.05, 95% CVaR equals maximum 853 

scenario loss; it is not an empirical rare-event frequency. 854 

Across C01–C04, increasing the risk weight from 0.25 to 2 reduces maximum loss while raising expected 855 

base loss. Relative to E00, worst-loss reductions are 155.792, 241.148, 389.605, 428.148 cost-index units, 856 

with corresponding expected-loss increases of 18.075, 50.265, 155.420, 208.544 units. This ordering 857 

agrees with Proposition 4 in Additional file 1. Fig. 3 uses cost-index units because millions conceal this 858 

scale. At risk weight 0.50, the tail reduction is only 0.000246% of baseline worst loss. 859 

 860 

Fig. 3. Expected-loss increases and common 95% CVaR reductions for C01–C04 relative to E00. 861 

Both panels use cost-index units, with separate vertical scales. Bars show deterministic optimisation 862 

differences, not sampling estimates. 863 

The service response is correspondingly small. PHC coverage is unchanged at the reported precision; 864 

MNH coverage moves from 70.959458% under E00 to 70.954445% under C04. Loss protection selects a 865 

modest redistribution within the available system rather than expanding service. These differences do not 866 

identify a unique physical bottleneck and should not be described as statistical significance or broad 867 

clinical improvement. 868 

Incremental effect of the demand tail cap 869 

The cap-only policy T01 reproduces E00 aggregate outcomes. Its protected shortage equals the reference 870 

cap of 9,147,367.899574 pooled units; equality alone does not demonstrate an incremental benefit. C02 871 

already satisfies this cap. HYBRID 0 consequently matches C02 at reported aggregate precision and leaves 872 
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9.645903 pooled units of slack. The cap leaves the selected CVaR-only optimum feasible and adds no 873 

aggregate improvement in this comparison. 874 

 875 

Fig. 4. Protected S12 shortage relative to the baseline cap. Positive values exceed the bound; negative 876 

values indicate slack. E00, C02 and J01 do not impose the cap, while T01, HYBRID 0 and F01 do. 877 

Values indistinguishable from zero at the displayed precision are labelled 0.000. 878 

With positive priority weight, J01 has protected shortage of 9,147,389.920557, exceeding the bound by 879 

22.020983 units. F01 imposes the cap at the same preference weights and reduces S12 shortage to the 880 

bound. Relative to J01, F01 lowers expected base loss by 298.504 and common 95% CVaR by 550.525 881 

cost-index units. MNH coverage rises from 70.302314% to 70.309489%; PHC coverage is unchanged. 882 

These diagnostic gains do not mean that F01 dominates J01. Priority-weighted shortage rises by 200.380 883 

pooled weighted units, and the complete objective increases by 71.468 cost-index units. This agrees with 884 

feasible-set inclusion: adding a cap cannot improve the optimum of the same minimisation objective. The 885 

demand-defined protected set and the loss-defined tail remain different concepts even when they identify 886 

the same scenario. 887 

Against E00, F01 reduces the penalty-weighted priority increment by 4.087% and the pooled priority-888 

weighted shortage diagnostic by 0.168%, while expected base loss increases by 0.033%. Maximum loss is 889 

essentially unchanged. This comparison combines risk, priority and cap effects; J01 against F01 isolates 890 

the cap effect at fixed weights. The two weighted diagnostics are not interchangeable. 891 

Tail feasibility and secondary allocation 892 

The frontier optimisation gives minimum protected shortage of 9,147,347.633104 pooled units. The 893 

reference cap is only 20.266470 units above this minimum, or 0.0002216% of the cap. Little further 894 
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reduction in pooled S12 shortage is attainable under fixed inputs. The 90% and 80% reference caps fall 895 

below this bound, consistently with the infeasible T02, T03 and JT1 solves. 896 

GSTAR has expected loss of 102.392747 million and pooled coverage of 18.717781%. Its objective does 897 

not value outcomes outside the protected set except through shared decisions and feasibility. Low pooled 898 

coverage describes one tail-optimal allocation, not a necessary cost of reaching the frontier. A secondary 899 

criterion is needed before assigning an efficiency interpretation. 900 

 901 

Fig. 5. Pooled coverage and protected shortage above the computed minimum. Coverage labels 902 

retain six decimals to distinguish E00 from LEX TE. The right panel explicitly labels the LEX TE 903 

allowance as 10⁻⁵ pooled units; it is not zero. GSTAR is one primary-optimal allocation, whereas 904 

LEX TE additionally minimises expected base loss within that tolerance. 905 

LEX TE attains protected shortage of 9,147,347.633114, expected loss of 81.044233 million and pooled 906 

coverage of 38.200087%, within 0.00001 pooled units of the frontier. Relative to GSTAR, coverage 907 

increases by 19.482305 percentage points and expected loss falls by 21.348514 million. Relative to E00, 908 

expected loss increases by 661.589 units, while pooled coverage declines by only 0.000219 percentage 909 

points. 910 

The comparison establishes that near-minimum protected shortage is compatible with service close to the 911 

expected-loss benchmark. It does not establish a unique allocation, a complete Pareto frontier, or optimal 912 

geographic equity. The frontier and the lexicographic tolerance are numerical results for the specified 913 

resource system. They must be recalculated if budgets, inventory, capacities, admissible links or the 914 

protected set change. 915 
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Resource specific and geographic outcomes 916 

F01 retains PHC coverage of 37.743%, while MNH coverage falls from 70.959% to 70.309%, a decrease 917 

of 0.649969 percentage points. Pooled coverage falls by only 0.008953 percentage points. PHC dominates 918 

the numerical sum of the resource demands, so a small pooled change can conceal a larger MNH change. 919 

This weighting does not establish clinical equivalence between visit-equivalents and facility-delivery-920 

equivalents. 921 

 922 

Fig. 6. Expected PHC and MNH coverage, shown separately with numerical labels. The dotted 923 

separators distinguish the E00, J01 and F01 preference comparisons from the B01, B02 and I01 924 

resource cases, whose matched comparator is J01. Labels use the rounded values reported in Tables 925 

2 and 4. The horizontal dotted line in each panel is a visual group separator, not a statistical or 926 

service threshold. 927 

F01 reduces priority-weighted PHC shortage from 7.775927 million to 7.762177 million, but increases the 928 

MNH component from 51,527.947 to 52,121.803. The pooled reduction is driven by PHC and masks the 929 

adverse MNH movement. This full-weight diagnostic omits resource penalties, unlike the priority 930 

increment in equation (14), and cannot substitute for a geographic fairness assessment. 931 
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Table 3. LGA coverage diagnostics for the baseline and integrated policies. SD denotes standard 932 

deviation; pp denotes percentage points. 933 

Policy Resource Coverage SD pp Minimum % Below 20% 

E00 PHC 24.852 2.407 27 

E00 MNH 24.941 6.086 6 

F01 PHC 24.729 1.130 28 

F01 MNH 25.189 4.052 4 

 934 

The geographic outcomes are mixed. PHC dispersion declines from 24.852 to 24.729 percentage points, 935 

but its below-20% count rises from 27 to 28 and minimum coverage falls from 2.407% to 1.130%. For 936 

MNH, dispersion increases from 24.941 to 25.189 percentage points and minimum coverage falls from 937 

6.086% to 4.052%, although the below-20% count decreases from six to four. Neither lower dispersion nor 938 

an improved threshold count guarantees improvement at the least-covered location. 939 

 940 

Fig. 7. Empirical cumulative distributions of LGA coverage under E00 and F01, calculated from 941 

probability-weighted service and demand for each resource. Each curve includes all 177 LGAs with 942 

equal geographic weight. The dotted line marks 20% coverage; Table 3 reports counts strictly below 943 

that threshold. The vertical dotted reference line is the 20% LGA-coverage threshold; it is not a 944 

fitted trend or confidence limit. 945 

Fig. 7 displays the full distribution rather than only its spread and minimum. At a given coverage 946 

threshold, a higher curve means a larger share of LGAs at or below that level. The curves describe the 947 

selected allocations and do not show which individual LGAs gained or lost. They are descriptive 948 

distributions over the modelled study area, not sampling confidence bands. System coverage weights 949 

demand, while these curves weight LGAs equally; their summaries therefore need not move together. 950 
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Alternative optimal allocations may also alter individual geographic outcomes without changing aggregate 951 

objectives. 952 

Preference and resource sensitivity 953 

Table 4. Sensitivity outcomes evaluated at common 95% CVaR 954 

Case Expected loss 

million 

CVaR 95 million PHC % MNH % 

C01 81.043590 98.192332 37.743 70.959 

C03 81.043727 98.192098 37.743 70.956 

C04 81.043780 98.192059 37.743 70.954 

Q01 81.044547 98.193644 37.743 70.936 

Q02 81.081069 98.218962 37.743 70.058 

Q03 81.210544 98.354971 37.743 66.946 

B01 85.182299 102.324774 36.219 0.000 

B02 80.686909 97.605873 37.743 81.518 

I01 80.142468 97.061431 37.743 81.518 

A90 81.067669 98.193295 37.743 70.380 

A99 81.070910 98.193038 37.743 70.302 

 955 

Priority-only policies Q01–Q03 reduce the penalty-weighted priority increment as its coefficient increases, 956 

while MNH coverage falls to 70.936%, 70.058%, 66.946%. PHC remains at 37.743%. Q03 has expected 957 

base loss of 81.210544 million and worst loss of 98.354971 million. Stronger priority weighting changes 958 

the allocation trade-off; it adds no resources and guarantees no coverage floor. The E00–F01 geographic 959 

diagnostics do not establish the spatial effects of every sensitivity policy. 960 

Budget and stock effects use J01 because its preference weights match B01, B02 and I01. The budget 961 

shares are 90%, 80% and 100% of the same procurement benchmark for J01, B01 and B02. Relative to 962 

J01, the changes are −11.111% and +11.111%. Under B01, PHC coverage falls to 36.219% and MNH 963 

service is zero. Expected base loss increases by 5.071%. 964 
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 965 

Fig. 8. Resource coverage changes under B01, B02 and I01 relative to the matched J01 policy. Panels 966 

use different horizontal scales. B01 and B02 change the budget benchmark share; I01 adds the 967 

supplied initial-stock vector at the baseline budget. Demand, capacity and scenario probabilities 968 

remain fixed. 969 

B02 and I01 reach MNH coverage of 81.518%, an increase of 11.215668 percentage points over J01, with 970 

PHC unchanged. Expected base loss falls by 0.474% and 1.145%, respectively. Equal aggregate coverages 971 

do not establish identical allocations or identify a unique binding constraint. The zero-MNH outcome 972 

under B01 is a model result without a hard service floor, not a clinical recommendation. 973 

I01 has expected base loss 544,441.040 units below B02 despite identical reported resource coverages. 974 

Initial stock is an endowment whose pre-horizon acquisition cost is excluded. The difference concerns 975 

within-horizon accounting and deployment; it cannot establish that prepositioning is cheaper on an all-in 976 

investment basis. 977 

A99 reproduces J01 aggregate outcomes, consistent with 95% and 99% CVaR both equalling maximum 978 

loss. A90 has its own 90% CVaR of 98.179575 million, but common 95% CVaR of 98.193295 million, 979 

256.939 units above J01. Its expected loss is 3,241.007 units lower. These are different trade-offs; 980 

comparing differently defined CVaR statistics would confound policy performance and tail definition. 981 

Priority construction and protected-set sensitivity 982 

Omitting age or access changes the allocation because each represents a different normative priority rule. 983 

Table 5 evaluates every solution with the primary priority increment and reports MNH coverage. Omitting 984 

access moves the solution closer to E00; neither endpoint treatment of imputed access establishes which 985 
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unobserved values are correct. These cases test sensitivity to the stated construction rather than validate a 986 

comprehensive equity index. 987 

Table 5. Priority and protected-set sensitivity under common primary evaluation 988 

Setting Expected loss million Primary ܸ (million) MNH % 

Primary F01 81.070612 3.512665 70.309 

Without age 81.067988 3.525294 70.373 

Without access 81.045319 3.646681 70.917 

Imputed deficit 0 81.063939 3.544707 70.470 

Imputed deficit 1 81.063200 3.548124 70.488 

Near-maximum set 81.062166 3.556460 70.512 

 989 

For the near-maximum set, minimum conditional pooled shortage is 9,142,998.524548, only 20.374189 990 

units below its own reference cap. The integrated solution has expected loss of 81.062166 million and 991 

MNH coverage of 70.512%. It protects a different set and uses a different cap; its result is not a matched 992 

estimate of improving S12 protection. The three-state set has planning probability 0.15 and is not a 5% tail. 993 

Explicit MNH protection and capacity trade-offs 994 

At baseline capacity, no-floor F01 achieves expected MNH coverage of 70.309%, but its minimum 995 

scenario MNH coverage is 61.568%. The 25%, 50% and 60% floors therefore leave its optimal objective 996 

unchanged. At 120% capacity, the no-floor solution has PHC coverage of 40.764% and zero MNH service. 997 

Its expected loss is 80.395614 million and pooled S12 shortage is 8,903,526.160, below the reference cap. 998 

Compliance with the pooled cap therefore does not ensure any MNH provision. 999 
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Table 6. MNH-floor extension with unchanged budgets and pooled cap 1000 

Capacity Floor Expected loss 

million 

PHC % MNH % 

100% None 81.070612 37.743 70.309 

100% 25% 81.070612 37.743 70.309 

100% 50% 81.070612 37.743 70.309 

100% 60% 81.070612 37.743 70.309 

100% 70% Infeasible — — 

120% None 80.395614 40.764 0.000 

120% 25% 80.598941 39.721 25.000 

120% 50% 80.802485 38.677 50.000 

120% 60% 80.884454 38.259 60.000 

120% 70% Infeasible — — 

 1001 

Coverage columns report probability-weighted aggregate service. Every feasible floor was also checked 1002 

separately in all twelve scenarios. At 120% capacity, expected MNH coverage equals 25%, 50% and 60% 1003 

in the corresponding floor cases, while PHC coverage declines to 39.721%, 38.677% and 38.259%. 1004 

Expected loss rises relative to the matching no-floor allocation. Fig. 9 shows this direct resource trade-off. 1005 
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 1006 

Fig. 9. MNH-floor trade-offs and feasibility. Panels (a) and (b) show only the tested optimal policies 1007 

at 120% capacity; no continuous trade-off curve is inferred between them. Zero denotes the no-floor 1008 

comparator. Expected-loss differences are calculated from the displayed million-unit values in Table 1009 

6. Panel (c) shows the feasible common-floor intervals established by the separate maximum-floor 1010 

programmes; their endpoints are feasibility limits, not cost-efficient policies. The 70% floor is 1011 

infeasible at both capacity levels. 1012 

The largest feasible common scenario floor is 62.716% at baseline capacity and 64.907% at 120% 1013 

capacity. The 70% requirement exceeds both limits. Baseline expected coverage can exceed the maximum 1014 

common floor because the latter must hold in every scenario. Proposition 3 explains why capacity 1015 

expansion cannot lower this feasibility ceiling when the other constraints are fixed. The maximum-floor 1016 

allocations identify feasibility only; no claim is made that their other outcomes are cost-efficient. None of 1017 

these thresholds is selected as a clinical or ethical standard. 1018 

Summary of the empirical findings 1019 

Risk aversion yields small worst-loss reductions at a small expected-loss cost. Geographic priority changes 1020 

resource and LGA outcomes, with weighted gains coexisting with lower MNH coverage and lower 1021 

minimum LGA coverage. The pooled cap adds no aggregate improvement at zero priority weight but 1022 
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restricts the preferred allocation under positive priority weights. Secondary expected-loss minimisation 1023 

approaches minimum protected shortage without the poor non-tail service of a tail-only allocation. 1024 

Resource conditions have larger effects in the tested ranges, and explicit scenario-wise MNH floors 1025 

prevent zero service when feasible at a measurable PHC and cost trade-off. 1026 

These findings support joint reporting of expected loss, common loss-tail exposure, protected shortage, 1027 

resource-specific coverage and geographic distributions. No single measure establishes overall policy 1028 

superiority. The results concern the fixed scenario catalogue and calibrated resource system, with the 1029 

numerical verification scope set out in the Policy comparisons and verification section. The Discussion 1030 

section interprets their planning implications without treating them as prospective demand validation or 1031 

evidence of improved clinical outcomes. 1032 

Discussion 1033 

The main health-service finding is that protecting an aggregate loss or shortage index does not ensure 1034 

adequate provision of every service. The integrated policy improved selected priority-weighted measures, 1035 

but lowered MNH coverage and produced mixed geographic outcomes. Resource-specific minimum 1036 

requirements addressed a different concern: they prevented zero MNH allocation when feasible, while 1037 

making the associated PHC and loss trade-offs explicit. These findings favour a planning process that 1038 

defines the service to protect before choosing a risk or priority weight. 1039 

Meaning and scale of loss tail protection 1040 

At risk weight 0.50, maximum loss falls by 241.148 cost-index units against a baseline of 98.192 million, 1041 

while expected loss rises by 50.265 units. Fig. 3 makes this scale visible. The result supports a small 1042 

preference-dependent allocation change rather than a substantial service-adequacy gain. It does not imply 1043 

that risk aversion is generally ineffective: its magnitude depends on feasible actions, costs and the scenario 1044 

distribution. 1045 

The discrete distribution is central to this interpretation. Proposition 1 shows that both 95% and 99% 1046 

CVaR equal maximum loss for every feasible policy under the specified probabilities. Raising the 1047 

confidence level between these values does not introduce a different tail criterion. The identical J01 and 1048 
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A99 aggregate outcomes therefore have a structural explanation. The A90 comparison illustrates why 1049 

policies must be evaluated at a common confidence level: a lower statistic computed over a larger tail mass 1050 

cannot by itself establish better loss protection. 1051 

Risk-sensitive allocation should consequently be assessed alongside resource coverage, rather than judged 1052 

from the weighted objective alone. The model evaluates CVaR once over total scenario loss; its three-stage 1053 

decision structure does not make the risk measure recursively dynamic. Changes to scenario probabilities, 1054 

a richer demand distribution or a nested risk formulation could alter the trade-off and would require 1055 

separate experiments. The present findings isolate a conditional loss-protection effect within the specified 1056 

model. 1057 

Geographic priority and equity 1058 

The integrated F01 policy reduces pooled priority-weighted shortage by 0.168% relative to E00, but MNH 1059 

coverage declines by 0.650 percentage points and minimum LGA coverage falls for both resources. Table 1060 

3 and Fig. 7 show mixed effects: PHC dispersion improves while its low-coverage count worsens; MNH 1061 

has fewer LGAs below 20% but worse dispersion and minimum coverage. A priority rule can improve an 1062 

aggregate diagnostic without protecting every distributive dimension. 1063 

This distinction is consistent with the criterion-specific treatment of fairness in Bertsimas, Farias and 1064 

Trichakis [5]. Geographic weights express relative priorities; they do not impose equal service, maximise 1065 

minimum coverage or guarantee a resource-specific floor. The 0.033% expected-loss increase under F01 is 1066 

therefore a cost difference for one combination of risk, priority and cap settings, accompanied by mixed 1067 

outcomes, rather than a universal price of fairness. 1068 

Yin and Büyüktahtakın [1] similarly make equity explicit in a multistage epidemic allocation model, using 1069 

infection and capacity equity measures. Their application links allocation to disease progression, whereas 1070 

the present study allocates resources against exogenous displacement-derived requirements. The relevant 1071 

comparison is the need to define the protected outcome, not numerical equivalence between their 1072 

epidemiological effects and the coverage indices reported here. For this study, resource-specific coverage 1073 

and LGA diagnostics are needed to judge whether the chosen geographic priorities reflect the intended 1074 

planning objectives. 1075 
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Demand tail adequacy as a conditional safeguard 1076 

The demand-tail cap has value as an explicit restriction on a specified adverse demand condition, but its 1077 

incremental effect depends on the objective that selects the allocation. T01 reproduces E00 aggregate 1078 

outcomes even though the bound is attained. HYBRID 0 reproduces C02 and leaves cap slack. These cases 1079 

show that a binding equality or the presence of an additional constraint is not sufficient evidence of added 1080 

service protection. The relevant test is whether the restriction changes the optimum or excludes the 1081 

preferred allocation under the matched objective. 1082 

At positive priority weight, J01 exceeds the S12 cap and F01 changes the allocation to satisfy it. Expected 1083 

base loss and common CVaR improve relative to J01, while priority-weighted shortage and the complete 1084 

objective worsen. This redistribution is consistent with feasible-set inclusion. Fig. 4 explains the cap more 1085 

precisely than E00 against F01, which changes several controls simultaneously. 1086 

The safeguard protects a demand-defined state independently of the allocation-induced loss ranking. Its 1087 

bound is not a probability guarantee, confidence interval or clinical standard. The near-maximum 1088 

sensitivity also shows that protecting several close-ranked high-demand states is a different planning 1089 

choice, with probability mass 0.15. Because pooled shortage combines unlike resource units, its protection 1090 

cannot be interpreted as a guaranteed MNH service level. The separately tested MNH constraint directly 1091 

addresses that limitation. 1092 

Feasibility and the role of secondary optimisation 1093 

The reference cap lies only 20.266 pooled units above the minimum protected shortage. This narrow 1094 

interval separates a stronger protection target from what the fixed model can achieve. Substantial cap 1095 

reductions cannot be delivered simply by increasing shortage penalties: physical conditions would have to 1096 

change. The result identifies a system-specific limit without identifying the most efficient intervention for 1097 

relaxing it. 1098 

The comparison between GSTAR and LEX TE adds a separate methodological lesson. A tail-only 1099 

objective leaves service outside the protected set without a direct value in the objective. The low pooled 1100 

coverage in the returned GSTAR allocation is therefore not an unavoidable cost of reaching the frontier. 1101 

Secondary expected-loss minimisation retains protected shortage within 0.00001 pooled units of the 1102 
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computed minimum while recovering coverage close to E00, as Fig. 5 shows. Reporting only the first tail-1103 

optimal allocation would materially overstate the efficiency cost of protection. 1104 

A defensible frontier assessment should thus distinguish the primary optimum from the secondary 1105 

allocation selected near it. The second solve answers an allocation question left open by the first; it does 1106 

not guarantee uniqueness or geographical fairness. Its tolerance and feasibility residuals must remain 1107 

visible when differences are very small. This interpretation also prevents the nearly identical rounded 1108 

coverage values for E00 and LEX TE from being mistaken for identical policies. 1109 

Resource conditions and planning implications 1110 

The matched budget and stock comparisons yield much larger MNH coverage changes than the tested risk 1111 

weights. B02 and I01 increase MNH coverage by 11.216 percentage points; B01 yields zero MNH service. 1112 

At 120% capacity with baseline budgets, the no-floor integrated policy also assigns zero MNH service 1113 

despite lower expected loss and compliance with the pooled cap. More physical capacity can therefore 1114 

change the preferred resource mix without protecting both services. 1115 

The explicit MNH extension demonstrates what a mandatory resource floor adds. At 120% capacity, the 1116 

feasible 25%, 50% and 60% scenario-wise floors restore MNH service while increasing expected loss and 1117 

reducing PHC coverage. The 70% target is infeasible at both capacity levels. The maximum common 1118 

floors, 62.716% and 64.907%, are conditional feasibility limits, not recommended clinical standards. 1119 

Scenario-wide aggregate protection also leaves individual LGAs unprotected unless a separate geographic 1120 

requirement is imposed. 1121 

Inventory results also require consistent economic accounting. I01 treats stock as an available endowment 1122 

and excludes its pre-horizon acquisition cost, while B02 expands the operating budget. Their equal 1123 

resource coverages do not make them equivalent investments. Procurement, storage, expiry, deployment 1124 

lead times and any displaced use of funds would need to enter an operational appraisal. The present 1125 

comparison establishes a within-horizon allocation response rather than a recommendation to purchase a 1126 

particular stock level. 1127 
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Contribution and conditions for practical use 1128 

The contribution is to show how established optimisation controls affect distinct service-planning 1129 

outcomes within a common displacement-derived system. The comparisons distinguish small loss-tail 1130 

gains, priority-driven redistribution, the conditional effect of a pooled shortage cap and the value of 1131 

selecting an efficient allocation near the shortage minimum. The explicit MNH requirement demonstrates 1132 

why a pooled safeguard cannot substitute for a resource-specific commitment. The study extends the 1133 

scenario construction and expected-loss allocation reported in our related work [6, 7, 8] by examining 1134 

these protection mechanisms and their feasibility together; the shared data setting is not a new independent 1135 

validation sample. 1136 

For state health authorities and humanitarian coordinators, the model can support a structured comparison 1137 

of candidate allocation rules. Planners would first identify mandatory service requirements with service 1138 

providers and affected communities, then test whether those requirements can be met with available 1139 

resources. Feasible policies should be compared using expected loss, adverse loss, resource-specific 1140 

coverage and geographic outcomes. The model can identify incompatible targets and displaced service, but 1141 

the choice of protected services and acceptable trade-offs remains a policy judgement. The tested coverage 1142 

floors are illustrations, not recommended clinical standards. 1143 

Operational use would require validation of facility readiness, procurement costs, access routes and service 1144 

demand, followed by testing on demand conditions not used in the calibration. Clinical deadlines and any 1145 

indivisible resources would also need representation where relevant. Stakeholder-informed service 1146 

redesign in Bowers et al. [2] and the accessibility-focused allocation study of Wang et al. [3] illustrate 1147 

ways of connecting model criteria to service-management decisions. The present study does not report 1148 

such an implementation or stakeholder validation. Its immediate use is to make competing allocation 1149 

objectives and feasibility limits transparent before operational deployment. 1150 

Strengths and limitations 1151 

A strength of the study is the use of matched comparisons that distinguish allocation preferences from 1152 

physical resource changes. Explicit feasibility calculations prevent unattainable shortage targets from being 1153 

presented as implementable policies. Reporting PHC, MNH and LGA outcomes separately reveals service 1154 
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losses concealed by pooled or weighted indices. Numerical audits provide evidence of implementation 1155 

consistency, although they cannot validate the demand proxies or normative priorities. 1156 

The model uses calibrated planning demand and effective capacity, four historical archetypes and assumed 1157 

probabilities. The PHC utilisation proxy combines a programme-facility numerator with a national 1158 

denominator; population vintage, exposure error, nominal throughput and readiness remain uncertain. 1159 

Accessibility uses distance and effective-speed proxies, with access-share imputation in two rounds. The 1160 

age-60-plus priority component is not comprehensive vulnerability or MNH clinical need. Terminal 1161 

balance imposes no intermediate clinical deadlines. Pooled shortage combines unlike units, while the 1162 

MNH floor protects scenario totals rather than each LGA or patient. 1163 

The results are conditional on these inputs and normative weights. Feasibility thresholds do not establish 1164 

clinically achievable targets, and LGA allocations can differ across alternative optima. Capacity sensitivity 1165 

retains baseline budgets and initial stock; it is not an appraisal of funded capacity expansion. Initial-stock 1166 

comparisons exclude pre-horizon acquisition costs. The study does not claim prospective predictive 1167 

validation, clinical benefit, distributional robustness or comprehensive fairness. 1168 

The priority index includes the share of older displaced people but no direct indicator of obstetric urgency, 1169 

neonatal risk or other individual clinical needs. Applying the same geographic multiplier to PHC and MNH 1170 

therefore cannot be interpreted as clinical prioritisation. The imputation of health access in two rounds and 1171 

the assumed displacement premium introduce additional uncertainty. Existing construction and resource 1172 

sensitivities examine selected assumptions, but they do not estimate causal displacement effects or 1173 

eliminate the need for external validation. 1174 

Conclusions 1175 

Within this scope, risk aversion yields small worst-loss gains, geographic priorities redistribute shortage 1176 

with mixed service effects, and a pooled extreme-demand cap adds protection only when it excludes the 1177 

preferred allocation. Secondary expected-loss minimisation prevents an arbitrary tail-optimal allocation 1178 

from overstating the cost of approaching the shortage frontier. Explicit, feasible MNH floors protect 1179 

aggregate service in every scenario but introduce PHC and cost trade-offs. A defensible planning process 1180 
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must therefore specify the protected outcome, establish feasibility and compare resource-specific 1181 

consequences before selecting a policy. 1182 
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   min  𝜋 , 𝜁 , 𝜉     ∑  s ∈ S    p  s   L  s  ( 𝜋 ) + 𝜆 𝜁 +   𝜆  1 − 𝛼   ∑  s ∈ S    p  s   𝜉  s + 𝜂 V  ( 𝜋 )    (21)


  𝜋 ∈ ℱ


  k


    𝜉  s ≥   L  s  ( 𝜋 ) − 𝜁


    𝜉  s ≥ 0


  s


    H  T  ( 𝜋 ) ≤ 𝛤


  𝜁


  𝜆 = 0


  𝜆 = 0


    q  n =   ∑  s : n ∈ path  ( s )    p  s


    ∑  n    q  n   C  n


    𝛤 ∗ =  min  𝜋 ∈ ℱ   H  T  ( 𝜋 )    (22)


      d ¯  r =  1 4   ∑  k = 1 4    d  r , s  ( k , BASE ) ,       z  s =  1 2   ∑  r ∈ R      d  r s      d ¯  r    (3)


    𝛤 ∗


   min  𝜋 ∈ ℱ   ∑  s ∈ S    p  s   L  s  ( 𝜋 )   subject to     H  T  ( 𝜋 ) ≤   𝛤 ∗ + 𝜀    (23)


  𝜀 =  10  − 5


  𝜀


  𝜀


   10  − 5


    Q  r = 1 −     ∑  s ∈ S    p  s   ∑  i ∈ I    u  i r s    ∑  s ∈ S    p  s   ∑  i ∈ I    D  i r s    (24)


    q  i r = 1 −     ∑  s ∈ S    p  s   u  i r s    ∑  s ∈ S    p  s   D  i r s ,         q ¯  r =  1   | I |   ∑  i ∈ I    q  i r    (25)


    𝜎  r =    [  1   | I |   ∑  i ∈ I     (   q  i r −     q ¯  r ) 2 ]  1 / 2 ,     N  r =   ∑  i ∈ I  𝟏 {   q  i r < 0 . 20 }    (26)


    ∑  i ∈ I    u  i , MNH , s ≤  ( 1 − 𝜌 )   ∑  i ∈ I    D  i , MNH , s ,   s ∈ S ,   0 ≤ 𝜌 ≤ 1    (27)

