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Abstract A one-dimensional vertical model of dissolved methane dynamics in water-saturated peat is formulated
and analysed. The model accounts for methanogenesis, Monod-type oxidation, molecular diffusion, ebullition
with a threshold determined by the atmospheric, hydrostatic and capillary pressures, and plant-mediated
transport represented by a point sink at the root uptake level; mass exchange with the atmosphere is imposed on
the total flux at the surface by a Robin condition. For the problem with a truncated bubble flux, a weak
formulation is introduced, and the existence, uniqueness and non-negativity of the weak solution and its
continuous dependence on the initial data and the source are proved. The point sink is shown to be well defined
without regularization and to be equivalent to an interface condition with a jump of the diffusive flux. For the
stationary problem, the existence of a non-negative solution is established, together with its uniqueness and
exponential stability under a smallness condition, and a sufficient condition for a zero bubble flux through the
surface is obtained. A conservative monotone finite-volume scheme with exponential fitting of the fluxes,
upwind evaluation of the bubble velocity and the implicit Euler method is constructed. Its MATLAB
implementation is verified against two analytical steady-state solutions and by the method of manufactured
solutions: the scheme conserves mass to machine precision and exhibits second-order spatial convergence

without active ebullition and first-order convergence with active bubble transport and in time.
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1 Introduction

Natural wetlands are the largest natural source of methane and one of the most uncertain components of its
global budget [1]. In peat, methane is produced in the anaerobic zone, is partly oxidized in the near-surface layer
and in the rhizosphere, and is transported to the atmosphere by diffusion, ebullition, and through the aerenchyma
of plants [2—4]. The considerable heterogeneity of methane emission from West Siberian mires [5-9] calls for an

explicit account of the mechanisms that form it.

Methane dynamics in wetland ecosystems has been modelled at many levels of detail, from one-dimensional
profile models to modules of global vegetation and climate models. Among them, the closest to the present
formulation in terms of the processes described is the model of Walter and Heimann [10], which has also been
applied to West Siberian mires [11]. It describes the profile of dissolved CHa taking into account production,
oxidation, diffusion, bubble and plant-mediated transport. Ebullition is specified as a sink activated when a fixed

threshold is exceeded, plant uptake is distributed over the root layer, and a prescribed concentration (Dirichlet



condition) is imposed at the surface. The model is therefore a convenient point of comparison, although its

boundary conditions and the form of bubble transport differ from those adopted here.

In the LPJ-WHyMe and CLM4Me models the ebullition threshold is related to the local pressure [12, 13]; more
detailed modules have been developed in JSBACH-methane [14] and HIMMELI [15]. A capillary correction to
the threshold has been used for lake sediments [16], and an effective advective transport in ISBA [17]. A
comparison of ebullition schemes shows that the temporal structure of the emission and its partitioning among
the pathways depend on the way ebullition is described [18]. The WETCHIMP-WSL model intercomparison
revealed a considerable spread of the emission estimates for West Siberia [19]. Thus, the mechanisms
themselves and their parameterizations have already been described in the literature, but their combination and

consistency within a single mathematical formulation remain a subject of research.

In the present paper, the ebullition threshold depends on the local pressure and temperature, and bubble transport
arises when the concentration of dissolved methane exceeds this threshold. Bubble transport is described as an
effective upward flux inside the peat column, plant uptake is specified by a point sink at the root uptake level,
and a condition of mass exchange with the atmosphere is imposed at the surface on the total (diffusive and
bubble) flux, while plant-mediated transport bypasses the surface through the point sink. This combination is a

chosen mathematical idealization rather than a new physical theory of bubble formation.

The aim of this paper is to formulate an initial-boundary value problem for the dynamics of dissolved methane
in water-saturated peat, to study its well-posedness, and to construct a verified algorithm for its numerical
solution in MATLAB. The paper continues our earlier studies [20-22]. The known well-posedness results for
simpler problems of methane uptake [23, 24] do not cover the threshold nonlinearity of bubble transport or the

point sink; therefore, the present formulation requires a separate analysis.
The main results of the paper are as follows.

. A one-dimensional model is derived from the mass conservation law for an arbitrary peat layer
(Sects. 2, 3). In the model, methanogenesis and Monod-type oxidation depend on temperature. The
ebullition threshold is determined by the atmospheric, hydrostatic and capillary pressures; bubble
transport is described by an effective upward flux, and plant-mediated transport by a §-sink at the root
uptake level. A Robin condition is imposed on the total flux at the surface.

. For the problem with a truncated bubble flux, a weak solution is introduced. Its existence, uniqueness
and non-negativity are proved, and an energy estimate and an estimate of continuous dependence on the
initial data and the source are obtained (Theorems 1 and 2). The §-sink is shown to be well defined
without regularization and to generate, at the root uptake level, an interface condition with a jump of the
diffusive flux (Theorem 3). The weak solution satisfies the integral mass balance (Corollary 1).

. For the stationary problem, the existence of a non-negative solution is proved. If the Lipschitz constant
of the bubble flux is small, this solution is unique and exponentially stable (Theorem 4). A sufficient
condition is found under which the stationary bubble flux through the surface vanishes (Theorem 5).

. A conservative monotone finite-volume scheme is constructed. It uses exponential fitting of the fluxes,
upwind evaluation of the bubble velocity and the implicit Euler method. The scheme reproduces the

discrete mass balance exactly and preserves the non-negativity of the solution (Sect. 5).



. Analytical steady-state solutions of two test problems are obtained: with a §-sink and a Robin condition
(problem A) and with a thin internal layer (problem B) (Sect. 4).

. The numerical scheme is verified against the two analytical solutions and by the method of
manufactured solutions; these tests confirm second-order spatial convergence without ebullition and
first-order convergence with active ebullition and in time, and the mass balance holds to machine
precision (Sects. 6, 7).

The paper is organized as follows. Section 2 describes the conceptual scheme, and Sect. 3 derives the initial—
boundary value problem and studies its properties (Sect. 3.7). Section 4 contains analytical solutions of the test
problems, Sect. 5 the numerical scheme, and Sects. 6 and 7 the comparison with the analytical solutions and the

convergence study; conclusions are stated in Sect. 8.
2 Conceptual scheme of methane dynamics

2.1 Domain and main variables

We consider a vertical column of water-saturated peat 0 < z < L on the time interval 0 < t < t; (Fig. 1); the z
axis points upward, and z = L is the soil surface, which coincides with the water table or is covered by a water
layer H,, = 0. The unknown is the concentration of dissolved methane C(t,z), molm>, in the pore water; the
porosity ¢ = 0.9 is assumed constant. A separate gas phase, the heterogeneity of the pore space and the transport
through plant tissues are not resolved: their effect is represented by averaged parameters. The water table is fixed

in the computations; therefore, its fluctuations are not described by the model.

2.2 Methane production

Methanogenesis is represented by a source in the anaerobic zone whose intensity decreases with depth and

depends on temperature, following [2, 10, 25]:

Sref e_(Zox—Z)/fS Ql(g‘gt,z)—Tref)/lo T](T), 0<z< Zoy,
0, Zox Lz < L.

S(t,z) = { (1)

Here ¢5 is the vertical production scale, Qq4 is the temperature coefficient [25], and n(T) = min{max{T/

ATe, 0},1} is the activity function near 0 °C; the factor S, is determined from the depth-integrated production
P={ OLS dz.
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Fig. 1 Conceptual scheme of the one-dimensional model (not to scale). Left: vertical profile of the peat deposit with the
anaerobic zone 0 < z < zyy, the oxidized layer z,y < z < L, the root uptake level z., transport pathways and boundary

conditions. Right: profiles of S(2), Vinax(2) and Ccpi(2). The arrow Fepyy shows the bubble flux in the general case;
conditions for a zero stationary flux through the surface are given by Theorem 5 (Sect. 3.7.8)

2.3 Methane oxidation

Methane oxidation in the near-surface zone of thickness §,x = L — Z,4 is described by Monod kinetics [10, 13]

The limited penetration depth of oxygen into peat is supported by observations [26]:

R(t,Z, C) = Vmax(tiz) m,

()
T—Tref)/10
Viax(t, 2) = Viax ref Q1(0_0 o/ n(T) 1{zzzox}-

The kinetic parameters, namely the maximum oxidation rate and the half-saturation constant, are taken from [10,
13] (Table 1). For C < K, the kinetics can be linearized:

/4
R~kC, k=—%, (C<Ky. (3)
Ky

At the concentrations typical of peat, C/K,, ~ 102, the linear approximation may overestimate oxidation [26];

therefore, Monod kinetics is used in the full model, and the linearization only in the test problems (Sect. 4).

2.4 Diffusive transport
=-D oc D = &D,(T)
Jaiee = 37 = § Dy (T), @)
D,,(T) = (0.9798 + 0.02986 T + 0.0004381T?) - 107 m?s™?



Methane diffusion is described by Fick’s law (4), where D,, is the diffusion coefficient of CHa in water [12, 13]
(T in °C) and & = 0.66 is the tortuosity correction for the pore space [10]. In the computations D = 1.0 -
1079 m?s™" (with € from Table 1 and T = Tye).

2.5 Ebullition

The solubility of methane is described by Henry’s law [27]:

1 1
C — K T , K T - KO 0 —-— . 5
w(T) pen, u(T) HeXp[ (T+273.15 298.15)] ®

Bubbles are not modelled as a separate gas phase. They are assumed to form when the concentration of dissolved
methane exceeds the value in equilibrium with the bubble gas. The partial pressure of methane in a bubble is

PcH, = Xb Ploc> Where xy, is the mole fraction of methane in the bubble gas and pj is the local pressure. The
latter is the sum of the atmospheric, hydrostatic and capillary components; the capillary component is

determined by the surface tension o and the pore radius r [16]. The ebullition threshold is then

20
Cere(t,2) = Kiy(T) %o [paem + pug (L = 7+ H) + | ©)
The effect of bubbles on methane transport is represented by an upward flux that arises when the concentration

exceeds the threshold:

Jebun = u(t, z,C)C, u = kymax{C — Ci(t, 2), 0}. @)

The coefficient kj, sets the intensity of this transport.

In contrast to the constant threshold of the Walter—Heimann model [10], threshold (6) depends on the local
pressure and temperature. The capillary correction has previously been applied to lake sediments [16] and is
therefore not new by itself. The effect of atmospheric pressure on ebullition has been shown in [28, 29], and the

features of bubble release from peat are described in [30, 31].

2.6 Plant-mediated transport

Plants with aerenchyma take up methane from the root zone and transport it to the atmosphere, bypassing the

oxidized layer [4]. This is described by a point sink at the root level z, < zgy:

Splant(t: z) = dp C(t,z,)0(z — z), ap = Jeover Kplant- (8)

In (8), feover is the fraction of the area covered by aerenchymatous plants, K, is the conductance of the plant

pathway with rhizospheric oxidation taken into account, and § is the Dirac delta function localizing the uptake at

the level z, [4, 10, 12].

The emission is the sum of the diffusive, bubble and plant-mediated fluxes: Fiorai = Faitr + Febunl + Fplants

where Fpjane = qpC (¢, 2;).

3 Mathematical model of methane dynamics
3.1 Derivation of the mass balance equation
The mass conservation law for an arbitrary layer [z;, z,] < (0, L) with the total flux ] = —D 9,C + uC reads



d Zy Z2
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For a sufficiently smooth solution, this yields the convection—diffusion—reaction equation

ac 0 (D 6C> a(ul)
ot 0z\~ dz) oz
The integral form (9) remains valid where the solution is not differentiable (at the point z.); it underlies the weak

+5(t,z) = R(t,2,C) — q, C(t, 2,) §(z — z). (10)

formulation and the finite-volume method.

3.2 Initial condition

€(0,2) =Cy(z) =0,0<z < L.

33 Bottom boundary condition

No methane enters through the bottom boundary; therefore, the total flux vanishes there:

ac
J(t,0) = =D a—z(t, 0) + u(t,0)C(t,0) = 0. (11)

Condition (11) means that the bottom boundary is impermeable to the combined diffusive and bubble flux.

34 Top boundary condition and closure of the problem

Mass exchange with the atmosphere is imposed at the surface for the total diffusive and bubble flux (a Robin-

type boundary condition):

ac
-D a—z(t, L) +u(t,L) C(t,L) = ko (C(t, L) — Coq)- (12)
In (12), Ceq = KyXatmPatm = 3.2-107°molm™ is the concentration in equilibrium with the atmosphere

according to Henry’s law [1, 27]. The mass exchange coefficient is estimated by a parameterization of the gas

transfer velocity from the literature [32, 33]:

-1/2

_ Sc
katm - k600 <ﬁ) ’ (13)
Sc(T) = 1897.8 — 114.28 T + 3.2902 T2 — 0.039061 T?3.

where Sc is the Schmidt number of CHa in water (T in °C) and kg, is the gas transfer velocity normalized to
Sc = 600. The value of the mass exchange coefficient adopted in Table 1 is taken from the literature and is not a
measurement for the mire under study. The flux through the surface is given by condition (12), while the total

emission also includes the transport through plants (8).

3.5 The initial-boundary value problem

Find C(t, z) satisfying the equation

ac 0 aCc 0
5 =5 (P 57) ~ 37 Geomax(C = Con(,2),030)
14)
V. ..C (
+S(t, z) — Kmaj_ c C(t,z,)8(z — z,)



with the initial condition C(0,z) = Cy(z) and the boundary conditions (11), (12); the parameters are listed in

Table 1.

3.6

Integration of Eq. (10) over the column height gives the mass balance used to monitor the computations:

Integral mass balance

dt

L L L
szCdZ, P=J-Sdz, 0=fRdz.
0 0 0

aM
- = P(t) —

O(t) - Fatm (t) - Fplant(t)'

(15)

Here M is the column storage of dissolved methane and O is the depth-integrated oxidation rate. For the base

parameters, diffusive transport from deep horizons is slower than the characteristic accumulation of methane;

therefore, additional transport mechanisms have to be taken into account.

Table 1 Base values of the model parameters (Ty.of = 15 °C)

Symbol Meaning Value Unit Source
L peat thickness 1.0 m assumed
Sox thickness of the oxidized  0.03 m [26]
layer
L—z rooting depth 0.20 m assumed
H,, water layer above the 0 m assumed
surface
P production at T 1.0-1077  molm32s™! assumed
L decay scale of production  0.30 m assumed
Qios temperature coefficient of 2.5 - [10, 25]
methanogenesis
Q10,0 temperature coefficient of 2.0 - [10, 25]
oxidation
AT; activity onset interval 1 °C [10, 25]
Vimaxref ~ Maximum oxidation rate 5.56-107% molm3s™’ [10,13]
Ky half-saturation constant 5-1073 molm™ [10,13]
& tortuosity coefficient 0.66 - [10]
dp conductance of the plant 31077 ms™! assumed
pathway
ky, bubble conductance 1075 m*mol s assumed
Xp mole fraction of CHa in 0.57 - [28]
bubbles
T pore radius 1074 m assumed




Ky Henry constant at 25 °C 1.4-107> molm3Pa’ [27]

o temperature dependence 1600 K [27]
parameter
Katm mass exchange coefficient  6.4-107°® ms™' [32]
Xatm mole fraction of CHa in 19-107¢ - [1]

the atmosphere

Patm atmospheric pressure 101325 Pa reference value
Pw water density 999 kgm™ reference value
g gravitational acceleration ~ 9.81 ms> reference value
o surface tension 0.0735 Nm™ reference value
3.7 Properties of the initial-boundary value problem

3.7.1  Notation and type of the equation

We introduce the notation 2 = (0,L), Q = (0, t¢) X 2; lIll and (-,-) are the norm and the inner product in L?(2);
V = H'(Q) with the norm || v I2=Il v 12 +1l d,v II%, V' is its dual space, and (,-) is the duality pairing between
V' and V; vt = max{v, 0}, v~ = min{v, 0}. The principal part of Eq. (10) is the diffusion operator d,(D 9,C);
hence, for D = D, > 0, the equation is a uniformly parabolic quasilinear convection—diffusion—reaction
equation. Its nonlinearity is due to Monod kinetics and to the threshold dependence of the bubble velocity on the
concentration, while the plant sink makes the problem nonlocal: its intensity is determined by the value of the
solution at the point z,.. The point terms are well defined because the problem is one-dimensional: every function

v € V is continuous on [0, L], and its point values are bounded in terms of the norm of V (Lemma 2).
3.7.2  Truncation of the nonlinearities and assumptions
The bubble flux f(t,z, C) = kymax{C — C..;, 0} C grows quadratically for large C. For the analysis, it is

replaced by the truncated flux

Fu(t,2,C) = k(1 C = Corie(t,2))" MyC, My C = min{C*, M}, (16)
where the constant M > supq Ci; is an upper bound of the physically relevant range of concentrations (in the
computations of this paper the truncation is inactive: for ky, = 0 the flux f = 0, and in the test of Sect. 7.3 the
solution is bounded by a known constant). Monod kinetics is extended to negative concentrations by the formula

R(t,z,C) = Vyax(t,2) C/(Ky + CT). In what follows, we assume:

(A1) D, Vux, Cerit are measurable bounded functions on Q, with 0 < Dpin < D < Doy, 0 < Vipax <V, Corit =

0.
(A2)S € L?(Q),5 = 0;C, € L2(), Cy = 0.
(A3)k, =20,Ky >0,q, =0, kyym > 0, Coq = 0 are constants; z. € (0, L).

For the base parameters (Table 1) and a bounded temperature, assumptions (A1)—(A3) are satisfied.



Lemma 1 (Properties of the nonlinearities). Let (A1) and (43) hold. Then:

(@) 0 < fiy < Fyy = kpM?; fy(t,2,C) = 0 for C < Ceic(t, 2), in particular for C < 0; fyy =f for 0 < C < M;
the function fy is non-decreasing in C and satisfies the Lipschitz condition |fy(t,z,Cy) — fu(t,z,Cy)| <
L¢|Cy — C;| with the constant Ly = 2kyM;

(b) the function R is non-decreasing in C, satisfies the Lipschitz condition with the constant V /Ky, and
R(t,z,C)C = 0 for all C; for C = 0 it coincides with Monod kinetics (2).

Proof. (a) For fixed t, z, set ¢ = Ceic(t,2) = 0 and g(y) = ky(y —c)*y, y € [0,M]. The function g is
continuous, vanishes for y < ¢, and for y > ¢ has the derivative g'(y) = k,(2y — ¢) € [0,2k,M]; hence it is
non-decreasing and Lipschitz continuous with the constant 2kyM, and 0 < g < kyM?. The map I}, is non-
decreasing and Lipschitz continuous with the constant 1, and f; = g o Ily;. (b) For C = 0 the derivative of R
with respect to C equals V. Ky /(K + €)% € [0, V0 /K1, and for € < 0 it equals V., /Ky, the function R is
continuous at zero, which implies its monotonicity and the Lipschitz property. Finally, R(t,z C)C =

VoaxC2/(Ky + C*) = 0. O

Lemma 2 (Inequalities for functions in V). Forany v € V and z, € [0, L],

)| < L7Y2 1w I +LY2 1 0,v 1, v IS L2 11 6,v 1>+ 2L v(L)? (17)

Proof. From the representation v(z,) = v(z) + [°d,vd{ and the Cauchy—Schwarz inequality, |v(z,)| <
z

|v(2)| + L% || 3,v |I; integrating over z € (0,L) and dividing by L, we obtain the first inequality, since

fOlel dz < LY? || v ||. From the representation v(z) = v(L) — fZL 0, v d{ and the inequality (a — b)? < 2a? +

2b? it follows that v(z)? < 2v(L)? + 2(L — z) || d,v ||%; integration over z gives the second inequality. O

3.7.3  Weak formulation

Definition 1. Let W = {v € L?(0,tg V): d,v € L?(0,t; V")}. A weak solution of problem (14), (11), (12) with
the flux fj, is a function C € W, C(0) = C,, such that for almost all t € (0,t;) and all ¢ € V

L L
@Co)+ [ (00,0~ futz0)d,0dz+ [ Rz pdz
0 0 (18)
L
HeamC(6 1) @(1) + Gy C62) 9 = [ 5 9 dz + KagmCaq 9L
0
Identity (18) is obtained by multiplying (14) by ¢ and integrating by parts with the boundary conditions (11),
(12) taken into account; the flux boundary conditions are natural for it, and the §-sink turns into the point term

qpC(t, z)9(z,). For smooth solutions, the identity is equivalent to the original problem. Since W c
C ([0, te]; L2 (.(2)) [34], the initial condition makes sense; by Lemma 2, the values C(t, L) and C(t, z,) are defined

for almost all t without regularization.
The linear part of identity (18) is given by the form

L
a(u,v) = f D 0,u 0,vdz + kymu(L) v(L) + qp u(z,) v(z,), w,vevV. (19)
0

By Lemma 2, the form a is bounded on V X V, and for k., > 0 it is coercive:



Dmin katm} (20)

a(v' ‘U) = Dmin ” azv "2+ katmv(L)2 = Ho " v ”2' Ho = min{ 12 ’ 2L
whence a(v,v) = ¢, | v IIZ with ¢ =%min{Dmin, Uo}. Indeed, by the second inequality in (17), Dy, Il

0,0 12+ kaemv(L)? = uo(L? | 3,v 12+ 2Lv(L)?) = uo Il v 112,

3.7.4  Existence, uniqueness and non-negativity

Theorem 1. Let assumptions (A1)—(A3) hold and M > supqCir. Then there exists a unique weak solution C €
W. It has the following properties: C € C([0, t;]; L*(2)); for almost all t, the function C(t,") is continuous on
[0, L] and has a square-integrable derivative with respect to z; C = 0 almost everywhere in Q, for any y > 0 the

energy estimate

t
Ihc@) ||2+f (Dmin 1 8;C 17+ kaemC (s, L)?) ds
0

(21)
LJZc +Z
2’

1 t
<e ¢ 2+—f SI?ds +kamC4t), K=
e (” 0 " y o ” " S atm eq 2Dm1n

holds.

Since € = 0, the extended kinetics coincides with the original one, and C is a solution of the problem with

Monod kinetics (2).

Proof. Step 1: Galerkin approximations. Let {w; };>; be a basis that is orthonormal in L?(2) and orthogonal in V
(for example, the eigenfunctions of the operator —d,, with Neumann conditions). The approximate solution

Cp () = Y7=q ¢ (E)wy is defined by the conditions (Cm (0), Wj) = (Co, Wj) and the equalities

(atCmv Wj) + a(Cm, Wj) - (fM(Cm)r asz) + (R(Cm)» Wj) = (5, Wj) + kathquj (L) (22)
for j =1,..,m, where fy(Cp) = fu(ts, Cn(t)) and R(C,,) = R(t,,Crr(£)). This is a system of ordinary
differential equations for ¢, ..., ¢;,, whose right-hand side is, by Lemma 1, Lipschitz continuous in ¢ and square

integrable in t; it has a unique solution on some interval (0, t,,), and the estimate of Step 2 shows that t,,, = t;.

Step 2: a priori estimate. Multiplying (22) by ¢; and summing over j, which is equivalent to substituting ¢ = Cy,
in (18), we obtain
1d
S7¢ 1 Cm 12+ a(Cp, C) + (R(Cy), Cr)
= (fu(Cn), 0,Cp) + (S, ) + katmcequ(t' L).
By Lemma 1, (R(Cy,), Cp) = 0 and |fy (Cry)| < Lf|Cpy|; therefore, by Young’s inequality, |(fi(Cp),3,Cm)| <

(23)

2
L_|C, II%; furthermore, (S,C,,) < % s II2+}2—/ Il Coy I and  kaumCeqCn(t, L) <

Dmin 2 L
110,C 124 51—

2

kazm‘ Cn(t, L)* + kaztm CZy- Taking (20) into account and omitting the term q,,C,, (t, z,)* = 0, we obtain

d 2 2 2 2, 1 2 2
Py Il Cop 1+ Digin I 0,Cp 1+ ke Crn (8, L)? < 2K 1 Cpy |l +]—/ IS 1%+ kaem Ceg- (24)

Multiplication by e 2K, integration over (0, t) and the estimate || C,,(0) II<|l C, Il give (21) for C,,. Hence the
sequence {C,,} is bounded in L*(0, t5; L2(2)) N L2(0, t5 V).

10



Step 3: estimate of the time derivative. Let B, be the orthogonal projector of V onto span{wy, ..., w,,}; for the
chosen basis, || B, Il,<Il ¢ Il,. For ¢ € V, (22) implies {3.C,,, ¢) = (0:Cp, Br@), and, by Lemma 2 and the

boundedness of the form a,

€0 Crms @)1 < c(Il G Ny +11 £ (Co) 1 +1 R(C) I +1 S Il +HheaemCeq) Il @ Ny, (25)
where || fi,(Cp) IS FyLY? and || R(C,,) IS (V/Ky) Il C,, | by Lemma 1. Therefore, {9,C,,} is bounded in
L2(0,t; V).

Step 4: passage to the limit. The embedding V < L?(2) is compact; therefore, by the Aubin—Lions compactness
theorem [34], one can extract from {C,,} a subsequence that converges to some function C € W weakly in
L?(0,t; V) and strongly in L2(Q), and such that 9,C,,, = 3,C weakly in L?(0, t; V'). Owing to the Lipschitz
continuity, f3,(Cp,) = fi(C) and R(C,,) = R(C) strongly in L?>(Q). The functionals v ~ v(L) and v » v(z,)
are linear and continuous on V (Lemma 2); therefore, C,,(:,L) = C(-,L) and C,,(:,z.) = C(-,z.) weakly in
L%(0, t¢). Multiplying (22) by an arbitrary 1 € C®[0, t¢], integrating over t and passing to the limit for fixed j,
we obtain (18) with ¢ = w;; since linear combinations of the w; are dense in V, identity (18) holds for all ¢ € V
for almost all t. The equality C(0) = C, follows from the convergence C,,,(0) — C, in L?(£2) after integration by
parts in t with 1 (t;) = 0. Estimate (21) is preserved in the limit owing to the weak lower semicontinuity of the
norm. The regularity properties follow from the inclusions C € W c C ([O, tel; L2 (.(2)) and C(t,”) eV c C[0,L]

for almost all ¢.
Step 5: non-negativity. For C € W, the function C~ = min{C, 0} belongs to L?(0, ts V), 3,C~ = 9,C - 1ic<ops
and %% Il C~ I?= (8,C,C~) [34]. Substitute ¢ = C~ in (18). The bubble term vanishes: f;,(C) = 0 where C <

0, and d,C~ = 0 where C > 0. The remaining terms on the left-hand side are non-negative: the diffusion term

equals [ D |3,C~|?dz, the reaction term (R(C),C~) = [,

{c <0}R (C) C dz is non-negative by Lemma 1, and the

boundary and point terms equal K,u, C~(t, L)? and q,C~ (¢, z,)%. The right-hand side (S, C7) + KapmCeqC ™ (¢, L)

is non-positive by (A2) and (A3). Hence % I C~1?<0,and C~(0) = C; = 0 implies C~ =0, i.e., C = 0.

Step 6: uniqueness follows from Theorem 2 with coinciding data. O

3.7.5  Continuous dependence on the data

Theorem 2. Let CP, €@ pe weak solutions with data (Cél),S(l)) and (Céz),S(z)) satisfying (A2), with the

same coefficients. Then for all t € [0, t¢{] and anyy > 0

t

I C(l)(t) - C(z)(t) 12+ Dminf I az(c(l) — C(z)) 12 ds

" °. (26)

< eZKt <" Co(l) _ Céz) ”2+;f "5(1) — 5(2) ”2 ds),
0

where K is defined in (21). In particular, the weak solution is unique, and the problem is well posed in the

Hadamard sense in C([0, t¢]; L*(R2)).

Proof. For the difference w = CV — €@ € W, substitute ¢ = w in the difference of identities (18):
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1d
sz w17+ alw,w) + (R(C™) = R(C®), w)

— (fM(C(l)) _ fM(C(Z)),aZW) + (5(1) _ 5(2),W)_

On the left-hand side, a(w,w) = Dy, Il 3,w I? by (20), and (R(C(l)) - R(C(Z))) w =0 owing to the

27

monotonicity of R (Lemma 1). On the right-hand side, by Lemma 1 and Young’s inequality, |(fM(C (1)) -

2
2 Dmi 2, Y 2 1 2 Y 2, 1
fu(€®),0,w)[ < L lw I 0w 1< =22 1 0w 124+ =l w Ii? and - (S© =@, w) <THw I+l

SW —s@ 2. Hence %||w||2+ Dpin Il 9,w I12< 2K ||w||2+§|| SW —s@ )2 and Gronwall’s lemma

yields (26). Only the monotonicity of Monod kinetics has been used; therefore, the estimate does not depend on

Vmax and Ky, and does not deteriorate for small K,,. O

3.7.6  Interface condition at the root uptake level and mass balance

Theorem 3. Let the assumptions of Theorem 1 hold, let the functions D(t,") and Ceic(t,”) be continuous on
[0,L] for almost all t, and, in addition, let 9,C € L2(Q). Then for almost all t the total flux ] = —D 9,C +
fu(t,z,C) belongs to H(0,z.) and H(z,L), Eq. (14) holds almost everywhere in (0,z.) U (2, L), the
boundary conditions (11), (12) hold pointwise, and the interface condition
Zy+0
Ctn-0=Ctz+0, Dl | =gcem (28)
0z zr—0

is satisfied at the point z,.

Proof. Fix t for which (18) holds and 3,C(t) € L2(2). For ¢ € C§°(0, z,) the point and boundary terms in (18)
vanish, and the identity takes the form — fozr] 0,0 dz = fozr(S —R-0,0)¢pdz, ie., 0,)]=S—R—0,CE€
L%(0, z,) in the sense of distributions; hence ] € H(0, z,), and the equation holds almost everywhere. The same
argument applies on (z,, L). Since J is continuous on each of the segments [0, z,.] and [z, L], for an arbitrary ¢ €
V one can integrate by parts on each of them; comparing the result with (18) and noting that the volume terms

cancel, we obtain

J(£,0) (0) = [J(&,L) = kaem (C(t, L) = Ceg)J@(L) + (U1, + 0,C (6, 2)) (22) = 0 (29)
for all ¢ € V, where [J],. =J(t,z. +0) —J(t,z. — 0) is the jump of the flux. Choosing ¢ with appropriate
values at the points 0, z., L, we find J(¢,0) =0, J(t,L) = katm(C(t, L) — Ceq) and [J],, = —qpC(t, 7). The

function fM(t,-,C (t,-)) is continuous at z, (as a composition of the continuous functions C..(t,"), C(t,) and

Zy+0
zr—0°

IT,y), and so is D(t,"); therefore, the jump of | equals —D [9,C] which gives the second equality in (28). The

continuity of C follows from the embedding V < C[0,L]. O

The condition 8,C € L?(Q) is an additional regularity assumption; it holds for classical solutions, and for weak
solutions it can be obtained for smoother data (for example, €, € V and coefficients Lipschitz continuous in t)
by standard techniques [35]. In this paper, it is simply assumed: the essential consequence of Theorem 3 is that
the §-sink is equivalent to the interface condition (28), i.e., the concentration is continuous at the uptake point,
while the diffusive flux has a jump equal to the sink intensity. The sign agrees with the upward orientation of the

z axis: above the uptake point the upward flux is smaller by q,C(t, z.), and the concentration profile has a kink
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at z.. Condition (28) is satisfied exactly by the analytical solution of problem A (Sect. 4.2) and by the

manufactured solution of Sect. 7.3, which makes it possible to check its implementation in the code.

Corollary 1 (Mass balance for the weak solution). Under the assumptions of Theorem 1, the function M(t) =
fOL C dz is absolutely continuous and satisfies the balance (15) with Fyy = katm(C(t, L) — Ceq) and Fyjane =
qpC(t, z,); moreover, O(t) = 0 and Fyjane(t) = 0.

Proof. Substitute ¢ =1 €V in(18): the integral containing d,¢ vanishes, (3.C,1) = %(C, 1) = M'(t),

and (15) follows. The non-negativity of O and Fyjap, follows from € = 0 and Lemma 1. O

The bubble flux does not enter the balance explicitly: inside the column it only redistributes methane, at the
bottom it vanishes by (11), and at the surface it is included in Fjp,.

3.7.7  Stationary problem

Definition 2. Let D, S, V., Cerit be independent of t. A stationary weak solution is a function C5 € V
satisfying identity (18) with d,C = 0:

a(Cs, @) + (R(Cs), ) — (fu(Cs), 0,0) = (S, 9) + kaemCeqp(L) Vo EV. (30)
Theorem 4. Let the coefficients be independent of t, and let assumptions (A1)—(A3) hold and M > supC,i;.

(a) There exists a stationary weak solution Cg = 0, and it satisfies the balance P = Og + katm(CS(L) - Ceq) +
qpCs(2;), where Og = fOLR (z,Cy)dz = 0.

(b) Iijzc < UoDmin, Where ug is defined in (20), then the stationary solution is unique, and any weak solution of
the non-stationary problem with the same coefficients and source converges to it exponentially:

2

L
1C@E) —CsIP<e™ | Co—Cs I, p=po——=2—>0. 31)
Dmin
Proof. (a) For a given v € L?(2), consider the problem: find C € V such that
a(C, @) + (R(C), @) = (S,9) + (fu(),0,9) + kamCeqp(L) Vo EV. (32)

The operator A:V - V', (A(C), p) = a(C, ) + (R(C), ®), is bounded and continuous (Lemmas 1 and 2) and
strongly monotone: (A(C;) — A(C,),C; — C,) = a(C; — €5, C; — C,) = ¢o | C; — C, 113 by the monotonicity of
R and (20). The right-hand side of (32) is a bounded linear functional on V. By the Browder—Minty
theorem [34], problem (32) has a unique solution € = T(v). The substitution ¢ = C and Lemma 2 give an
estimate independent of v:

ITw) ly<p= %(II S +FyLY? + kapmCeq (L% + Ll/z)). (33)
The map T is Lipschitz continuous from L2(2) to V: subtracting identities (32) for v, and v, and substituting
@ =T(w;) —T(vy), we obtain ¢yl T(v) —T(v,) IIZ< Le l vy = v, 1 T(vy) —T(w2) lly. Since the
embedding V c L?(£2) is compact, the set T(L2 (Q)) is relatively compact in L?(£2); its closed convex hull X is
compact and convex, and T()) c K. By the Schauder theorem [36], the map T has a fixed point C; = T (C;),
which is a stationary weak solution. Non-negativity is proved by substituting ¢ = Cg in (30): as in Step 5 of the

13



proof of Theorem 1, all terms on the left-hand side are non-negative and the right-hand side is non-positive,
whence fOLD 10,C512dz + koaymCs (L)% = 0, ie., C§ is constant and equal to Cg (L) = 0. The balance is

obtained by substituting ¢ = 1.

(b) Let C be a weak solution of the non-stationary problem, and let w = C(t) — C,. Subtracting (30) from (18)

and substituting ¢ = w, we obtain, as in Theorem 2,

2

L
w12+ —L 2, 34
I0zw P+ 55 —llw i (34)

Dmin

1 d 2 2 2
520 1w 124 Din 19,w 124 kymw (£, 1)? <

By (20), D"Z“" I 0,w 12+ koyeqw(t, L)? > %(Dmin I 8,w 112+ kaemw (£, L)?) =22 | w |12, whence % I wl2<
—u Il w 1%, and (31) follows. If Cs(l) and CS(Z) are two stationary solutions, then, taking C(t) = Cs(l) in (31) (the
solution of the non-stationary problem with C, = CV), we obtain I| (P — ¢? 12< et || ¢V — ¢ 125 0,
e, =c?. o

Condition (b) means that bubble transport does not dominate diffusion: for yy, = Dy,;,/L? it is equivalent to
LgL/Dpyin < 1. With active ebullition in the base regime (L; = 2kpM ~ 107*ms™, D ~ 107°m?s™') this
condition is not satisfied, and the uniqueness of the stationary regime is not guaranteed by Theorem 4; in the
computations, however, the same stationary regime was always obtained for different initial data. For k;, = 0,

the relaxation rate is u = o, = D/L? ~ 107° s7!: diffusion alone would provide relaxation only over decades. In

fact, relaxation is accelerated by oxidation and plant uptake, whose contribution was neglected in estimate (31).

3.7.8  Bubble flux through the surface

Theorem 5. Let the assumptions of Theorem 4(a) hold, let the function C. be continuous on [0,L], let Cs be a

stationary weak solution, and let

L
Katm (Cerit (L) — Ceq) >P= f S dz. (35)
0

Then Cs(L) < Ceq + P/katm < Cerit(L) and, consequently, fu(L,Cs(L)) = 0: in the stationary regime, the
bubble flux through the surface vanishes. Moreover, there exists € > 0 such that ebullition is inactive in the
layer (L — &,L], and if, in addition, D is continuous, then the flux through the surface is purely diffusive and
Fatm = =D 8,Cs(L) = kam(Cs(L) — Ceq) < P.

Proof. By Theorem 4(a), kaum(Cs(L) — Ceq) =P — 0s — qpCs(2,) < P, since O; =0 and (s = 0; together
with (35), this gives C(L) < Cgt(L) and fM(L, CS(L)) =0 by Lemma 1. The functions C; and C.; are
continuous; therefore, the inequality C < C..; holds in some neighbourhood of the point L. In the stationary

case 0,C = 0, and the assumptions of Theorem 3 are satisfied automatically, whence J(L) = —D 9,C,(L) =

katm(Cs(L) - Ceq)- o

Remark 1. 1In the base regime (Table 1, T = Ty, H,, = 0), the threshold is C..:(L) = 0.99 molm= and
katm(Ccrit(L) - Ceq) ~ 6.3-10"°molm2s~, so condition (35) holds with a margin of a factor of about 63; it
would be violated only for a production above =~ 365 mg CHsm2h!, which is two orders of magnitude larger

than the observed fluxes. Theorem 5 is a property of the adopted formulation rather than of the numerical
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method: under the Robin condition (12) for the total flux, all methane reaching the surface passes through the
limited conductance k,.,, and bubbles serve only as a fast internal transport pathway; the methane they deliver
dissolves below the surface and is then oxidized, taken up by plants or released through mass exchange. If,
instead, the boundary condition lets the bubble flux escape freely to the atmosphere and limits only the diffusive
component by mass exchange, the conclusion of the theorem does not hold. The theorem does not rule out
bubble emission from real mires or in non-stationary regimes, for example, when the atmospheric pressure

falls [29].

Remark 2 (On removing the truncation). If the solution of the problem with the flux f,, satisfies C < M in Q,
then f,(C) = f(C), and C is a weak solution of the original problem (14), (11), (12); by Theorem 2, it does not
depend on the choice of M' = M. Therefore, the truncation does not affect the computations if M exceeds the
maximum of the numerical solution; this condition is checked a posteriori and was satisfied in all computations.
An a priori uniform bound that would allow one to dispense with the truncation requires a separate analysis of

the quadratic bubble flux near the surface and is not considered here.

3.7.9  Summary of the mathematical analysis

Under assumptions (A1)—(A3), the initial-boundary value problem (14), (11), (12) with the truncated bubble flux
has a unique weak solution, which is non-negative, continuous in time in L?(2) and in depth for almost all ¢, and
depends continuously on the initial data and the source (Theorems 1 and 2). The point plant sink is well defined
without regularization and is equivalent to the interface condition (28) (Theorem 3); the weak solution satisfies
the integral mass balance (Corollary 1). A non-negative stationary solution exists and, for weak bubble transport,
is unique and exponentially stable (Theorem 4); under condition (35), bubbles do not escape through the surface
(Theorem 5). These properties determine the requirements for the numerical scheme of Sect. 5: it must be
conservative (exact discrete mass balance) and monotone (non-negativity of the solution for non-negative data),
and it must integrate the §-sink over the control volume exactly, without regularization; the interface

condition (28) and the mass balance serve as independent checks of the implementation.
4 Analytical steady-state solutions for verification

4.1 Test problems

For verification, steady-state analytical solutions of problem (14) are obtained for D = const, ky = 0, linear
oxidation (3) and a piecewise constant source. Problem A tests the boundary conditions and the point sink, but

not ebullition; problem B tests the resolution of a thin internal layer. The test parameters are listed in Table 2.

Table 2 Parameters of verification problems A and B

Parameter Problem A Problem B

L, m 1.0 1.0

Zs (source boundary), m 0.8 0.5

Zp, m 0.5 — (no sink)

D, m?s™ 107° 10°°
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Sy, molm=3s™ 21078 107

k,s?! 1077 for z > zg, 0 for z < zg 107° everywhere
qp, ms! 2-1078 0
Top boundary condition Robin: kyyy = 6.4-107°ms™, Dirichlet: C(L) =€, =0

Ceq = 3.3-107°molm

A=.k/D,m! 10 100
Dimensionless parameter AL —2z) =2 AL =100
4.2 Problem A: three-zone solution

The steady-state equation of problem A

DC"+So1epy — k15, 3,C—q,C(2)8(z—2) =0, 0<z<lL, (36)
is solved with the conditions C'(0) = 0, =DC'(L) = kum(C(L) — Ceq). Denote C, = C(z.),B=C(L),d =L —
Zs, A =./k/D, and let Bi = k,,/(DA) be the Biot number. Integration over the zones with the interface

condition at z, taken into account gives

S
C2)=C. + %(zr2 —z?), 0<z<z, (37

S, C
Ce) = G -5 (22 e Ly, s<z<a, (38)
C(z) = BeoshA(L — z) + Bi (B — Ceq)sinhA(L — 2), z,<z<1L, (39)

where the constants B and C,. are found from a linear system expressing the continuity of the concentration and

the flux at the point z.

For the parameters of Table 2 (Ad = 2, Bi = 640), C, = 0.60959molm™ and B = 1.612 - 10™* molm; of the
production P = Syz,, 76.2% is taken up by plants (Fyjant = qpCr), 17.5% is oxidized, and 6.3% escapes to the
atmosphere (Fatm = Katm (B - Ceq)). At z, the profile has a kink with a local minimum, and at z,, = q,C./S, =
0.610 m it has a maximum. For g, = 0 and Cq = 0, the fraction of methane passing through the oxidized layer,
Fam/P = (coshAd + Bi~'sinhAd)~™1, is determined by the Thiele modulus Ad. In this synthetic test, the
concentration near the bottom reaches 3.1 mol m=3; the excess over the threshold indicates that ebullition has to

be tested separately in the full model.

4.3 Problem B (stiff test)

Problem B reads D C" — kC + Sy1,<, 3 = 0, C'(0) = 0, C(L) = C;. Its solution

So coshldz S, coshA(L — z;)coshAz
=0 -0 <z< 40
@ k +G coshAL k coshAL ’ 0=<z=<z, (“40)
Sy sinhAzg sinhA(L — 2) coshiz
=— <z< 41
c® k coshAL Tl coshAL’ z=z=L, “h

has the form of a step (C = S,/k = 0.1 molm™ at the bottom and C = 0 at the top) with a transition layer of

thickness ™1 = 1cm; for AL = 100, the ratios of hyperbolic cosines are computed as e*™¥(1 + e™2*)/(1 +
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e~?Y). The flux through the surface is negligible; therefore, the integral check fOL C dz = (Sgzs — Fam)/k is

satisfied by a conservative scheme for any error of the profile and does not serve as a measure of accuracy.
5 Numerical scheme

5.1 Grid and control volumes

On the uniform grid z; = ih, h = L/N, with the control volumes V; = [Zi_l/z, Zi+1/2] N [0, L] of length h; (h/2
at the boundaries), where z,. = z; _is a grid node, balance (9) is written exactly:
ac; _
h; ar + Jiv1y2 = Jic1z = (S — Ry) — qp C(¢,20) 8y ,.- (42)
The bar denotes the average over the control volume, and §; ; is the Kronecker delta. The boundary fluxes are
given by conditions (11), (12); the §-sink is integrated exactly, and the sources and oxidation are integrated by

Gauss—Legendre quadrature with the integration intervals split at the discontinuities of the coefficients.

5.2 Flux approximation

The flux through a face is approximated by the exponential fitting scheme (II’in’s scheme, also known as the

Scharfetter-Gummel scheme) [37, 38], which is exact for —DC’ + uC = const:

D,

1/2
Jiv12 = T [B(=Pit12) Ci = B(Pis1/2) Cival,
43
Piviyy = Uir1jz B(x) = @)
2T Diagy e*—1

As P — 0, it reduces to the second-order central difference [39], and for P > 1 to the upwind difference; the
factors B(£P) are positive for any P, and the scheme is monotone. The Péclet number of bubble transport Pe; =
kyCerith/D equals 25 for the base parameters and h = 2.5mm, and the central evaluation of the velocity
produces checkerboard oscillations at the ebullition front (up to 3% of C..;). Therefore, the velocity is evaluated

in the upwind manner,

Uir1)z = kpmax{C; — Cerit(Zi11/2), 0}, (44)

which removes the oscillations at the cost of first-order approximation of the bubble flux (Sect. 7.3).

5.3 Time discretization and solution of the nonlinear system

The implicit Euler scheme is used:

chtl — cn
L L
h; + I =T,
Cn+1 (45)
_ _ ? '
= (Sinﬂ - Ky + c{‘“) -4, G 6y, i=0,.,N.

The nonlinear system is solved by Newton’s method with the exact tridiagonal Jacobian and step damping (2—5
iterations for a tolerance of 10711); stationary regimes are found by pseudo-time marching with step doubling,

followed by a final Newton solve with T = oo. The algorithm is implemented in MATLAB.
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5.4 Properties of the scheme

Proposition 1. Summation of (45) over i gives an exact discrete analogue of balance (15):

n+1 n
My™" — My

N
T = i111+1 - 0i111+1 - katm(CI(Il+1 - eq) —dp Cj1;+1: M, = Z hi G, (46)
i=0

where P, = Y h;S; and 0, = Y h;R;.
In the computations, the residual of (46) did not exceed 1.1 - 10712P.

Proposition 2. [fC™" >0, S > 0 and Ceq = 0, then the numerical solution satisfies C™1 > 0 owing to the

properties of M-matrices [39].

The verified orders of convergence are the second order in h for u = 0, the first order in zones of active

ebullition, and the first order in 7.
6 Comparison of analytical and numerical solutions

6.1 Error norms

1/2
The accuracy is assessed by the root-mean-square norm E, = (Ziel-z J(N + 1)) and the maximum norm

E, = max;|e;| of the error and by the relative errors of the fluxes 6 = |F™™ — Fa1|/|F2"|. Unlike the integral

balance check, these measures reveal profile errors near the boundaries and at the root uptake level [40].

6.2 Problem A

Table 3 Comparison of the numerical (N = 100) and analytical solutions of problem A

Quantity Numerical solution Analytical solution Relative error
C(z.), molm™ 0.609540 0.609594 -8.8-107°
C(L), molm™ 1.6139-107* 1.6121-107* 1.1-1073
Fpjants mol m2s™! 1.21908 - 1078 1.21919 - 1078 -88-107°
Fitm, molm2s™! 1.0117 - 107° 1.0107 - 107° 1.1-1073
0, molm2s! 2.79745 - 107° 2.79747 - 107° -6.8-107°
Residual of balance (46), 1.6-1071° 0 -

fraction of P

18



Height z (m) (z = L: surface)

Fig. 2 Problem A: a analytical solution (37)—(39) and numerical solution for N = 100; b profiles of the absolute error for
N =100 and N = 400. Dashed line: root uptake level z.; dash-dotted line: boundary zg of the oxidation zone; the z axis
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0.4r

0

o

analytical
@ numerical, N = 100
Zs

Zr

35

Concentration C (mol m)

points upward, and z = L is the surface

For N = 100 (h = 1cm), the numerical solution reproduces all features of the analytical one (Table 3, Fig. 2):
the parabola below the uptake point, the kink at z., the flux divide at z,, and the exponential decay in the
oxidized layer. The fluxes are reproduced with an error not exceeding 1.1 - 1073, and the balance to machine

precision; the error is maximal at the discontinuity point zg of the oxidation coefficient and decreases by a factor

Height z (m)

of 16 at all points when the number of nodes is quadrupled.

6.3 Problem B
a
1g
: analytical

=) @ numerical, N = 100
V08¢ 1
& :
5 :
] H
i
" 0.6 zs: S = 0 above
N i'b'_"?f‘— _______ 2
= S = Sp below
E 04} 0
N
E
R
@]
+ 0.2

0

Fig. 3 Problem B (stiff test): a analytical (40)—(41) and numerical (N = 100) solutions; b profile of the absolute error. The z
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axis points upward (z = L is the surface)
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For N =100 (Ah = 1), E, = 1.33-107* and E,, = 7.04 - 10~*molm™3, while the integral fOLC dz coincides
with the exact value to all seven significant digits. The error is concentrated in the transition layer, which

contains only two or three nodes, and outside it decreases as e “*#=%sI down to machine precision (Fig. 3).
7 Convergence study

7.1 Methodology

The order of convergence is estimated on nested grids from the change of the error norm when the number of

intervals is doubled and by regression over the asymptotic range [40].

7.2 Problems A and B

Table 4 Convergence of the numerical solutions of problems A and B (h = L/N, L = 1m)

Problem A Problem B
N E,, molm™ D2 Fatm Ah E,, molm™ D2
20 3.630-1073 1.892 2.7 5.00 4.688 - 107* -
1072
40 9.301-107* 1.964 6.7 2.50 4.620-107* 0.021
1073
80 2.347 -107* 1.987 1.7 1.25 1.947 - 107* 1.247
1073
160 5.888-107° 1.995 4.2 0.63 5.539-107° 1.814
107*
320 1.475-107° 1.998 1.1 0.31 1.425-1075 1.959
107*
640 3.689-107° 1.999 2.6 0.16 3.587-107° 1.990
107°
1280 9.226 - 1077 2.000 6.6 0.08 8.983 - 1077 1.997
-107°
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Fig. 4 Convergence of the numerical solutions: a problem A; b problem B. Dashed line: second-order reference slope p = 2;
dotted line in panel b: the boundary Ah = 1 beyond which the asymptotic range begins

For problem A, regression over the points N = 80 gives p, = 1.998 and p,, = 1.999; second order is observed
already at N = 20 and is preserved for the fluxes, i.c., the exact integration of the §-sink, the averaging of
discontinuous coefficients and the approximation of the Robin condition do not reduce the order. For problem B,
regression over the points N = 160 gives p, = 1.983 and p,, = 1.974; the asymptotic range begins at Ah < 1,
i.e., resolving a layer of thickness A~ requires h < A~ (Table 4, Fig. 4).

7.3 Full nonlinear unsteady scheme: method of manufactured solutions

Bubble transport, nonlinear oxidation, variable D and time dependence are tested by the method of manufactured

solutions [40]. For the prescribed solution

Coms(z,t) = 8(£)(1 + 0.6cosmz) + 0.4z +Y(t) |z — z,
dp Cmms (Zr, £) 47)
2D(z,) '

which satisfies the interface condition (28) exactly, the source is computed by substitution into the equation, and

0(t) = 1+ 0.5sin2nt, () =

the numerical solution is compared with the prescribed one (D =1+ 0.5z, V.x =1+2, Cuije = 1.2 +

0.3(1 —2), qp = 0.8, ky, € {0, 0.5}; for ki, = 0.5, ebullition is active in part of the domain).
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Fig. 5 Method of manufactured solutions: a spatial convergence without ebullition (k, = 0, second order) and with active
ebullition (ky, = 0.5, first order), dashed and dotted lines are the second- and first-order reference slopes; b temporal
convergence for N = 800 (first order), the dashed line is the first-order reference slope

The spatial order equals 2.00 for ky, = 0 and 0.99 for k;, = 0.5 (Fig. 5a); the first order under active ebullition is
a consequence of the upwind evaluation of the velocity (44). The temporal order equals 0.99 (Fig. S5b), as

expected for the implicit Euler scheme.

7.4 Verification summary

The observed orders of convergence agree with the theoretical ones, and the mass balance holds to machine

precision.

8 Conclusions

1. A one-dimensional model of methane dynamics in water-saturated peat with methanogenesis, oxidation,
diffusion, ebullition and plant-mediated transport is constructed. Compared with the Walter—Heimann
model [10], the following elements are modified: the ebullition threshold, which depends on depth,
temperature and pressure instead of being constant; the description of transport, in which ebullition is
specified by a continuous flux when the threshold is exceeded and plant uptake by a point sink at the
root uptake level; and the boundary condition at the surface, where a condition of exchange with the
atmosphere (Robin condition) is adopted instead of a prescribed concentration. Individual elements of
these approaches are known [12, 13, 16, 17]; the contribution of this paper lies in combining them in a
single formulation and analysing it mathematically and numerically.

2. Under the stated assumptions, the existence, uniqueness and non-negativity of the weak solution and its
continuous dependence on the data are proved for the truncated bubble flux. The point sink is well
defined in the one-dimensional problem; the stationary bubble flux through the surface vanishes
whenever katm(Ccrit(L) - Ceq) > P, which is a property of the adopted formulation.

3. Analytical solutions for two test regimes are obtained; together with the method of manufactured
solutions, they confirmed mass conservation, second-order spatial convergence of the scheme without

active ebullition, and first-order convergence with active bubble transport and in time.
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4.  The verified algorithm can be used to compute methane emission in scenarios for West Siberian mires;
quantitative estimates will require calibration of the adopted parameters.

The model does not separately resolve the gas phase, the dynamics of the water table and oxygen, freezing and

thawing, or changes in plant-mediated transport. The assumed values of P, £s, g, and z, require independent

calibration against field measurements of methane fluxes [6]. Further development of the model involves a two-

phase description of ebullition [29, 30] and accounting for the dynamics of the water table and oxygen, freezing

and thawing.
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  ∥ R  (   C  m ) ∥ ≤  (   V ‾ /   K  M ) ∥   C  m ∥
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  J ∈   H 1  ( 0 ,   z r )


   (   z r , L )


  J


   [ 0 ,   z r ]


   [   z r , L ]


  𝜑 ∈ V
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  J = − D    ∂  z C + u C


  𝜆 L = 100


  D   C ″ +   S 0     𝟏  { z ≤   z s } − k     𝟏  { z >   z s }   C −   q p   C  (   z r )   𝛿  ( z −   z r ) = 0 ,     0 < z < L ,
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  B


    C r


    z s


  𝜆 d = 2


  B i = 640


    C r = 0 . 60959


  B = 1 . 612 ⋅  10  − 4
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  D   C ″ − k C +   S 0   𝟏  { z ≤   z s } = 0
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  5 . 888 ⋅  10  − 5


  C  ( t , z )


  4 . 2 ⋅  10  − 4


  5 . 539 ⋅  10  − 5


  1 . 475 ⋅  10  − 5


  1 . 1 ⋅  10  − 4


  1 . 425 ⋅  10  − 5


  3 . 689 ⋅  10  − 6


  2 . 6 ⋅  10  − 5


  3 . 587 ⋅  10  − 6


  9 . 226 ⋅  10  − 7


  6 . 6 ⋅  10  − 6


       ∂ C  ∂ t =  ∂  ∂ z  ( D     ∂ C  ∂ z ) −  ∂  ∂ z  (   k b max { C −   C crit  ( t , z ) , 0 }   C )   + S  ( t , z ) −     V max   C    K  M + C −   q p   C  ( t ,   z r )   𝛿  ( z −   z r )


  8 . 983 ⋅  10  − 7


  p = 2


  𝜆 h = 1


  N ≥ 80


    p 2 = 1 . 998


    p ∞ = 1 . 999


  N = 20


  𝛿


  N ≥ 160


    p 2 = 1 . 983


  z = L


  C  ( 0 , z ) =   C 0  ( z )


    p ∞ = 1 . 974


  𝜆 h < 1


    𝜆  − 1


  h <   𝜆  − 1


  D


       C mms  ( z , t ) = 𝜃  ( t )  ( 1 + 0 . 6 cos 𝜋 z ) + 0 . 4   z 2 + 𝜓  ( t )    | z −   z r | ,   𝜃  ( t ) = 1 + 0 . 5 sin 2 𝜋 t ,     𝜓  ( t ) =     q p     C mms  (   z r , t )  2 D  (   z r ) ,


  D = 1 + 0 . 5 z


    V max = 1 + z


    C crit = 1 . 2 + 0 . 3  ( 1 − z )


    q p = 0 . 8


       d M  d t = P  ( t ) − O  ( t ) −   F atm  ( t ) −   F plant  ( t ) ,   M =   ∫ 0  L  C   d z ,     P =   ∫ 0  L  S   d z ,     O =   ∫ 0  L  R   d z .


    k b ∈ { 0 ,   0 . 5 }


    k b = 0 . 5


    k b = 0


    k b = 0 . 5


  N = 800


    k b = 0


    k b = 0 . 5


    k atm  (   C crit  ( L ) −   C eq ) > P


  P


   ℓ  S


  M


    q p


    z r


   ​ 4


   ​ 2


   ​ 4


   ​ 2


   ​ 4


   ​ 6


  O


    T ref = 15   °


  L


    𝛿 ox


  L −   z r


    H w


  P


    H w ≥ 0


    T ref


  1 . 0 ⋅  10  − 7


   ℓ  S


    Q  10 , S


    Q  10 , O


  𝛥   T f


    V  max , ref


  5 . 56 ⋅  10  − 6


    K  M


  5 ⋅  10  − 3


  C  ( t , z )


  𝜉


    q p


  3 ⋅  10  − 7


    k b


   10  − 5


    x b


  r


   10  − 4


    K  H ∘


  1 . 4 ⋅  10  − 5

