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Abstract

We study a generalized complex Ginzburg-Landau equation with linear gain, spectral filter-
ing, dispersion and a power-law nonlinearity of arbitrary order -y, which describes laser propa-
gation in media with Kerr (v = 2) and higher-order non-Kerr nonlinearities. A travelling-wave
reduction yields a three-dimensional dynamical system whose singular points are the continuous
waves (CWs). For any v, the CWs lie on a universal locus fixed by the gain and ~, inside a
frequency band whose edges do not depend on 7. We show that the linear stability problem of
any CW maps exactly onto that of a plane wave of the cubic equation with an effective gain
and an effective wavenumber. Consequently, the Benjamin—Feir—-Newell condition 1 + vy < 0
destabilizes all the CWs independently of v, the growth rate of the zero-wavenumber CW scales
as 7 — 1, and the band of Eckhaus-stable wavenumbers widens with «. In the unstable regime,
numerical simulations of the reduced system with Luther’s sixth-order Runge-Kutta scheme
reveal stationary multi-pulse bursts with phase slips for a zero velocity, and periodic moving
pulse trains, born on a stable limit cycle, for a nonzero velocity. In both cases, increasing y
clamps the pulse peaks and regularizes the dynamics.

Keywords: complex Ginzburg-Landau equation; power-law nonlinearity; continuous waves; mod-
ulational instability; Benjamin—Feir—Newell criterion; Eckhaus instability; absolute instability;
multi-pulse bursts; modulated amplitude waves; phase slips.

1 Introduction

The complex Ginzburg-Landau (CGL) equation ranks among the most extensively investigated
nonlinear evolution equations in physics. It arises as the universal amplitude equation of spatially
extended systems in the vicinity of an oscillatory instability and, depending on how its coeffi-
cients are interpreted, it models phase transitions and superconductivity, convection and other
hydrodynamic instabilities, oscillatory chemical reactions, Bose-Einstein condensates, and nonlin-
ear electrical transmission lines [1-3]. In nonlinear optics, the CGL equation describes the slowly
varying envelope of an optical field propagating through a medium in which linear gain or loss,
spectral filtering, dispersion or diffraction, nonlinear refraction, and nonlinear absorption act si-
multaneously [4-6]. Since the response of optical media to the field intensity is not always cubic,
the cubic equation has been extended along several lines, including cubic—quintic and higher-order
nonlinearities [7, 8], power-law as well as dual- and triple-power-law self-phase modulation [9, 10],
and multiphoton absorption of arbitrary order combined with non-Kerr refraction [11-15].

A key notion associated with the CGL equation is that of dissipative solitons [4, 5]. Unlike the
solitons of conservative systems, which form continuous families maintained by a balance between
dispersion and nonlinearity, dissipative solitons additionally require a balance between gain and
loss. As a consequence, they exist only for isolated values of their parameters and behave as at-
tractors of the dynamics [4, 16, 17]. Such localized structures, together with their bound states,



their breathing and exploding variants, and their multidimensional and vortex counterparts, have
been reported in a wide range of optical systems [5, 6, 18]. These localized states are connected
to the simplest solution of the CGL equation, namely the continuous wave (CW), through mod-
ulational instability (MI): a CW that is unstable with respect to long-wavelength modulations
disintegrates into periodic patterns and pulse trains [19, 20]. Within the CGL framework, the
MI of the zero-wavenumber CW is governed by the Benjamin—Feir—Newell criterion, CWs with a
nonzero wavenumber undergo the Eckhaus instability, and beyond these thresholds the field may
develop phase or defect turbulence [1, 21]. In the cubic equation, the nonlinear development of the
Eckhaus instability is organized by modulated amplitude waves, i.e., spatially periodic travelling
structures that mediate the transition from phase to defect chaos [22-24]. The stability of CWs is
usually assessed by adding a weak perturbation to the CW, linearizing the equation, and solving a
2 x 2 eigenvalue problem for the sideband amplitudes; the real part of the eigenvalue, regarded as a
function of the modulation frequency, yields the growth rate of the perturbation and the width of
the unstable band [25, 26]. An alternative and complementary route consists in reducing the CGL
equation, through a travelling-wave ansatz, to a low-dimensional dynamical system whose singu-
lar points correspond to the CWs and whose trajectories represent pulses, fronts, and multi-pulse
structures [25, 27, 28], in the spirit of the classical analysis of the coherent structures of the CGL
equation [29, 30]. The relationship between CW stability and pulse formation has been addressed
in a number of studies. For instance, for the cubic—quintic CGL equation, it was demonstrated
that low-amplitude CWs are always unstable, that high-amplitude CWs are stable only within
certain parameter domains, and that the MI of CWs is linked to, yet not in one-to-one corre-
spondence with, the existence of stable pulses; an unstable CW may therefore evolve into pulses,
into another CW, or simply decay [25]. A universal CGL model with a saturable nonlinearity
was reduced to a three-dimensional dynamical system whose singular points provided the CW loci
and whose numerical simulation generated multi-pulse structures [27]; a similar amplitude-phase
formulation was employed to describe soliton combs in Kerr optomechanical microresonators [28].
More recently, all CWs of a cubic CGL equation including nonlinear gradient terms were shown to
be unstable and to evolve into plain or oscillatory solitons, pulse trains, and bound states [31]. For
nonlinearities of power-law type, existing analyses have mainly focused on the construction of exact
solitary waves, complemented by the MI dispersion relation of the zero-wavenumber CW [9, 10],
whereas the MI of optical fields subject to multiphoton absorption of arbitrary order has been
investigated in models coupled to an electron plasma [12, 14, 15]. Taken together, these studies
show that CW stability determines whether, how rapidly, and on which scale a continuous optical
field breaks up into pulses; CW stability is therefore the natural starting point of any analysis of
pulse formation.

The CGL equation has also found valuable applications in laser dynamics [11-15, 27, 28]. In
this field, it is used to model laser inscription in transparent media, a process in which a laser
source irradiates a nonlinear transparent material and transfers its energy to it. This process
holds considerable potential for technological applications such as laser drilling, cutting, welding,
ablation, and surface texturing of materials [15]. To meet the precision requirements of the final
product, two categories of laser sources are commonly employed, namely CW lasers and pulsed
lasers. CW lasers typically deliver powers of the order of one to a few kilowatts, whereas pulsed
lasers usually operate well below 1 kW but offer a broad range of wavelengths, pulse durations, and
pulse repetition rates [11]. In addition to the extensive experimental research on laser interactions
with transparent materials such as fused silica, theoretical efforts have been devoted to a deeper
understanding of the fundamental mechanisms underlying the inscription process [11-13]. In par-
ticular, the dynamics of lasers propagating in transparent materials with either Kerr or non-Kerr
optical nonlinearities has been examined in both the anomalous- and normal-dispersion regimes
in [14, 15, 27].

The generalized CGL equation considered in this work, was studied by Doering et al. [16] for
a nonlinearity of arbitrary order 7, and established the existence of global weak solutions in all
spatial dimensions and for all nonlinearities, together with the existence of local strong solutions.



Their work constitutes a mathematical regularity theory, in which modulational instability enters
only through the definiteness of the energy of the underlying NLS equation; it performs neither
a linear stability analysis of the CWs of the dissipative equation itself nor numerical simulations.
Further global-existence and stability results for generalized CGL equations were obtained more
recently by Correia and Figueira [32]. In Ref. [1], Aranson and Kramer reviewed the cubic CGL
equation, which corresponds to the model of Ref. [16] with v = 2 and a unit gain R = 1, and
its coherent structures in one, two and three dimensions, including the plane-wave solutions and
their Benjamin—Feir—Newell and Eckhaus stability, the convective and absolute instabilities, holes,
shocks, spirals, vortex filaments and spatio-temporal chaos. Their review is restricted to the cubic
nonlinearity and its small quintic perturbations. General conditions for the stability of plane waves
in CGL-type equations were also derived by Matkowsky and Volpert [33], without addressing the
nonlinear structures that emerge from the instability. To the best of our knowledge, the role
of the order v of the nonlinearity in the dynamics of the field has therefore not been addressed
systematically: Ref. [16] covers arbitrary  but not the CWs and their instability, whereas Ref. [1]
covers the CWs and their instability but only for v = 2. The present work fills this gap. We show
that, for any -, the CWs lie on a universal locus fixed by the gain and +, inside a frequency band
whose edges do not depend on v, and that high-order nonlinearities clamp their amplitudes close to
unity. We also show that the linear stability problem of any CW maps exactly onto that of a plane
wave of the cubic equation, with an effective gain and an effective wavenumber, which extends
the Benjamin—Feir—Newell and Eckhaus criteria, as well as the classification into convective and
absolute instabilities, to arbitrary . Finally, in the nonlinear regime, which is not covered by this
mapping, we determine how ~ shapes the stationary multi-pulse bursts (v = 0) and the periodic
moving pulse trains (v # 0) of the reduced system; the latter are modulated amplitude waves of
the type identified in the cubic equation [22, 23].

The remainder of the paper is organized as follows. Section 2 introduces the model and its
reduction to a three-dimensional dynamical system. Section 3 is devoted to the singular solutions
of this system, i.e., the CWs. In Sec. 4, the linear stability of the CWs is analysed: the Benjamin—
Feir—Newell instability of the zero-wavenumber CW is studied in Sec. 4.1, the Eckhaus instability of
the CWs with a nonzero wavenumber in Sec. 4.2, and the role of v, together with the convective or
absolute nature of the instability, in Sec. 4.3. In Sec. 5, the reduced system is integrated numerically
with the sixth-order Runge-Kutta algorithm of Luther [34], first for stationary structures (v = 0,
Sec. 5.1) and then for moving pulse trains (v # 0, Sec. 5.2). Finally, Sec. 6 summarizes the results
and presents concluding remarks.

2 Model and its reduction to a three-dimensional dynamical sys-
tem

We consider the spatio-temporal evolution of a complex field amplitude A(¢, z) in a one-dimensional,
anisotropic, nonlinear dissipative medium with gain, diffusion (spectral filtering), dispersion, and
an optical nonlinearity of arbitrary order. Since diffraction is neglected, the optical field propa-
gates along a single spatial direction, here the z axis. Its dynamics is governed by the generalized
complex Ginzburg-Landau (CGL) equation [16]:
2
% =RA+ (1+ iu)% — (1 +ip) AP0V 4, (2.1)
where A(t, z) is the complex optical field, z is the local spatial coordinate across the field, and ¢
(in s) is the evolution time. The left-hand side of Eq. (2.1) describes the temporal evolution of the
field. The first term on the right-hand side accounts for the linear amplification of the field, with
a gain coefficient R (in s~1) assumed to be positive. The second term combines two distinct linear
processes. Its real part describes spectral filtering, and its imaginary part describes the group-
velocity dispersion of the gain medium, with coefficient v (in m?, s7!). The last term represents
the nonlinear response of the medium. Its real part describes nonlinear saturation (nonlinear



damping), which balances the linear gain. Its imaginary part describes an intensity-dependent
nonlinear frequency shift, whose strength is set by the dimensionless coefficient p. This coefficient
is measured relative to nonlinear saturation and may take any real value. The dimensionless
parameter v > 1 makes the nonlinear exponent 2(y — 1) real and positive. It therefore fixes the
order of the nonlinearity and thereby the type of nonlinearity prevailing in the active medium; for
instance, v = 2 corresponds to the cubic (Kerr-type) case and v = 3 to the quintic case. In what
follows, we take u > 0 and assume that the optical medium operates in the anomalous-dispersion
regime, so that the dispersion coefficient v is real and negative.

Equation (2.1) admits both CW and pulse solutions. To find them, we write the complex
envelope A(t, z) of the propagating optical field in terms of a real amplitude a(t, z) and a real
phase ®(t, z), through the ansatz [28]

A(t, z) = a(t, z) (®E2)=wt), (2.2)

We then perform the Galilean transformation 7 = z — vt, which maps the dynamics from the
space-time frame (t,z) onto a frame involving the single coordinate 7. Under this transformation,
and after separation of the real and imaginary parts, the complex space-time partial differential
equation (2.1) yields the following system of coupled second-order nonlinear ordinary differential
equations for the real variables a and ®:

{a”+va/—a(1>'2—y(2a'<1>/+a(13”) +Ra—a>"t=0, 23)
2.3

v(a" — a®?) +2d'd 4 ad®” + (v +w)a —pa® "t =0.
Defining the instantaneous frequency as M = ®’ and the field transient as y = a’, where the primes

denote derivatives with respect to 7, the system of two second-order Egs. (2.3) ultimately leads to
the following system of four coupled first-order nonlinear ordinary differential equations:

a =y, ' = M,
, vy + (1+v%)aM? — (R+v(uM 4 w))a+ (14 vp)a® !
1+ 02 ! (2.4)
voy —2(1+v3)yM + (VR —vM —w)a+ (p—v)a® !
(1+1?)a '

M =

System (2.4) contains all the stationary and uniformly translating solutions of Eq. (2.1) [1, 30],
with v and w playing the role of eigenvalues: pulse solutions exist only for specific values of these
parameters. In what follows, the singular points of this first-order system are determined first,
and the system is then integrated numerically.

3 Singular solutions

For v = 0, the conditions y = 0, ¥’ = 0 and M’ = 0 [25], the singular solutions of the set of
first-order nonlinear ordinary differential equations (2.4), i.e., its fixed points, are given by the
roots of the two nonlinear equations

R+vw 14vp 4, 4
M2 — 12 =
ST T T 12
w—vR— (u—v)a??=0. (3.2)

0, (3.1)

It is quite remarkable that Eq. (3.2) does not contain Ms; it directly relates the amplitude and
the frequency of the CW. Substituting Eq. (3.2) into Eq. (3.1) yields

M2=R-a>2 (3.3)



Physically, Eq. (3.3) shows that the stationary instantaneous frequency is not arbitrary but is
constrained by the balance between the linear gain and the nonlinear contribution associated with
the stationary field amplitude. Specifically, the gain coefficient R and the nonlinear exponent -,
together with the amplitude as, determine the magnitude of the stationary instantaneous frequency
M, provided that R > a27~2. The equation therefore establishes a direct relationship between the
stationary amplitude and frequency, but fixes only M?2: each admissible amplitude corresponds to
two CWs with opposite wavenumbers +|M|. For p # v, Egs. (3.2) and (3.3) then give

(3.4)

w—uRr(wl—l)’ 0, + MR—w>‘
=V =

(Gr o M) = ([

Equation (3.4) gives the coordinates of the fixed points of system (2.4) in the (a,y, M) phase
space for a prescribed frequency w. These fixed points exist if and only if

VR < w < uR. (3.5)

Eliminating the amplitude a5 between Eqgs. (3.2) and (3.3), instead of the frequency w, gives
the dispersion relation of the CWs,

w= R+ (v — ) M2, (3.6)

which assigns a frequency to each admissible wavenumber M. This relation does not depend on
v. Setting My = 0 in Eqgs. (3.3) and (3.6) gives the equilibrium amplitude and the frequency of
the zero-wavenumber CW as

1
as = agp = R20-D, wo = uR. (3.7)

This corresponds to the exact balance R ag = a?f’_l between the linear gain and the nonlinear loss,
as can be checked directly in system (2.3), while the frequency wg = R is the nonlinear frequency
shift ua§7_2 induced by this amplitude.

Figure 1 illustrates the stationary solutions (3.3) in the (a, M) plane obtained for four different
values of v, namely v = 2,3,4,5, and for 0 < a < ag. We have chosen v to be negative since,
as shown below, the anomalous-dispersion regime v < 0 is the one in which the CWs can become
modulationally unstable and break up into pulses. The other characteristic parameters of the model
are given in the figure captions. Because it results from the elimination of w in Eq. (3.1), the locus
gathers all the nontrivial CWs, and it depends only on R and ~: the dispersive and nonlinear
phase coefficients v and p do not modify the set of admissible (amplitude, wavenumber) pairs;
they only assign a frequency to each pair through Eq. (3.6). Each curve decreases monotonically
from |M| = v/R at a — 0 to the zero-wavenumber CW (ag,0), and the locus is symmetric with
respect to M = 0; for v = 2 it reduces to the circular arc M? + a? = R. A frequency w inside the
band (3.5) selects two CWs of equal amplitude and opposite wavenumbers +M; (squares); they
merge at (ap,0) when w — pR and reach the trivial state when w — vR. Increasing R enlarges
the existence domain in both directions. Increasing v has a qualitatively different effect: since
a®~? is negligible for a < 1 when ~ is large, the curves stay close to |[M| = VR over most of
the amplitude range and drop abruptly near ag, and ayp — 1 as ~ gets stronger. A high-order
nonlinearity therefore acts as an almost hard intensity clamp: the nonlinear loss is inactive below
a ~ 1 and becomes dominant just above it, so that the CW amplitudes are confined close to unity
whatever the gain.

Figure 2 shows the same CWs in the (w, a) plane, from Eq. (3.2). For u > v and v = 2,3,4, 5,
w increases strictly with a, so that each curve rises without fold from the trivial state (vR,0) to
(1R, ap): each frequency selects a unique CW amplitude, shared by the two wavenumbers +M;.
The band (3.5), of width |p—v|R ([—1, 3] for R = 2, shaded), grows linearly with the gain and with
the mismatch between the nonlinear and dispersive coefficients, and its edges do not depend on ~.
Only the band for R = 2 is shaded, which is the gain used for the selected pair at w* in Fig. 1 and in
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Figure 1: Locus of the CW singular points in the (a, M) plane, Eq. (3.3), for v = 2,3,4,5 and R = 1
(dotted), R = 2 (dashed) and R = 3 (solid); v = —0.5, 4 = 1.5. The thin grey dashed curve is the branch
M < 0 for R = 2. Filled circles: zero-wavenumber CWs (ag,0); open circles: limit a — 0, [M| — V/R;
squares: the pair (as, £M;) selected by w* = 1.56 for R = 2. The frequency w varies along each curve.

the stability analysis of Sec. 4. For v < 0 < p, the bands obtained for R = 1 and R = 3,]—0.5, 1.5]
and | — 1.5, 4.5], are nested with it and follow from it by the dilation w — wR/2, so that shading
them would only obscure the curves. The lower edge v R is negative because the system operates
in the focusing regime v < 0 < u: according to Eq. (3.6), the frequency of low-amplitude CWs is
dominated by the dispersive contribution vM?, while that of high-amplitude CWs is dominated by
the nonlinear contribution ©a?'~2. The order of the nonlinearity only reshapes the curves within
this fixed band: for v = 2 the intensity a? grows linearly with w, whereas for large v the amplitude
rises almost vertically just above ¥R and then saturates, so that most of the band is occupied by
CWs of nearly unit amplitude. In summary, the existence domain of the CWs is controlled by R
(size), by v and p (frequency band) and by « (distribution of amplitudes within the band).

4 Modulational-instability analysis

We first analyse the modulational instability of the zero-wavenumber CW (Sec. 4.1), which is of
Benjamin—Feir-Newell type, and then extend the analysis to the CWs with a nonzero wavenumber
(Sec. 4.2), for which the modulational instability takes the form of the Eckhaus instability. In
Sec. 4.3, we show that this reduction actually holds for any ~, after a rescaling of the gain and of
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Figure 2: CW amplitude a versus frequency w, Eq. (3.2), for v = 2,3,4,5 and R = 1 (dotted), R = 2
(dashed) and R = 3 (solid); v = —0.5, u = 1.5. Filled circles: (uR,ap); open circles: (¢R,0); shaded region:
existence band ¥R < w < pR for R = 2; the vertical dotted line at w* = 1.56 crosses the curve R = 2 at a
single amplitude (square).

the wavenumber, and we use it to discuss the convective and absolute nature of the instability.

4.1 Benjamin—Feir—-Newell instability of the zero-wavenumber CW

In the previous section, we determined the fixed-point solutions of the generalized CGL equa-
tion (2.1) in a stationary frame. These fixed points are singular solutions of the reduced sys-
tem (2.4), and they describe the continuous waves (CWs) of the optical field: a5 is the CW
amplitude and M, its wavenumber (instantaneous frequency), given by Egs. (3.1) and (3.2). Their
existence and their positions in the (a, M) and (w, a) planes depend strongly on the characteristic
parameters of the model, namely the linear gain R, the coefficients v and p, and the order y of the
nonlinearity. To examine the stability of these singular solutions, we now study their response to
harmonic modulations in space and time, within the framework of modulational-instability theory.
Let (as, M) be a fixed point of Egs. (3.1)—(3.2). The corresponding solution of Eq. (2.1) is the
harmonic wave

Az, t) = ag e!Msz=wt), (4.1)

where ag is the amplitude of the harmonic wave, M, its wavenumber and w its frequency. To study
the stability of the CWs (4.1), we add a small perturbation to the CW, so that the perturbed field



reads
Az, t) = [U(z) + Ba(z,t)}e_wt, U(z) = aseMs?, (4.2)

where 8 < as is a small parameter that measures the strength of the perturbation and o(z,t) is a
weak noise. Substituting Eq. (4.2) into Eq. (2.1), using the stationary conditions (3.1)—(3.2), and
keeping only the terms linear in ¢ and in its complex conjugate ¢*, we obtain the two coupled
linear partial differential equations

2 .
g(; =(1+ iz/)gzg +(R+iw)o — (1 +ip)a®? 2o — (1 +iu)(y — 1) a2 %(0 + 2M25*) | (4.3)
* 2 % .
0o =(1- ’il/)% + (R —iw)o* — (1 —ip)a? 20" — (1 —ip)(y — 1) a2 2 (0" + e 2Ms7g).

ot
(4.4)

In Eqgs. (4.3)—(4.4), the order of the nonlinearity enters through the factor (y — 1) a2?~2, which
couples the noise o to its complex conjugate ¢* and thus controls the exchange of energy between
the CW and its modulation sidebands.

Since Egs. (4.3) and (4.4) are linear, we look for normal-mode solutions of the form

o(z,t) = Byexp (—iQz + M), (4.5)
0*(z,t) = Baexp (—iQz + \t),

where By and Bs are constant amplitudes, 2 is the modulation frequency, and A is a complex
eigenvalue whose real part is the temporal growth (or damping) rate of the perturbation and whose
imaginary part is its frequency shift. Substituting Eqgs. (4.5) and (4.6) into Egs. (4.3) and (4.4)
for the zero-wavenumber CW, My = 0, we obtain an eigenvalue problem for the noise amplitudes,
which can be written in the 2 x 2 matrix form

iA+Q P B\ _
( prQ —z‘/\> <B2> -0 @)

P=(i—p)(y-1)al
Q=w—iR+ (i —v)+ (i —p)a® 2+ P.

where

Non-trivial solutions of Eq. (4.7) require the determinant of the 2 x 2 matrix to vanish, which
leads to the secular equation

M 2Im(Q)A+|Q)* — |P)> =0, (4.8)

whose two roots are

A =—Im(Q) + /|P2 — [Re(Q)]%, (4.9)
where
Re(Q) =w — v —ypa? 2 Im(Q) =0 - R+~a?? and |P]>=(1+p)(y—1)%ad "

The two eigenvalues are complex functions of the modulation frequency 2. From the way A
was introduced in Egs. (4.5) and (4.6), their imaginary parts give the dispersion relation of the
perturbation, whereas their real parts give its temporal growth rate and therefore determine the
stability of the CW amplitude as. Accordingly, the CW is neutrally (marginally) stable when
Re[A] = 0, irrespective of the sign of Im[)\], unstable when Re[\] > 0 for at least one 2, and
asymptotically stable when Re[A] < 0 for all 2 # 0, in which case the perturbed CW relaxes back



to its stationary state after a transient. Using this rule as a road map, we now explore the stability
conditions of the CW regime. To begin with, Eq. (4.9) can be rewritten as

MQ) = —b— Q2 £/AQ), AQ)=b>—20ubQ® 120, b= (y-1)R (4.10)

We first consider the limit of zero modulation frequency. Setting 2 = 0 in the two eigenval-
ues (4.10), we obtain

AL =0, A =-2(y-1)R. (4.11)

Since v > 1 and R > 0, Eq. (4.11) shows that the CW regime is never unstable at zero modulation
frequency: Ay = 0 is the neutral phase mode, associated with the invariance of Eq. (2.1) under a
constant phase shift, and A\_ < 0 is the damped amplitude mode.

For a finite modulation frequency € # 0, the stability is decided by the signs of the trace and
of the determinant of the linear problem, which read

Tr=—2[(y = DR+ 9% <0,  det = O[2(y = DR +vpr) + (1 + 1202 (4.12)

Because Tr < 0 for all 2, the CW is unstable if and only if det < 0, which leads to the instability
condition

20+vp)(y — DR _ o (4.13)

2102 2
2y —DR(1+vu)+ (14+2v7)0° <0 <= Q° < — 152 ;

This condition can be fulfilled only if Q2 > 0, i.e., only if 1 + v < 0, and the instability then
occurs in the band 0 < < Q.. Condition (4.13) thus shows that the onset of MI depends only
on the product vy of the dispersive and nonlinear coeflicients, and not on -, whereas €2, plays the
role of the cutoff frequency of the instability. Moreover, in Eq. (4.10), v and R enter only through
the combination b = (y — 1)R. Writing Q? = bz, one obtains

A(Q) =bA(2), A(z) = —1—.1::|:\/1—2V/1,$—V2£U2, (4.14)

where A depends only on v and u. All the characteristic frequencies of the problem, namely
Q. and Qmax introduced below, are therefore proportional to vb = / (v — 1)R, and all the growth
rates, in particular Re(A;)max, are proportional to b. For v = 2 and R = 1, A is the growth
rate of the modulations of the homogeneous oscillation (@ = 0) of the cubic CGL equation [1].
At the linear level, the zero-wavenumber CW of the generalized model thus behaves exactly as
that of a cubic CGL equation with the effective gain (v — 1)R. The two eigenvalues coalesce at
the modulation frequency at which A(£2) vanishes. For v # 0, this condition gives a quadratic
equation in Q2:

oY+ 2(y = 1)RvuQ? — (v —1)2R? = 0. (4.15)

The reduced discriminant of Eq. (4.15) is (7 — 1)2R?v2(1 + p?), which is strictly positive. Since
|v|\/1+ p? > |vul, only one of the two roots is positive and thus physically relevant. This root
defines the threshold frequency

Q?h:(’yI/;)R[—V/L+|V|\/1+M2]. (4.16)

Physically, €, corresponds to the transition of the linearized dynamics from a node (real eigen-
values) to a focus (complex eigenvalues). This transition changes the nature of the relaxation of
perturbations but not their stability, since the trace remains negative. The loss of stability of the
CW is instead set by (2., defined by det = 0. At this point, a single real eigenvalue crosses zero,
which corresponds to a stationary bifurcation of Benjamin—Feir type.

Figures 3 and 4 show the evolution of the real and imaginary parts, Re(A) and Im(\), of
Eq. (4.9) as functions of the modulation frequency €, for v = 2,3,4,5, R = 2, v = —0.5 and
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Figure 3: Growth rate Re(\) versus modulation frequency 2, Eq. (4.9), for v = 2,3,4,5, R =2, v = —0.5,
i = 1.5 (dashed) and p = 3 (solid). Blue: Ai; orange: A_; black dots: bifurcation points Q. The shaded
vertical band is the unstable band 0 < 2 < Q. for u = 3, and the black square marks (2., where the solid
blue curve crosses zero. The maximum growth rate in this band, too small to be resolved at this scale, is
given in each panel.

two nonlinear coefficients chosen on either side of the criterion: p = 1.5 (1 +vu = 0.25 > 0)
and p =3 (14+vu = —0.5 < 0). For all the values of v considered, the growth rate Re()) is a
single-valued function that increases monotonically as the modulation frequency decreases, down
to a bifurcation point Qy, given by formula (4.16), where Re(A) splits into two branches: the upper
branch (blue curve) corresponds to the positive root A4, and the lower branch (orange curve) to
the negative root A_ in formula (4.9). Below €, the two roots are real and distinct: the upper
branch Ay (blue) emerges from the neutral phase mode and the lower branch A\_ (orange) from
the damped amplitude mode at —2(y — 1)R. The branches merge at €, (black dots), beyond
which a single growth rate —(y — 1)R — Q2 remains and decreases quadratically, reflecting the
dominance of spectral filtering at short modulation scales. €y, increases with y for v = 2 and, in
accordance with Eq. (4.14), as \/y — 1 with the order of the nonlinearity. The sign of the upper
branch at small © decides the stability of the CW. For p = 1.5, Re(A;) < 0 for all © > 0 and
the CW is modulationally stable. For u = 3, Re(Ay) is positive in the shaded band 0 < 2 < Q.:
long-wavelength modulations are amplified, with a maximum growth rate of 0.142 at Q2 = 0.828
for v = 2. Table 1 collects the characteristic values.

The positive lobe is small compared with the damping of the other modes, which is why it is
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Table 1: Bifurcation point Qy, [Eq. (4.16)], edge of the unstable band Q. [Eq. (4.13)] and maximum growth
rate Re(A} )max, reached at Qpax, for R = 2 and v = —0.5. In accordance with Eq. (4.14), the frequencies
for a given ~y are those for v = 2 multiplied by /v — 1, and the growth rates are multiplied by v — 1.

w=15(14vu=0.25) pw=314+vu=-0.5)
v ch Re()Ur)max ch Qc Re()\Jr)max Qmax
2 3.635 0 4.965 1.265 0.142 0.828
3  5.140 0 7.021 1.789 0.284 1.172
4 6.295 0 8.599 2.191 0.426 1.435
5 7.269 0 9.930 2.530 0.569 1.657
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Figure 4: Frequency shift Im()\) of the noise versus modulation frequency €2, Eq. (4.9), for v = 2,3,4, 5;
R=2,v=-0.5, u=1.5 (dashed) and g = 3 (solid). Blue: \;; orange: A_; black dots: bifurcation points
Qip.

hardly visible at the scale of Fig. 3; this weak, long-wavelength character is typical of Benjamin—
Feir-type instabilities near threshold. When v goes from 2 to 5, ), increases from 1.265 to 2.530
and the maximum growth rate from 0.142 to 0.569, in exact agreement with the rescaling (4.14):
a higher-order nonlinearity does not change whether the CW is unstable, but, by increasing the
effective gain (v — 1)R, it makes an unstable CW break up faster and into shorter modulation
periods. In the focusing regime, the amplified modulation is expected to be reshaped by the
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nonlinearity into a train of pulses with a period of the order of 27 /Qmax. Such instability-seeded
pulse trains, with a repetition rate set by the gain band of the instability rather than by the cavity
length, have been predicted [35] and observed in fibre lasers [36, 37]. Figure 4 complements this
picture: Im(\) vanishes identically for Q < Qy,, where A > 0. At €y, it splits into two branches
++/—A, which grow approximately as |v|Q? at large €, i.e., as the dispersive phase shift of the
modulation. The two figures thus describe the same transition, from two real modes with different
growth rates below €2y, to a pair of oscillating modes with equal damping and opposite frequency
shifts above it. Since the unstable band lies entirely below €2y, the growing perturbations are not
frequency shifted: the instability amplifies a stationary modulation, locked in frequency to the
CW. Because the unstable modes have no group velocity, the instability of the zero-wavenumber
CW is absolute: the maximum of Re(A) at the real frequency Qpax is a saddle point of A(§2) with
a positive growth rate, so that a localized perturbation grows at a fixed position. This agrees with
the cubic case, in which the plane waves with a small enough wavenumber are absolutely unstable
beyond the Benjamin—Feir-Newell threshold [1].

4.2 Eckhaus instability of CWs with a nonzero wavenumber

The analysis above concerns the zero-wavenumber CW. To assess the stability of the CWs with
M, # 0, it is convenient to separate the perturbations of the amplitude and of the phase, and to
write the perturbed field as

A(z,t) = [ag + p(2,1) + i gz, 1)) D), (4.17)

where p and ¢ are small real functions. Substituting Eq. (4.17) into Eq. (2.1), using the stationary
conditions (3.1)~(3.2) and the first-order expansion |A20~Y ~ a27=2[1 +2(y — 1)p/as], we obtain
the linear system

Pt = Pzz — V{zz — 2MS(QZ + sz) — 2bs p, (4 18)
Gt = Qzz + VP2, + 2M, (pz - VQZ) - 2,Ufbs D,
with
bs = (y—1)al’"? = (v = )(R — My). (4.19)

The coefficient by is the coupling factor (y—1)a27~2 of Egs. (4.3)(4.4), evaluated on the locus (3.3).
It is the only place where v and R enter Eqgs. (4.18), a property that underlies the mapping of
Sec. 4.3. The terms proportional to M, which are absent for the zero-wavenumber CW, couple the
amplitude and the phase through first-order derivatives; they are responsible both for the Eckhaus
instability and for the drift of the perturbations.

Eigenvalue problem. We look for normal modes (p,q) = (Bi,B2)exp(—ifdz + At), as in
Egs. (4.5)-(4.6). Since 9, — —iQ and 0? — —Q? Eqgs. (4.18) reduce to

—02% — 2bs + 2iv M — A 02 + 20 M
( v g ' By _, (4.20)

—vQ? —2ubs — 2iM,Q  —Q? 4+ 2ivMQ — \) \ B2
Both diagonal elements contain the same imaginary term 2iv M), which is a pure Doppler shift

induced by the wavenumber of the CW. Setting A = 2iv M2 + k removes it, and x becomes an
eigenvalue of the matrix

— (% + 2b, 02 + 2iM,Q
K = ( ) . v ! , (4.21)
— (V% + 2ubs) — 2iM —0?
whose trace and determinant are
TrK =-2(Q%+b5), detK=D,+iD,, (4.22)
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with
D, = Q?[(1+ 030 + 2b,(1 4+ vp) — AMZ|,  Di = AMQ(vQ? + puby). (4.23)
Non-trivial solutions require det(K — xI) = x2 — k Tr K + det K = 0, that is,
K2 +2(Q* +bs)k + Dy +iD; = 0. (4.24)

For My = 0, one has D; = 0 and by = (v — 1)R, and Eq. (4.24) reduces to the trace and the
determinant of Sec. 4.1. The two eigenvalues are

i = 2iMQ — (2 +b,) = /(2 +b)* — D, —i D;. (4.25)

At Q =0, they reduce to Ay = 0 and A\_ = —2bs: A is the branch connected to the neutral phase
mode, and A_ the branch connected to the damped amplitude mode. Writing S = (Q% 4 b,)%2 — D,

and using Rey/S —iD; = {[(S? + D?)Y/? + 5] /2}1/2, the Doppler term drops out of the real parts,

which read
\/S2+ D2+ S
Re(A\y) = —(92 + bs) + J — (4.26)

Hence Re(A_) < 0 for all 2, and an instability can only occur through A ;. The condition Re(A;) >
0 is transformed as follows:

Re(Ay) >0 <= /82 4+ D2 > (0% +b,)> + D, <= D? > 4(2* +b,)°D,,
= (O 40,)[(1+ V)0 + 2bs(1 + vp) — AMZ| < AMZ(WQ? + puby)*,  (4.27)

where the second equivalence follows by squaring (when the right-hand side of the first inequality
is negative, D, < 0 and both inequalities hold trivially), and the last one from Eq. (4.23) after
division by 4Q2. Equation (4.27) is the exact instability condition of a CW of wavenumber Mj; it
generalizes Eq. (4.13) to M # 0, and the edge Qp of the unstable band 0 < 2 < Qp is obtained
by replacing the inequality with an equality. Since A4 (0) = 0 as a consequence of the invariance
of Eq. (2.1) under a constant phase shift, Ay is small for small €2, and its sign is fixed by the first
nonvanishing term of its expansion. A long-wavelength modulation is a slow variation of the local
wavenumber, to which the amplitude, damped at the rate 2bs, adapts adiabatically. The Eckhaus
instability is therefore a phase instability, which first appears in the limit 2 — 0: when a stability
boundary is crossed, the band of unstable modes opens from ©Q = 0. Its onset is thus determined
by the sign of the coefficient of Q2 in Re(\y). To obtain it, we write ki = c1Q + c2Q% + O(Q3)
and use D, = 202 [bs(1 +vu) —2M2] + O(Q*) and D; = 4ubsM;Q+ O(93) in Eq. (4.24). At order
Q, 2bgey + 4ipbs My = 0, ie., c; = —2iuMs; at order Q2, ¢? + 2bsco + 2bg(1 + vp) — 4M?2 = 0, i.e.,
co = 2(1 + p?)M2/bs — (1 + vp). Adding the Doppler shift 2ivMQ gives

2(1 + p?)M2

Re(\4) = b

— (1 +wvp)| 02 Im(Ay) = —2(p — v) M Q. (4.28)

Stability conditions. A CW is stable with respect to long-wavelength modulations if and only
if the coefficient of Q2 in Eq. (4.28) is negative, i.e., (1 4+ vu)bs > 2(1 + pu?)M2. Three regimes
follow. First, when 14 v < 0, the left-hand side is non-positive whereas the right-hand side is
positive, so that every CW with M, # 0 is unstable, whatever its wavenumber, the gain and the
order 7; together with the result of Sec. 4.1 for Mg = 0, this shows that the Benjamin—Feir—Newell
condition 14 vu < 0 is the global instability threshold of all the CWs of the model. Second, when
1+ vu > 0, substituting bs = (y — 1)(R — M2) gives the generalized Eckhaus criterion

(v +vu)R
204+ p2) + (v = 1)(A +vp)’

M2 < M} = (4.29)
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or, equivalently, a2?~2 > R— M2. For v = 2 and R = 1, Eq. (4.29) reduces to the classical Eckhaus
criterion of the cubic equation [1], and it gives the explicit form, for a power-law nonlinearity, of
the general plane-wave stability conditions of CGL-type equations [33]. Thus, only the CWs with
|Ms| < Mg, which occupy the part of the locus (3.3) of Fig. 1 closest to the zero-wavenumber CW,
are stable, whereas those with Mg < |M,| < v/R are Eckhaus unstable. For all the parameter
sets considered in this work, a scan of Eq. (4.27) over Q shows that no instability appears at
finite 2 when Eq. (4.29) is satisfied, so that Eq. (4.29) delimits the stable CWs. Third, unlike the
zero-wavenumber case, the unstable perturbations are frequency shifted, since Im(Ay) # 0. With
the convention exp(—i€2z + At), the growing modulation drifts along z with the group velocity

V, = 2(v — ) M., (4.30)

which does not depend on . For v < pu, as in the present work, the modulations of the CW
of wavenumber +M; drift toward —z, and those of the CW of wavenumber —M;, toward +z.
Because of this drift, the Eckhaus criterion is, strictly speaking, a criterion for convective instability;
whether a localized perturbation also grows at a fixed position (absolute instability) is examined
in Sec. 4.3. Because M3 is proportional to R, Eq. (4.29) gives, in the plane (1 + vu, M2/R),
a single curve for each ~, valid for any gain; this plane is shown in Fig. 5(a) for u© = 1.5. The
CWs lying below a curve are stable, those lying above it are Eckhaus unstable, and the stable
band shrinks to zero at the Benjamin—Feir-Newell threshold 1 + vu = 0 (vertical solid line),
below which all the CWs are unstable (shaded region). At fixed 1+ vu > 0, M%/R increases
with ~+ and tends to unity as v get stronger; in the particular case v = u, it takes the simple
form M%/R = (v — 1)/(v + 1), which grows from 1/3 for the Kerr nonlinearity. A higher-order
nonlinearity thus widens the band of stable wavenumbers, because, at a given wavenumber, the
coupling bs = (v — 1)(R — M2), which stabilizes the phase in Eq. (4.28), increases with . The
vertical dotted line, 14 vu = 0.25, corresponds to the parameters v = —0.5 and p = 1.5 of Secs. 3
and 4.1, for which the zero-wavenumber CW is stable. Along this line, M%/R = 0.037, 0.071,
0.103 and 0.133 for v = 2, 3,4, 5, so that only a small part of the loci of Fig. 1, close to (ag,0), is
stable. As 1+ wvu = —1.25 < 0, Py lie in the shaded region of Fig. 5(a) (cross) and are unstable
for every ~.

Table 2: Eckhaus instability of the CWs Py = (as,0,+M), for R=2, v = —1.5, p = 1.5 and w = —2.
Cs is the long-wavelength coefficient in Re(A;) ~ Cy Q? [Eq. (4.28)], Qg the edge of the unstable band
[Eq. (4.27)], and Re(A4+)max the maximum growth rate, reached at Qumax. Re Aaps is the absolute growth
rate, i.e., the growth rate at a fixed position (Sec. 4.3).

CQ QE Re ( A—O— ) max Qmax Re )\abs

33.75  2.450 1.374 1.262 1.373
17.50 2.316 1.194 1.155  1.179
12.08 2.191 1.152 1.063  1.077
9.38  2.097 1.180 1.041  1.030

U W N | =2

Table 2 and Fig. 5(b) show that the instability of Py is much stronger than that of the zero-
wavenumber CW of Table 1, obtained for the same gain R = 2: the maximum growth rate
exceeds 1.15 for every «, against 0.142 to 0.569 in Table 1. The long-wavelength coefficient Cy =
1.25 + 32.5/(y — 1) is dominated by the term 2(1 + u?)M2 /by, which is large because as is small.
The unstable band 0 < Q < Qg narrows only slightly, from 2.450 to 2.097, when v goes from 2
to 5, and the maximum growth rate depends weakly, and not monotonically, on ~: it decreases
from 1.374 to 1.152 between v = 2 and 7 = 4 and increases again to 1.180 for v = 5. Unlike
the zero-wavenumber CW, whose growth rate scales exactly as v — 1, the instability of these low-
amplitude CWs is thus controlled mainly by their large wavenumber rather than by the order of
the nonlinearity; the origin of this behaviour is explained in Sec. 4.3.
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Figure 5: (a) Stability diagram of the CWs in the plane (1 + vu, M2/R) for u = 1.5, valid for any gain
R: Eckhaus boundary M%/R [Eq. (4.29)] for v = 2,3,4,5. CWs below a curve are stable and CWs above
it are Eckhaus unstable; in the shaded region 1+ vu < 0, bounded by the Benjamin—Feir—Newell threshold
14 vp = 0 (vertical solid line), all the CWs are unstable. The vertical black dotted line, 1 + vu = 0.25,
marks the parameters v = —0.5, u = 1.5 of Secs. 3 and 4.1; the cross marks the CWs Py (1 4+ vp = —1.25,
M2/R = 5/6). (b) Growth rate Re(Ay) versus  for the CWs Py, for R = 2, v = —1.5, u = 1.5 and
w = —2; filled circles: maxima Re(Ay )max at Qmax (Table 2).

4.3 Role of the order v in the linear stability and nature of the instability

Since Egs. (4.18) depend on v and R only through bs, they coincide with the linearization of the
cubic CGL equation ;A = Reg A+ (1+iv)0?A— (1+iu)|A|? A about its plane wave of wavenumber
My and squared amplitude Reg — Mf = by, i.e., for

M
V Reff7

where Qe is the wavenumber in the units in which the effective gain equals unity. At the linear
level, the order of the nonlinearity therefore acts only through an effective gain, which multiplies
the growth rates, and an effective wavenumber. For the zero-wavenumber CW, Reg = (y—1)R and
Qeff = 0, which is the rescaling (4.14). For the CWs Py, with R = 2 and M2 = 5/3, Reg = (v+4)/3
and Q% = 5/(y + 4): increasing 7 raises the effective gain, from 2 to 3, but lowers the effective
wavenumber, from Qgﬂ = 0.833 to 0.556, which brings the equivalent plane wave closer to the
less unstable homogeneous state. The competition between these two effects explains the weak,
non-monotonic y-dependence of the growth rates in Table 2. Table 3 lists the main results of this
work for arbitrary v and R. For v = 2 and a unit gain, R = 1, instead of the gain R = 2 used
in the rest of this section, they reduce exactly to the known results for the cubic CGL equation,
which provides a check of our calculations.

Considering the fact that the CWs with My # 0 drift with the group velocity (4.30), their
instability may be only convective. We determined its nature in two independent ways: by locating
the saddle point € of the dispersion relation (4.25) in the complex Q2 plane, 9A/9Q = 0 [38], and by
integrating Eqs. (4.18) exactly in Fourier space for a localized Gaussian perturbation, on a domain
large enough to avoid boundary effects, and measuring its growth at a fixed position. Both methods
give the same absolute growth rates, Re A\(€y) ~ 1.373, 1.179, 1.077 and 1.030 for v = 2,3,4,5
(Table 2), so that Py are absolutely unstable for every ~. For v = 2, the absolute growth rate
practically coincides with the maximum growth rate, whereas for larger « it is smaller, because
part of the perturbation is advected toward —z, as expected from V; < 0. The zero-wavenumber
CW, which has no drift, is absolutely unstable whenever 1 + vy < 0 (Sec. 4.1). Consequently,
Py cannot persist even in an open system, which motivates the search for non-CW stationary
structures in Sec. 5.

Reg = Ms2 + (’7 - 1)(R - M82)7 Qeff = (431)
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Table 3: Main results of this work for arbitrary v and R, their reduction to v = 2 and R = 1, and the
corresponding results of Aranson and Kramer [1] for the cubic CGL equation, with b = v, ¢ = p, Q = M,
F = a4 and by = (y — 1)(R — M2). Equation numbers in the last column refer to Ref. [1].

Quantity This work (arbitrary v, R) This work (y =2, R=1) Ref. [1]
CW locus M2 =R—a>2, Eq. (3.3) M2 =1-ad? F?2=1-Q?% Eq. (17)
CW dispersion relation w=pR+ (v — p)M2, Eq. (3.6) w=pu(l—M?)+vM? w=c(l —Q? +bQ?% Eq. (17)
Stability of the My =0 CW 1+wvu >0, Eq. (4.13) 14+vp>0 1+ be > 0 (Benjamin-Feir-Newell)
Determinant at M = 0 Q21+ 122 +2(y — DR(1 + vp)] Q1+ v +2(1 +vp)]  Eq. (19) with @ =0
. = 1)(1+vu)R 1+wvpu 14 be
Eckl : M= Eq. (429) Mj=—— "1 2= —1X
ckhaus boundary E7 21+ )+ (v - 1)1 +vp)’ a- (4:29) BT 3 2u2rup @ 3+ 2¢%+ be
2\ /2 2172 2102
Long-wavelength coefficient (1 + vpu) — % Eq. (4.28) (I4+wvp) — % Dy =1+bc— % Eq. (21)
s — g -
Group velocity Vy = 2(v — p) My, Eq. (4.30) Vg =2(v — p) M, Vg =2(b—0)Q
Reduced dynamical system  Eq. (2.4) Eq. (24) withy=2, R=1 Eq. (33)

Summary and remarks

By carrying out a modulational-instability analysis of the zero-wavenumber CW and an Eckhaus-
instability analysis of the CWs with a nonzero wavenumber My, we obtained the stability properties
of the CWs of the model proposed in Sec. 2, for the gain R = 2. Both analyses are governed by
the same Benjamin—Feir—Newell parameter 1+ v, the zero-wavenumber case being recovered from
the Eckhaus analysis in the limit M; — 0, and both reduce, for v = 2 and R = 1, to the known
results for the cubic CGL equation (Table 3). Their results can be summarized as follows:

e When 1+ vy > 0, det > 0 for all Q2 # 0: the two eigenvalues have a negative real part, and
the zero-wavenumber CW is stable. This is the case u = 1.5, v = —0.5, with 1 + v = 0.25:
Re(Af)max = 0 in Table 1. The CWs with a nonzero wavenumber remain stable if and only
if M2 < M3% [Eq. (4.29)], i.e., only the CWs closest to the zero-wavenumber CW share its
stability. This band of stable wavenumbers widens with ~, since M}QE /R increases with v and
tends to unity as v — oo [Fig. 5(a)].

e When 1+ vy < 0, det < 0 in the band 0 < © < ., and the zero-wavenumber CW is
unstable. This is the case u = 3, v = —0.5, with 1 + v = —0.5, in Table 1. The long-
wavelength coefficient of Eq. (4.28) is then positive for every My # 0, so that every CW is
unstable, whatever its wavenumber and the order +. This is the case p = 1.5, v = —1.5, with
1+ vp = —1.25, for the two CWs Py selected by w = —2 in Table 2 and Fig. 5(b).

The condition 14 vy < 0 is therefore the global instability threshold of all the CWs of the model,
independently of . The order of the nonlinearity does not decide whether a CW is unstable, but
how its instability develops, and, at the linear level, it does so only through the effective gain Reg
and the effective wavenumber Qg of Eq. (4.31). For the zero-wavenumber CW, the instability is
stationary and absolute, and its cutoff frequency €2, and maximum growth rate scale exactly as
vy — 1 and v — 1, as a consequence of this rescaling. For the CWs Py, the instability is stronger,
its growth rate depends only weakly on ~, and the unstable perturbations are frequency shifted
and drift along z with the group velocity V, = 2(v — ) M,; these CWs are nevertheless absolutely
unstable for every +. In both cases, a CW cannot persist when 1 4+ vu < 0, which motivates the
search for the stationary multi-pulse structures of Sec. 5. The genuinely new effects of v must
therefore be sought in the nonlinear regime, which is not covered by the mapping.

5 Nonlinear regime: stationary and moving pulse trains

5.1 Stationary multi-pulse bursts (v = 0)

In the previous sections, we determined the singular solutions of the reduced system (2.4) and anal-
ysed the stability of the corresponding CWs. When a CW is coupled to a weak noise component,
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the noise grows exponentially as soon as the real part of its amplification coefficient is positive. For
the zero-wavenumber CW, this happens in the band 0 < 2 < 2. when the Benjamin—Feir-Newell
condition 1 + vu < 0 is fulfilled, and the growth rate increases with the order + of the nonlin-
earity; under the same condition, all the CWs with a nonzero wavenumber are Eckhaus unstable
(Sec. 4.2), and those considered below are absolutely unstable (Sec. 4.3). A CW therefore cannot
persist, and the unstable field is expected to evolve, through modulational instability, into modu-
lated structures such as pulse trains or multi-pulse structures. To obtain the profiles of the field
amplitude a and of the instantaneous frequency M of these structures, we consider the stationary
solutions (v = 0) of system (2.4). For v = 0, the coordinate 7 = z — vt reduces to z, so that sys-
tem (2.4) describes the spatial profiles of time-independent states: the evolution of (a,y, M) along
T is a spatial evolution along the propagation axis z, not a temporal one. Uniformly translating
states, for which 7 mixes space and time, are considered in Sec. 5.2. With v = 0, system (2.4) is
also reversible, i.e., invariant under (7,a,y, M) — (—71,a, —y, —M). The three coupled nonlinear
first-order equations for (a,y, M) are solved numerically with Luther’s explicit sixth-order Runge—
Kutta algorithm [34], with a fixed step h = 10~* over the interval 0 < 7 < 640. The step must
be small because the trajectories pass close to a = 0, where the factor 1/a in the equation for M’
produces sharp variations. The most sensitive case is v = 2: the integration diverges near 7 ~ 320
with h = 1073, and departs from the converged trajectory after 7 ~ 321 with h = 5 x 10~* and
after 7 ~ 420 with h = 2.5 x 10™%, whereas h = 1.25x 1074, 1074, 6.25 x 107> and 3.125 x 107 give
the same trajectory over the whole interval (to within 1072 in a). For v = 3,4, 5, the trajectory is
much less sensitive, and h = 5 x 10™* already gives the converged trajectory.

The parameter values are R =2, v = —1.5, p = 1.5, w = -2 and v = 2, 3,4, 5, i.e., the gain of
Secs. 3 and 4. Note that w is not the absolute optical frequency but a frequency (or propagation-
constant) shift of the envelope A with respect to the carrier; it can therefore take negative values,
which here originate from the dominant contribution (v — u)M2 < 0 in Eq. (3.6). The frequency
w = —2 lies inside the existence band (3.5), =3 < w < 3, so that Eq. (3.4) provides two singular
points of system (2.4), Py = (as, 0, £M;), with a272 = 1/3, i.e., as = 0.577, 0.760, 0.833 and
0.872 for v = 2,3,4,5. They describe two CWs, A = ay el(EMsz—wt) with the same amplitude a,
and the same frequency w but opposite wavenumbers. P, is the CW whose phase increases along
z (M = +Mg = +1.291), and P_ the CW whose phase decreases along z (M = —M; = —1.291);
they correspond to the two symmetric points (as, £M;) selected by the frequency w on the locus of
Fig. 1. Because w lies close to the lower edge vR = —3 of the band, these CWs have a low amplitude
and a large wavenumber, M2/R = 5/6. Since 1+ vu = —1.25 < 0, they are Eckhaus unstable for
every 7 (Table 2), and absolutely unstable (Sec. 4.3). In the phase space of system (2.4), Py are
saddle-foci: the Jacobian matrix at P_ has one negative real eigenvalue, —0.228, —0.431, —0.611
and —0.768, and a pair of complex eigenvalues n 4+ iw with n = 0.114, 0.216, 0.305, 0.384 and
w = 2.639, 2.705, 2.778, 2.852 for v = 2,3,4,5. A trajectory launched near Py therefore spirals
away from it, with a spatial period 27/w ~ 2.2-2.4 and a growth rate n that increases with ~.
The initial condition is taken close to P_ and is given by (a, y, M)|__, = (0.8as, 0, —1.291), the
negative sign of M indicating that the field is launched near the CW P_. By reversibility, starting
instead near P, with (a,y, M)|,—0 = (0.8 as, 0, +1.291), yields the same structure traversed in
the opposite direction along 7, with M reversed in sign: the bursts, their peak amplitudes and
their periods are unchanged.

Figure 6 shows the resulting profiles of the field amplitude a(7) for v = 2,3,4,5, on a common
vertical scale that allows a direct comparison of the four cases, and Table 4 collects their main
characteristics. For all values of v, the field does not remain on the unstable CW: starting from
0.8 ags, the amplitude oscillates around as with a growing amplitude, as expected from the saddle-
focus nature of Py, and develops into a persistent multi-pulse structure along z. Each profile is
a periodic alternation of a burst of fast pulses around ag, with a spindle-shaped envelope, and a
slow, nearly symmetric trough in which the amplitude falls almost to zero before recovering. The
highest pulses and the deepest minima are both located at the center of each burst, so that the
field is almost extinguished at the burst centres and at the trough bottoms. The order of the
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Figure 6: Multi-pulse profiles of the optical amplitude a along the spatial coordinate 7 (7 = z for v = 0),
obtained from numerical simulations of system (2.4) with v = 0. Parameter values are: v =2,3,4,5; R = 2,
v=-15 pu=15 w=-2

Table 4: Characteristics of the multi-pulse profiles of Fig. 6 over 0 < 7 < 640: amplitude ag of the zero-
wavenumber CW, peak amplitude amax of the pulses and ratio amax/ag, number N, of pulses above as per
burst, mean spacing §7 between consecutive pulses inside a burst, spatial repetition period L of the bursts,
range of the minima of a at the burst centres, and minimum and maximum values of M (Fig. 8).

~ ao Gmax  @max/ Q0 N, " L min a at burst centres  [Mmin, Mmax)
2 1414 0.815 0.58 2627 2.38 126-129 0.002-0.053 [—133.7, 660.2]
3 1.189 1.014 0.85 13 2.33 72.6-74.9 0.018-0.127 [—106.9, 33.8]
4 1.122 1.070 0.95 9-10 2.28 55.5-57.8 0.007-0.202 [—196.3, 176.5)
5 1.091 1.090 1.00 7 2.24 48.1 0.229-0.261 [—9.1, 9.1]

nonlinearity acts on three features of these structures. First, the pulse peaks rise with ~, from
0.815 for v = 2 to 1.014, 1.070 and 1.090 for v = 3,4, 5, so that on the common scale of Fig. 6 the
tops of the bursts approach a nearly common level slightly above unity, whereas the saturation
amplitude ag = RY27=2) decreases toward unity; the ratio amax/ao thus increases from 0.58 to
0.85, 0.95 and 1.00, so that the peaks are practically clamped at ag for v = 5: for large ~, the
power-law saturation ]A|2(7_1) is negligible for a < ag and dominant just above, and thus acts as
an almost hard intensity limiter. Second, the bursts become shorter, contain fewer pulses (2627,
13, 9-10 and 7) and repeat at shorter distances (L ~ 128, 73, 56 and 48) as v increases, whereas
the spacing between consecutive pulses inside a burst remains almost unchanged (§7 = 2.38 to
2.24). This spacing coincides with the period 27/w of the spiral motion around the saddle-foci
Py (2.381, 2.322, 2.262 and 2.203), whereas the faster growth of this spiral, 1, explains why the
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bursts contain fewer pulses when ~ increases. Third, the regularity of the bursts improves with
~v: for v < 4, the peak amplitude and the repetition period hardly change from one burst to the
next, but the minima at the burst centres approach zero with a depth that varies from one cycle
to the next (between 0.002 and 0.053 for v = 2, and between 0.007 and 0.202 for v = 4), and the
number of pulses alternates for v = 2 and v = 4; for v = 5, these minima remain far from zero
(0.23-0.26), all the bursts contain seven pulses, the period is constant (L = 48.1) and successive
cycles are nearly identical. A high-order nonlinearity therefore turns an irregular succession of
long bursts into a regular, nearly periodic train of short bursts, whose peak amplitude is fixed by
ao and whose spatial repetition period is tuned by ~.

Figure 7: Phase portraits (a,a’) of the optical amplitude, where the prime denotes the derivative with
respect to 7, obtained from numerical simulations of system (2.4) for v = 2,3,4,5. Black dots: common
projection (as,0) of the singular points Py. Parameters as in Fig. 6.

A global picture of the profiles of Fig. 6 is given by the phase portraits of Fig. 7. The bursts
appear as a family of nested loops around the common projection (as,0) of the two CWs, one loop
per pulse, whose size follows the spindle-shaped envelope of the burst; the troughs appear as a
narrow chain of small loops along the axis a’ ~ 0, extending from as down to almost zero. For
v = 2,3,4, the outer loops are rounded on the large-a side, where the peaks are limited by the
nonlinear saturation, and almost vertical near a = 0, where the field passes through the sharp dips
at the burst centres. Since the depth of these dips varies from one cycle to the next, successive
bursts trace slightly different loops, which fill a dense bounded region whose extent in o’ increases
with 7, from |a’| ~ 1.05 for v = 2 to |a’| ~ 1.37 for v = 4. For v = 5, the outer loops no longer reach
a = 0, since they turn back at a ~ 0.23, and the trajectory reduces to a few thin, well-separated
bundles of loops that each cycle nearly retraces; the small loops of the trough remain confined
between a ~ 0.04 and as. Increasing v thus changes the phase portrait from a dense family of
nested loops to a discrete set of nearly closed curves, which confirms the transition from irregular
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to nearly periodic bursts observed in Fig. 6.
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Figure 8: Profiles of the instantaneous frequency (local wavenumber) M along the spatial coordinate T
(1 = z for v = 0), obtained from numerical simulations of system (2.4) for v = 2,3,4,5. In each panel, the
vertical axis covers the whole range of M over the simulated interval, from its minimum to its maximum
value (Table 4). The large values of | M| are reached at the phase slips, where a nearly vanishes. Parameters
as in Figs. 6 and 7.

The instantaneous frequency M (1), i.e., the local wavenumber of the field, which is the third
variable of system (2.4), is plotted in Fig. 8 for v = 2,3,4,5, over its whole range of variation.
For all values of v, M(7) remains most of the time on two plateaus close to the wavenumbers
—Ms = —1.291 and +M; = 4+1.291 of the two CWs selected by the common frequency w, and
switches from one plateau to the other twice per cycle: from —M; to +M; at each burst centre,
and from +M, back to —M; at each trough bottom. Each switch is accompanied by a narrow
spike of M, whose sign and height change from one switch to the next. For v = 2, 3,4, the vertical
scale of Fig. 8 is set by a few isolated spikes of very large amplitude, so that the plateaus, of height
+1.291, merge into a thin band around M = 0: for v = 2, a single spike reaches M = 660.2 near
7 ~ 295 and another one M = —133.7 near 7 ~ 550, whereas all the other spikes remain below
about 100 in absolute value; for v = 3, the range is strongly asymmetric, —106.9 < M < 33.8, the
largest spikes being negative; for v = 4, it extends from —196.3 to 176.5. For v = 5, in contrast,
the range shrinks to |M| < 9.1, the two plateaus are directly visible, and every switch produces
a spike of comparable height, between about 5 and 9 in absolute value, so that M(7) displays
sustained, approximately periodic oscillations. A change in the sign of M reverses the direction in
which the phase ® winds along z: on a plateau M ~ + M, the phase increases along z, whereas on
a plateau M ~ — M, it decreases. Since the two plateaus have nearly the same length, the spatial
average of M remains close to zero for all values of v (between —0.013 and 0.026), despite the large
amplitude of the individual spikes, so that no net phase gradient accumulates along z. The spikes

20



are located at the burst centres and at the trough bottoms, where a almost vanishes (Fig. 6). They
originate from the factor 1/a in the equation for M’ in system (2.4): when a — 0, the phase of
the field becomes ill defined, and ® changes by a finite amount over a very short distance, which
appears as a spike of M = ®. These events are phase slips. Their height is set by the minimum
value reached by a, which varies from one cycle to the next, and is therefore very sensitive to
the trajectory; the extreme values of M (up to 660 for v = 2) should thus be understood as
markers of phase slips rather than as physically meaningful local wavenumbers. These regions are
also the numerically most delicate parts of the integration, which is why a small integration step
is required, as discussed above. As the nonlinearity exponent ~ increases, the spikes are strongly
reduced, although not monotonically, since the extreme values for v = 4 (=196.3 and 176.5) exceed
those for v = 3 (—106.9 and 33.8). For v = 5, the minima of a stay away from zero (a > 0.039),
and the phase slips are replaced by moderate phase jumps. Taken together, these features point
to a spatial switching dynamics between the two coexisting CW states of wavenumbers +M;: the
plateaus correspond to domains in which the field is locked on either state, while the burst centres
and the trough bottoms, where the spikes of M (1) occur, act as the walls between these domains.
Within this picture, the nonlinearity exponent v governs the nature of the switching process, which
evolves from an intermittent regime dominated by isolated extreme phase slips for v = 2,3,4 to a
regular, quasi-periodic switching of moderate amplitude for v = 5.

5.2 Moving pulse trains (v # 0)

In Sec. 5.1, the reduced system (2.4) with v = 0 showed that the unstable CWs Py develop into
stationary multi-pulse bursts, irregular for v < 4, along which the field switches between P_
and Py through phase slips. These bursts, however, are not periodic pulse trains, and, being
time independent, they do not describe pulses that propagate. System (2.4) also contains the
uniformly translating solutions A(z,t) = a(r) e!®( =4 with 7 = 2z — vt and v # 0, for which
|A(z,t)] = a(z — vt): a periodic orbit of system (2.4) with v # 0 is a train of identical pulses
that moves at the constant velocity v, with a spatial period L equal to the period of the orbit
and a temporal period L/|v| at any fixed position. Since v enters the linearization of system (2.4)
about its singular points, it can change the unstable spiral of P_ found in Sec. 5.1. Moreover,
in the cubic CGL equation, the periodic orbits of the travelling-wave reduction are modulated
amplitude waves, which organize the nonlinear development of the Eckhaus instability [22-24].
These two remarks motivate the case v # 0, which we now simulate. We integrate the same
reduced system (2.4) as in Sec. 5.1, with the same explicit sixth-order Runge-Kutta algorithm of
Luther [34], with a fixed step h = 1073 over the interval 0 < 7 < 200, for the same parameters
R=2v=-15 p=15 w=—-2and v = 2,3,4,5, and for the velocity v = 0.15. The initial
condition is (a,y, M)|r=o = (1.02a,, 0, M,), where (a, 0, M,) is the singular point of system (2.4)
that continues P_ to v # 0, obtained by solving y = 0, ¥’ = 0 and M’ = 0 with Newton’s method.

Figures 9-11 show that a nonzero velocity changes the nature of the structures obtained from
the same unstable CW. In Fig. 9, the amplitude first oscillates around the singular point with
a growing amplitude, as for v = 0, but this growth now saturates: after a short overshoot, the
oscillation settles on a constant envelope, and the profile becomes a strictly periodic sequence of
identical pulses, without bursts, troughs or modulation of the envelope. The transient becomes
shorter as v increases, because the spiral around the singular point grows faster for a higher-order
nonlinearity, as already observed for the stationary bursts. The spacing between consecutive pulses
is almost independent of v and close to the spacing of the pulses inside the bursts of Fig. 6, since
both are set by the frequency of the spiral motion around the singular point. For the same velocity,
the minima of the pulses are practically the same for all v, whereas their peaks rise with + and
approach the saturation amplitude ag of the zero-wavenumber CW: the pulses become higher and
more contrasted, and their height is limited by the amplitude clamp of the power-law nonlinearity.
The phase portraits of Fig. 10 make the mechanism explicit: the trajectory leaves the singular
point along an expanding spiral and converges onto a single closed curve, a stable limit cycle that
it then retraces indefinitely, instead of filling a dense region or a set of bundles as in Fig. 7. This
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Figure 9: Amplitude profiles a(7), 7 = 2z — vt, of the moving pulse trains obtained from numerical
simulations of system (2.4) with v = 0.15, for v = 2,3,4,5. Parameters: R=2, v =—1.5, u=1.5, w = —2.

limit cycle surrounds the singular point, never reaches a = 0, and widens toward large amplitudes
as -y increases. Figure 11 shows that the local wavenumber oscillates with the same period as the
amplitude, its most negative values being reached at the minima of a and its least negative values
close to its maxima, and that its excursions become larger as -~ increases; above all, M never
changes sign. Unlike the stationary profiles of Fig. 8, there is therefore no plateau at +M;, no
switching between the two CWs and no phase slip, since a never vanishes: the field remains locked
on the CW P_, and the pulses are a periodic modulation of this single CW. Since 7 = z—wvt, each of
these limit cycles corresponds to a train of identical pulses that moves rigidly along z at the velocity
v and is periodic in time at any fixed position. A nonzero velocity therefore turns the irregular
bursts of Sec. 5.1 into truly periodic moving pulse trains for every order of the nonlinearity.

Summary and remarks

In this section, the reduced system (2.4) was numerically solved with Luther’s sixth-order Runge—
Kutta scheme in the Benjamin—Feir—Newell unstable regime, for R = 2 and v = 2, 3,4, 5, starting
near the unstable CW P_. The main results can be summarized as follows.

o For v =0 (Sec. 5.1), the singular points Py are saddle-foci with an unstable spiral, and the
field develops into persistent stationary multi-pulse bursts separated by troughs. Along these
structures, the field switches between the two CWs of opposite wavenumbers through phase
slips located where the amplitude almost vanishes. Increasing v clamps the pulse peaks near
the saturation amplitude ag, shortens the bursts, and turns an irregular succession of bursts
with extreme phase slips into a regular, nearly periodic train of bursts with moderate phase
jumps.
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Figure 10: Phase portraits (a,a’) of system (2.4) for v = 0.15 and v = 2,3,4,5. Light-blue curves:
transient spiral; thick blue curves: limit cycle (one period of the periodic orbit); black dots: projection
(ax,0) of the singular point. Parameters as in Fig. 9.

e For v # 0 (Sec. 5.2), the same system and the same numerical scheme give a qualitatively
different result: the growing spiral saturates on a stable limit cycle, and the field forms a
strictly periodic train of identical pulses that moves at the constant velocity v and is periodic
in time at a fixed position. The local wavenumber keeps a constant sign, so that these moving
trains contain no phase slips and no switching between the two CWs.

e In both cases, the spacing between consecutive pulses is set by the frequency of the spiral
motion around the singular point, and the order of the nonlinearity acts mainly through the
amplitude clamp: a high-order nonlinearity raises the pulse peaks toward ag, shortens the
transients, and regularizes the dynamics.

The change of shape between Secs. 5.1 and 5.2 has a simple origin. For v = 0, system (2.4) is re-
versible, i.e., invariant under (7, a,y, M) — (=7, a, —y, —M); a reversible system has no attractors,
so that the trajectory cannot settle on a cycle and wanders between the neighbourhoods of the two
symmetric CWs Py, which produces irregular bursts and phase slips. For v # 0, the terms propor-
tional to v, in particular the friction-like term —wv ¥y in the equation for ¢/, break this reversibility
and make the dynamics along 7 dissipative: the trajectory can then be attracted by a limit cycle,
which turns the bursts into a periodic train. The same terms break the equivalence between P,
and P_, since the transformation above now maps v onto —v: for v > 0, the cycle is born around
P_, whose modulations drift toward +z with the group velocity V; = 2(v — )M > 0 (Sec. 4.2),
i.e., in the direction of motion of the train. Because the amplitude stays away from zero along the
cycle, the phase can never slip, and the local wavenumber M therefore keeps the negative sign of
P_ along the whole train. Physically, the profiles of Sec. 5.1 are purely spatial, time-independent
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Figure 11: Profiles of the local wavenumber M (7) obtained from numerical simulations of system (2.4)
with v = 0.15, for v = 2,3,4,5. The vertical axis covers the whole range of M. Parameters as in Fig. 9.

patterns of the field along z, which describe stationary domains of the two CWs separated by phase
defects, whereas, for v # 0, the variable 7 = z — vt mixes space and time: the profile a(7) is the
spatial shape of the train in its own frame and, read at a fixed position z, it is also the temporal
signal a(z — vt) delivered by the medium, i.e., a periodic sequence of pulses of period L/|v|, as in
the output of a mode-locked laser [5]. Such spatially periodic moving structures, obtained as limit
cycles of the travelling-wave reduction of the complex Ginzburg-Landau equation, are known as
modulated amplitude waves; they were shown to bifurcate from the uniform state through a Hopf
bifurcation of the reduced system and to play a key role in the transition from phase to defect
chaos in the cubic equation [22-24]. Our results show that this scenario persists for a power-law
nonlinearity of arbitrary order ~.

Finally, the moving trains of Sec. 5.2 are exact uniformly translating solutions of Eq. (2.1),
but their construction from the reduced system does not guarantee their stability in time. For
the parameters considered here, for which 1 + vu < 0 and the CWs Py are absolutely unstable
(Sec. 4.3), direct integrations of Eq. (2.1) initialized with these trains show that they are destroyed
by the Benjamin—-Feir-Newell instability of the background CW. The search for parameters in
which such periodic moving trains are also stable in time is a natural extension of this work.

6 Conclusion

We have studied a generalized complex Ginzburg-Landau equation with linear gain, spectral fil-
tering, dispersion and a power-law nonlinearity of arbitrary order -y, in order to isolate the role of ~y
in the CW, modulational and pulsed regimes. A travelling-wave reduction showed that, for any ~,
the CWs lie on the universal locus M? = R — a?7~2, inside a frequency band vR < w < R whose
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edges do not depend on +, and that high-order nonlinearities clamp the CW amplitudes close to
unity. The linearized problem around any CW depends on « only through the coupling coefficient
bs = (v — 1)(R — M2), and it maps exactly onto that of a plane wave of the cubic equation with
an effective gain R.g and an effective wavenumber Q.. Consequently, the Benjamin—Feir—Newell
condition 1+ vu < 0 destabilizes all the CWs independently of v, and the cutoff frequency and the
maximum growth rate of the zero-wavenumber CW scale as /v — 1 and v — 1, respectively. For
1+ v > 0, the generalized Eckhaus criterion shows that the band of stable wavenumbers widens
with ~, whereas the CWs Py used in the nonlinear analysis are absolutely unstable for every ~. For
v =2 and R = 1, all these results reduce to the known ones for the cubic equation [1]. The order
of the nonlinearity therefore decides how a CW becomes unstable, but not whether it does. In the
nonlinear regime, numerical simulations of the reduced system with Luther’s sixth-order Runge—
Kutta scheme revealed two kinds of structures. For v = 0, the reduced system is reversible, and the
unstable CWs develop into stationary multi-pulse bursts, along which the field switches between
the two CWs of opposite wavenumbers through phase slips. For v # 0, reversibility is broken, and
the trajectory settles on a stable limit cycle that describes a periodic train of identical pulses mov-
ing at a constant velocity without phase slips, i.e., a modulated amplitude wave [22, 23]. In both
cases, increasing v clamps the pulse peaks near the saturation amplitude ag and regularizes the
dynamics, whereas the pulse spacing remains set by the frequency of the spiral motion around the
singular point. Since these moving trains are unstable in time for the parameters considered here,
a natural extension of this work is the search for parameter regions in which they are also stable
in the full equation, as well as the inclusion of saturable absorption or higher-order dispersion.
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