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Spectral origin and decoupling cost of non-Markovian ergotropy revivals in quantum

batteries

Hikaru Wakaura1, ∗

1QIRI (Quantum Integrated Research Institute Inc.), Tokyo 107-0061, Japan
(Dated: October 26, 2026)

Because every quantum battery is an open system, environmental memory (non-Markovianity)
has been widely proposed to revive the extractable work, or ergotropy, that dissipation destroys.
These predictions rest on rotating-wave, zero-temperature or second-order treatments and evaluate
the ergotropy of a still-coupled battery, leaving open whether the revival is physical and how much
of it can be withdrawn. We address both questions with numerically exact hierarchical equations of
motion, extended to time-dependent system–bath coupling, for single and collective qubit batteries
in structured baths. The revival is physical but stems from spectral weight at the battery frequency,
not from memory: baths with long memory but no such weight store less work than a Markovian
bath. Disconnecting the battery costs work, which we obtain in closed form. In second-order
theory a revival yields net work only if it exceeds the system–bath binding energy, a bound that
a smooth coupling ramp lasting a few battery periods nearly reaches, whereas a fast local unitary
avoids disconnection. In circuit quantum electrodynamics, these predictions are testable with 0.2–
1 ns coupling ramps and qubit readout alone. The figure of merit of an open quantum battery is
therefore set by how its energy is withdrawn.

I. INTRODUCTION

Every quantum technology runs on energy that is pre-
pared, stored and released at the level of individual quan-
tum systems. Quantum batteries make this explicit: they
store energy in quantum degrees of freedom and quan-
tify its usable part by the ergotropy, the maximum work
that a cyclic unitary process can extract [1]. Entan-
gling and collective operations can speed up charging be-
yond what independent cells allow [2–4], and the field
has grown into a broad theoretical program [5, 6] with
first demonstrations on superconducting processors [7, 8],
trapped ions [9], organic microcavities [10], photonic
platforms [11] and spin defects [12].
No battery is isolated. Its environment drives the

stored state towards a passive one, from which no work
can be extracted, and this self-discharging is the central
obstacle to practical devices [5, 13]. A large and growing
literature has argued that the remedy lies in the envi-
ronment itself: when the bath retains memory of the
battery, information and energy flow back, the ergotropy
revives, and both charging and storage improve over the
Markovian limit [14–20]. The same mechanism has been
invoked to charge batteries wirelessly through a shared
structured bath [16, 21, 22], to protect energy in dark
and bound states [22, 23], and to produce anomalous,
Mpemba-like discharging [24, 25]. Separating the er-
gotropy into coherent and incoherent parts [26] has made
these memory effects visible in experiments [8, 11].
The theoretical evidence for this non-Markovian ad-

vantage rests on three kinds of treatment. Exact single-
excitation solutions for Lorentzian baths within the
rotating-wave approximation [27, 28] underlie many of
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the charging and storage studies [14, 16]; they are re-
stricted to zero temperature and to energy-conserving
coupling. Regimes labelled as strong coupling are typ-
ically treated with Redfield or memory-kernel master
equations [29–32], which truncate the system–bath in-
teraction at second order. And in nearly all of these
studies the ergotropy is evaluated for the reduced state
of a battery that is still coupled to its environment, al-
though the work that can be extracted from a coupled
system is known to depend on whether, and how, the cou-
pling is switched off first [33–35]. Strong-coupling ther-
modynamics has shown that this last step is not inno-
cent. The interaction energy is part of the work budget,
a battery can be charged by thermalization alone [36],
and for a harmonic battery charged in this way the nu-
merically computed work to disconnect and reconnect
it bounds the efficiency of the cycle [37]. The equilib-
rium state of a strongly coupled system is described by
a Hamiltonian of mean force [38–41], whose identifica-
tion with a local energy and temperature is itself am-
biguous [42, 43]. Numerically exact methods that cap-
ture all of these effects—hierarchical equations of motion
(HEOM) [44–46], reaction-coordinate mappings [47–49],
pseudomodes [50, 51] and process tensors [52, 53]—are
now routinely used for strong-coupling thermodynam-
ics [54], yet they have not been brought to bear on the
ergotropy of batteries, and only recently has it been sug-
gested that memory may not be needed at all [55].

However, because the existing treatments truncate the
system–bath interaction or omit the work needed to dis-
connect the battery, it cannot be decided whether the
non-Markovian gain is physical or an artifact of ap-
proximation, whether it stems from memory or from
the spectral structure of the bath, and how much of it
can be withdrawn as work. In this study, we answer
these questions with numerically exact HEOM, extended
to a time-dependent system–bath coupling and cross-
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checked by reaction-coordinate dynamics, for three repre-
sentative protocols—storage, charger-mediated charging
and charging through a shared bath [Fig. 1(a)]—for un-
derdamped, detuned, overdamped (Drude–Lorentz) and
Ohmic spectral densities, and for collective batteries of
up to three cells. We develop a closed-form theory of the
work required to decouple a qubit battery that applies to
dynamical revivals and yields the finite-time decoupling
ramp. We found that the work required to disconnect the
battery, the decoupling toll, obeys a closed form set by
the counter-rotating binding energy, a resonant thermal
term and a static polaron term, whereas ergotropy re-
ferred to the Hamiltonian of mean force collapses at low
temperature (Sec. V). We found that, in second-order
theory, a revival yields net work after disconnection only
if it exceeds the system–bath binding energy, which is
half the toll of sudden decoupling, that a cos2 ramp last-
ing a few battery periods reaches this bound [Fig. 1(c)],
that a fast local unitary extracts the revival in place with-
out paying the toll, and that in collective batteries the
toll per cell exceeds its second-order value (Sec. VI). The
result shows that the ergotropy of the coupled battery
measures the work available in place but overestimates
the work available after disconnection, and that the lat-
ter can be predicted and optimized analytically. These
predictions rest on two findings about the gain itself. We
found that the rotating-wave, zero-temperature and Red-
field treatments on which the reported gains rest fail in
sharply identifiable regions: at T = 0.1ω0 the rotating-
wave solution overestimates the peak ergotropy delivered
through a shared bath by a factor of 27.5 (the delivered
energy by 33%), zero-temperature solutions overestimate
stored work at T = ω0 by factors of 2.6–3.2, and the Red-
field equation overestimates the peak ergotropy delivered
by a charger by a factor of 43.5 (the delivered energy by
69%; Fig. 2). We found that, where the gain is physical,
it requires spectral weight at the battery frequency and
that non-Markovianity, measured by information back-
flow, does not predict it: baths with long memory and
strong information backflow but without such weight de-
grade the battery faster than a Markovian bath (Fig. 3).

These findings turn the non-Markovian advantage from
a qualitative expectation into a quantitative design rule.
They identify which reported gains survive exact dy-
namics and finite temperature—for superconducting cir-
cuits operating at T ≈ 0.08ω0, the rotating-wave pre-
dictions remain accurate for single-channel protocols but
fail for shared baths at strong coupling—and they sup-
ply the coupling-ramp protocol that turns a revival into
usable work. Because the toll and its finite-time opti-
mum depend only on the system–bath correlation func-
tion, the same reasoning applies to any device that must
be connected to and disconnected from a structured en-
vironment, from strongly coupled heat engines to quan-
tum sensors and work buffers in error-corrected proces-
sors [56]. The paper is organized as follows. Section II
introduces the models and methods, Sec. III maps the va-
lidity of standard treatments, Sec. IV identifies the origin

of the gain, Sec. V derives the decoupling toll, Sec. VI
establishes the harvesting criterion and the decoupling
ramp, Sec. VII maps the results onto circuit quantum
electrodynamics and proposes experimental tests, and
Sec. VIII discusses implications and limits.

II. MODELS AND METHODS

A. Batteries, protocols and baths

We consider a qubit battery B with Hamiltonian HB =
ω0

2 σ
B
z and, where needed, a qubit charger C with the

same splitting. The system Hamiltonian HS and the op-
erator Q through which the system couples to a bosonic
environment define three protocols that cover the settings
studied in the literature:

• storage: HS = HB and Q = cosφσB
x + sinφσB

z ,
with the battery initially in |ψ⟩ = cos θ

2 |e⟩+sin θ
2 |g⟩

and θ = π/3, so that both population inversion and
coherence contribute to the ergotropy;

• charger-mediated charging : HS = ω0

2 (σC
z + σB

z ) +

g(σC
+σ

B
−+h.c.) with g = 0.1ω0, Q = σC

x , and initial
state |e⟩C |g⟩B ;

• shared-bath charging : HS = ω0

2 (σC
z + σB

z ) without

direct coupling, Q = σC
x + σB

x , and initial state
|e⟩C |g⟩B , so that energy can reach the battery only
through the common environment.

Unless stated otherwise φ = 0, i.e., the parity-symmetric
coupling used throughout the battery literature; the
tilted case φ ̸= 0 is analysed in Sec. V.
The total Hamiltonian is

H = HS +Q⊗X +HE , (1)

with X =
∑

k ck(bk + b†k) and HE =
∑

k ωkb
†
kbk, the

environment being initially in a Gibbs state at tempera-
ture T = 1/β and uncorrelated with the system, so that
the coupling is switched on suddenly at t = 0, as in the
literature. All environmental effects are encoded in the
correlation function

C(t) = ⟨X(t)X(0)⟩

=
1

π

∫ ∞

0

dω J(ω)
[

coth
βω

2
cosωt− i sinωt

]

, (2)

where J(ω) = π
∑

k c
2
kδ(ω − ωk) is the spectral density.

We use three families. The underdamped (Brownian)
density

JUD(ω) =
λ2Γω

(ω2
r − ω2)2 + Γ2ω2

(3)

has a peak of width Γ at ωr, which we place on resonance,
ωr = ω0. It is exactly equivalent to a single bosonic
mode a—the reaction coordinate (RC)—coupled to the
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FIG. 1. Non-Markovian ergotropy revivals are real but are largely consumed by the work needed to decouple
the battery. (a) Battery B coupled through Q = cosφσx + sinφσz to a structured bath, represented exactly as a reaction
coordinate damped by an Ohmic residual bath; a charger C enters the charger-mediated and shared-bath protocols. Work is
withdrawn by switching the coupling off with f(t) and then extracting the ergotropy. (b) HEOM ergotropy of the coupled
battery (black), the instantaneous decoupling tollWoff = −⟨HI⟩ (shaded) and their difference (purple) for λrc = 0.3ω0, r = 0.2,
T = 0.1ω0, φ = 0, compared with Markovian, Redfield and zero-temperature rotating-wave predictions. Inset: first revival.
(c) Fraction of the first revival recovered as net work for sudden decoupling at a counter-rotating node and for the best cos2

ramp. Lines: Eq. (19); symbols: HEOM with a time-dependent coupling.

system as λrcQ(a+a†) and damped by an Ohmic residual
bath [47, 48], with

λ2rc =
λ2

2ωr
, κ = Γ. (4)

In the narrow-peak limit JUD reduces to the Lorentzian
of width κ/2 and golden-rule decay rate γ0 = 4λ2rc/κ
used in the literature [27, 28]. The literature criterion
for non-Markovian dynamics, width < 2γ0, then reads

r ≡ κ

4λrc
< 1, (5)

and we use (λrc, r) as the two control parameters. We
also consider the overdamped Drude–Lorentz density
JDL(ω) = 2λDLγω/(ω

2 + γ2), whose memory time 1/γ
can be long without any spectral weight near ω0, and the
Ohmic density JO(ω) = αω e−ω/ωc . As a control we also
detune the underdamped peak, ωr ̸= ω0 at fixed κ, which
keeps the memory time but removes the weight at ω0.

We set ω0 = 1 and scan λrc ∈ {0.02, 0.05, 0.1, 0.2, 0.3},
r ∈ {0.05, 0.2, 1, 5} and T ∈ {0.1, 0.5, 1}; for Drude–
Lorentz and Ohmic baths, λDL ∈ {0.01, 0.03, 0.1}, γ ∈
{0.05, 0.2, 1, 5}, α ∈ {0.01, 0.05} and ωc ∈ {1, 5}. Super-
conducting circuits typically operate near T ≈ 0.08ω0,
close to the lowest temperature considered.

B. Numerically exact dynamics

Our reference is the HEOM [44, 45], as implemented
in QuTiP-BoFiN [46]. The correlation function (2) is
expanded in exponentials: Matsubara terms for under-
damped baths (Nk = 3), Padé terms for Drude–Lorentz
baths (Nk = 3–6), and least-squares fits with two to
four exponentials of C(t) itself for overdamped Brown-
ian baths (Γ ≥ 2ωr, where the analytic Matsubara de-
composition does not apply) and for Ohmic baths. The
hierarchy is truncated at depth 5–16. We accept a re-
sult when increasing Nk or the depth changes the fig-
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ure of merit by less than 1%. Appendix A documents
these tests. It identifies the regimes in which the default
depth is insufficient—shared-bath charging at strong cou-
pling or high temperature, slow Drude–Lorentz baths at
T = 0.5ω0, and the overdamped bath at T = ω0—for
which we use values from deeper hierarchies, and two
parameter sets in which the hierarchy is numerically un-
stable and which we exclude (shared-bath charging at
λrc = 0.3, r = 0.05, T = 0.1ω0, and all Drude–Lorentz
runs with γ = 5ω0 at T = 0.1ω0).
As an independent check we integrate the RC model,

ρ̇ = − i
[

HS + ωra
†a+ λrcQ(a+ a†), ρ

]

+ κ(n̄+ 1)D[a]ρ+ κn̄D[a†]ρ, (6)

with D[L]ρ = LρL† − 1
2{L†L, ρ}, n̄ = (eβωr − 1)−1 and

a Fock-space cutoff of 14 (converged against 24, Ap-
pendix A). Across all points with T ≤ 0.5 and r ≤ 1,
the RC and HEOM figures of merit differ by 0.2% in the
median, and by less than 4% for 58 of 65 points (Ap-
pendix A). Finite-time decoupling (Sec. VI) is computed
with HEOM directly. The HEOM generator is linear
in the coupling operator, so a time-dependent coupling
f(t)Q gives L(t) = L0+f(t)L1, where both parts are ob-
tained exactly from the hierarchies built for Q and 2Q;
the bath correlation function is unchanged. The ramp
work W =

∫

dt ḟ(t)⟨HI⟩(t) then follows from the first-
tier auxiliary density operators (Appendix A).

C. Treatments under test

We compare three treatments that underlie the claims
tested here, all built on the same J(ω). (i) Rotating-
wave exact solution: Eq. (6) with Q(a + a†) replaced
by σ+a + σ−a

† (summed over C and B for the shared
bath), at T = 0. Because the excitation number is con-
served, this is identical to the exact single-excitation so-
lution for a Lorentzian bath [14, 16, 27, 28]. (ii) Bloch–
Redfield : the non-secular second-order master equation
with the full power spectrum S(ω) = 2J(ω)[n̄(ω)+1] [29–
31]. (iii) Golden-rule (Markovian) master equation: a
Lindblad equation with rates 2J(ω0)(n̄+1) and 2J(ω0)n̄,
acting locally on the coupled qubit (collectively, through
σC
− + σB

− , for the shared bath). This is the Markovian
reference against which non-Markovian gains are usually
measured.

D. Figures of merit

The ergotropy of the battery state ρB is

E(ρB) = Tr[ρBHB ]− Tr[πρB
HB ], (7)

where the passive state πρB
has the eigenvalues of ρB

ordered inversely to the energies [1]. It splits into an in-
coherent part Ei, the ergotropy of ρB dephased in the

eigenbasis of HB , and a coherent part Ec = E − Ei [26].
For storage we use the time-integrated ergotropy

∫ tf
0

E dt,
with tf = min[max(8/κ, 60), 600]/ω0 so that the window
always contains the revivals; for charging we use the peak
battery ergotropy maxt EB(t). Equation (7) is the quan-
tity reported in the literature: the ergotropy of the bat-
tery while it is still coupled to the bath. In Secs. V and
VI we complement it with the work needed to decouple
the battery,

Woff(t) = −⟨HI⟩(t), ⟨HI⟩ =
∑

k

Tr
[

Qρ(k)
]

, (8)

where the sum runs over the first-tier auxiliary density
operators ρ(k) of the hierarchy. In equilibrium this ex-
pression reproduces the interaction energy λrc⟨Q(a+a†)⟩
of the system–RC Gibbs state to within 0.4% (Ap-
pendix A).

III. VALIDITY OF STANDARD TREATMENTS

Figure 2 compares the three treatments with HEOM
over the full parameter grid. The comparison sep-
arates three questions: whether the rotating-wave
single-excitation solutions are reliable, whether zero-
temperature results transfer to finite temperature, and
whether second-order master equations can describe the
regimes labelled as strong coupling.

A. Rotating-wave solutions: accurate for single
channels, unreliable for shared baths

For storage and for charger-mediated charging, the
rotating-wave solution is quantitatively reliable at low
temperature [Fig. 2(a), left and middle]. At T = 0.1ω0

and throughout the non-Markovian regime r < 1, its
figure of merit lies between 0.92 and 1.00 times the
exact value for both protocols. The residual devia-
tion grows with coupling, because the counter-rotating
terms neglected by the rotating-wave approximation shift
and dress the battery levels by an amount of order
λ2rc/ω0. Within this domain the qualitative conclusions
of Ref. [14]—that memory revives the stored ergotropy
and enables charging where the Markovian limit gives
none—are confirmed by the exact dynamics.
Charging through a shared bath is different [Fig. 2(a),

right]. The rotating-wave solution overestimates the peak
battery ergotropy by 7–11% at λrc = 0.1, by 32–67%
at λrc = 0.2, and by a factor of 27.5 at λrc = 0.3,
r = 0.2, where it predicts EB = 0.342ω0 while the
converged HEOM gives 0.0124ω0 [Fig. 2(d)]. Because
the battery state is diagonal in these protocols, its er-
gotropy ω0 max(0, 2pe − 1) has a threshold at pe = 1/2,
and large factors arise where the exact dynamics barely
crosses it: the excited-state populations are 0.671 and
0.506, so the delivered energy is overestimated by 33%,
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FIG. 2. Standard treatments of open quantum batteries fail in identifiable regions. Ratio of the approximate to the
exact (HEOM) figure of merit at T = 0.1ω0 (storage: time-integrated ergotropy; charging protocols: peak battery ergotropy)
for (a) the zero-temperature rotating-wave single-excitation solution and (b) the Bloch–Redfield equation, as a function of
coupling λrc and r = κ/4λrc. Dotted lines mark the non-Markovian threshold r = 1 of Eq. (5). “0”: both vanish; “∞”: the
approximation predicts charging that the exact dynamics does not deliver; “–”: no converged reference. (c) Overestimate by
zero-temperature rotating-wave solutions applied at finite temperature (λrc = 0.05, r = 0.05). (d) Shared-bath charging at
λrc = 0.3, r = 0.2: the rotating-wave solution predicts a peak battery ergotropy 27.5 times larger than the exact dynamics
delivers, while Redfield and Markovian equations predict none.

whereas the extractable work is overestimated 27.5-fold.
The reason is not a breakdown of dark-state protection.
The antisymmetric state |S⟩ = (|eg⟩ − |ge⟩)/

√
2 satisfies

Q|S⟩ = 0 for Q = σC
x +σB

x and therefore remains exactly
dark, counter-rotating terms included. Transfer from C
to B requires instead that the bright component |T0⟩ =
(|eg⟩+ |ge⟩)/

√
2 of the initial state |eg⟩ = (|T0⟩+ |S⟩)/

√
2

acquire a phase π relative to |S⟩. The bright state cou-

ples to the bath with the collective strength
√
2λrc, so

the counter-rotating terms shift its frequency and leak
its amplitude into |gg⟩ and |ee⟩, which destroys the phase
condition on which charging relies. Dark-state trapping
of energy in a shared bath [22, 23] therefore survives in
the exact dynamics, whereas the charging peak predicted
for strong collective coupling [16, 21, 22] does not survive
once λrc/ω0 ≳ 0.2. In Ref. [16] strong coupling refers to
the ratio of the Rabi frequency to the bath width, i.e.
r < 1; in that sense, and for λrc ≲ 0.1ω0, the rotating-
wave prediction is confirmed to within 11%.

B. Zero-temperature solutions at finite
temperature

Most non-Markovian battery solutions assume a vac-
uum environment. Figure 2(c) shows what happens when
they are used to describe a device at finite temperature.
At T = 0.5ω0 the zero-temperature result overestimates
the exact figure of merit by factors of 1.64 (storage), 1.08
(charger-mediated) and 1.38 (shared bath); at T = ω0 the
factors grow to 3.15, 1.32 and 3.0 (λrc = 0.05, r = 0.05;
for λrc = 0.02 the storage factor is 2.6). Thermal pho-
tons in the structured bath randomize the phases of the
vacuum Rabi oscillation that produces the revival, and
photons absorbed from the bath during the revival de-
grade it further; Sec. VI turns this into a quantitative
theory. The non-Markovian gain survives these losses as
a ratio—at T = ω0 the exact storage figure of merit still
exceeds the Markovian one by a factor of about 40 for
λrc = 0.02—but its absolute size is about three times
smaller than zero-temperature solutions suggest. For su-
perconducting circuits at T ≈ 0.08ω0 the correction is
negligible; for spin-based and other low-frequency plat-
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forms operated at T ≳ ω0 it is not.

C. The Bloch–Redfield equation in the
non-Markovian regime

The Bloch–Redfield equation fails throughout the non-
Markovian regime [Fig. 2(b)], and in a direction that
depends on the protocol. For storage it underestimates
the time-integrated ergotropy by 80–98.5% (ratios 0.015–
0.20 for r < 1), because its time-independent rates can-
not generate revivals. For charger-mediated charging
it overestimates the peak battery ergotropy by up to
a factor of 43.5 (0.72ω0 against 0.017ω0 at λrc = 0.1,
r = 0.05; excited-state populations 0.860 against 0.508,
i.e. 69% in delivered energy). The next-largest factor
on the grid is 3.6 (r = 0.2). Here the golden-rule rate
γ0 = λrc/r exceeds both the charger–battery coupling
g and the bath width, so the separation of time scales
on which the second-order equation rests no longer ex-
ists. For shared-bath charging it predicts no charging
at all, missing the coherent exchange mediated by the
structured bath. Agreement is recovered only for broad
baths (r = 5), where Redfield and HEOM agree to within
3.2% for storage and 17% for charger-mediated charging.
Studies that use the Bloch–Redfield equation to describe
strongly coupled, non-Markovian batteries [29–31] there-
fore rest on an approximation that is uncontrolled pre-
cisely in the regime of interest. For slow overdamped
baths and tilted coupling (φ = π/4) it even violates pos-
itivity, with density-matrix eigenvalues down to −0.15
(Sec. IV).

The Markovian reference itself is reliable where it
should be. For broad baths (r = 5) at T = 0.1ω0

it agrees with HEOM to within 3.2% for storage (and
19% for charger-mediated charging), so gains measured
against it in Secs. IV–VI are meaningful. Strong cou-
pling at high temperature is an exception even for broad
baths. At λrc = 0.3 the golden-rule equation overesti-
mates the stored ergotropy by 46% (T = 0.5) and 59%
(T = ω0), and for charger-mediated charging at T = 0.5
it predicts a peak ergotropy of 0.235ω0 where the ex-
act dynamics never brings the battery past population
inversion (EB = 0).

Taken together, Fig. 2 provides a validity map. The
rotating-wave solutions remain accurate (to within 8.4%)
for single-channel protocols at low temperature through-
out the non-Markovian regime r < 1 up to λrc = 0.3ω0;
they fail for shared-bath charging beyond λrc ≈ 0.1ω0

and, as zero-temperature solutions, at T ≳ 0.5ω0. The
time-independent Bloch–Redfield equation should not be
used for r < 1; time-convolutionless and memory-kernel
equations were not tested here. The non-Markovian ad-
vantage is therefore a physical effect, but its reported
size depends on the treatment. Section IV asks what
produces it.

IV. SPECTRAL ORIGIN OF THE
NON-MARKOVIAN GAIN

The non-Markovian advantage is usually attributed to
memory: a bath that remembers the battery returns in-
formation and energy to it [14, 15, 17, 18]. If memory
produced the gain, the gain should track a measure of
memory. Figure 3 tests this with two such measures, the
bath memory time τB and the Breuer–Laine–Piilo non-
Markovianity NBLP [57], the total increase of the trace
distance between two evolving battery states. We eval-
uate it for the pairs (|e⟩, |g⟩) and (|+⟩, |−⟩), which gives
a lower bound, and, where this bound vanishes, take the
largest value over a sample of orthogonal pure-state pairs.
In each case it measures the stored ergotropy relative to
the golden-rule limit with the same rate 2J(ω0).

For underdamped baths, which carry their spectral
weight in a peak at the battery frequency, the exact gain
grows monotonically with memory time and reaches a
factor of 82 (λrc = 0.05, r = 0.05, T = 0.1). Even at
r = 1, the threshold of Eq. (5), it is 1.5–1.8. The gain
decreases only moderately with temperature, from 82 to
57 at T = 0.5ω0 for the same parameters.

Drude–Lorentz baths behave in the opposite way.
Their spectral weight is concentrated at frequencies of
order γ ≪ ω0, so a long memory time 1/γ comes with
little weight at the battery frequency. For γ = 0.05ω0

(τB = 20/ω0) the exact stored ergotropy falls below the
Markovian value: to 0.74 of it at T = 0.1 and λDL = 0.1,
and to 0.45 at T = 0.5, where the deviation grows with
both coupling (0.87, 0.60 and 0.45 for λDL = 0.01, 0.03
and 0.1) and slowness of the bath (0.73 at γ = 0.2). A
modest gain appears only once the bath becomes fast
enough to place weight near ω0 (up to 1.24 at γ = ω0,
for λDL = 0.1); for γ = 5ω0 the dynamics is Markovian
to within 3% (T = 0.5ω0; the hierarchy is unstable at
T = 0.1ω0, Appendix A). Ohmic baths, which are broad
and featureless, give gains of at most 9% (1.01–1.09).
These trends are consistent with the following picture.
A slow bath acts on the battery as a quasi-static random
transverse field, whose variance grows with λDL and T .
This field tilts the quantization axis and dephases the
energy-basis coherences on top of the golden-rule decay—
an effect that a Markovian treatment, which samples J
only at ω0, cannot see. Memory without spectral weight
at ω0 is therefore a liability, not a resource.

A controlled test separates the two. Detuning the peak
of an underdamped bath to ωr = 0.6–1.4ω0 at fixed
width keeps the memory time, and a non-Markovianity of
the same order as on resonance, but removes the weight
at ω0 [Fig. 3(b),(c)]. The gain then disappears. For
λrc = 0.05 and κ = 0.01ω0 (τBω0 = 100), NBLP falls
only from 4.4 to 1.0–2.3, whereas the gain falls from 82
to 0.85–0.95, i.e. below the Markovian value. Conversely,
a resonant bath with r = 1 gives a gain of 1.54 and a
Drude–Lorentz bath with γ = ω0 a gain of 1.24, although
their backflow is negligible for every pair we sampled:
over 17 pairs of orthogonal pure states (the class that
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FIG. 3. The non-Markovian gain requires spectral weight at the battery frequency, not long memory. (a) Time-
integrated stored ergotropy from HEOM relative to the golden-rule Markovian limit with the same J(ω0), versus the bath
memory time τB (1/κ, 1/γ or 1/ωc), for underdamped (peaked at ω0), Drude–Lorentz and Ohmic spectral densities. Filled
symbols: T = 0.1ω0; open symbols: T = 0.5ω0; darker colours: stronger coupling. Slow overdamped baths reduce the stored
work to as little as 0.45 of the Markovian value, whereas resonant peaked baths enhance it by up to a factor of 82. (b) The same
ratio versus the non-Markovianity NBLP for resonant and detuned (ωr = 0.6–1.4ω0, same κ) underdamped baths (λrc = 0.05,
T = 0.1ω0), Drude–Lorentz baths (λDL = 0.03, 0.1; filled T = 0.1, open T = 0.5ω0) and Ohmic baths; NBLP is the larger of
the values for (|e⟩, |g⟩) and (|+⟩, |−⟩); points with NBLP = 0 are drawn at the left edge. (c) Spectral densities with comparable
memory but opposite outcomes; the legend gives the gain.

contains the optimal pair for a qubit [58]), the largest
value is 2 × 10−4, four orders of magnitude below the
detuned baths. Across all baths, NBLP does not pre-
dict the gain [Fig. 3(b)]: the slow Drude–Lorentz bath
at T = 0.5ω0 has NBLP = 0.78 and stores the least work
(0.45 of the Markovian value). Information backflow thus
does not predict the gain: it is not sufficient, and a siz-
able gain occurs with backflow that is negligible for all
sampled state pairs.

The same baths expose a further failure of second-order
treatments. With a tilted coupling and a slow Drude–
Lorentz bath the Bloch–Redfield equation produces den-
sity matrices with negative eigenvalues (down to −0.15
for λDL = 0.1, γ = 0.05, T = 0.5), together with a time-
integrated ergotropy twenty times larger than the exact
value (123 versus 6.0). It therefore cannot be used to
decide whether a slow bath helps or hurts.

Figure 3(c) summarizes the conclusion. What the bat-
tery needs from its environment is spectral weight at ω0

in a narrow band, which turns dissipation into coherent
exchange with a bath mode; long memory is a by-product
of a narrow band, not the cause of the gain. This agrees
with the recent suggestion that memory itself is not re-
quired [55], but here it is established with exact dynamics
and with a counterexample in which memory is long and
the effect is negative. It also identifies the quantity that
a battery designer should engineer: the spectral density

at the battery frequency, rather than a measure of non-
Markovianity such as information backflow [57].

V. THE DECOUPLING TOLL

The ergotropy (7) is the work extractable from the
battery after it has been disconnected from the bath.
Disconnection, however, costs work: removing the inter-
action term changes the energy of the global state by
Woff = −⟨HI⟩ [Eq. (8)]. For batteries charged by ther-
malization, this connection and disconnection work has
been computed numerically and shown to limit the effi-
ciency of a charging cycle [36, 37, 59]. For a general bi-
partite system, the ergotropy left after a sudden switch-
off minus its quench cost, the switch-off ergotropy, has
been defined and compared with the local ergotropy ex-
tractable without decoupling [33, 35]. Here we derive
the cost in closed form for a qubit battery coupled to a
bosonic bath, track it along the non-Markovian dynam-
ics, and minimize it in finite time (Sec. VI).



8

10
−2

10
−1

exact Weq  (ω0)

10
−2

10
−1

cl
os

ed
 fo

rm
 W

C
R

+
W
re
s

+
W
z

band: ±7%

a
RC, φ= 0
RC, π/8
RC, π/4
HEOM, DL
HEOM, Ohm.

0 1 2
T/ω0

0.00

0.02

0.04

0.06

0.08

W
eq

  (
ω

0)

2λ
2

λrc = 0.2ω0, φ= 0

b

WCR = 2λ
2
/(ω0 +ωr)

Wres = 2λ
2
β n(n+ 1)

2n+ 1

exact Gibbs (S+RC)

0.0 0.2
λrc/ω0

0.0

0.2

0.4

0.6

0.8

1.0

H
M
F
 s

pl
itt

in
g 
ω

ef
f/ω

0

c

T= 0.05
T= 0.1

T= 0.2
T= 0.5

0.4 0.6 0.8
Ec/E  (bare basis)

0.4

0.5

0.6

0.7

0.8

0.9

E c
/E

  (
H
M
F
 b

as
is

)

max shift
4 points

d

φ= 0
φ=π/4

FIG. 4. The decoupling toll has a closed form, whereas mean-force ergotropy collapses at low temperature. (a)
Closed-form toll cos2 φ [WCR +Wres(T )] + sin2 φWz [Eqs. (10)–(12)] versus exact values from the system–reaction-coordinate
Gibbs state (φ = 0: T = 0.05–2ω0; φ = π/8, π/4: T = 0.1–1ω0), HEOM steady states for Drude–Lorentz baths and long-time
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for λrc = 0.2ω0, compared with exact values. (c) Level splitting of the Hamiltonian of mean force; lines: low-temperature
form (14). Because EMF = (ωeff/ω0)E for parity-symmetric coupling, mean-force ergotropy vanishes as T → 0 irrespective of
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A. Second-order dynamics of the interaction
energy

Starting from the product state at t = 0, second-
order perturbation theory in HI gives ⟨HI⟩(t) =

2
∫ t

0
dτ Im[G(τ)C(τ)], where G(τ) = ⟨Q(τ)Q(0)⟩ is the

free system correlation function. For Q = σx it reads
G(τ) = pee

iω0τ + pge
−iω0τ , because coherences do not

enter at this order. Inserting Eq. (2) yields

⟨HI⟩(t) =
2

π

∫ ∞

0

dω J(ω)
{

[

n̄pe − (n̄+ 1)pg
]

× 1− cos(ω + ω0)t

ω + ω0
+
[

(n̄+ 1)pe − n̄pg
]

× 1− cos(ω − ω0)t

ω0 − ω

}

, (9)

with n̄ = n̄(ω). The first term stems from the counter-
rotating part of the coupling. It describes the dressing
of the battery by virtual bath excitations, which builds
up on the time scale 1/(ω + ω0) while oscillating at the
frequency ω+ ω0. The second term stems from resonant
exchange.

B. Closed form of the equilibrium toll

At long times and with Gibbs populations, pe/pg =
e−βω0 , the numerator (n̄ + 1)pe − n̄pg of the resonant
term vanishes exactly at ω = ω0 (detailed balance), so
the principal value is regular. The equilibrium toll then

takes the closed form

Weq =WCR +Wres(T ), (10)

WCR =
2

π

∫

dω J(ω)
(n̄+ 1)pg − n̄pe

ω + ω0
,

Wres =
2

π
P

∫

dω J(ω)
n̄pg − (n̄+ 1)pe

ω0 − ω
.

For a resonant reaction coordinate (ωr = ω0) in the
narrow-peak limit κ≪ ω0 both terms are elementary:

Weq(T ) =
2λ2rc

ω0 + ωr
+ 2λ2rcβ

n̄(n̄+ 1)

2n̄+ 1
, (11)

with n̄ = n̄(ω0). For a finite width, Eq. (10) must
be integrated with JUD; at λrc = 0.3 this lowers WCR

by 7% for r = 0.2 and by a factor of 2.5 for r = 5,
where the peak is broader than ω0. At zero temperature
Weq = 2λ2rc/(ω0 + ωr) is twice the Bloch–Siegert bind-
ing energy Eb = λ2rc/(ω0 + ωr) of the dressed ground
state, as required by the Hellmann–Feynman relation
⟨HI⟩ = 2E(2) for the second-order energy shift E(2) =
−Eb. The resonant term Wres vanishes at T = 0. At
finite temperature it arises because thermally occupied
Jaynes–Cummings doublets, split by ±λrc

√
m+ 1 in the

sector with m thermal quanta, preferentially populate
their lower member; at high temperature it saturates at
λ2rc, so that Weq → 2λ2rc [Fig. 4(b)].
For the tilted couplingQ = cosφσx+sinφσz the static

component contributes sin2 φ ⟨σ2
z⟩ = sin2 φ to G(τ),

which adds a polaron binding term:

Weq(φ) = cos2 φ
[

WCR +Wres(T )
]

+ sin2 φWz, (12)
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withWz = (2/π)
∫

dω J(ω)/ω, i.e.,Wz = 2λ2rc/ωr for the
reaction coordinate. This term is independent of temper-
ature at second order.
Equations (10)–(12) agree with all exact results

[Fig. 4(a)].

• For the reaction coordinate (36 Gibbs states, φ =
0, π/8, π/4, T = 0.1–1) the deviation from the exact
Gibbs state is below 0.7% for λrc ≤ 0.1 and at most
6.1% at λrc = 0.3, as expected from fourth-order
corrections.

• For Drude–Lorentz baths the deviation from
HEOM steady states is 0.1–3.0% (at most 0.7% for
γ = 5ω0).

• For Ohmic baths it is at most 2.2% relative to the
long-time HEOM value.

The toll is therefore set by the spectral density and the
temperature alone, through the same formula for struc-
tured and featureless baths. It scales as λ2, i.e., with the
same coupling that produces the non-Markovian gain.

C. Limits of mean-force ergotropy as withdrawable
work

A natural alternative to paying the toll is to define the
battery energy at strong coupling through the Hamilto-
nian of mean force [38, 39],

HMF = −T ln
TrE e

−βH

ZE
, (13)

which makes the reduced equilibrium state a Gibbs state,
and to quantify stored work as the ergotropy EMF with
respect to HMF. For parity-symmetric coupling, Q =

σx, the global parity σze
iπ

∑
k b†

k
bk is conserved. Hence

HMF = ωeff

2 σz up to a constant. Since the ergotropy of
a qubit is linear in its level splitting, EMF = (ωeff/ω0) E
holds exactly, and so does the split into coherent and
incoherent parts. The effective splitting is fixed by the
excited-state population p of the mean-force Gibbs state,
ωeff = T ln[(1−p)/p]. At low temperature p is dominated
by the virtual excitations of the dressed ground state
rather than by the Boltzmann factor, which gives

ωeff ≃ T ln
1− p

p
, p ≃ λ2rc

(ω0 + ωr)2
+ e−ω0/T . (14)

Once T ≲ ω0/ ln[(ω0+ωr)
2/λ2rc], therefore, ωeff decreases

linearly with T and vanishes as T → 0. Even weak
coupling is affected: at T = 0.1ω0, ωeff/ω0 = 0.73 for
λrc = 0.05 and 0.37 for λrc = 0.3, and at T = 0.05ω0 it
reaches 0.19 for λrc = 0.3 [Fig. 4(c)]. Equation (14) re-
produces these values to within 1% at T ≤ 0.1ω0. Mean-
force ergotropy thus collapses at low temperature for ev-
ery state. This is precisely the regime of superconduct-
ing batteries, so it cannot serve as a measure of stored

work there. It is in line with the recent observation that
the reduced equilibrium state does not determine a local
Hamiltonian and temperature unambiguously [42, 43].
Conversely, the mean-force Gibbs state can carry coher-
ent ergotropy with respect to the bare Hamiltonian at
strong coupling [40]; withdrawing it requires disconnect-
ing the battery and therefore paying the toll (10). For
the shared bath, the exactly dark singlet (Sec. III) makes
the dynamics non-ergodic, so the mean-force Gibbs state
is never reached from these initial states and HMF does
not describe the stationary battery.
The choice of energy operator also leaves the split into

coherent and incoherent ergotropy essentially unchanged
[Fig. 4(d)]. The split is identical for φ = 0 and shifts
by at most four percentage points for φ = π/4, where
HMF acquires small off-diagonal elements. In contrast,
the coupling geometry itself, i.e., changing φ from 0 to
π/4 at fixed λrc, changes the coherent fraction by up to
19 points, because the σz component dephases the bat-
tery. The operationally meaningful quantity at strong
coupling is therefore not EMF but the work that can ac-
tually be withdrawn: the net work E−Woff if the battery
is disconnected, or the local ergotropy if it is not. Sec-
tion VI determines when the net work is positive, how
to maximize it, and how it compares with extraction in
place.

VI. HARVESTING CRITERION AND
OPTIMAL DECOUPLING

Figure 1(b) shows that the toll of Sec. V is of the same
order as the revivals that make up the non-Markovian
gain. Whether a revival is a resource therefore depends
on how the battery is disconnected. In this section we
derive the net work for the two limiting decoupling pro-
tocols, obtain the criterion that decides when a revival
can be harvested, and construct the finite-time ramp that
reaches the optimal limit. We treat the storage protocol
with φ = 0 and the resonant reaction coordinate first, ex-
tend the result to finite temperature and tilted coupling,
and finally compare decoupling with extraction in place.

A. Revivals and the dressing they carry

At T = 0 the rotating-wave solution is exact in the
single-excitation sector and, as shown in Sec. III, accu-
rate for storage up to λrc = 0.3ω0. The excited-state
amplitude is c u(t) with c = cos θ

2 , s = sin θ
2 , and

u(t) = e−κt/4
[

cosΩt+
κ

4Ω
sinΩt

]

,

Ω =
√

λ2rc − κ2/16. (15)

Because u̇ ∝ sinΩt, the revivals peak exactly at tn =
nπ/Ω, where their depth is

xn ≡ |u(tn)|2 = exp
(

− nπκ

2Ω

)

≃ e−2πnr. (16)
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FIG. 5. In second-order theory a revival yields net work after disconnection only if it exceeds the system–bath
binding energy (half the sudden-decoupling toll), a bound that a cos2 ramp lasting a few battery periods
nearly reaches. (a) Recovered fraction of the first revival versus the revival depth xn. Lines: Eq. (19) for adiabatic (solid)
and sudden-at-node (dashed) decoupling; the optimal protocol switches at x∗ = 1/(1 + s2). Symbols: best finite-time ramp
(filled) and best sudden decoupling (open) from HEOM with a time-dependent coupling, T = 0.1ω0. (b) Work to remove
an equilibrated dressing with a cos2 ramp of duration τ . Line: Eq. (22); symbols: exact closed dynamics. In second-order
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T → 0. Symbols: parameters at which HEOM yields positive net work from the first revival (T = 0.1ω0).

Inserting ⟨σz⟩ = 2c2xn − 1 and |⟨σ+⟩| = cs
√
xn into the

qubit ergotropy gives the revival ergotropy

En =
ω0

2

[

2c2xn − 1 +
√

(2c2xn − 1)2 + 4c2s2xn

]

≃ ω0 sin
2 θ

4
xn (xn ≪ 1), (17)

which agrees with the HEOM revival at T = 0.1ω0 to
within 3% for λrc ≤ 0.2 and 7% at λrc = 0.3 (where it
underestimates).
The toll at tn follows from the counter-rotating term

of Eq. (9). For the reaction coordinate it consists of two
parts:

WCR
off (t) ≃WCR

[

pg(t)−pg(0) e−κt/2 cos(ω0+ωr)t
]

. (18)

The first part is the equilibrated dressing. It follows the
instantaneous ground-state weight pg(t) on the fast time
scale 1/(ω0 +ωr), because only the ground-state compo-
nent is bound at T = 0. The second part is the memory
of the quench at t = 0. It oscillates at ω0 + ωr, carries
the initial weight pg(0) = s2, and decays at the rate κ/2
of the reaction coordinate—the same rate that sets the
revival depth. At tn its envelope is therefore xn again.
Equation (18) reproduces the HEOM toll Woff(t) over
the first three revival periods with a root-mean-square
error of 0.004–0.006ω0 at λrc = 0.2 and 0.008–0.015ω0

at λrc = 0.3 (T = 0.1ω0).

B. Two decoupling limits and the harvesting
criterion

Two limiting protocols bracket the work needed to dis-
connect the battery at a revival. (i) Sudden decoupling at
a node. Switching the coupling off instantaneously at a
time where cos(ω0+ωr)t = 1 costsWCR[pg(tn)−pg(0)xn].
The nodes are spaced by 2π/(ω0+ωr), finer than the re-
vival width ∼ π/2λrc for λrc ≲ 0.2ω0 and comparable to
it at λrc = 0.3ω0, so a node is always close to the revival
peak. (ii) Adiabatic decoupling. Ramping the coupling
down slowly compared with 1/(ω0 + ωr) lets the dress-
ing follow the coupling and returns half of its energy, so
that the cost is the binding energy Eb =WCR/2 per unit
ground-state weight, whether or not the quench oscilla-
tion is still present. The total, WCR pg(tn)/2, contains
no quench-memory term; it depends on xn only through
pg(tn). At finite temperature both protocols pay in ad-
dition the part of the resonant toll that has built up,
Wres(T )(1− xn). The work that can be withdrawn from
the n-th revival is therefore

Enet
n ≃ En −WCR min

[

pg(tn)− pg(0)xn,
1
2pg(tn)

]

−Wres(T ) (1− xn). (19)

This is the harvesting criterion: a revival is a resource
only if Enet

n > 0. Equation (19) gives a precise mean-
ing to the intuition that the revival must exceed the toll.
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What must be exceeded is not Weq but, for the opti-
mal protocol, the binding energy pgWCR/2, i.e., half the
sudden toll, plus the resonant thermal term.
At T = 0, where pg(tn) = 1− c2xn and pg(0) = s2, the

cost of sudden decoupling at a node reduces to WCR(1−
xn). It is lower than the adiabatic cost only for deep
revivals,

xn > x∗ =
1

1 + s2
, (20)

i.e., x∗ = 0.8 for θ = π/3, which requires r <
ln(1.25)/2π ≈ 0.036 for the first revival. A larger ini-
tial ground-state weight widens the window for sudden
decoupling. All of our parameter points have x1 ≤ 0.73,
so Eq. (19) predicts that the adiabatic limit is optimal
throughout, and the exact dynamics agrees: of the 16
points with φ = 0, the best finite ramp outperforms sud-
den decoupling at 15 and matches it to within 0.1% at
the remaining one (λrc = 0.05, r = 0.05, T = 0.5ω0).
For shallow revivals, xn ≪ 1, Eqs. (17) and (19) with the
optimal protocol give the index of the last harvestable
revival,

n∗ ≃ 1

2πr
ln
ω0(ω0 + ωr) sin

2 θ

4λ2rc
. (21)

Stronger coupling increases the number of revivals per
unit time, but it reduces the number that can be har-
vested, because the binding energy grows as λ2rc while the
revival ergotropy does not. For λrc = 0.1 and r = 0.05,
about eleven revivals can be harvested; for λrc = 0.3 and
r = 0.2, only the first [Fig. 5(c)].
We tested Eq. (19) against exact HEOM with

a time-dependent coupling (Sec. II), for λrc ∈
{0.05, 0.1, 0.2, 0.3}, r ∈ {0.05, 0.2} and T ∈ {0.1, 0.5}ω0,
optimizing the start time and duration of a cos2 ramp
[Fig. 5(a)]. At T = 0.1ω0 the predicted net work deviates
from the exact value by at most 0.009ω0, and it under-
estimates the net work wherever the deviation exceeds
0.002ω0 except at λrc = 0.3, r = 0.05. The recovered
fraction of the first revival is at least 96% for λrc ≤ 0.1,
but it drops to 86% at λrc = 0.2 and to 61% at λrc = 0.3
for r = 0.2. Sudden decoupling recovers only 26% of the
revival at λrc = 0.3, r = 0.2.

C. Finite-time decoupling ramp

The adiabatic limit seems to require a slow ramp, dur-
ing which the revival decays. A second-order calculation
for a ramp f(t/τ) from 1 to 0 acting on an equilibrated
dressing shows that it does not. The work is

W (τ) =
WCR

2

[

1 + |F (ν)|2
]

, F (ν) =

∫ 1

0

ds ḟ(s) eiνs,

(22)
with ν = (ω0 + ωr)τ . It interpolates between the sud-
den toll WCR at τ → 0 and the binding energy WCR/2

at τ → ∞. For the cos2 ramp, f(s) = cos2(πs/2), the
diabatic excess is |F (ν)|2 = π4 cos2(ν/2)/(π2− ν2)2. Be-
sides decaying as ν−4, it vanishes at ν = (2k + 1)π with
k ≥ 1, so that in this single-mode, second-order theory
the adiabatic limit is reached at the finite ramp durations

τk =
(2k + 1)π

ω0 + ωr
, τ1 =

3π

ω0 + ωr
≈ 4.71

ω0
. (23)

Equation (22) agrees with the exact closed system–
reaction-coordinate dynamics to within 0.7% for λrc =
0.1 and 7% for λrc = 0.3, the latter set by fourth-order
corrections [Fig. 5(b)]. At τ1 the exact work is 0.502WCR

for λrc = 0.1.

The zeros are a property of a single bath mode in
second-order theory. For a continuous spectral den-
sity the second-order excess, (1/π)

∫

dω J(ω)|F ((ω +
ω0)τ)|2/(ω + ω0) at T = 0, samples |F |2 over the whole
band and no longer vanishes. At τ1 it amounts to 0.2%,
0.8%, 3.2% and 8.9% of Eb for underdamped baths with
r = 0.05, 0.2, 1 and 5 (λrc = 0.3), and to 1.7% for a
Drude–Lorentz bath with γ = ω0. Because |F |2 decays
as ν−4, it falls below 0.2% of Eb in all cases once ω0τ ≈ 8.
The robust design rule is therefore that a cos2 ramp last-
ing a few battery periods, τ ≳ τ1, reaches the adiabatic
limit to within the bath width; τ1 is its shortest duration
for a narrow resonant bath.

With dissipation, the ramp must also be short com-
pared with the revival lifetime. The net work then
plateaus from τ1 to ω0τ ≈ 6.5 [Fig. 5(b), inset]. For
λrc = 0.3 and r = 0.2 it is 0.0516–0.0519ω0 for ω0τ be-
tween 4.7 and 6.5, 2.4 times the value for sudden decou-
pling (0.0217ω0), and it is only 3% lower at ω0τ = 8. The
rotating exchange with the reaction coordinate continues
during the ramp, but this is compensated by starting the
ramp earlier, so that the exchange angle accumulated un-
der the reduced coupling brings the battery to its revival
at the end of the ramp. The optimal protocol is there-
fore adiabatic with respect to the counter-rotating dress-
ing and effectively sudden with respect to resonant ex-
change. It requires only control of the coupling strength
over a few periods of the battery, which tunable couplers
on superconducting platforms, where the extraction of
coherent ergotropy has been demonstrated [8], provide.

D. Finite temperature and tilted coupling

At finite temperature the revival ergotropy itself de-
creases (Sec. III). Two processes contribute: thermal
photons present in the reaction coordinate at t = 0
randomize the phases of the vacuum Rabi oscillation,
and photons absorbed from the residual bath during
the revival degrade it further. In the rotating-wave
reaction-coordinate dynamics they act multiplicatively,
En(T ) ≃ E init

n Eabs
n /En(0), to within about 3% for T ≤ ω0.

This suggests a cumulant resummation in the thermal
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occupation n̄,

En(T ) ≃ max
t

En(0; t) en̄ c1(t), c1 =
∂ ln En
∂n̄

∣

∣

∣

n̄=0
, (24)

where the first-order coefficient c1(t) is computed ex-
actly from a block-matrix exponential of the reaction-
coordinate Liouvillian, and the maximization over time
accounts for the thermal shift of the revival. Equa-
tion (24) reproduces the exact rotating-wave revival to
within 6% for r = 0.05 and 15% for r = 0.2 up to n̄ = 1
(T ≈ 1.4ω0), and the HEOM revival at T = 0.5ω0 to
within 3% for λrc ≤ 0.2 and 8% at λrc = 0.3. Inserted
into Eq. (19) with the thermal toll (11), it predicts the
net work at T = 0.5ω0 to within 0.007ω0, with the cor-
rect sign at every point. At λrc = 0.3, r = 0.2 none
of the decoupling protocols we tested yields net work:
the best ramp gives −0.016ω0, against a prediction of
−0.023ω0. Temperature thus taxes a revival twice: it
reduces En and addsWres(T ). At T ≳ ω0 the revival falls
below 30% of its zero-temperature value, while the toll
approaches 2λ2rc, and net harvesting essentially ceases.
For tilted coupling, the static polaron term of

Eq. (12) enters Eq. (19) as sin2 φWz/2 for adiabatic
and sin2 φWz(1 − xn) for sudden decoupling. The re-
vival is reduced as well: exchange proceeds at the rate
λrc cosφ, and the σz component dephases the battery
by the independent-boson factor e−Γ(tn), with Γ(t) =
4
π sin2 φ

∫

dω J(ω) coth βω
2 (1 − cosωt)/ω2 evaluated at

the revival. Because JUD ∝ ω at low frequency, Γ(t)
grows logarithmically at T = 0 and linearly at finite
temperature, so it has no long-time limit; at the re-
vival (λrc = 0.2, r = 0.05, φ = π/4) it exceeds the
single-mode phase average 4λ2rc sin

2 φ/ω2
r by factors of

1.8 (T = 0.1ω0) and 3.0 (T = 0.5ω0), so the finite-time
value must be used. An exact polaron transformation
shows that the leading correction beyond this picture is
a two-phonon Franck–Condon exchange, |e, 0⟩ ↔ |g, 2⟩;
including it reproduces the exact revival to within 6%
for λrc ≤ 0.2. With the revival taken from the dynamics,
Eq. (19) including Wz predicts the HEOM net work for
φ = π/4, λrc = 0.2 and r = 0.05 to within 0.014ω0 at
both temperatures; with the analytic independent-boson
revival the error is 0.015ω0 at T = 0.1ω0 but 0.04ω0 at
T = 0.5ω0, where thermal cross terms are missing. At
λrc = 0.3 and φ ̸= 0, however, a resonant cross term be-
tween the σx and σz couplings grows secularly during the
dynamics and makes the transient toll non-perturbative.
The equilibrium toll (12) remains accurate there, but the
net work must be computed numerically.

E. Extraction without disconnection

The toll is paid only if the battery is disconnected.
Work can also be withdrawn in place, by a unitary on
the battery alone applied while the coupling stays on.
The maximum work extracted in this way is the local
ergotropy [33, 34]. For a qubit it has a closed form [33],

which for the coupling Q = q · σ takes a particularly
simple shape. A local unitary rotates the Bloch vector r
and the correlation vector ca = λrc⟨σa ⊗ (a+ a†)⟩ by the
same rotation R ∈ SO(3), so the energy after the unitary
is Tr[ATR] with A = ω0

2 ẑ r
T + qc

T. The minimum over
SO(3) of this linear function is −∥A∥∗, the sum of the
singular values of the rank-two matrix A, so that

Eloc = TrA+ ∥A∥∗, (25)

which reduces to the qubit ergotropy for λrc = 0. Equa-
tion (25) is the case detA = 0 of the general qubit for-
mula of Ref. [33], for which the correction for a negative
determinant vanishes.
We evaluated Eq. (25) along the HEOM dynamics,

with the correlation vector ca =
∑

k Tr[σaρ
(k)] obtained

from the first-tier auxiliary density operators, and max-
imized it over the revival window, as for the decoupling
protocols. In-place extraction outperforms decoupling
at every point we computed: it exceeds the best finite-
time ramp at all 18 points (φ = 0 with λrc = 0.05–0.3,
r = 0.05, 0.2 and T = 0.1, 0.5ω0, and φ = π/4 with
λrc = 0.2, r = 0.05). The advantage is negligible at
weak coupling and grows with the toll. At λrc = 0.3
and r = 0.2, in-place extraction yields 0.092ω0 against
0.052ω0 for the best tested ramp and 0.022ω0 for switch-
off at T = 0.1ω0. At T = 0.5ω0 it yields 0.042ω0, where
every decoupling protocol we tested loses work. A quali-
tatively similar ordering was found for Jaynes–Cummings
eigenstates in Ref. [33], which also shows that no general
ordering between local and switch-off ergotropy exists.
At φ = 0, the local ergotropy agrees with the ergotropy
of the coupled battery to within −2% to +9%, because
the unitary can also lower the interaction energy. The
coupled-state ergotropy used in the literature is there-
fore a good estimate of the work that can be withdrawn
in place, but not of the work that can be withdrawn after
disconnection.
In-place extraction requires a pulse on the battery that

is short compared with 1/λrc, so that the coupling acts
negligibly during it; the free precession under HS can be
absorbed in the pulse phase. In-place extraction must,
however, take place at the revival itself, within a time
of order 1/κ, after which the revival has decayed. Dis-
connection, and with it the toll, is therefore unavoidable
whenever the energy is needed later than the revival, or
by a load that is not coupled to the same environment, for
example when a charged cell is moved to another register
or kept in storage.

F. Collective storage

Practical batteries consist of many cells that share an
environment. Figure 6 extends the storage protocol to
N = 1–3 cells, each prepared in |ψ⟩ and coupled collec-
tively through Q =

∑

i σ
i
x to one resonant bath, com-

puted with HEOM. Three effects appear.
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FIG. 6. In collective storage the toll per cell exceeds its second-order value, while the collective revival grows
faster at first. N cells, each prepared in |ψ⟩, share one resonant bath through Q =

∑
i
σi

x (r = 0.2, T = 0.1ω0). (a)
Equilibrium toll per cell from the exact system–RC Gibbs state; dotted lines: second-order (extensive) value, Eq. (11). (b)
Peak of the first revival (filled) and net work after sudden decoupling (open), per cell, from HEOM. (c) Ratio of rotating-wave
to HEOM stored ergotropy.

First, the toll per cell is extensive only at second order.
The exact equilibrium toll per cell rises with N above
the second-order value of Eq. (11): for N = 3 it exceeds
that value by 6% at λrc = 0.1, by 29% at 0.2 and by a
factor of 1.9 at 0.3. Higher-order processes in which the
bath mode mediates exchange between cells add binding
energy, so the closed form applies per cell only while the
collective coupling

√
Nλrc stays below about 0.2ω0.

Second, the collective revival grows faster than the toll
at first. Per cell, the revival peak rises from 0.08ω0 for
N = 1 to 0.18–0.20ω0 for N = 2 and 0.24–0.27ω0 for
N = 3, because the cells exchange energy with the bath
mode collectively. At λrc = 0.3 the fraction recovered
by sudden decoupling rises from 26% (N = 1) to 57%
(N = 2), before the superextensive toll reduces it to 44%
at N = 3.

Third, the rotating-wave error grows with N : at λrc =
0.3 the rotating-wave solution underestimates the stored
ergotropy by 8%, 12% and 24% for N = 1, 2 and 3. Col-
lective strong coupling therefore requires a numerically
exact treatment even for storage. For the narrowest bath,
r = 0.05, the hierarchy is numerically unstable for N = 2
at λrc = 0.3 and for N = 3 at λrc ≥ 0.2 (Appendix A).

Equations (19)–(25) complete the operational picture.
A non-Markovian revival is a resource for a battery used
in place without any threshold. For a battery that must
be disconnected, it is a resource only when its depth
xn exceeds a threshold fixed by the binding energy, and
a cos2 ramp lasting a few battery periods reaches that
threshold at no cost in control complexity.

TABLE I. Parameters of Secs. III–VI in physical units for
a qubit battery at ω0/2π = 5 GHz coupled to a reso-
nant reaction-coordinate resonator (ωr = ω0). Revival pe-
riod π/Ω with Ω = λrc

√
1− r2, revival lifetime 1/κ with

κ = 4rλrc, in-place pulse bound 1/λrc, and probability
Ppair = [λrc/(ω0 + ωr)]

2 of a correlated qubit–photon excita-
tion left by sudden decoupling from the dressed ground state,
Eq. (26). Temperatures T = 0.1 and 0.5ω0 correspond to 24
and 120 mK.

λrc/ω0 0.05 0.1 0.2 0.3

λrc/2π (GHz) 0.25 0.5 1.0 1.5

κ/2π (MHz), r = 0.05 50 100 200 300

κ/2π (MHz), r = 0.2 200 400 800 1200

π/Ω (ns), r = 0.05 2.0 1.0 0.50 0.33

1/κ (ns), r = 0.05 3.2 1.6 0.80 0.53

1/κ (ns), r = 0.2 0.80 0.40 0.20 0.13

1/λrc (ns) 0.64 0.32 0.16 0.11

103 Ppair, sudden 0.63 2.5 10 23

VII. EXPERIMENTAL FEASIBILITY

The model of Sec. II is the native Hamiltonian of a
superconducting qubit coupled to a lossy resonator. The
qubit is the battery, the resonator is the reaction coordi-
nate, and the transmission line into which the resonator
leaks is the Ohmic residual bath, so the qubit experi-
ences exactly the underdamped spectral density JUD of
Eq. (3) with λrc set by the qubit–resonator coupling and
κ by the resonator–line coupling. Capacitive coupling of
a transmon [60] gives the transverse coupling Q = σx.
A flux qubit coupled galvanically through its persistent
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current realizes the tilted coupling: biased at a distance
ε from its symmetry point, its persistent-current oper-
ator reads cosφσx + sinφσz in the energy eigenbasis,
with sinφ = ε/ω0. A second qubit, coupled directly to
the battery or through the same resonator, provides the
charger of the two charging protocols. Intrinsic qubit re-
laxation, with times of tens of microseconds and longer,
is slower than every time scale below by more than three
orders of magnitude and can be neglected.

Table I expresses the parameter grid in physical units
for ω0/2π = 5 GHz. A dilution refrigerator at 20 mK
places such a qubit at T = 0.083ω0, so the lowest tem-
perature studied, T = 0.1ω0 (24 mK), is the relevant one,
and the thermal corrections of Secs. III and VI are small.
The weakest couplings, λrc ≤ 0.05ω0, lie at the upper
end of capacitive transmon–resonator coupling; λrc =
0.1–0.3ω0 is the ultrastrong-coupling regime, which has
been reached and exceeded with galvanically coupled flux
qubits [61–64]. The narrow baths r = 0.05–0.2 require a
resonator linewidth of 50–1200 MHz, i.e. a strongly over-
coupled resonator with a quality factor between about
100 and 4. All time scales of the revival dynamics are
therefore between 0.1 and a few nanoseconds.

Decoupling ramp. The cos2 ramp of Sec. VI must last
at least τ1 = 3π/(2ω0) = 0.15 ns, and it reaches the adi-
abatic limit to within 0.2% of the binding energy for any
bath once ω0τ ≈ 8, i.e. 0.25 ns. It must also be short
compared with the revival lifetime 1/κ. At λrc = 0.3ω0,
r = 0.2, where the net work plateaus for ω0τ = 4.7–
6.5 [Fig. 5(b), inset], this is a window of 0.15–0.21 ns
and requires subnanosecond flux control of a tunable cou-
pler [65]. At λrc ≤ 0.1ω0 and r = 0.05 the revival lives
1.6–3.2 ns (8 ns at λrc = 0.02ω0), and long ramps cost
little. We computed the net work with HEOM for cos2

ramps up to ω0τ = 10π, i.e. 1 ns at 5 GHz, again op-
timizing the start time. At T = 0.1ω0 a 1-ns ramp re-
covers 99.9%, 99.4% and 96.0% of the first revival for
λrc = 0.02, 0.05 and 0.1ω0, against 99.98%, 99.9% and
99.5% for a ramp of duration τ1; at T = 0.5ω0 the 1-ns
values are 99.9%, 98.7% and 93.9%. This loss is an or-
der of magnitude smaller than the decay of the revival
envelope during the ramp, κτ/2 = 31% at λrc = 0.1ω0,
because the optimal ramp starts about τ/2 before the
revival and is centred on it. In this regime the toll is
itself small—sudden decoupling already recovers at least
99.0% at T = 0.1ω0—so nanosecond flux pulses suffice.
Lowering ω0 lengthens all durations in proportion but
raises T/ω0: at ω0/2π = 2 GHz and 20 mK, T = 0.21ω0,
a regime in which Sec. VI predicts that the thermal toll
removes net harvesting at strong coupling.

Extraction in place. The local unitary of Sec. VIE
must be short compared with 1/λrc, i.e. it requires a
Rabi frequency well above λrc/2π = 0.25–1.5 GHz. This
is comparable to or larger than the anharmonicity of a
transmon, a few hundred megahertz [60], so that leak-
age out of the qubit subspace sets the limit. In-place
extraction is therefore most demanding exactly where it
pays most: its advantage over decoupling is negligible at

weak coupling and large only at λrc ≳ 0.2ω0 (Sec. VIE).
In this regime the decoupling ramp is the more practical
route.
Observables. Three predictions can be tested with

qubit readout alone, using a separate dispersive read-
out resonator after the battery has been disconnected.
(i) The ergotropy that survives decoupling, including its
coherent part, follows from state tomography of the bat-
tery qubit, as in the demonstration of coherent-ergotropy
extraction on a superconducting processor [8]. Scanning
the start time and duration of the ramp maps the recov-
ered fraction of Fig. 5(a) and tests the harvesting crite-
rion (19). (ii) The spectral origin of the gain (Sec. IV)
can be tested by detuning a frequency-tunable resonator
from the qubit at fixed κ, which keeps the memory time
but removes the spectral weight at ω0; tuning a flux-
tunable qubit instead is equivalent up to the accom-
panying change of λrc/ω0. A detuning of 20–40% at
λrc = 0.05ω0 and κ/2π = 50 MHz reduces the gain from
82 to 0.86–0.95 of the Markovian value [Fig. 3(b)]. (iii)
The diabatic part of the toll is left behind as correlated
qubit–photon excitations. In the closed single-mode the-
ory of Eq. (22), the energy that a ramp fails to return,
Eb|F (ν)|2, is carried by pairs |g, 0⟩ → |e, 1⟩ of energy
ω0+ωr, so that a qubit decoupled from its dressed ground
state is found excited with probability

Ppair(τ) =
( λrc
ω0 + ωr

)2

|F (ν)|2. (26)

For sudden decoupling, |F |2 = 1, this is 2.3% at λrc =
0.3ω0 and 0.25% at 0.1ω0 (Table I), well above the
thermal excited-state population at 20 mK (e−ω0/T ≈
6 × 10−6), and it vanishes at the ramp durations τk of
Eq. (23), smeared by the bath width (Sec. VI). Because
the qubit retains this excitation long after the photon has
leaked into the line, the binding energy and its finite-time
removal become directly measurable.
The same criteria apply to other platforms. Organic

microcavities operate at room temperature but at optical
frequencies, so that again T ≪ ω0 [10]. Their structured
environments are vibrational, and the relevant criterion is
that of Sec. IV: the gain requires vibronic spectral weight
at the battery frequency, not a long vibrational memory.
Spin-based batteries and other low-frequency platforms
operate at T ≳ ω0. There, zero-temperature solutions
overestimate the stored work by factors of about three,
the toll approaches 2λ2rc while the revival falls below 30%
of its zero-temperature value, and net harvesting of re-
vivals is not expected.

VIII. DISCUSSION

Table II summarizes how the main claims about open
quantum batteries fare against exact dynamics. Two of
them survive, with corrections in size. The revival of
stored ergotropy in a structured bath is physical, and
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TABLE II. Claims about open quantum batteries tested against numerically exact dynamics. Numbers refer to the models and
parameter ranges of Sec. II.

Claim Refs. Exact result

Environmental memory revives the stored
ergotropy and enables charging that the
Markovian limit forbids (single channel)

[14, 15] Confirmed at T ≲ 0.1ω0; rotating-wave solutions ac-
curate to 8.4% for r < 1 up to λrc = 0.3ω0. Zero-
temperature results overestimate storage by factors of
1.4–3.2 at T = 0.5–1ω0 (Sec. III).

Strong collective coupling charges a bat-
tery through a shared bath

[16, 21, 22] Not confirmed beyond λrc ≈ 0.1ω0: peak ergotropy
overestimated by factors of 1.3–1.7 at λrc = 0.2 and
27.5 at λrc = 0.3 (energy: 33%). Dark-state trapping
survives (Sec. III).

The Bloch–Redfield equation describes
strongly coupled non-Markovian batteries

[29–31] Uncontrolled for r < 1: storage underestimated by
80–98.5%, peak charged ergotropy overestimated by
up to a factor of 43.5 (energy: 69%), positivity vio-
lated for slow baths (Secs. III and IV).

Memory (non-Markovianity) is the re-
source

[14, 15, 17, 18] Not confirmed: information backflow does not predict
the gain. Detuned peaks with long memory and NBLP

up to 2.3 give 0.85–0.95 of the Markovian value; slow
Drude–Lorentz baths give 0.45–0.74. The gain (up to
82) requires spectral weight at ω0 (Sec. IV).

The ergotropy of the coupled battery mea-
sures the stored work

implicit in the above In place, yes: the local ergotropy agrees with it to
within −2% to +9% (φ = 0). After disconnection,
no: with the best ramp tested, 61% of the first revival
is recovered at λrc = 0.3, r = 0.2, T = 0.1ω0, and
none at T = 0.5ω0 (Sec. VI).

The Hamiltonian of mean force defines the
energy of a strongly coupled system

[38, 40] As a battery-energy operator it fails: mean-force er-
gotropy vanishes as T → 0 for every state (0.19 E at
T = 0.05ω0, λrc = 0.3); undefined for the non-ergodic
shared bath (Sec. V).

the rotating-wave solutions that predict it are quantita-
tively reliable for single-channel protocols at low temper-
ature. The others do not survive in their stated form.
The large charging peaks predicted for strong collective
coupling are artifacts of the rotating-wave approxima-
tion, second-order master equations cannot decide the
question in the regime where it is posed, and memory
alone is not a resource. Most importantly, the figure of
merit used throughout the field, the ergotropy of the cou-
pled battery, is a good estimate of the work that can be
withdrawn in place. Whenever the battery must be dis-
connected, however, it omits a cost of the same order as
the effect it measures.

The decoupling toll closes the energy budget of a
strongly coupled battery. Connecting a battery to a ther-
mal bath is free, because ⟨HI⟩ = ⟨Q⟩⟨X⟩th = 0 for a
product state, so the toll is the full interaction cost of a
storage cycle. For batteries charged by thermalization,
Refs. [36, 37, 59] showed numerically that the connection
and disconnection work limits the efficiency of a charging
cycle. Equations (10)–(12) give this cost in closed form
for a qubit, for any spectral density and temperature, and
Eq. (19) extends it to dynamical revivals far from equilib-
rium. The same structure, a counter-rotating binding en-
ergy, a resonant thermal term and a static polaron term,
applies to any two-level device that is coupled to and dis-
connected from a bosonic environment. This includes the

strokes of strongly coupled heat engines and the readout
of quantum sensors. The cos2 ramp of Eq. (22) com-
plements numerical optimal-control approaches to work
minimization in strongly coupled systems [66, 67]. It
provides an analytic protocol that approaches the adia-
batic bound to within the bath width after a few battery
periods, and a benchmark against which numerically op-
timized ramps can be measured. Decoupling is not the
only route to the stored energy: local unitaries applied
while the battery remains coupled extract the local er-
gotropy, which can exceed the switch-off value [33–35].
For the storage protocol it exceeds the best ramped net
work at every point we computed (Sec. VIE). The toll
and the decoupling ramp are therefore the relevant the-
ory whenever the application requires disconnection.
Section VII translates these results into requirements

for superconducting, molecular and spin-based platforms.
The analytic results have a well-defined range of va-

lidity, which we summarize in Table III. The toll is a
second-order result, and its corrections scale as λ4rc; they
reach 6% at λrc = 0.3ω0 (7% for the ramp work). The
revival theory assumes a resonant bath mode and, for
φ ̸= 0, is limited to λrc ≤ 0.2. Beyond this, the transient
toll becomes non-perturbative and must be computed
numerically. We have treated up to three battery cells
and ideal unitary extraction. All open-system dynamics
quoted in the text are computed with HEOM. The closed
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single-mode ramp (Fig. 5(b)), the rotating-wave analysis
of the thermal revival and the polaron model are separate
model calculations and are identified as such, and equilib-
rium tolls are also compared with the system–RC Gibbs
state. The reaction-coordinate model with a Markovian
residual bath reproduces the figures of merit but not the
interaction energy at strong coupling (Appendix A).

IX. CONCLUSION

We have tested the non-Markovian advantage of open
quantum batteries with numerically exact dynamics,
across three protocols, four families of spectral densities
and collective batteries of up to three cells, and have
derived in closed form the work needed to disconnect a
strongly coupled qubit battery. Exact solutions exist for
harmonic batteries in quantum Brownian motion [68] and
for spin baths [18]; we are not aware of a previous test
of the claimed non-Markovian advantage against numer-
ically exact dynamics for structured bosonic baths, or of
a closed-form expression for the cost of withdrawing it
from a qubit battery.

• The rotating-wave, zero-temperature and Redfield
treatments that underlie the literature fail in iden-
tifiable regions, overestimating the charged er-
gotropy by factors of up to 27.5 and 43.5 near the
passivity threshold (the charged energy by up to
69%) and the stored work at T = ω0 by factors of
2.6–3.2.

• The gain originates from spectral weight at the bat-
tery frequency, not from memory, and information
backflow does not predict it. Baths with long mem-
ory and strong information backflow but no such
weight reduce the stored work to 0.45–0.95 of the
Markovian value, whereas resonant peaked baths
raise it up to 82-fold.

• The decoupling toll obeys Weq = cos2 φ [WCR +

Wres(T )]+sin2 φWz to within 7%. In second-order
theory, a revival yields net work after disconnec-
tion only if it exceeds the binding energy, half the
sudden toll, and a cos2 ramp lasting a few bat-
tery periods nearly reaches this bound. A fast local
unitary applied in place avoids the toll and outper-
forms every decoupling protocol we tested. In col-
lective batteries the toll per cell exceeds its second-
order value, by a factor of 1.9 for three cells at
λrc = 0.3ω0.

These results give an operational answer to the long-
standing question of how to define work at strong cou-
pling. Mean-force ergotropy collapses at low tempera-
ture. The meaningful quantities are the local ergotropy
for a battery used in place, which the coupled-state er-
gotropy approximates closely, and the net work after dis-
connection, which can be predicted and optimized ana-

lytically. Designs that require the battery to be discon-
nected but are optimized for the ergotropy of the coupled
battery will overestimate the deliverable work by 60% at
T = 0.1ω0 even with the best ramp we tested, and by a
factor of four with sudden decoupling, as at λrc = 0.3ω0,
r = 0.2; at T = 0.5ω0 the same revival yields no net work
at all. A non-perturbative theory of the transient toll for
tilted coupling, the extension to larger collective batter-
ies, where the toll per cell grows beyond second order,
and a demonstration of the decoupling ramp on a super-
conducting platform are the next steps. More broadly,
every quantum device that must be connected to and
disconnected from a structured environment, from bat-
teries to heat engines and sensors, pays this toll, and the
criterion derived here provides a benchmark for claims of
quantum thermodynamic advantage at strong coupling.

DATA AVAILABILITY

The data that support the findings of this article are
publicly available [69]. They were generated by numer-
ical simulations. The source code and parameters used
to generate the simulations, the numerical results under-
lying Figs. 1–6 and Tables I–IV, the convergence tests
of Appendix A and the scripts that produce the figures
are publicly available from the same repository [69]. The
simulations use the open-source package QuTiP, version
5.2.3 [46, 70].

Appendix A: Numerical convergence

Settings. All HEOM calculations use QuTiP-
BoFiN [46] with an adaptive integrator (absolute and
relative tolerances 10−9 and 10−7) and output every
0.25/ω0. Underdamped baths are expanded with Nk = 3
Matsubara terms. The default hierarchy depth is 6 for
λrc ≤ 0.05, 8 for λrc ≤ 0.1 or T < 0.3ω0, and 12 oth-
erwise. For overdamped Brownian baths (r = 5, i.e.,
κ ≥ 2ωr), where the analytic Matsubara decomposition
does not apply, C(t) is fitted on t ∈ [0, 30]/ω0 with two
to four exponentials for each of its real and imaginary
parts (target root-mean-square error 10−6), at depth 6.
Drude–Lorentz baths use Padé expansions with Nk = 3
(γ ≤ ω0) or Nk = 6 (γ = 5ω0) at depth 8, except
for γ = 5ω0 at T = 0.1ω0, where the Padé hierarchy
is unstable and a fit of C(t) on [0, 40]/ω0 is used in-
stead. Ohmic baths use such fits at depth 6 (storage)
or 5 (charging). The RC model (6) uses a Fock cutoff of
14.
Tests. Table IV lists the change of the figure of merit

when Nk, the depth or the Fock cutoff is increased, for
the most demanding points of each family: strong cou-
pling, slow baths and high temperature. The default set-
tings meet the 1% criterion of Sec. II for storage and
charger-mediated charging through underdamped baths
at T ≤ 0.5ω0, for broad Drude–Lorentz and Ohmic
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TABLE III. Accuracy of the analytic results against exact dynamics. Net work is given in units of ω0.

Quantity Accuracy Range

Weq, Eqs. (10)–(12) ≤ 7% T ≤ 2ω0, φ ≤ π/4, λrc ≤ 0.3; UD (κ≪ ω0), DL, Ohmic

ωeff , Eq. (14) ≤ 1% T ≤ 0.1ω0

W (τ), Eq. (22) ≤ 0.7% (λrc=0.1), ≤ 7% (λrc=0.3) closed single mode

En, Eqs. (17), (24) ≤ 3% (λrc≤0.2), ≤ 8% (0.3) φ = 0, T ≤ 0.5ω0

En, polaron ≤ 6% λrc ≤ 0.2, φ = π/8, π/4

Enet
n , Eq. (19) ≤ 0.009 (T=0.1), ≤ 0.007 (T=0.5) φ = 0, λrc ≤ 0.3

Enet
n , φ = π/4 ≤ 0.014 (revival from dynamics) λrc = 0.2, r = 0.05

baths, and for the equilibrium toll. Four regimes need
deeper hierarchies, and for them we use the deepest val-
ues in Table IV:

• shared-bath charging at strong coupling (λrc = 0.3,
r = 0.2, T = 0.1ω0), where depth 8 underestimates
the peak battery ergotropy by 25% and depths 12
and 14 agree to within 0.4%;

• shared-bath charging at finite temperature, where
depth 6 underestimates the peak by 1.4% (T =
0.5ω0) and 21% (T = ω0), and the successive
changes from depth 10 to 12 and from 12 to 14
at T = ω0 are 2.8% and 0.7%;

• storage at T = ω0, where depth 6 overestimates
the time-integrated ergotropy by 4% and the over-
damped bath at depth 6 underestimates it by 2.2%;

• slow Drude–Lorentz baths at T = 0.5ω0, where
depth 8 underestimates the stored work by up to
4.5% and the peak charge by 8.9%, and depths 12
and 16 (14 for charging) agree to within about 1%.

The residual uncertainty of the values used is therefore
below 1% almost everywhere. The exceptions are shared-
bath charging at T = ω0 and charging through the slow
Drude–Lorentz bath at T = 0.5ω0, where we estimate it
at 1% from the decreasing sequence of increments. The
shared-bath hierarchy is numerically unstable at λrc =
0.3, r = 0.05, T = 0.1ω0 (the battery ergotropy diverges
at depths 8 and 12) and, for all Drude–Lorentz runs with
γ = 5ω0, at T = 0.1ω0 (divergence or integrator failure
with both Padé and fitted expansions). We exclude these
points. For collective storage the hierarchy is likewise
unstable for the narrowest bath (r = 0.05) at N = 2,
λrc = 0.3 and N = 3, λrc = 0.2; for N = 3, λrc = 0.3,
r = 0.2 it is unstable at depth 12; at depths 14 and 16
the results agree to 0.2% and the long-time toll agrees
with the system–RC Gibbs value to 0.1%.
Decoupling toll. The interaction energy obtained from

the first-tier auxiliary density operators [Eq. (8)] repro-
duces the interaction energy λrc⟨Q(a+a†)⟩ of the system–

RC Gibbs state to 1–2 × 10−4 at T = 0.5ω0 and 0.4%
at T = 0.2ω0 (HEOM steady states, λrc = 0.1–0.2,
r = 0.05), and the HEOM steady-state toll changes
by less than 10−7 when the depth is increased (Drude–
Lorentz, γ = 0.2 and 5ω0).
Reaction coordinate. Increasing the Fock cutoff from

14 to 24 changes the RC figures of merit by less than
3×10−6 at the most demanding points (λrc = 0.2–0.3, T
up to ω0). The remaining difference from HEOM there-
fore stems from the Born–Markov treatment of the resid-
ual bath in Eq. (6), which thermalizes the bare rather
than the dressed reaction coordinate, and from the ini-
tial state of the reaction coordinate. For the figures of
merit at T ≤ 0.5ω0 and r ≤ 1 the difference has a me-
dian of 0.2% and is below 4% for 58 of 65 points, with
the largest deviations for shared-bath charging at strong
coupling (up to a factor of 2.2 at λrc = 0.3, r = 0.2).
The interaction energy is more sensitive: at λrc = 0.3,
r = 0.2 the RC model gives a long-time toll of 0.102ω0

at T = 0.5ω0, against 0.143ω0 from HEOM and from
the system–RC Gibbs state, and a sudden-decoupling net
work of 0.006ω0 at T = 0.1ω0, against 0.022ω0 from
HEOM. All open-system decoupling and local-ergotropy
results are therefore computed with HEOM; the closed
single-mode ramp of Fig. 5(b) is a separate model calcu-
lation.
Time-dependent coupling. Integrating L0 + L1 repro-

duces the standard HEOM propagation to 10−7 in the
state, and the hierarchy built for 3Q equals L0 + 3L1

to machine precision, confirming the linear decomposi-
tion used for the ramps. For the long ramps of Sec. VII
(ω0τ = 10π, λrc = 0.1, r = 0.05, T = 0.1ω0), increasing
the depth from 8 to 10 or doubling the number of time
points in the work integral changes the net work by less
than 10−5 ω0, and the values at ω0τ ≤ 8 reproduce those
of Fig. 5 to within 10−6 ω0.
All tests are reproduced by the scripts conv check.py,

conv check2.py–conv check4.py, rc cutoff.py,
rc vs heom.py, hi check.py, decouple heom conv.py,
ramp long.py and ncell conv.py in the accompanying
code, which write the results to the data files listed
there.
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TABLE IV. Convergence of the HEOM and RC figures of merit (storage:
∫
E dt; charging: maxt EB). Relative changes refer

to the more converged value; “0” means that both settings give no charging; “both” denotes storage and charger-mediated
charging. Successive refinements are separated by commas.

Bath Protocol Parameters Refinement Relative change

UD (Matsubara) storage λrc = 0.2, 0.3; r = 0.05–1; T = 0.1 depth 8 → 12 < 5× 10−5

storage λrc = 0.3; r = 0.05, 0.2; T = 0.1 Nk 3 → 5 0.2–0.4%

storage λrc = 0.05; r = 0.05; T = 0.1, 0.5 depth 6 → 10 0.06%, 0.3%

storage λrc = 0.02, 0.05; r = 0.05; T = 1 depth 6→10→12→14 4%, < 0.1%, < 0.1%

storage λrc = 0.1; r = 0.05; T = 1 depth 8 → 12 0.6%

storage λrc = 0.3; r = 0.2; T = 1 depth 12 → 14 < 10−5

charger all points of the storage tests depth, Nk < 2× 10−5 or 0

shared λrc = 0.05; r = 0.05; T = 0.1 depth 6 → 10 < 10−4

shared λrc = 0.2; r = 0.05, 0.2; T = 0.1 depth 8 → 12 < 0.1%

shared λrc = 0.3; r = 0.2; T = 0.1 depth 8→12→14 25%, 0.4%

shared λrc = 0.3; r = 0.05; T = 0.1 depth 8, 12 unstable (excluded)

shared λrc = 0.02, 0.05; r = 0.05; T = 0.5 depth 6→10 1.4%

shared λrc = 0.05; r = 0.05; T = 0.5 depth 10→12→14 < 0.1%, < 0.01%

shared λrc = 0.02, 0.05; r = 0.05; T = 1 depth 6→10→12→14 21%, 2.8%, 0.7%

UD (fit) storage λrc = 0.3; r = 5; T = 0.1, 0.5 depth 6→9→12 < 10−4; 0.25%, 0.05%

storage λrc = 0.3; r = 5; T = 1 depth 6→9→12 2.2%, 0.25%

charger λrc = 0.3; r = 5; T = 0.1 depth 6 → 9 < 10−5

DL (Padé) both λDL = 0.1; γ = 0.05; T = 0.1 depth 8 → 12 < 0.04%

storage λDL = 0.01, 0.03, 0.1; γ = 0.05; T = 0.5 depth 8→12→16 ≤ 4.5%, ≤ 0.8%

storage (φ = π/4) λDL = 0.1; γ = 0.05; T = 0.5 depth 8→12→16 2.3%, 0.3%

charger λDL = 0.1; γ = 0.05; T = 0.5 depth 8→12→14 8.9%, 1.0%

storage λDL = 0.1; γ = 0.2, 1; T = 0.5 depth 8 → 12 < 0.1%

both λDL = 0.1; γ = 5 (Nk = 6); T = 0.5 depth 8 → 11 ≈ 0.1%

Ohmic (fit) both α = 0.05; (ωc, T ) = (1, 0.1), (5, 0.5) depth +3 < 10−5

DL (Padé) Weq (steady state) λDL = 0.1; γ = 0.2, 5; T = 0.5 depth +3, +2 < 10−7

RC all λrc = 0.2, 0.3; T = 0.1–1 (6 points) Fock 14 → 24 < 3× 10−6

UD ramp, Eloc λrc = 0.2, 0.3; r = 0.05, 0.2; T = 0.1, 0.5 depth 8→11, 12→14 < 10−4

UD, N cells storage (N,λrc) = (2, 0.3), (3, 0.2); r = 0.2 depth 12→14, 10→12 < 10−3, 0.16%

storage (3, 0.3); r = 0.2 depth 12→14→16 12 unstable; 0.2%

storage (2, 0.2); r = 0.05; t ≤ 60 depth 9→11 0.1%

storage (N,λrc) = (2, 0.3), (3, 0.2); r = 0.05 depth ≤ 12 unstable (excluded)
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