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ABSTRACT

We explore the emergence of frequency-comb structure in a fractional-order model of breast-cancer
dynamics. The model couples tumor cells, cytotoxic T lymphocytes (CTLs), and chimeric antigen
receptor (CAR-T) cells through tumor growth, immune activation, saturating cytotoxic killing,
cellular decay, and CAR-T-cell therapy. At the nominal parameter values, the three populations
undergo relaxation oscillations with a common period, characterized by the frequency comb spectra
consisting of frequencies separated by equal intervals. Within the comb regime, the frequency comb
spacing increases with the CTL and CAR-T-cell decay rates (d and (), the CTL-mediated tumor-cell
deactivation rate (3, and the CTL-to-CAR-T-cell conversion rate o. The comb spacing decreases as
CTL-dependent CAR-T-cell activation p, tumor-induced CAR-T-cell deactivation b, or the tumor-cell
and CTL carrying capacities (k1 and k2) increase. Changes in the tumor-induced CTL deactivation
rate £ and CTL growth rate v, have little effect on the spacing. The comb disappears at sufficiently
large 53, b, or (, while it only appears when p is increased above a threshold. Ultimately, the comb
represents an interesting spectral fingerprint associated with the tumor—immune dynamics.

Keywords Frequency combs - breast-cancer dynamics - cytotoxic T lymphocytes - CAR-T cells - fractional-order
systems

1 Introduction

Biological systems are rarely explained by any one reaction in isolation; it is the dynamics of the whole network —
feedback, saturation, delay, coupling — that pushes the system toward a fixed state, a periodic orbit, or chaos. This was
recognized early on, in the Hodgkin—Huxley model of neuronal excitation [1], in Turing’s theory of morphogenesis [2],
and in May’s simple ecological map [3]. At the cellular level the same logic holds: gene regulation, calcium signaling,
circadian rhythms, cell-cycle progression, and immune responses all display bistability, excitability, synchronization,
limit cycles, and chaos [4-9], a picture borne out of direct measurements of the p5S3—-Mdm?2 [10] and NF-xB [11]
pathways and synthetic oscillating gene circuits [12, 13]. Amplitude is not the only carrier of information in these
systems — duration, frequency, and phase matter as well [14, 15] — and feedback loops have been shown to select a
preferred input frequency [16] and to steer both the amplitude and frequency of competing oscillators [17]. Cancer
also displays a similar picture: tumor proliferation, immune recruitment, cytotoxic killing, exhaustion, and treatment
continuously feed back on each other, and models of these interactions generate multiple steady states, thresholds,
oscillations, and parameter-driven bifurcations [18-21].
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A frequency comb is a set of spectral lines that are equally spaced in frequency. The concept originated in nonlinear
optical systems through mode locking in high-finesse cavities [22, 23], with major applications in precision metrology
and optical clocks. This spectral organization is not restricted only to light. Intrinsic three-wave mixing and three-
mode parametric resonance generate phononic frequency combs in micromechanical resonators [24—26]; phononic or
mechanical combs have since been observed in graphene, lithium niobate, and overtone resonators [27-30]. Theory has
extended the idea to molecular vibrations, twisted van der Waals bilayers, and collective solid-state modes [31-33].
Equally spaced spectral structures have also been reported for coherently generated spin waves [34], ferroelectric
polarization dynamics [35], and cosmological evolution [36, 37]. These systems differ greatly in scale and physical
origin, but share nonlinear coupling and frequency locking. Biological networks possess comparable ingredients
through feedback and modulation. However, the possibility of the recurrent dynamics of a tumor—immune system to
produce a frequency comb has not yet been examined.

In this work, we adopt the fractional-order breast-cancer model developed by Ahmed et al. [38] and later extended
by Baishya et al. [39]. Its three populations are breast-tumor cells, cytotoxic T lymphocytes (CTLs), and chimeric
antigen receptor T cells (CAR-T cells). CTLs and CAR-T cells kill tumor cells through saturating responses; the
tumor stimulates CTL proliferation but also deactivates both immune populations. A Caputo derivative represents the
dependence of the present tumor—immune response on its prior dynamical history. We calculate the Fourier spectra of
all three populations and understand how the model parameters influence the spectra.

2 Dynamical Model

The model presented by Baishya et al. [39] describes tumor growth, the natural immune response, and CAR-T-cell
therapy at the population level. Without immune control, the tumor follows logistic growth. Tumor cells induce
proliferation of CTLs, and CTLs and CAR-T cells inhibit the tumor by saturating cytotoxic responses. The tumor
cells also deactivate CTL and CAR-T cell populations. The resulting system combines growth, activation, killing,
saturation, natural decay, and tumor-induced loss. CAR-T cells supply the therapeutic part of the model. In treatment, T
lymphocytes are collected from the patient, engineered to recognize tumor-associated antigens, and returned to the
body. The modified cells then can activate, multiply and kill malignant cells. We denote the concentrations of tumor
cells, CTLs, and CAR-T cells by u(t), v(t), and w(t), respectively, with dynamics governed by

CDa — 1— l _ v — w 1
Pu=mu (1) = pu () e (e ) (M
CDa — 1— 1 u _ — w — 2
SV = Y20 " bt Euv — ov Lt w dv, 2)
CDf‘w = pw <l41—:—v> — Cw — buw, 3)

with the positive initial conditions

u(t0> = Uog, ’U(to) = o, w(to) = Wp. (4)
All state variables and model parameters take non-negative values.

Equation (1) has one growth term and two loss terms. With no immune cells present, v u(1 — u/k;) describes logistic
growth at intrinsic rate -y; and carrying capacity k;. The term proportional to 3 accounts for CTL-mediated killing of
tumor cells, while the term proportional to p accounts for CAR-T-cell-mediated destruction.

The CTL population in equation (2) grows only in the presence of the tumor. Its proliferation factor u /(I3 + u) increases
with tumor concentration before getting saturated, and 1 — v/ko limits the population at the CTL carrying capacity ko.
The CTL population is suppressed by tumor-induced deactivation —&uwv, loss associated with conversion to CAR-T
cells —ovw/(ls + w), and natural decay —dv.

Equation (3) balances CAR-T-cell activation against two loss terms. CTLs activate CAR-T cell population through
puwv/(ly + v) and the response saturates at high CTL concentrations. The natural CAR-T-cell decay is represented by
—(w, and the contact with tumor cells causes an additional loss —buw. The activated CAR-T population then feeds
back on the tumor population dynamics through the p-dependent term in equation (1).

The model thus presents a coupled dynamics of tumor cell, CTL and CAR-T cell populations. Tumor growth stimulates
CTL prolifereation; CTLs kill the tumor and support CAR-T-cell activation; CAR-T cells provide a second cytotoxic
pathway; and the tumor population eventually reduces both CTL and CAR-T cell populations. This dynamic process
is marked by successive episodes of tumor growth and immune control. Because the resulting cycles are not purely
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Table 1: List of parameters and their values.

Parameter Biological meaning Nominal value
Y1 Intrinsic growth rate of tumor cells 0.6387
Y2 Intrinsic proliferation rate of CTLs 5.7484
B8 Inactivation rate of tumor cells by CTLs 0.6
¢ Decay rate of CAR-T cells 0.4314
o Inactivation rate of tumor cells by CAR-T cells 1.0
k1 Carrying capacity of tumor cells 1000.0
ko Carrying capacity of CTLs 800.0
lo Steepness coefficient for CTL-mediated tumor-cell inactivation 20.0
I Steepness coefficient for CAR-T-cell-mediated tumor-cell inactivation 10.0
l2 Steepness coefficient for tumor-induced CTL proliferation 100.0
l3 Steepness coefficient associated with CTL-to-CAR-T-cell conversion 20.0
la Steepness coefficient for CTL-mediated CAR-T-cell activation 100.0
I3 Deactivation rate of CTLs by tumor cells 7.812x 1074
o Conversion rate of CTLs to CAR-T cells 0.3
d Decay rate of CTLs 0.8729
n Activation rate of CAR-T cells by CTLs 0.9783
b Deactivation rate of CAR-T cells by tumor cells 1.0x 1074

sinusoidal, their spectra contain a fundamental frequency and its nonlinear harmonics. We use the term biological
frequency comb to represent this ordered array of equidistant frequencies.

The fractional order « introduces memory effects in the dynamics of tumor cell, CTL and CAR-T cell populations. For
a differentiable function f(¢) and 0 < o < 1, the Caputo derivative is

e f(t) = ml_a) /t (tfi(?)a dr. ®)

with I'(-) being the Euler gamma function. By writing x = (u,v,w)" and ® D¢'x = F(x), the system can equivalently
be recast as the Volterra integral equation

x(t) = x(to) +

1 ! a—1
m /tU (t—7)*""F(x(7)) dr. 6)

Equation (6) models the populations at time ¢ as a cumulative history of growth, activation, cytotoxic killing, and
cellular loss. Rather than a biological rate in an ordinary sense, o controls how strongly the earlier tumor—immune
trajectories impact the current dynamics. The parameters used in the model and their nominal values are listed in
Table 1.

3 Results and Discussion

All the simulations are conducted over a time span 0 < ¢ < 2000 with A¢ = 0.01 and (ug, vo, wo) = (5, 3,2). We
used the classical fourth-order Runge—Kutta method for the integer-order system (ov = 1). However, for 0 < a < 1,
the fractional system was integrated with the Adams—Bashforth—-Moulton predictor—corrector scheme applied to
equation (6). During each sweep of a parameter, the remaining parameters were held at the nominal values mentioned
in Table 1. For computing the Fourier spectra, we discarded the first 200 time units, mean-centered the remaining signal
amd applied a Hann window.

When all the parameters are set at their nominal values, the tumor cell, CTL and CAR-T cell populations settle into
relaxation oscillations [Figure 1(a)]. Tumor, CTL, and CAR-T-cell responses differ in amplitude and pulse shape, but
not in period — all three recur on the same timescale, a fact that stands out far more clearly in the frequency domain
producing one dominant fundamental peak and a series of weaker peaks spaced at equal intervals [Figure 1(b)]. This
shared harmonic sequence is what we call a biological frequency comb.
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Figure 1: Tumor-cell, CTL, and CAR-T-cell responses in the time domain and their Fourier spectra. Panels (a) and (b)
are obtained with the nominal parameter values, while panels (c) and (d) are for ¢ = 0.05, keeping all other parameters
fixed at their nominal values.

The effect on the recurrence time can be seen by reducing the CAR-T-cell decay rate to ¢ = 0.05. All three populations
then appear as more widely separated bursts [Figure 1(c)]. CAR-T cells remain in the system for a longer time, and
hence both the fundamental frequency and the distance between neighboring lines become smaller. Also, the width of
individual bursts are shorter, and hence their spectra produce a larger number of resolved higher harmonics with greater
magnitudes [Figure 1(d)].

Figures 2, 3 and 4 show how different parameters influence the frequency comb spacing. Increasing /3, the CTL-mediated
tumor-cell inactivation rate, moves the combs towards higher frequencies and increases their separation. However,
at large-enough values of 3, the frequency combs cease to exist. An increase in the CAR-T-mediated inactivation
rate p initially reduces the frequency comb spacing before the spectrum levels off. While £ does not influence the
frequency comb spacing, the higher harmonics do weaken at higher values of £. As b increases, the comb frequencies
decrease before getting entirely vanished. o, in contrast, increases the comb frequencies. While i1 decreases the comb
frequencies, the frequency comb vanishes at low-enough values of 11 < 0.8.

The effects of cellular decays, carrying capacities, and growth/proliferation rates on the frequency comb dynamics
are presented in Figure 3. An increase in both CTL decay rate d and CAR-T-cell decay rate ¢ increases the frequency
comb spacing. In contrast, the carrying capacities k; and k, initially decrease the frequency comb spacing before
the spectrum levels off. When the tumor growth rate ; is increased above a threshold value, the comb appears and
its spacing increase with any further increase in ;. However, the proliferation rate of CTLs 5 does not change the
frequency comb spacing.
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Figure 2: Fourier magnitude |U( f)| of the tumor population under one-parameter sweeps of (a) CTL-mediated tumor
killing 3, (b) CAR-T-mediated tumor killing p, (c) tumor-induced CTL deactivation &, (d) tumor-induced CAR-T
deactivation b, (e) CAR-T-associated CTL loss o, and (f) CTL-dependent CAR-T activation .

Figure 4(a)—(e) show how the steepness coefficients affect the frequency comb spacing. [;, l2, and 4 increase the
frequency combs spacing; l3 decreases it; [; non-monotonously affect the frequency comb spacing. Also, the frequency
combs are found to exist only for the fractional orders in the range 0.9 < a < 1.

4 Conclusion

What this model shows, in the end, is that tumor cells, CTLs, and CAR-T cells need nothing beyond their own
autonomous interactions to produce a biological frequency comb. The three populations oscillate at the same time
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Figure 3: One-parameter sweeps of the Fourier magnitude |U(f)| for (a) CTL decay d, (b) CAR-T decay ¢, (c) tumor
carrying capacity k1, (d) CTL carrying capacity ko, (€) tumor growth rate -3, and (f) CTL growth rate ~s.

period, with their oscillation spectra constituting one fundamental frequency and multiple harmonics. By lowering the
CAR-T cell decay rate, the time period of the oscillations increases with the corresponding reduction in the fundamental
frequency and the increase in the number of harmonics. In summary, 53, o, d, (, l1, 2, and l4 increase the frequency
comb spacing; b, i, k1, k2, and [3 decrease it; £ and 5 have almost no influence; p, [y and y; produce a nonmonotonous
shift. Also, the frequency comb disappears at large enough values of 3, b, or {, while i and the carrying capacities (k1
and k») should be set above a threshold value to produce a frequency comb. In the future, the experimental observation
of these frequency comb oscillations and their use as non-invasive biomarkers for breast cancer can be demonstrated.
Also, the idea of biological frequency combs can be extended to other diseases and biological systems.
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Figure 4: Fourier magnitude |U(f)| under one-parameter sweeps of the steepness coefficients associated with (a)
CTL-mediated tumor killing {y, (b) CAR-T-mediated tumor killing /1, (c) tumor-induced CTL proliferation ls, (d)
CTL-to-CAR-T-cell conversion [3, and (¢) CTL-mediated CAR-T-cell activation I, together with (f) the Caputo order
Q.
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