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Abstract

Conventional parametric probability models provide parsimonious representations of
probability laws but may be inadequate when the underlying distribution exhibits abrupt
changes in its density, multiple components, isolated atoms, or a combination of discrete and
continuous probability. This paper develops a partition-based framework for constructing
and estimating probability measures without requiring a single prescribed functional form
for the entire distribution. The construction assigns probability masses to measurable
cells and permits discrete, continuous, and mixed conditional distributions within the
cells. We investigate the approximation of arbitrary probability measures by partition-
induced discrete measures, establish weak convergence under partition refinement, and derive
statistical consistency for estimated partition distributions. Particular attention is given to
the distinction between weak convergence and uniform convergence of cumulative distribution
functions when the target distribution has atoms. An atom-preserving approximation scheme
is introduced for which uniform CDF approximation is controlled by the maximum probability
of the cells used to approximate the nonatomic component. We further establish finite-
partition asymptotic normality, derive a Wasserstein error bound, and formulate conditions
for consistency when partition boundaries are estimated. A simulation design is proposed to
investigate the finite-sample behaviour of the construction under continuous, discontinuous-
density, discrete, and mixed probability laws. The results provide a unified mathematical
basis for studying partition-based approximation and statistical inference for probability

distributions with irregular structure.

Keywords: Partition-based probability measure; discontinuous distribution; mixed prob-
ability distribution; weak convergence; uniform CDF convergence; Wasserstein distance;

statistical consistency; adaptive partitioning.
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1 Introduction

Probability distributions are fundamental to statistical modelling, estimation, prediction, and
inference. In many applications, the underlying distribution is represented by a parametric family
whose mathematical structure is specified in advance. Normal, exponential, gamma, Weibull, and
beta distributions provide useful models for a broad range of phenomena. Their parsimonious

representations facilitate estimation and inference, particularly when the assumed model is



appropriate. However, a single parametric family may not adequately represent distributions
with multiple modes, abrupt changes in density, structural point masses, or heterogeneous
components. Such structures arise in reliability analysis, environmental measurements, insurance
claims, survival data, and populations containing both zero-valued and continuously distributed
observations. A density may be discontinuous even though its CDF is continuous, whereas a
discrete probability component produces genuine jumps in the CDF. Mixed distributions may
exhibit both features simultaneously.

Nonparametric methods provide alternatives to restrictive parametric assumptions. Empiri-
cal distribution functions, histogram estimators, kernel estimators, and adaptive partitioning
methods have been extensively studied; see, for example, Devroye and Lugosi (2001), Gyorfi et al.
(2002), and Wasserman (2006). These approaches differ in their approximation properties and
in the assumptions required for their statistical analysis. In particular, density estimation with
respect to Lebesgue measure does not directly describe atomic probability, and weak convergence
of probability measures does not necessarily imply convergence of their CDFs at discontinuity
points. These observations motivate a general construction based on measurable partitions
of the sample space. Instead of prescribing a single global density, the construction allocates
probability to disjoint regions and permits a different conditional probability law within each
region. The resulting model can represent discrete, continuous, and mixed distributions within a
common measure-theoretic framework.

The purpose of this paper is to formulate the construction and develop its approximation
and statistical convergence properties. The principal questions are as follows. First, under
what conditions does a partition-induced probability measure approximate an arbitrary target
probability measure? Second, when cell probabilities are estimated from data, what conditions
ensure statistical consistency? Third, how does the presence of atoms affect convergence
of the corresponding CDFs? Finally, can an atom-preserving construction achieve uniform
CDF approximation while retaining a transparent separation between approximation error
and sampling error? The principal theoretical emphasis is on the last two questions. Weak
convergence is suitable for comparing probability measures of different types, but it may conceal
substantial discrepancies at jump points. We therefore develop an atom-preserving approximation
scheme in which the atomic component is retained at its original locations and the nonatomic
component is approximated through increasingly fine partitions. This leads to a direct uniform
CDF error bound.

The main contributions are fourfold. A general partition-based probability construction
is formulated; approximation and statistical consistency results are established; uniform CDF
convergence is investigated for distributions with atoms; and finite-partition inference and
convergence-rate bounds are derived. A framework for data-dependent partition selection is also
discussed.

The remainder of the paper is organized as follows. Section 2 introduces the probability
construction. Section 3 studies approximation by partition refinement. Section 4 develops
statistical estimation and convergence rates. Section 5 investigates discontinuities and atom-
preserving approximation. Section 6 presents finite-partition inference and adaptive partitioning.

Section 7 describes a simulation study. Section 8 concludes the paper.



2 Construction of partition-based probability measures

2.1 General probability construction

Let (2, F, P) be a probability space, and let X be a measurable subset of R equipped with its
Borel sigma-field. The target distribution is represented by a probability measure P on X.

For a positive integer K, consider a finite measurable partition

Prx ={Ai1,..., Ak},

K
where A; N A =@, j #k, and U Aj = X. The corresponding cell probabilities are
j=1

K

They satisfy p; > 0, ij =1
j=1
Let Q; be a probability measure supported on A;. The associated partition-based probability

measure is defined by

K
Pp(B) = pjQi(B),  BeBQX). (2.1)
j=1

The construction separates the allocation of probability across cells from the conditional
distribution within each cell. The probabilities p; determine the mass assigned to the different

regions, while (); determines the local probability structure.

Proposition 2.1 (Validity of the construction). For every finite measurable partition Pk,
every collection of nonnegative cell probabilities satisfying Z;il pj = 1, and every collection of
probability measures Q; supported on Aj, the set function Pp defined in (2.1) is a probability

measure.

2.2 Discrete partition approximation

A particularly simple construction replaces each cell by a representative point. Choose a; € A;

and let d,, denote the Dirac probability measure at a;. Define

K
PK = ijéaj- (2.2)
j=1

This is a discrete probability measure, irrespective of whether the target distribution is continuous,
discrete, or mixed. For a real-valued random variable X with distribution P, the corresponding
quantization map is Tk (x) = a; if x € A;.

If X ~ P, then Tk (X) ~ Pgk.

The construction in (2.2) is useful for studying probability-measure approximation. It should
be distinguished from a piecewise-constant density, which is a different object and requires an

appropriate reference measure.



2.3 Partition-based density construction

Suppose the target distribution is absolutely continuous with respect to Lebesgue measure and
the cells are intervals of positive finite lengths h;. A piecewise-constant density can be defined
by

s

114, (2). (2.3)

>

K
fr(z) =Y
j=1

Since the intervals form a partition of the support,

K
/fK(m) de=Y" %hj ~ 1.
j=1"

Thus fx is a valid probability density.
This density construction is appropriate for continuous probability components. It cannot
represent an atomic component by an ordinary Lebesgue density. For mixed distributions, the

measure construction in (2.1) is therefore more general.

2.4 Partition-based CDF

For the discrete approximation in (2.2), the CDF is

K
Fie(@) = Pic((—00,a]) = 3 pj1{a; < a}. (2.4)
j=1
The target CDF is
Flz) = P((~00,a]). (2.5)

The distinction between F and F' is central to the convergence analysis developed below.

3 Approximation under partition refinement

Let {Px} be a sequence of partitions of a compact interval X C R. Write

0 = lrgnjag% diam(A;)

for the maximum cell diameter. The partitions are assumed to become increasingly fine, so that
) K — 0.

Theorem 3.1 (Weak convergence of the exact partition approximation). Suppose P is supported
on a compact interval X. If 6 — 0, then Px = P. Moreover, for every continuous function g
on X,

‘/gdPK —/gdP’ < wy(dK), (3.1)

where wy(t) = sup |g(x) — g(y)| is the modulus of continuity of g.



Theorem 3.1 does not require the target distribution to possess a density. It therefore
applies to continuous, discrete, and mixed probability measures. For unbounded supports, a

corresponding result requires additional tail control or tightness conditions.

3.1 CDF approximation error

The weak convergence result does not, by itself, guarantee convergence of CDF's at every point.

We first give an explicit expression for the CDF approximation error.

Proposition 3.2 (CDF error under quantization). Let Tk (z) = a; for x € A;. Then

Fre(a) - F(z) = / 1Tk (y) < 2} — 1{y < 2}] dP(y). (3.2)

Consequently,
Fie(r) — P(x)] < P({Tx(X) < 2} £ 1{X < a}). (3.3)

Corollary 3.3 (CDF convergence at continuity points). Under the assumptions of Theorem 3.1,

at every continuity point x of F.

At a jump point of F, weak convergence alone does not ensure convergence of the CDF
values. For example, if P = dp and Pk = 01/, then Pg = do, but Fix(0) = 0 whereas F'(0) = 1.

This motivates an atom-preserving construction in Section 5.

4 Statistical estimation and convergence rates

4.1 Empirical cell probabilities

Let X1,..., X, be ii.d. observations from P. For a partition Pk, define

N; = Zl{Xi €A}, pj= 7]
=1
The empirical partition-based measure is
R K
Pn,K:Zﬁjday (41)
j=1
with CDF
R K
Foi(z) =) pj1{a; < z}. (4.2)
j=1

The estimation error can be decomposed into a sampling component and a partition approxi-



mation component. For example, for a bounded continuous function g,

|/gdﬁn,K—/gdP' < ‘/gdﬁn,K—/gdPK‘

+’/gdPK—/gdP'.

The first term is controlled by the empirical cell probabilities, while the second is controlled by

partition refinement.
Lemma 4.1 (Expected cell-probability error). For a fixed partition with K cells,

K

_ K
> Ipi—pil| <4/ = (4.3)

- n
Jj=1

Theorem 4.2 (Weak consistency of the estimated partition measure). Suppose P is supported

on a compact interval and Pk, is a deterministic sequence of partitions such that

n

0x, — 0, — — 0.
n

Then

~

P, k, = P in probability.

4.2 Wasserstein convergence

For probability measures P and () on R with finite first moments, define the Wasserstein-1

distance by

Wi(P,Q) = f — y|dn(
1 ( Weﬁnp@/ |z —y|dr(z,y),

where II(P, Q) denotes the collection of couplings of P and Q. On the real line, it also admits

the representation

Wi(P,Q) = /|Fp (2)] da.

Theorem 4.3 (Wasserstein error bound). Suppose the support of P is contained in an interval

of length L. Let i be the maximum cell diameter. Then

K
Wi(P, Py i) < 6 + LY _|Bj — pjl- (4.4)
Jj=1

W1 (P, P, k) = Op <5K + \/§> . (4.5)

For equal-width partitions of an interval of length L, dx = L/K. The preceding bound

~ L K
Wi(P, Py i) = Op ( + ) :

Consequently,

becomes

K n



Balancing the two terms gives the illustrative choice K = n'/3 and the bound Wi (P, ]3n K)=
Op(n~1/3) for fixed L. This is a rate implied by the stated bound, not a claim of minimax

optimality.

5 Discontinuities and atom-preserving approximation

5.1 Atomic and nonatomic components

Every probability measure P on R admits a decomposition
P =P+ Pnaa

where

Py = Zar(szm Qp = P({Z’f})?

r>1
and P,, is nonatomic. The total mass of P,; may be less than one; the remaining mass is carried
by Phaa.
The CDF of P is
F(x) = Fa(x) + Fha(x),

where

Fy(x) = Zarl{zr <z}

r>1

The jump size at any point x is
AF(x) = F(x) - F(a—) = P({z}).

The key idea is to preserve the atomic part at its original locations and approximate only

the nonatomic component.

5.2 Atom-preserving construction

Let Px = {A1,..., Ak} be a finite partition of the nonatomic part of the support, and choose
a; € Aj. Define

= Poa(A).
K 1%%)% na( ])

The atom-preserving approximation is
K
Ph =P+ Y _ Paa(4;)da,;. (5.1)
j=1

The atomic part is retained exactly, and the nonatomic component is replaced by a discrete

approximation.

Theorem 5.1 (Uniform CDF approximation with atom preservation). Suppose the target



probability measure has the decomposition
P = Pat + Pnav
and construct Py as in (5.1). Then

sup |[Fi(z) — F(z)| < qx- (5.2)
PISIIN
Consequently, if qx — 0, then

sup |Fg(z) — F(z)| — 0,
zeR

even when F' has jumps.

Theorem 5.1 distinguishes geometric refinement from probability refinement. Small geometric
diameters alone do not provide the displayed uniform bound for an arbitrary measure if atoms
are moved between cells. Preserving atoms and controlling the maximum nonatomic cell mass

directly address the issue.

5.3 Uniform convergence of the estimated CDF

Suppose the atomic locations are known, and the remaining support is partitioned into K
interval cells. Estimate all cell probabilities, including the probabilities of the atomic cells, using

empirical frequencies. Denote the resulting atom-preserving estimator by ]3;: x> with CDF ﬁ;: K-

Theorem 5.2 (Uniform statistical consistency). Under the preceding construction,

K

sup | i (x) = F(2)] < aic + > 1 — i, (5.3)

z€R j=1

where the sum includes all estimated cell probabilities, including any separately represented atoms.

If

K,
qx, — 0, — — 0,
n
then
sup| Fy e, () — F(x)] = 0.
zeR

The theorem presumes that the atomic component is represented at its true locations.
When atom locations are unknown, consistent identification and estimation require additional
assumptions and a separate analysis. The theorem does not establish that arbitrary unknown

atoms can be detected without restrictions.

5.4 Estimation of jump sizes

Lemma 5.3 (Consistency and asymptotic normality of a fixed jump). Suppose xq is a fixed
point with po = P({zo}). Let Ap(x0) = Fn(w0) — Fu(zo—), where F, is the empirical CDF.
n

. 1 N
Then, Ay (xo) = - Z 1{X; = x0}. Consequently, A, (zo) 22 po.
=1



If 0 < py < 1, then \/ﬁ{ﬁn(:co) — o} N N(0,po(1 = pp))-

5.5 Stability with respect to probability estimation

Proposition 5.4 (CDF stability). Let Px and Qg be supported on the same ordered represen-

tative points ai,...,ax, with respective probabilities p; and q;. Then

K
sup | Fpy () — For ()] <3 Ipj — g4l
zeR j=1

6 Finite-partition inference and adaptive refinement

6.1 Asymptotic normality for a fixed partition
Theorem 6.1 (Multinomial asymptotic normality). For a fized partition with K cells, let
)! )"

ﬁ:(ﬁla”'vﬁK ) p:(p17"‘7pK

Then, v'n(p — p) 4, Nk (0,%), where ¥ = diag(p) — pp'.

For a fixed z, let ¢(z) = (1{a; < 2},...,1{ax < })" . It follows that

V{E, k(z) — Fr(z)} S N (o, c(x)TZc(x)) .

Because the representative points are ordered, the selected cells form a prefix of the partition,
and the limiting variance is Fx(z){1 — Fx(z)}. This result concerns a fixed partition. When
the number of cells increases with sample size, a growing-dimensional central limit theorem or

an empirical-process argument is needed.

6.2 Estimated partition boundaries

Let by < b1 < --- < bg denote the boundaries of a fixed partition, and let /b\j be estimators of

the internal boundaries.

Proposition 6.2 (Consistency under estimated boundaries). Suppose K is fized,

~ P
max |bj = bj| =0,
and P({b;}) =0, j=1,...,K — 1. Then the empirical probabilities of the cells formed by

the estimated boundaries converge in probability to the corresponding true cell probabilities.

If a true boundary coincides with an atom, the zero-boundary- mass condition fails. In that
case, the partition convention and the treatment of the atom must be specified explicitly. For a
refining sequence of estimated partitions, further conditions are required to control the maximum

cell diameter, the number of cells, and the cumulative boundary-estimation error.



6.3 A bias—variance principle for partition selection

The preceding results suggest choosing partition complexity by balancing approximation and

estimation errors. A generic criterion is
Rn(K) = A(K) + Eu(K), (6.1)

where A(K') measures the approximation error and &, (K) measures the estimation error.

For the Wasserstein bound in Theorem 4.3, one may use the upper-bound proxy

| K

This is a conservative selection criterion rather than a universal optimality result. An adaptive
method should also consider whether the partition separates important atoms and whether the
cells around suspected discontinuities are sufficiently fine.

A rigorous optimal partition theorem would require a specified class of target distributions,
a loss function, and a precise approximation class. These elements determine whether a rate is

minimax optimal or merely an upper bound.

7 Simulation study design

7.1 Objectives

The simulation study is intended to assess how partition refinement and atom preservation
affect distributional approximation and statistical estimation. It should investigate whether
the theoretical error bounds are informative in finite samples and how the proposed method
compares with conventional empirical and parametric estimators.

No numerical results are asserted in this section. They should be reported only after the
simulation has been implemented and the output verified.

7.2 Data-generating distributions

The following distributions provide complementary test cases.

7.2.1 Model I: Uniform distribution.

Generate observations from U(0,1). This provides a continuous benchmark with no density

discontinuity.

7.2.2 Model II: Discontinuous density.

Consider

0, otherwise.

10



The density integrates to one and has a jump at x = 1. Its CDF is continuous.

7.2.3 Model III: Discrete distribution.

Let P(X =0) =0.4, P(X =1)=0.6. This model evaluates the preservation and estimation of

atomic probabilities.

7.2.4 Model IV: Mixed distribution.

Let P(X =0) = 0.3 and let the remaining probability 0.7 follow a uniform distribution on (0, 1).

This model has an atom at zero and a continuous component.

7.2.5 Model V: Multimodal continuous distribution.

Use a finite mixture of normal distributions with separated component means. This assesses the

ability of a partition to represent multiple modes without specifying a single parametric family.

7.3 Estimators to compare
The study should compare the following procedures:
(i) the empirical CDF;
(ii) a partition-based discrete probability measure;
(iii) a piecewise-constant density estimator, where a density exists;
(iv) an atom-preserving partition estimator when the atomic locations are known;
(v) an ordinary histogram with a data-selected bin width;

(vi) a correctly specified parametric estimator for each benchmark model, where available.

The comparison between the ordinary partition estimator and the atom-preserving estimator

is particularly important for the discrete and mixed models.

7.4 Performance criteria

For replication r, define the uniform CDF error by D, = sup|F.(z) — F(z)|, where G is a
z€G

sufficiently fine deterministic grid augmented with all known discontinuity locations. The grid

approximation to the supremum should be checked for sensitivity to grid refinement.

For models with a finite first moment, compute Wy (P,, P) = / |F,.(z) — F(x)| dz. For density
R

estimators, use integrated squared error ISE, = / {ﬁ(m) — f(2)}? dz, where the target possesses

a density. The simulation should also record the estimated jump sizes, their biases, their mean

squared errors, and the computational cost of each procedure.

11



7.5 Sample sizes and partition complexity

Consider sample sizes n € {50,100, 200, 500,1000} and several partition sizes satisfying both
moderate and fine resolutions. For each configuration, repeat the experiment independently,
for example, B = 2000 times. The empirical convergence study should examine whether the
estimation error decreases as n increases and whether overly fine partitions introduce excessive
sampling variability. A separate experiment should investigate the effect of preserving known

atoms when the target distribution contains point masses.

7.6 Results & Interpretation

The finite-sample performance of the proposed partition-based probability construction was inves-
tigated through 2000 Monte Carlo replications for each sample size n € {50, 100, 200, 500, 1000}.
The analysis considered five distributions with different structural characteristics: a uniform
distribution, a distribution with a discontinuous density, a discrete distribution, a mixed distri-
bution, and a multimodal continuous distribution. The principal performance criteria were the
uniform error of the estimated cumulative distribution function (CDF), the first Wasserstein
distance, the integrated squared error (ISE) of density estimators, and the mean squared error
of estimated atomic probabilities. The numerical findings are discussed below, with particular

attention to the effects of sample size, partition resolution, and explicit preservation of atoms.

7.6.1 Uniform distribution

The uniform distribution serves as a continuous benchmark for examining the approximation error
induced by partitioning and the effect of sample size on distributional and density estimation.
Figure 1 presents the mean CDF error for the empirical CDF, the correctly specified parametric
estimator, and partition-based approximations with different numbers of cells. The corresponding
numerical results, including the mean Wasserstein-1 distance and the integrated squared error
(ISE) of the density estimators, are summarized in Table 1. Together, these results illustrate the
effects of sample size and partition resolution on the quality of the estimated distribution.

The empirical CDF exhibited a consistent improvement as the sample size increased. Its
mean CDF error decreased from 0.12003 at n = 50 to 0.02729 at n = 1000, while the mean
Wasserstein-1 distance declined from 0.04503 to 0.00998, respectively (Table 1). This pattern
is consistent with the convergence of the empirical distribution function to the underlying
distribution as the sample size increases. The reduction in Wasserstein distance also indicates
that the empirical distribution becomes closer to the target distribution in terms of the average
transport distance. The downward trend in Figure 1 provides a visual confirmation of the
reduction in CDF error with increasing sample size.

The partition-based estimators show that the number of cells plays an important role in the
accuracy of the discrete approximation. At n = 50, increasing the number of cells from K = 2 to
K = 8 reduced the mean CDF error from 0.30681 to 0.15700. At n = 1000, the corresponding
error decreased from 0.11900 for K = 5 to 0.04833 for K = 20. The Wasserstein-1 distance
followed the same pattern at n = 1000, decreasing from 0.05080 for K = 5 to 0.01577 for K = 20

(Table 1). These findings indicate that partition refinement improves the representation of the

12



continuous distribution by providing a finer spatial resolution. Nevertheless, the partition-based
approximations remain less accurate than the empirical CDF for the reported configurations,
emphasizing that finer partitioning does not automatically eliminate the approximation error
associated with replacing a continuous distribution by a discrete measure.

The correctly specified parametric estimator achieved smaller errors than both the empirical
CDF and the reported partition-based estimators. Its mean CDF error decreased from 0.02997
at n = 50 to 0.00149 at n = 1000, while its mean Wasserstein-1 distance decreased from 0.01332
to 0.00066 (Table 1). This result illustrates the efficiency attainable when the parametric
family is correctly specified. The comparison should, however, be interpreted in light of the
benchmark design: the parametric estimator benefits from knowledge of the correct distributional
form, whereas partition-based methods provide a more flexible representation that does not
require the target distribution to belong to a prespecified parametric family. Accordingly, the
purpose of the partition-based construction is not necessarily to outperform a correctly specified
parametric estimator, but to provide a systematic approximation that can also be used when
the distributional form is unknown or more complicated.

The density-estimation results reveal a different relationship between partition resolution
and estimation accuracy. At n = 1000, the mean ISE of the piecewise-constant density estimator
was 0.00394, 0.00895, and 0.01901 for K = 5, K = 10, and K = 20, respectively (Table 1).
Thus, in this experiment, the coarser partition with K = 5 produced the smallest ISE among
these three choices. This does not contradict the improvement in CDF error and Wasserstein
distance under partition refinement: the metrics assess different properties of the estimators. A
finer partition can represent the distribution at greater spatial resolution, while simultaneously
producing less stable estimates of the density within individual cells. With a fixed sample size,
increasing the number of cells generally reduces the number of observations available to estimate
each cell probability, potentially increasing the variability of the estimated density heights. The
results therefore demonstrate that partition selection should account for the intended inferential
target and should balance approximation resolution against sampling variability.

Overall, the uniform-distribution experiment demonstrates that increasing the sample size
improves empirical distribution estimation and that partition refinement generally reduces the
discrepancy between the partition-based discrete measure and the target distribution. However,
the density-estimation results show that the finest partition need not minimize ISE. Figure 1 and
Table 1 jointly highlight the distinction between approximating a distribution through a discrete
measure and estimating its underlying density. This distinction is important when selecting the

partition size for practical applications.

13



Table 1: Selected simulation results for the uniform
distribution. The table reports mean CDF error,
mean Wasserstein-1 distance, and mean integrated
squared error (ISE), where available.

Uniform - cdf_error_mean

—e— Empirical CDF
*- Parametric
.. @* Partition K=10

Partition K=16
- @ ¢%— Pariiion K
|

cdf_error_mean
0.00 0.20

|
I
Criterion Estimator n K Mean error %0 100 200 500 1000
CDF error Empirical CDF 50 — 0.12003 sample sizen
CDF error Empirical CDF 1000 —  0.02729
Wasserstein-1 Empirical CDF 50 —  0.04503 Figure 1: Mean CDF error against sam-
Wasserstein-1 Empirical CDF 1000 —  0.00998 ple size for the uniform distribution. The
) empirical CDF, parametric estimator,
CDF error Parametric 50 —  0.02997 L. . .
ODF error  Parametric 1000 —  0.00149 and partition-based approximations are
Wasserstein-1 Parametric 50 — 0.01332 compared.
Wasserstein-1 Parametric 1000 —  0.00066
CDF error Partition 50 2 0.30681
CDF error Partition 50 8 0.15700
CDF error Partition 1000 5 0.11900
CDF error Partition 1000 20  0.04833
Wasserstein-1 Partition 1000 5 0.05080
Wasserstein-1 Partition 1000 20  0.01577

Density ISE  Piecewise const. 1000 5 0.00394
Density ISE ~ Piecewise const. 1000 10  0.00895
Density ISE  Piecewise const. 1000 20  0.01901

7.6.2 Distribution with a discontinuous density

The second simulation model has density

0, otherwise.

Although the density has a jump discontinuity at = 1, the corresponding cumulative distribution
function (CDF) is continuous. This model therefore examines the ability of partition-based
methods to approximate a continuous distribution when its density changes abruptly across
adjacent regions. In particular, it allows us to investigate how sample size, partition resolution,
and the placement of partition boundaries affect distributional approximation and density
estimation. Figure 2 displays the mean Wasserstein-1 distance, while the numerical results
for the CDF error, Wasserstein-1 distance, and density integrated squared error (ISE) are
summarized in Table 2.

The empirical CDF improved as the sample size increased. Its mean CDF error decreased
from 0.11955 at n = 50 to 0.02727 at n = 1000, while the mean Wasserstein-1 distance declined
from 0.08664 to 0.01924, respectively (Table 2). These results indicate that the empirical
distribution increasingly approximates the target distribution as more observations become
available. The correctly specified parametric estimator also exhibited decreasing errors: its mean
CDF error fell from 0.05364 at n = 50 to 0.01216 at n = 1000. As in the uniform benchmark, this

estimator benefits from the correct specification of the underlying distributional form, whereas

14



the partition-based construction does not require such a parametric assumption.

The partition-based results demonstrate the importance of partition resolution. At n = 1000,
increasing the number of cells from K = 5 to K = 20 reduced the mean CDF error from
0.12790 to 0.05465. The corresponding mean Wasserstein-1 distance decreased from 0.09875 to
0.03137 (Table 2). Figure 2 likewise illustrates the improvement in distributional approximation
associated with increasing sample size and partition resolution. These findings support the
use of finer partitions when a more accurate discrete representation of the target distribution
is required. Nevertheless, the reported partition-based errors remain larger than those of the
empirical CDF for the displayed configurations, showing that finer partitions reduce, but do
not necessarily remove, the discrepancy between the discrete approximation and the continuous
target distribution.

The placement of partition boundaries was also examined. At n = 100 with K = 5, the
mean CDF error was 0.16553 for the partition aligned with the density discontinuity at x = 1,
compared with 0.18347 for the unaligned partition. Their corresponding mean Wasserstein-1
distances were 0.11266 and 0.11587, respectively (Table 2). Thus, in this configuration, alignment
improved both measures of distributional approximation. This is consistent with the fact that a
boundary at x = 1 prevents a partition cell from combining observations from the two regions
with different density levels. The benefit is, however, dependent on the partition geometry and
is not universal. For example, the reported K = 10 aligned and unaligned results coincide, as
do several other configurations in which the procedures produce the same effective partition.
Consequently, the alignment effect should be interpreted for each actual partition rather than as
a general guarantee of improved approximation.

The density-estimation results further distinguish distributional approximation from density
recovery. The data-selected Freedman-Diaconis (FD) histogram had a mean ISE of 0.03192
at n = 50, decreasing to 0.00447 at n = 1000 (Table 2). For the piecewise-constant density
estimator at n = 1000, the mean ISE was 0.00209 for K = 5 and 0.00947 for K = 20. Thus, the
coarser of these two partitions yielded the smaller ISE in this experiment. This result does not
contradict the improvement in CDF error and Wasserstein distance under partition refinement,
because density ISE measures the accuracy of the estimated density heights over the domain,
rather than the discrepancy between the estimated and target distribution functions. A larger
number of cells offers finer spatial resolution, but it also leaves fewer observations per cell on
average, which can increase the variability of the estimated density. Since the true density is
piecewise constant, a partition whose boundary coincides with £ = 1 can represent the two
density levels without averaging across the discontinuity. The results therefore suggest that
both partition resolution and boundary placement should be considered when estimating a
discontinuous density.

Overall, this experiment shows that a jump discontinuity in the density does not prevent
accurate estimation of the continuous distribution function. Increasing the sample size improves
the empirical CDF and reduces the Wasserstein-1 distance, while partition refinement generally
improves the distributional approximation. Boundary alignment can provide an additional
improvement when it separates regions with different density levels. However, the density ISE

results show that the partition with the largest number of cells need not provide the most
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accurate density estimate. Figure 2 and Table 2 together emphasize that the choice of partition
should reflect the estimation objective: approximating the distribution, recovering the density,

or capturing a known discontinuity.

Table 2: Selected simulation results for the distribu-
tion with a discontinuous density. The table reports
mean CDF error, mean Wasserstein-1 distance, and

Discontinuous — wassersteinl_mean

—e— Empirical COF
* - Parametric

0.05 0.20

wassersteinl_mean

. . Partition K=10 aligned
mean density integrated squared error (ISE), where !<i-‘7,77?'—'»'"i"—TTT,TT?T‘;‘;[*’E“;:mz“‘ng;"
. oo e T == —Partifion=i2unalig
available. ' ' ' T I
50 100 200 500 1000
. . . Sample size n
Criterion Estimator n K Mean error
CDF error  Empirical CDF 50— 011955 Figure 2: Mean Wasserstein-1 distance
CDF error Empirical CDF 1000 — 0.02727 . . . . .

] o against sample size for the distribution
Wasserstein-1 Empirical CDF 50 — 0.08664 ‘th a di . d R Th )
Wasserstein-1 Empirical CDF 1000 —  0.01924 with a discontimuous density. Lhe plot

compares the empirical CDF, paramet-
CDF P tri 50 — 0.05364 . cps
error ATameLne ric benchmark, and partition-based ap-
CDF error Parametric 1000 — 0.01216 . .
proximations.
CDF error Partition, aligned 100 5 0.16553
CDF error Partition, unaligned 100 5 0.18347
Wasserstein-1 Partition, aligned 100 5 0.11266
Wasserstein-1 Partition, unaligned 100 5 0.11587

CDF error Partition, aligned 1000 5 0.12790
CDF error Partition, aligned 1000 20 0.05465
Wasserstein-1 Partition, aligned 1000 5 0.09875
Wasserstein-1 Partition, aligned 1000 20 0.03137

Density ISE  FD histogram 50 — 0.03192
Density ISE  FD histogram 1000 — 0.00447
Density ISE  Piecewise const. 1000 5 0.00209
Density ISE  Piecewise const. 1000 20 0.00947

7.6.3 Discrete distribution and preservation of atoms

The discrete model assigns probabilities 0.4 and 0.6 to the points 0 and 1, respectively. Unlike
the preceding continuous models, this setting directly examines whether a partition-based
construction preserves the locations of point masses. This distinction is fundamental because a
discrete distribution is characterized not only by the probabilities assigned to its support points
but also by the locations at which the CDF exhibits jumps. Figure 3 presents the mean uniform
CDF error for the atom-preserving estimators, while Table 3 reports selected numerical results
for the atom-preserving and ordinary partition-based procedures.

In the implementation considered here, the empirical CDF, the atom-preserving estimator,
and the model-aware parametric estimator coincide because each uses the observed proportions
at the two known support points. Their mean uniform CDF error decreased from 0.05268 at
n = 50 to 0.01256 at n = 1000, while the corresponding mean Wasserstein-1 distance decreased
from 0.05269 to 0.01256 (Table 3). The mean squared error (MSE) of the estimated atomic
probabilities also declined, from 0.004514 to 0.0002474 over the same sample-size range. These
reductions are consistent with the increasing precision of empirical proportions as estimators

of the fixed atomic probabilities. The estimated atomic probabilities are unbiased under the
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usual independent sampling model, and their variability decreases as the sample size increases.
The overlapping curves in Figure 3 reflect the fact that these estimators use the same observed
proportions and retain the same support points.

The ordinary partition-based approximation behaved differently. Its mean uniform CDF
error remained at 0.6 across the reported sample sizes and partition sizes (Table 3). This
persistent discrepancy arises because the ordinary construction assigns the probability associated
with a cell to a representative point, which need not coincide with the location of the true
atom. Consequently, the approximating CDF can place a jump at a different location from
the target CDF. Even when the representative point is relatively close to the true support
point, a displacement of an atom can produce a substantial uniform CDF discrepancy: the CDF
difference is evaluated at every location, including points between the true and approximating
jump locations. Refining the partition can reduce the displacement, but it does not guarantee
exact preservation of the atomic support.

The Wasserstein-1 results demonstrate a complementary pattern. For n = 50, the mean
distance for the ordinary partition approximation decreased from 0.27633 at K = 2 to 0.10878 at
K =8. At n = 1000, it decreased from 0.11014 at K =5 to 0.03695 at K = 20 (Table 3). Thus,
increasing the partition resolution improved the transport-based approximation even though
the uniform CDF error remained unchanged in the reported configurations. The two criteria
measure different aspects of discrepancy. The uniform CDF error is sensitive to the maximum
difference between the two distribution functions, particularly around displaced jumps, whereas
the Wasserstein-1 distance reflects the amount of probability mass that must be transported
and the distances over which it is moved. As a result, the transport distance can decline when
representative points approach the true atoms, even when the uniform CDF error remains large.

These findings highlight why preserving atoms is important when constructing approximations
to discrete distributions. An estimator that retains the true support points and estimates their
probabilities directly avoids the artificial displacement of CDF jumps introduced by ordinary
cell-representative constructions. In the present experiment, the improvement of the atom-
preserving estimators with sample size is attributable to more accurate estimation of the atomic
probabilities, rather than to an increase in the number of partition cells. By contrast, refining the
ordinary partition improves the Wasserstein approximation but does not resolve the persistent
uniform CDF discrepancy in the configurations considered.

Overall, the discrete-distribution experiment demonstrates that distributional approximation
requires attention to both probability weights and support locations. The atom-preserving
estimators achieve improving CDF and Wasserstein accuracy as the sample size increases, whereas
the ordinary partition-based construction exhibits a substantial uniform CDF error despite
improvements in Wasserstein distance under partition refinement. Figure 3 and Table 3 therefore
support the use of an explicit atom-preservation mechanism when the target distribution contains

point masses.
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Table 3: Selected simulation results for the discrete distribution with masses 0.4 at 0 and 0.6
at 1. The table reports mean uniform CDF error, mean Wasserstein-1 distance, and the mean
squared error of the estimated atomic probabilities (MSE).

Criterion Estimator n K Mean error
Uniform CDF error Atom-preserving 50 — 0.05268
Uniform CDF error Atom-preserving 1000 — 0.01256
Wasserstein-1 Atom-preserving 50 — 0.05269
Wasserstein-1 Atom-preserving 1000 — 0.01256
Atomic probability MSE  Atom-preserving 50 — 0.004514
Atomic probability MSE ~ Atom-preserving 1000 — 0.0002474
Uniform CDF error Ordinary partition Reported range Various 0.60000
Wasserstein-1 Ordinary partition 50 2 0.27633
Wasserstein-1 Ordinary partition 50 8 0.10878
Wasserstein-1 Ordinary partition 1000 5 0.11014
Wasserstein-1 Ordinary partition 1000 20 0.03695
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Figure 3: Mean uniform CDF error against sample size for the discrete distribution. The
empirical CDF and the atom-preserving estimators retain the two support points and estimate
their probabilities from the observed proportions. Their overlapping curves reflect the equivalence
of these procedures in the implementation considered. Selected numerical results are reported in
Table 3.

7.6.4 Mixed distribution

The mixed model consists of an atom with probability 0.3 at zero and an absolutely continuous

uniform component on (0, 1] with total probability 0.7. Equivalently, its distribution can be

written as
0, x <0,
F(z)=¢03+0.72, 0<z<1,
1, r>1,
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where the jump at zero has size 0.3, followed by a continuous increase over the interval (0, 1]. This
model examines whether partition-based methods can accommodate a distribution containing
both a singular atomic component and an absolutely continuous component. The numerical
results for the empirical CDF, the model-aware parametric estimator, the ordinary partition
approximation, and the estimated atomic probability are summarized in Table 4. Figure 4
displays the mean squared error (MSE) of the estimated probability mass at zero as a function
of sample size.

The empirical CDF improved with increasing sample size. Its mean CDF error decreased
from 0.11485 at n = 50 to 0.02650 at n = 1000, while its mean Wasserstein-1 distance decreased
from 0.04678 to 0.01067, respectively (Table 4). The model-aware parametric estimator also
exhibited a reduction in mean CDF error, from 0.05133 at n = 50 to 0.01203 at n = 1000.
These results show the improvement in distributional estimation as the sample size grows. The
smaller errors of the parametric estimator are consistent with the advantage of using the correct
mixed-distribution structure. This comparison should be understood as a benchmark against a
model-aware estimator rather than as evidence that a parametric approach will necessarily be
preferable when the mixture structure or component distributions are unknown.

The ordinary partition-based approximation exhibited a substantial uniform CDF discrepancy.
Its mean uniform CDF error was 0.47483 for K = 2 at n = 50, compared with 0.31736 for
K =20 at n = 1000. The corresponding mean Wasserstein-1 distances were 0.16882 and 0.02100,
respectively (Table 4). These results illustrate that a partition-based approximation can have
a large uniform CDF error even when its Wasserstein distance is relatively small. In a mixed
distribution, the placement of the atomic mass is particularly important because relocating the
mass at zero can shift the location of the CDF jump. Refining the continuous partition can
improve the spatial approximation, but it does not by itself guarantee exact preservation of the
atom. The numerical comparison across these configurations should nevertheless be interpreted
with care, since both sample size and partition resolution differ between the two reported cases.

The estimation of the atomic probability provides a separate and more direct assessment of
the mixed-distribution construction. The mean squared error of the estimated jump probability
at zero decreased from 0.004195 at n = 50 to 0.0002257 at n = 1000 (Table 4). Figure 4 shows
this reduction in estimation error as the sample size increases. When the atom is located at a
known point, its probability can be estimated directly by the observed proportion of observations
at that point. Under independent sampling, this empirical proportion is an unbiased estimator
of the true atomic probability, and its variance decreases with sample size. The results therefore
support direct estimation of the atomic mass rather than treating it as part of the continuous
component.

The atom-preserving CDF implementation for this mixed model, however, requires correction
before its distributional errors can be interpreted. In particular, the probabilities assigned to
cells within the continuous component must be calculated using the observations belonging
to that component and normalized by the number of such observations. These conditional
cell probabilities can then be multiplied by the estimated total probability of the continuous
component. The atomic probability must be included separately, with the resulting atomic

and continuous contributions summing to one. Similarly, density estimation must distinguish
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the point mass at zero from the absolutely continuous component: the density represents only
the latter and must not treat the atom as an ordinary continuous observation. Until these
corrections are implemented and the simulations are recomputed, the reported atom-preserving
CDF errors and density ISE values are not used to draw conclusions about the distributional
accuracy of the atom-preserving procedure.

Overall, the mixed-distribution experiment demonstrates the importance of treating atomic
and continuous components separately. The empirical CDF and the model-aware parametric
estimator improve with sample size, while the ordinary partition approximation illustrates the
potential discrepancy caused by representing atomic mass at cell representatives. The declining
MSE of the estimated jump probability further confirms that the atomic mass can be estimated
increasingly accurately from observed frequencies. Figure 4 and Table 4 summarize these findings.
A complete assessment of the atom-preserving CDF and density estimators, however, must
await correction of the mixed-component normalization and subsequent recalculation of the

corresponding simulation results.

Table 4: Selected simulation results for the mixed distribution with an atom of probability 0.3
at zero and a continuous uniform component of total probability 0.7. Atom-preserving CDF
errors and density ISE are omitted because the current implementation requires correction.

Criterion Estimator n K Mean error
CDF error Empirical CDF 50 — 0.11485
CDF error Empirical CDF 1000 — 0.02650
Wasserstein-1 Empirical CDF 50 — 0.04678
Wasserstein-1 Empirical CDF 1000 — 0.01067
CDF error Parametric 50 — 0.05133
CDF error Parametric 1000 — 0.01203
CDF error Ordinary partition 50 2 0.47483
CDF error Ordinary partition 1000 20 0.31736
Wasserstein-1 Ordinary partition 50 2 0.16882
Wasserstein-1 Ordinary partition 1000 20 0.02100
Atomic probability MSE ~ Empirical atom frequency 50 — 0.004195
Atomic probability MSE ~ Empirical atom frequency 1000 —  0.0002257
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Figure 4: Mean squared error of the estimated atomic probability at zero against sample size for
the mixed distribution. The decreasing MSE reflects the increasing precision of the empirical
estimate of the point mass. The corresponding numerical results are reported in Table 4.

7.6.5 Multimodal continuous distribution

The multimodal model evaluates the ability of partition-based methods to approximate a
continuous distribution characterized by separated regions of high probability density. The
empirical CDF error decreased from 0.11887 at n = 50 to 0.02695 at n = 1000, while the
corresponding Wasserstein-1 distance decreased from 0.28650 to 0.06532. The correctly specified
mixture benchmark yielded mean uniform CDF errors of 0.07296 and 0.01651, respectively, at
these sample sizes. Thus, the mixture benchmark outperformed the empirical CDF in terms of
the reported CDF-error criterion. The numerical results for distribution-function approximation

and density estimation are summarized in Table 5.
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Table 5: Simulation results for the multimodal continuous distribution.

Method Configuration n  CDF error / ISE W distance
Empirical CDF - 50 0.11887 0.28650
Empirical CDF - 1000 0.02695 0.06532
Mixture benchmark Correctly specified 50 0.07296 0.25224
Mixture benchmark Correctly specified 1000 0.01651 0.05740
Partition-based CDF K=2 50 0.53800 0.73086
Partition-based CDF K=38 50 0.24912 -
Partition-based CDF K=5 1000 0.31170 0.45242
Partition-based CDF K =20 1000 0.10382 0.14679
Data-selected histogram - 50 0.12526 -
Data-selected histogram — 1000 0.03732 -
Piecewise-constant density K =5 1000 0.04469 -
Piecewise-constant density K = 20 1000 0.00919 -

Notes. For distribution-function estimators, the fourth column reports the mean uniform CDF error. For
density estimators, it reports the mean integrated squared error (ISE). The Wasserstein-1 distance is reported
for the distribution-function estimators. A dash indicates that the corresponding result was not available in

the simulation summary.

The distribution-function results reveal a clear effect of partition refinement. At n = 50, the
mean uniform CDF error decreased from 0.53800 for K = 2 to 0.24912 for K = 8. At n = 1000,
it decreased from 0.31170 for K = 5 to 0.10382 for K = 20. The Wasserstein-1 distance exhibited
a similar pattern, decreasing from 0.45242 to 0.14679 as the partition size increased from K =5
to K =20 at n = 1000. These results suggest that finer partitions preserve more information
about the locations and relative magnitudes of separated modes. By contrast, a coarse partition
may aggregate observations from distinct high-density regions into the same cell, thereby losing
important features of the underlying distribution. Despite the improvement under refinement,
the partition-based estimator did not attain the accuracy of the correctly specified mixture
benchmark under the reported CDF-error criterion.

The density-estimation results exhibit a complementary pattern. The data-selected histogram
had mean ISE 0.12526 at n = 50, decreasing to 0.03732 at n = 1000. For the piecewise-constant
density estimator at n = 1000, the mean ISE decreased from 0.04469 for K = 5 to 0.00919
for K = 20. Thus, for the reported configurations, a finer partition provided a more accurate
density approximation. The decline in histogram ISE with sample size also indicates improved
estimation as more observations became available. Figure 5 displays the mean ISE across sample

sizes for the histogram and piecewise-constant density estimators.
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Figure 5: Mean integrated squared error against sample size for density estimators under the
multimodal continuous model. The figure compares the data-selected histogram with piecewise-
constant density estimators using different partition sizes.

Overall speaking, the multimodal experiment illustrates both the flexibility and the limitations
of partition-based estimation. A sufficiently fine partition can represent separated regions of high
density without imposing a single-component parametric form. However, increasing the number
of cells does not guarantee uniformly better performance across all estimation criteria. In the
reported results, the correctly specified mixture benchmark performed better for distribution-
function estimation, whereas finer partitions improved the piecewise-constant density estimator.
These findings emphasize the importance of distinguishing distribution-function approximation

from density estimation when assessing partition-based methods.

7.6.6 Overall interpretation

The numerical experiments reveal several important features of partition-based probability
approximation across uniform, discontinuous, discrete, mixed, and multimodal distributions.
First, increasing the sample size consistently improves the empirical distribution-function
estimator, as reflected in the decreasing uniform CDF error and Wasserstein-1 distance across
the models considered. Second, refining the partition generally improves the distributional
approximation by reducing the spatial error induced by representing observations within each
cell by a finite collection of representative points. However, the magnitude of this improvement
depends on the underlying distribution, the partition geometry, and the error criterion employed.
In density estimation, finer partitions provide greater flexibility to capture local features, including
discontinuities and separated modes, but may also increase sampling variability; consequently, the
optimal partition size need not be the largest one considered. Third, the experiments demonstrate
the importance of explicitly preserving atomic locations when the target distribution contains
point masses. In the discrete model, the ordinary partition-based approximation exhibited a
substantial uniform CDF error because the relocation of atomic probability mass altered the
locations of the distribution-function jumps, whereas the atom-preserving estimator coincided

with the empirical CDF when the support was known and estimated the atomic probabilities
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consistently. A similar limitation was observed for the ordinary partition approximation in the
mixed model, where continuous and atomic components must be treated separately; however,
the atom-preserving CDF results for this model require recomputation following correction of
the implementation. The distinction between uniform CDF error and Wasserstein-1 distance
is also important for interpreting the numerical findings. Uniform CDF error measures the
largest absolute discrepancy between two distribution functions and can therefore be particularly
sensitive to errors near jump discontinuities, whereas the Wasserstein-1 distance reflects the
cumulative spatial cost of transporting probability mass and is consequently sensitive to the
distances over which that mass is displaced. Improvements under one criterion therefore need
not correspond to proportional improvements under the other. Taken together, the experiments
support partition refinement as a means of increasing distributional resolution and demonstrate
that preserving exact atomic locations is essential when the target contains point masses whose
jump locations must be retained. They also indicate that the performance of the proposed
construction depends jointly on sample size, partition resolution, partition alignment, and the
nature of the approximation target. Accordingly, conclusions concerning the mixed-model
atom-preserving CDF estimator and its density-estimation results should remain provisional

until the relevant implementation errors have been corrected and the simulations recomputed.

8 Conclusion

This study develops and investigates a partition-based framework for approximating probability
distributions with different structural characteristics, including continuous distributions, discon-
tinuous densities, discrete distributions with point masses, mixed distributions, and multimodal
continuous distributions. The central idea is to represent a probability law through a finite
collection of partition cells and associated probability masses, thereby providing a flexible
construction for approximating distribution functions and, under suitable conditions, probability
densities. The numerical experiments demonstrate that the effectiveness of this construction
depends on the sample size, the number and geometry of the partition cells, the nature of the
underlying distribution, and the approximation criterion.

The simulation results indicate that increasing the sample size improves distribution-function
estimation, as reflected in the decreasing uniform CDF error and Wasserstein-1 distance for the
empirical estimator across the models considered. Partition refinement also generally improves
distributional approximation by reducing the spatial discrepancy arising from the representation
of probability mass at selected locations. This effect is particularly evident in the multimodal
experiment, where finer partitions provide a more detailed representation of separated regions
of high probability density. For density estimation, the results further show that increasing
the partition resolution can substantially reduce integrated squared error in the configurations
examined. Nevertheless, the relationship between partition size and estimation accuracy is
not universally monotone: finer partitions may increase sampling variability, and the balance
between approximation error and estimation error must be considered when selecting the partition
resolution.

An important finding concerns distributions containing point masses. The discrete-distribution
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experiment illustrates that an ordinary partition approximation may fail to preserve the locations
of distribution-function jumps when atomic probability is redistributed among representative
points. By contrast, when the support is known, an atom-preserving construction can retain
the specified atomic locations and estimate their probabilities using empirical proportions.
This distinction motivates treating atomic and absolutely continuous components separately
when approximating mixed distributions. However, the atom-preserving CDF results and the
density-estimation results for the mixed model require recomputation after correction of the
implementation. Consequently, no definitive finite-sample performance claim is made for those
components until the corrected simulations have been completed.

The experiments also emphasize that distributional approximation should be evaluated using
complementary criteria. The uniform CDF error measures the largest discrepancy between
distribution functions and is particularly informative about errors in jump heights and locations,
whereas the Wasserstein-1 distance quantifies distributional discrepancy in terms of the spatial
displacement of probability mass. Integrated squared error, in turn, assesses the accuracy of
density estimation and is applicable only when the target and estimated densities are defined
with respect to a common dominating measure. These criteria capture different aspects of
approximation quality and should not be interpreted interchangeably.

Several directions remain for further investigation. The theoretical analysis can be extended
to establish explicit convergence rates under different partition-refinement schemes and to
characterize the trade-off between partition resolution and sampling variability. Data-adaptive
partition selection, higher-dimensional constructions, and principled procedures for choosing
representative points also warrant study. For mixed distributions, a theoretically justified
decomposition into atomic and continuous components would provide a systematic basis for
preserving jump locations while estimating the continuous component. Finally, the numerical
assessment should be extended using corrected mixed-model simulations, additional distributional
settings, and uncertainty summaries across repeated Monte Carlo samples.

In conclusion, partition-based probability approximation offers a flexible approach to rep-
resenting distributions with diverse structural features without requiring every target law to
belong to a prespecified parametric family. Its practical reliability, however, depends on an
appropriate choice of partition, a clear distinction between atomic and continuous components,
and evaluation using criteria suited to the target of interest. The findings support further
development of partition-based methods as a general framework for distributional approximation,
while identifying implementation validation, theoretical convergence analysis, and adaptive

partition selection as essential steps toward a more comprehensive methodology.

Data availability

No external dataset is required for the theoretical results. The simulation data can be generated

from the specified probability models. Simulation code and generated results are available in .
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A Appendix: Proofs

A.1 Proof of Proposition 2.1

Let Px = {A1,..., Ak} be a finite measurable partition of the sample space (X, .A). Thus,
K

each A; € A, the sets Ay,..., Ag are pairwise disjoint, and U Aj = X. Suppose that p; > 0,
j=1

K
j=1,...,K, with ij = 1, and let @; be a probability measure on (X,.A) satisfying
j=1
Qj(Aj) = 1. In other words, @; assigns probability one to the j-th partition cell. For every
B € A, define

K
Pp(B) =Y _p;Q;(B). (A1)
j=1

We prove that Pp satisfies the defining properties of a probability measure.
Since each @); is a probability measure, we have Q;(B) > 0 for every B € A. Together with
pj > 0, this gives

K
Pp(B) =) p;Q;(B) > 0.
j=1

K K
Moreover, because Q;(X) =1 for every j =1,..., K, Pp(X) = ijQj(X) = ij =1.
Jj=1 j=1

In particular, Pp(@) = 0, since Q;(&) = 0 for every j. Thus, Pp is nonnegative and
normalized.
Let By, Bs,... € A be any sequence of pairwise disjoint measurable sets. Their union
o0
B = U By, belongs to A, because A is a sigma-algebra. Since each @); is a probability measure,

m=1
its countable additivity implies

Q; (U Bm> => Qi(Bwn), j=1,... K
m=1

m=1

Consequently, using the definition in (2.1), we obtain

] K 00 K 00 oo K 00
Pp (U Bm> => piQ; (U Bm) => 1> Qi(Bw) =Y pjQi(Bn)=>_ Pp(Bn).
m=1 J=1 m=1 j=1 m=1 m=1 j=1 m=1
The interchange of the finite sum over j and the infinite sum over m is valid because all terms
p;Q;j(Bm) are nonnegative. Hence, Pp is countably additive on A.
The set function Pp is nonnegative, satisfies Pp(X) = 1, and is countably additive on the
measurable space (X,.A). It therefore satisfies all the axioms of a probability measure. This

establishes the validity of the construction.
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A.2 Proof of Theorem 3.1

Let X = [a,b] be a compact interval, and let P be a probability measure supported on X'. For

each K, consider a finite measurable partition

Pr ={Ak1,Ak2,..., Ak}

of X, and let pxj = P(Ak;j); j=1,..., K. Choose a representative point ax; € Ag; for each
K

cell and define the corresponding discrete probability measure by Px = Z PKjOay;, Where O,
j=1
denotes the Dirac probability measure concentrated at ax;. The mesh of the partition is

ox = diam (A
K = max diam(Ar;),
and, by assumption, dx — 0 as K — oo.

We first establish the stated bound for an arbitrary continuous function g : X — R. Since

X is compact and ¢ is continuous, the Heine-Cantor theorem guarantees that ¢ is uniformly

continuous on X. Consequently, its modulus of continuity w,(t) = sup |g(x) — g(y)| satisfies
) eX
li—yy\ﬁt
K
lgg]lwg(t) = 0. By the definition of Pk, / g(x) Pg(dx) = Zijg(aKj).
X -
j=1
On the other hand, since the sets Ag1,..., Axx form a measurable partition of X, finite

K
additivity of the integral gives / g(z) P(dz) = Z/ g(z) P(dz).
X -1 Ak

Subtracting these expressions yields

/gdPK—/gdP
X X

K

= ; {ngg(aKJ) - /AKj g(x) P(da:)}
K

=" | {glax;) — g(x)} P(dw),
j=1 AK]

where the last equality follows from pr; = P(Ak;).
Applying the triangle inequality, we obtain

/X gdPy /X gdp' < ﬁ:j /A lolaxy) ~ ot2)] Plae).

For every x € Ak, the representative ax; also belongs to A ;. Therefore,
’SL‘ — aKj| < diam(AKj) < (5K.

By the definition of the modulus of continuity, |g(ax;) — g(z)| < wy(dKk), x € Ak;. It follows
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that

K
gdPK/ gdP‘ <wg 5}( ZP AKJ —wg(éK)
X
7j=1

because the partition covers X and P(X) = 1. This proves

/gdPK —/gdP’ < wy(0k), as
asserted.

It remains to establish weak convergence. By definition, Px converges weakly to P, denoted

K—oo

by Prx = P, if hm g dPg = / g dP for every bounded continuous function g on X. Since
X
X is compact, every continuous real-valued function on X is bounded. The inequality already

established, together with dx — 0, gives

gdPk —/ gdP’ <wy(dg) — 0; K — o0,
X X
by uniform continuity of g. Hence the defining criterion for weak convergence is satisfied, and

A.3 Proof of Proposition 3.2

Proof. Let X be a random variable with distribution P and cumulative distribution function
F(z) = P(X <x), xz € R.

Consider a measurable partition {Aj,..., Ax} of the sample space of X, and let Tk be the

associated quantization map defined by
TK(y) = aj if Yy < Aj,

where a; € R is the representative point associated with the cell A;. The distribution function

of the quantized random variable Tk (X) is
Frg(z) = P(Tk(X) < z), x eR.
By expressing both distribution functions as expectations of indicator functions, we obtain
Fic(x) = E[L{Tk (X) < x}]

and
F(z) =E[1{X < z}].

Subtracting the second identity from the first gives
Fr(x) — F(z) =E[1{Tk(X) <z} — 1{X < z}].

Since X has distribution P, the expectation of any integrable measurable function g(X) can be
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written as

Ely()] = [ o) dP()
Applying this identity to the difference of indicator functions yields
Fie(w) ~ Pla) = [ 1{Ti(0) < o} - 1y < )] dP(o),

which establishes (3.2).
To establish the inequality, define

L(y) = YTk(y) <z}, Jo(y) = Hy <z}
Both I,(y) and J,(y) take values in {0,1}. Consequently, their difference satisfies

[L2(y) — Jo(y)| = H{1Lu(y) # Ju(y) }-

Indeed, the absolute difference equals zero when the two indicators agree and equals one when

they disagree. Taking absolute values in (3.2) and applying the triangle inequality for integrals

g Pl o) = ’/ y)] dP(y)
/u y)l dP(y)
~ [ 1L # L) dPo)
= P(I(X) # Jo(X)).

Substituting the definitions of I, and J,, we obtain
Fie(@) = F(2)] < P({Tk(X) < 2} # 1{X <a}),

which is precisely (3.3). Since x was arbitrary, both identities and the inequality hold for every
z € R. U

A.4 Proof of Corollary 3.3

Proof. Let Pg denote the probability distribution induced by the quantization map Tk, so that
Px(B) = P(Tx(X) € B)
for every Borel set B C R. Its cumulative distribution function is
Fr(z) = Pg((—o0,z]).
By Theorem 3.1, the sequence of quantized probability measures converges weakly to P, that is,

Py =P as K — oo.
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The Portmanteau theorem implies that, for every Borel set A whose boundary has zero probability
under P,
Pr(A) — P(A).

Fix a continuity point = of F' and take A = (—o0,z|. The boundary of this set is A = {x}.

Since F' is continuous at x,
P(0A) = P({z}) = F(z) — F(z—) = 0.
Therefore, the Portmanteau theorem gives
Fg(x) = Pr((—00,2]) — P((—00,2]) = F(x).

Since z was an arbitrary continuity point of F', the asserted convergence holds at every continuity

point of the limiting distribution function. O

A.5 Proof of Lemma 4.1

Proof. Let P = {A1,...,Ar} be a fixed measurable partition, and define

n

~ 1 .
pj:P(Aj), pj2521{Xi€Aj}, jzl,...,K,
i=1

where X1,..., X, are independent and identically distributed observations from P. For each j,

pj is the empirical proportion of observations falling in A;. Hence,

pi(1—pj)
H

By the Cauchy—Schwarz inequality, E|p; — p;| < \/E[(p; — p;)?] =4/ M
n

Summing over the K cells and using linearity of expectation, we obtain

E[p;l =pj,  Var(p;) =

K

K
. 1
;\pj—pa ZElpg pjl < fzx/pg(l—pj) < \/ﬁ;\@

Applying the Cauchy—Schwarz inequality to the final sum gives Z VPj <

J=1

K K
" - | K
Because the cells form a partition, lej = 1. Consequently, E Z D; —pil| < -~
j= =
which establishes (4.3). O
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A.6 Proof of Theorem 4.2

Proof. Let Pk, = {Ain,..., Ak, n} be the deterministic partition at sample size n, with

representative points a1y, ..., ak, n. Write

n

R 1
pin = P(Ajn),  Djm= - Z; X € Ajn}.
1=

The population partition measure and its empirical counterpart are
K, Ky
PKn - E pj,néaj7n7 Pn,Kn - E pj,néaj,na
Jj=1 Jj=1

where 0, denotes the unit point mass at a. We prove that ﬁn, K, = P in probability by separating
the approximation error due to quantization from the sampling error due to estimation of the
cell probabilities.

Let S be a compact interval supporting P, and let f : S — R be any continuous function.

Since S is compact, f is bounded and uniformly continuous. Define its modulus of continuity by
wy(t) = sup{|f(u) = f(v)] s w,v €, Ju—v[ <t}

Uniform continuity implies that wy(t) — 0 as ¢ | 0.
For each cell A;,, let a;, be its representative point, and suppose the partition mesh Jg,,

bounds the distance from every point in a cell to its representative:

sSup ‘y_aj,n|§5Kna jzl,...,Kn,
yeAj,n

up to irrelevant choices on cell boundaries. The difference between the integral under Pk, and

that under P satisfies

‘ [rare,~ | fdP‘ - g /A (e~ 1) P

IN

Kn
[f(ajn) = f(y)| dP(y)
;/AJ_W y)l dP(y
Ky

< wi(0K,) Y P(Ajn)

J=1

=wr(dk,)-

Therefore, '/fdPKn — /fdP‘ — 0, because dk, — 0.

Next, consider the sampling error:

K, Ky
\ [ 1aPusc, = [ £aPc| = |3 i) i = p30)] < ISl 3 i — i
=1 j=1
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where || f|l = sup,eg|f(y)|- Taking expectations and applying Lemma 4.1 to the partition P,

. H/fdﬁ"ﬂn —/fdPKn] < Hf||oo\/§.

By Markov’s inequality, for every € > 0,
K
S K,
€ n

P <‘/fd13n,z<n - [ rarx,

since K, /n — 0. Thus, /fdan,Kn —/fdPKn o

Combining the approximation and sampling errors by the triangle inequality gives

‘/fdﬁnﬂn—/fd]?‘ < ’/fdﬁn,Kn—/fdPKn +‘/fdPKn—/fdP'.

The first term converges to zero in probability, and the second converges deterministically to
zero. Hence, for every bounded continuous f on S, / f dﬁm K, il / fdP.

yields

This is the bounded-continuous-function characterization of weak convergence in probability

on the compact interval S. Therefore, ]3n K, = P in probability. O

A.7 Proof of Theorem 4.3

Proof. Let Px = {A1,...,Ax} be the partition, with representative points ay,...,ax, and

write
n

1
pj=P(4;), b= ;Zl{Xi € Aj}.

i=1

The population and empirical partition measures are

K K
Py = ij5aj, Pk = Zﬁﬁaj-
Jj=1 Jj=1

We first bound the Wasserstein distance between P and Pk, and then control the distance
between Px and ]3” K-
By the definition of the 1-Wasserstein distance,

Wi(P, Px) = ﬂGHl(nPfPK /\x —yldn(z,y),

where II(P, Px) denotes the collection of all couplings of P and Pg. Consider the coupling
induced by the map T, which sends each x € A; to its representative a;. Under this coupling,

the transport cost is bounded by the maximum cell diameter:

Wi(P, Px) < /|x—TK )| dP(x Z/ |z — aj| dP(x <5KZP

Here, the inequality uses the assumption that each representative a; belongs to its corresponding
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cell Aj, so that |z —a;| < 0k for z € Aj.
We next bound Wi (P, ﬁn, k). Since both measures are supported on the representative
points a1, ..., ax, their discrepancy arises solely from the differences between the corresponding

cell probabilities. Let
K
dj=p;j—pj, D= ldjl.
j=1

Because both (p1,...,px) and (p1,...,PpK) are probability vectors, Zle dj = 0. The total
excess mass that must be transported from cells with surplus probability to cells with deficient

probability is therefore

K
m= Z d; = Z (_dj)zézydj‘-
j=1

J:d;>0 J:d;<0
The support of P lies in an interval of length L; hence, the distance between any two representative

points is at most L. The unmatched mass can consequently be redistributed at a cost of at most

L per unit of mass. This gives
1K K
Wi(Pr, Poic) < Lm = 5 231 pj —pjl < Lzl pj — pjl-
Jj= Jj=

Applying the triangle inequality for the Wasserstein distance, we obtain

K
Wi(P, P, i) < Wi(P, Pg) + Wi(Px, Pox) <6k + LY 1B — pjl-
=1

This establishes (4.4). To derive the stochastic rate, take expectations in the established bound.
By Lemma 4.1,

K
N R K
E[Wi(P,Pox)] <0k +LE | Y15 —pjl| <0k Ly
=1

For any € > 0, Markov’s inequality therefore implies
~ 0 L/ K
P{Wl(PaPn,K) > W} < e

Equivalently, the Wasserstein error is bounded in probability at the scale dx + L+/K/n. Since

~ K
L is a fixed constant, this yields Wi (P, P, k) = Op <6K + \/) , which proves (4.5). O
n

A.8 Proof of Theorem 5.1

Proof. By assumption, the target probability measure admits the decomposition

P:Pat+Pnaa
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where P, denotes the atomic component and P,, denotes the non-atomic component. Let F

and Fy, be their corresponding cumulative distribution functions, defined by
Fo(w) = Par((—00, 2]), Fra(z) = Paa((—00,z]).
The decomposition implies
F(x) = Fat(z) + Fha(z), x €R.

By construction, the approximation Py preserves the atomic component exactly and approx-
imates only the non-atomic component. Consequently, its distribution function can be written
as

F(z) = Fat(%) + Foax (7)),

where Fy, k¢ denotes the distribution-function contribution of the approximated non-atomic

component. Subtracting F'(x) from F7 (x), we obtain
Fi(2) = F(2) = Fra,x (%) = Fra(2).

Thus, the atomic contribution cancels identically, and the entire CDF approximation error is
determined by the approximation of the non-atomic component.

By the definition of ¢x in the atom-preserving construction (5.1), the non-atomic approxi-
mation satisfies

Sup‘EhaJ(<x)'_‘Fha(x)‘EEQKV
z€eR

Therefore,

sup [Fi (z) — F(x)| = sup [ Fha,x (z) — Fra(z)| < gk,
zeR z€eR

which establishes (5.2).
Finally, if gx — 0 as K — oo, then 0 < sup |Fg(z) — F(x)| < qx — 0.
z€eR

The squeeze theorem consequently yields sup |Fg (z) — F(xz)] — 0. The argument does not
z€eR

require continuity of F'. In particular, the atomic component is preserved exactly, so its jumps

introduce no additional approximation error. This completes the proof. O

A.9 Proof of Theorem 5.2

Proof. Let P denote the true distribution and let ]3; x denote the atom-preserving partition-

based estimator. Write

F(z) = P((—o00,a]),  Fy () = By g((—o0,a]).

Let Py be the corresponding population-level partition approximation, with CDF Fj.. By the

preceding construction, the deterministic approximation satisfies

sup | Fg (z) — F(z)| < gk
z€eR
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Moreover, the empirical estimator replaces the population cell probabilities p; by their empirical
counterparts pj, while retaining the prescribed atomic component. For any € R, the contribu-
tion of each estimated cell probability to the CDF is either zero, the full cell probability, or a
fraction of that probability, depending on the precise within-cell representation. In particular,
the absolute difference between the empirical and population partition CDF's is bounded by the

sum of the absolute cell-probability errors. Consequently,

K
sup | By e (@) = Fiela)| < 3 [ — .
z€R j=1

Applying the triangle inequality gives

K
sup |Fo ke (x) — F(z)] < Sup |F e () = Fie(2)] + sup |Fi(e) = F(2)] <+ |pj —pjl,
S xe

re j=1

which establishes (5.3).
We next establish the asserted convergence in probability. For each cell A;, let

1
pj = P(4;), j = 521{&' € A;}.

Since p; is an empirical cell proportion,

- .y pi(1=py)
E(p;j) = py, Var(p;) = %

By the Cauchy—Schwarz inequality,

. [p;(1 —pj) 2
Elp; — p;| < /22— < 2L,
|p] p]| = n < i

Summing over all K = K, cells, including cells assigned to separately represented atoms, yields
K K
LN 1 = | Ky,
E ;’pj_pﬂ §ﬁ;\/pj < )

where the last inequality follows from Z]K:n1 p; = 1 and the Cauchy—-Schwarz inequality. Therefore,
by Markov’s inequality, for every € > 0,

Kn 1 /K
o~ n
P Z|pj—pj‘>8 Sg 7_>0,
7j=1
Kn
provided K,,/n — 0. Thus, Z 1Dj — pjl 5o.
j=1
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Combining this result with the uniform bound (5.3), we obtain

Kn
= ~ P
sup |Fy; i, () — F(2)] < qx, + > 1B — il =0,
z€eR =1
because ¢k, — 0 and K,,/n — 0. This proves the theorem. d

A.10 Proof of Lemma 5.3

Proof. Let X1,..., X, be an independent and identically distributed sample from the distribution

~ 1 <&
P, and let F),(z) = — E 1{X; < z} denote the empirical distribution function. By definition,
n
i=1

n

Fo(wo—) = lim Fp(z) = %Z X, < 20}

xTxo =1

Consequently, the empirical jump at xq satisfies

-~

Ap(xo) = ﬁn(xo) - ﬁn(lio_)

_ %Z [1{X; < 20} — 1{X; < 20)]
i=1
i=1

Thus, the empirical jump is precisely the sample proportion of observations equal to xg.

Define I; = 1{X; = z¢}. Since the observations are independent and identically distributed,
the variables I, ..., I, are independent and identically distributed Bernoulli random variables
with

It follows that

An(wo) = %ZIZ’ E[IZ} = Do, Var([z-) = po(l — po).

By the strong law of large numbers, A Z I 2% E[I1] = po. This establishes the

strong consistency of the empirical jump estimator.
Finally, suppose 0 < py < 1. The classical central limit theorem applied to the Bernoulli

variables gives

\FZ — po) % N (0, po(1— po)).
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Since \1F E (I; — po) = v/n{An(z0) — po}, we obtain
n
i=1

Vi{An(wo) — po} & N(0,po(1 — po)) .-

Hence, both the strong consistency and the asserted asymptotic normality follow. O

A.11 Proof of Proposition 5.4

Proof. Since Px and Qi are supported on the same ordered representative points a1 < -+ - < ag,

their distribution functions can be expressed as

Fp(z ijl{a] <z}, Fo(z qul{a] < x}.
Jj=1 j=1

Consequently, for every x € R,
K
|Fp(2) — Fou (@ Z pj — ¢;)H{a; <z} <Z’pj_qjll{%§x}<2|p] a1,

j=1 j=1 j=1

where the first inequality follows from the triangle inequality and the fact that each indicator

takes values in {0, 1}. Taking the supremum over = € R on the left-hand side yields

sup [Fip (z) — Fc (@
z€R

_q]

qu

This completes the proof. ]

A.12 Proof of Theorem 6.1

Proof. Let Aq,...,Ax be the cells of the fixed partition, where K is fixed, and suppose that
X1,...,X,, are independent and identically distributed observations from the distribution P.

For each observation X;, define the K-dimensional indicator vector
T
= (1{X1 S Al}, RN I{Xi € AK})

Because the cells form a partition, exactly one component of Z; equals one, while all the

remaining components equal zero. Moreover,
1 n
p= nzz E[Zi] =p,
1=

where p; = P(X; € A;) and 25{:1 p; = 1.

We first calculate the covariance matrix of Z;. Since the components are indicator variables,

E[Z;Z]] = diag(p).
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Indeed, for j # ¢, the disjointness of the partition cells implies
E1{X; € A;}1{X; € A/}] =0,
whereas the diagonal entries are equal to p;. Therefore,
Cov(Z;) =E[Z;Z]] - E[Z,]E[Z;]" = diag(p) —pp' =X.

The vectors Z1,...,Z, are independent and identically distributed. Furthermore, they are
bounded and hence possess finite second moments. The multivariate central limit theorem

consequently gives
1 — d
— > (Z;—p) > Nk(0,%).
\/ﬁ =1

n

1 ~
Using the identity % g (Z; —p) =+/n(p—p), we conclude that
i=1

Vi (®-p) S Ng(0,%).

A.13 Proof of Proposition 6.2

Proof. Let bg = —00 < b1 < -+ < bg_1 < bg = oo denote the fixed partition boundaries, and
let /b\o = —00, BK = oo with /b\l, ... ,/Z;K,l denoting the estimated interior boundaries. Define the

true and estimated cells, respectively, by

~ ~

Aj= (-1 bl Aj= (-1 b)s j=1,... K

The corresponding true cell probabilities are p; = P(A;), whereas the empirical probabilities
n

1 ~
based on the estimated cells are p; = — Z 1{X; € A;}.
n
i=1
We show that p; E)pj for every j=1,..., K.

For each cell, introduce the empirical probability based on the fixed boundaries,
1 n
ﬁj = E Z l{Xi S AJ}
i=1
By the weak law of large numbers,

~ P .
p]_>p]’ ]:]-a"'aKa

because K is fixed and the observations are independent and identically distributed.

It remains to establish that estimating the boundaries does not asymptotically change the
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cell probabilities. For any two measurable sets A and B,

n n n
1

Ezl{XiEA}_%Zl{XiGB} §%ZI{XZEAAB}7

i=1 i=1 i=1
where AAB denotes the symmetric difference of the two sets. Hence,
1 n
Ipj = Pil < D X € A;AAL
i=1
Let d,, = X @ — by|. By assumption, d, 5 0. For any fixed n > 0, on the event {d,, < n},
<0<

membership in A\j can differ from membership in A; only if the observation lies within distance

1 of one of the finite cell boundaries. Consequently,

Le{j—1,51n{1,....K—1}

on this event. It follows that
1 n
Bj — Bl < > ~ > {IXi — bl <}
te{j—1,5}n{1,...K-1}  i=1

whenever d, < n.
Fix ¢ > 0. Since P({b¢}) = 0 for every interior boundary and K is fixed, continuity of

probability from above implies
P(IX =bf<n)—0 asnl0

for each £ = 1,..., K — 1. Choose nn > 0 sufficiently small that the sum of these boundary-
neighborhood probabilities is less than £/2. For this fixed 7, the weak law of large numbers
ensures that the corresponding empirical proportions converge in probability to their probabilities.

Also, P(d, > n) — 0. Combining these facts yields
P
p; —pjl = 0.

Finally, by the triangle inequality, |p; — p;| < |pj — pj| + |Pj — Pyl Lo
Therefore,
P )
pj—>pj, ]Zl,...,K.

Since K is fixed, the convergence also holds jointly: [hax D — pjl 2. 0. This completes the
<<

proof. O
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B Appendix: Simulation Code

# — — e e e s e S e S e S S S S S S S S S S S S S S ——— —— —— ——————— —— —— —— ——— —
# PARTITION-BASED PROBABILITY DISTRIBUTIONS

# Monte Carlo simulation for a theoretical statistics paper

#

set.seed(20261027)

sample_sizes <- c(50, 100, 200, 500, 1000)
B <- 2000

# Number of cells for partition estimators.
# For computational efficiency, use K approximately n~(1/3)
# as a baseline, together with coarser and finer alternatives.

partition_factors <- c(0.5, 1, 2)

# Numerical integration / evaluation grids
grid_size <- 4001
support_eps <- le-8

r_model <- function(model, n) {
switch(

model,

Uniform = runif(n, 0, 1),

Discontinuous = {
# Density 1/3 on [0,1), 2/3 on [1,2].
# P(X< 1) =1/3; PX >=1) = 2/3.
ifelse(runif(n) < 1/3,
runif(n, 0, 1),

runif(n, 1, 2))
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Discrete = sample(c(0, 1), n, replace = TRUE,
prob = c(0.4, 0.6)),

Mixed = {
is_atom <- runif(n) < 0.3
x <- runif(n)
x[is_atom] <- 0
X

s

Multimodal = {
# Well-separated normal mixture:
# 0.35 N(-2, 0.4572) + 0.65 N(2, 0.6572)
component <- rbinom(n, 1, 0.65)
ifelse(component == 1,
rnorm(n, mean = 2, sd = 0.65),
-2, sd = 0.45))

rnorm(n, mean

true_cdf <- function(x, model) {
switch(

model,

Uniform = pmin(pmax(x, 0), 1),

Discontinuous = {

ans <- numeric(length(x))

ans[x < 0] <- 0

il <-x>0&x<1
i2<-x>1& x< 2
i3 <- x >= 2

ans[i1] <- x[i1] / 3

ans[i2] <- 1/3 + (2/3) * (x[i2] - 1)
ans[i3] <- 1

ans

T,

Discrete = 0.4 * (x >=0) + 0.6 * (x >= 1),

Mixed = {
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ans <- numeric(length(x))
ans[x < 0] <- 0
il<-x>0&x<1

i2 <-x>=1

ans[i1l] <- 0.3 + 0.7 * x[i1]
ans[i2] <- 1

ans

1},

Multimodal = {
0.35 * pnorm(x, mean = -2, sd = 0.45) +
0.65 * pnorm(x, mean = 2, sd = 0.65)

true_density <- function(x, model) {
switch(

model,
Uniform = ifelse(x >= 0 & x <=1, 1, 0),
Discontinuous = ifelse(

x> 0&x <1, 1/3,

ifelse(x >= 1 & x <= 2, 2/3, 0)
),
Discrete = rep(NA_real_, length(x)),
Mixed = ifelse(x > 0 & x < 1, 0.7, 0),
Multimodal = {

0.35 * dnorm(x, mean = -2, sd = 0.45) +
0.65 * dnorm(x, mean = 2, sd = 0.65)
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model_grid <- function(model, m = grid_size) {

switch(
model,
Uniform = seq(-0.05, 1.05, length.out = m),
Discontinuous = seq(-0.05, 2.05, length.out = m),
Discrete = seq(-0.05, 1.05, length.out = m),
Mixed = seq(-0.05, 1.05, length.out = m),
Multimodal = seq(-4.5, 5.0, length.out = m)

model_density_grid <- function(model, m = grid_size) {
switch(
model,

Uniform = seq(0, 1, length.out = m),

Discontinuous = seq(0, 2, length.out = m),
Mixed = seq(0, 1, length.out = m),
Multimodal = seq(-4.5, 5, length.out = m),

Discrete = numeric(0)

make_breaks <- function(model, K, aligned = TRUE) {

if (model == "Uniform") {

return(seq(0, 1, length.out = K + 1))
}
if (model == "Discontinuous") {

if (aligned) {
# Ensure x = 1 is a partition boundary.
K1 <- max(1, floor(K / 2))
K2 <- max(1, K - K1)
return(c(seq(0, 1, length.out

K1 + 1),
K2 + 1)[-11))

seq(l, 2, length.out
} else {
# Equal-width bins generally do not place x =1

# at a boundary when K is odd.
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return(seq(0, 2, length.out = K + 1))

}
}
if (model == "Discrete" || model == "Mixed") {
return(seq(0, 1, length.out = K + 1))
}
if (model == "Multimodal") {
return(seq(-4.5, 5, length.out = K + 1))
}
}
# ____________________________________________________________
# 5. CDF estimators
# ____________________________________________________________

cdf_empirical <- function(x, data) {
ecdf (data) (x)

cdf_partition <- function(x, data, breaks) {
# Assign observations to cells and move their probability
# masses to cell midpoints.
K <- length(breaks) - 1
cell <- cut(data, breaks = breaks, include.lowest = TRUE,
right = TRUE, labels = FALSE)

# Values exactly at the leftmost endpoint are retained.
cell[is.na(cell) & data == breaks[1]] <- 1
cell[is.na(cell) & data == breaks[length(breaks)]] <- K

counts <- tabulate(cell[!is.na(cell)], nbins = K)

p_hat <- counts / length(data)

mid <- (breaks[-1] + breaks[-length(breaks)]) / 2

vapply (x, function(xx) sum(p_hat[mid <= xx]), numeric(1))
cdf_atom_preserving <- function(x, data, model, breaks) {

# Known atoms:

# Discrete: 0 and 1
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# Mixed: O

#

# The continuous observations are partitioned separately.
if (model == "Discrete") {

pO <- mean(data == 0)

pl <- mean(data == 1)

return(p0 * (x >= 0) + pl * (x >= 1))
}
if (model == "Mixed") {

pO <- mean(data == 0)
cont <- dataldata > 0]
p_cont <- length(cont) / length(data)

if (length(cont) == 0) {

return(as.numeric(x >= 0))

K <- length(breaks) - 1

cell <- cut(cont, breaks = breaks, include.lowest = TRUE,
right = TRUE, labels = FALSE)

breaks[1]] <- 1

breaks[length(breaks)]] <- K

cell[is.na(cell) & cont =

cell[is.na(cell) & cont =

counts <- tabulate(cell[!is.na(cell)], nbins = K)
probs <- counts / length(data)
mids <- (breaks[-1] + breaks[-length(breaks)]) / 2

return(p0 * (x >= 0) +
p_cont * vapply(
x, function(xx) sum(probs[mids <= xx]), numeric(1)

)

if (model == "Discontinuous") {
# There is a density jump but no point mass.
# The partition is allowed to be aligned with x=1.

return(cdf_partition(x, data, breaks))

cdf_partition(x, data, breaks)
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cdf_parametric <- function(x, data, model) {
# Correctly specified benchmark estimators.
# Parameters are estimated by maximum likelihood or
# empirical proportions, as appropriate.
switch(

model,

Uniform = {
# MLE for Uniform(a,b): min and max.
a <- min(data)
b <- max(data)
if (b <= a) return(as.numeric(x >= a))
pmin(pmax((x - a) / (b - a), 0), 1)
},

Discontinuous = {
# Known support and known density structure; estimate
# the probability in [0,1) by its sample proportion.
p_left <- mean(data < 1)
ans <- numeric(length(x))
ans[x < 0] <- 0
il1<-x>0&x<1
i2<-x>1&x<2
i3 <= x >= 2
ans[i1] <- p_left * x[il]
ans[i2] <- p_left + (1 - p_left) * (x[i2] - 1)
ans[i3] <- 1
ans

T,

Discrete = {

pO0 <- mean(data == 0)

pO * (x >=0) + (1 - p0) * (x >= 1)
3,

Mixed = {
pO <- mean(data == 0)
cont <- dataldata > 0]
# The continuous component is Uniform(0,1).
ans <- p0 * (x >= 0)

ans <- ans + (1 - p0) * pmin(pmax(x, 0), 1)
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ans

1,

Multimodal = {
# Correct mixture family and known component standard
# deviations; estimate mixing weight and component means.
# To keep the benchmark stable, assign observations to
# the nearest component centre (-2 or 2).
z <- ifelse(abs(data + 2) < abs(data - 2), 0, 1)

p2 <- mean(z == 1)
mul <- mean(datal[z == 0])
mu2 <- mean(datalz == 1])

+

p2 * pnorm(x, mean = mu2, sd = 0.65)

(1 - p2) * pnorm(x, mean = mul, sd = 0.45)

density_partition <- function(data, breaks) {
K <- length(breaks) - 1
widths <- diff (breaks)

cell <- cut(data, breaks = breaks, include.lowest = TRUE,
right = TRUE, labels = FALSE)

cell[is.na(cell) & data == breaks[1]] <- 1

cell[is.na(cell) & data == breaks[length(breaks)]] <- K

counts <- tabulate(cell[!is.na(cell)], nbins = K)

heights <- counts / (length(data) * widths)
list(breaks = breaks, heights = heights)

eval_density_partition <- function(x, estimator) {
breaks <- estimator$breaks

heights <- estimator$heights
idx <- findInterval(x, breaks, rightmost.closed = TRUE)
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out <- numeric(length(x))
ok <- idx >= 1 & idx <= length(heights)
out [ok] <- heights[idx[ok]]

out

density_histogram <- function(data, xgrid) {
h <- hist(data, breaks = "FD", plot = FALSE, right = TRUE)
idx <- findInterval(xgrid, h$breaks, rightmost.closed = TRUE)
out <- numeric(length(xgrid))
ok <- idx >= 1 & idx <= length(h$density)
out [ok] <- h$density[idx[ok]]

out

uniform_cdf_error <- function(Fhat, Ftrue) {

max (abs (Fhat - Ftrue))

wasserstein_1 <- function(Fhat, Ftrue, xgrid) {
# Numerical integral of absolute CDF difference.
sum((abs(Fhat[-1] - Ftrue[-1]) +
abs(Fhat [-length(Fhat)] - Ftruel[-length(Ftrue)l)) / 2 *
diff (xgrid))

density_ise <- function(fhat, ftrue, xgrid) {
if (anyNA(ftrue)) return(NA_real_)
sum(((fhat[-1] - ftruel[-1])"2 +
(fhat [-length(fhat)] - ftrue[-length(ftrue)])~2) / 2 x
diff (xgrid))

true_jump_sizes <- function(model) {
switch(
model,
Discrete = c(‘0¢ = 0.4, ‘1¢ = 0.6),
Mixed = c(‘0¢ = 0.3),
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cO

estimated_jump_sizes <- function(data, model) {

switch(
model,
Discrete = c(‘0‘ = mean(data == 0),
‘1¢ = mean(data == 1)),
Mixed = c(‘0¢ = mean(data == 0)),
cO)
)
}
B o

one_replication <- function(model, n, B_rep) {

data <- r_model (model, n)
xgrid <- model_grid(model)
Ftrue <- true_cdf(xgrid, model)

results <- list()

# Empirical CDF

F_emp <- cdf_empirical(xgrid, data)

results[["Empirical CDF"]] <- list(
F = F_emp, £ = NULL

# Parametric benchmark
F_par <- cdf_parametric(xgrid, data, model)
results[["Parametric"]] <- list(

F = F_par, f = NULL

# Partition estimators
K_base <- max(2, round(n~(1/3)))

for (factor in partition_factors) {

20



K <- max(2, round(K_base * factor))

if (model == "Discontinuous") {
for (aligned in c(TRUE, FALSE)) {
breaks <- make_breaks(model, K, aligned = aligned)
F_part <- cdf_partition(xgrid, data, breaks)
nm <- pasteO("Partition K=", length(breaks) - 1,
if (aligned) " aligned" else " unaligned")
results[[nm]] <- 1list(F = F_part, f = NULL)
}
} else {
breaks <- make_breaks(model, K, aligned = TRUE)
F_part <- cdf_partition(xgrid, data, breaks)
nm <- pasteO("Partition K=", length(breaks) - 1)
results[[nm]] <- 1list(F = F_part, f = NULL)

# Atom-preserving method for discrete and mixed models.
if (model %in’% c("Discrete", "Mixed")) {
breaks <- make_breaks(model, K, aligned = TRUE)
F_atom <- cdf_atom_preserving(xgrid, data, model, breaks)
nm <- pasteO("Atom-preserving K=", K)
results[[nm]] <- 1list(F = F_atom, f = NULL)

# Piecewise-constant density, where appropriate.
if (model %in’% c("Uniform", "Discontinuous",
"Mixed", "Multimodal")) {
breaks <- make_breaks(model, K, aligned = TRUE)
den <- density_partition(data, breaks)
fgrid <- model_density_grid(model)
ftrue <- true_density(fgrid, model)
fhat <- eval_density_partition(fgrid, den)

results[[paste0("Piecewise density K=", K)]] <-
list(F = NULL, f = list(
estimate = fhat,
truth = ftrue,
grid = fgrid
)
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# Ordinary data-selected histogram density
if (model %in% c("Uniform", "Discontinuous",
"Mixed", "Multimodal")) {
fgrid <- model_density_grid(model)
ftrue <- true_density(fgrid, model)
fhist <- density_histogram(data, fgrid)
results[["FD histogram"]] <- list(
F = NULL,
f = list(estimate = fhist, truth = ftrue, grid = fgrid)

# Evaluate each estimator.
out <- list()
jumps_true <- true_jump_sizes(model)

jumps_hat <- estimated_jump_sizes(data, model)

for (nm in names(results)) {

obj <- results[[nm]]

cdf _err <- NA_real_
wl <- NA_real_

ise <- NA_real_

if ('is.null(obj$F)) {
cdf _err <- uniform_cdf_error(obj$F, Ftrue)

wl <- wasserstein_1(obj$F, Ftrue, xgrid)

if ('is.null(obj$f)) {
ise <- density_ise(
obj$f$estimate,
obj$f$truth,
obj$f$grid

jump_bias <- NA_real_

jump_mse <- NA_real_

if (length(jumps_true) > 0) {
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common <- intersect(names(jumps_true), names(jumps_hat))
if (length(common) > 0) {
errors <- jumps_hat[common] - jumps_true[common]
jump_bias <- mean(errors)

jump_mse <- mean(errors~2)

out [[length(out) + 1]] <- data.frame(
model = model,
n=n,

estimator = nm,

cdf_error cdf_err,
wassersteinl = wil,
density_ISE = ise,
jump_bias = jump_bias,
jump_MSE = jump_mse,
stringsAsFactors = FALSE

do.call(rbind, out)

models <- c("Uniform", "Discontinuous", "Discrete",
"Mixed", "Multimodal")

all_results <- vector("list", length(models) *

length(sample_sizes) * B)

counter <- 1L

start_time <- Sys.time()
for (model in models) {
for (n in sample_sizes) {

cat ("Running:", model, "| n =", n, "\n")

for (b in seq_len(B)) {
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all_results[[counter]] <-
one_replication(model, n, b)

counter <- counter + 1L

raw_results <- do.call(rbind, all_results)

raw_results <- raw_results[!vapply(all_results, is.null, logical(1l)), ]

elapsed <- difftime(Sys.time(), start_time, units = "mins")
cat("\nElapsed time (minutes):", round(as.numeric(elapsed), 2), "\n")
# ____________________________________________________________

# 10. Monte Carlo summaries

# ____________________________________________________________

mc_summary <- function(x) {
x <- x[is.finite(x)]
if (length(x) == 0) {
return(c(mean = NA_real_, MCSE = NA_real_, SD = NA_real_))
}

c(
mean = mean(x),
MCSE = sd(x) / sqrt(length(x)),
SD = sd(x)
)
}
metrics <- c("cdf_error", "wassersteinl", "density_ISE",

"jump_bias", "jump_MSE")

group_key <- interaction(raw_results$model,
raw_results$n,
raw_results$estimator,
drop = TRUE)

groups <- split(raw_results, group_key)
summary_rows <- lapply(groups, function(d) {

row <- data.frame(
model = d$model[1],
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n = d$n[1] >
estimator = d$estimator[1],

stringsAsFactors = FALSE

for (metric in metrics) {
s <- mc_summary(d[[metric]])
row[[pasteO(metric, "_mean")]] <- s["mean"]
row[ [pasteO(metric, "_MCSE")]] <- s["MCSE"]
row[[pasteO(metric, "_SD")]] <- s["SD"]

row

D)

summary_results <- do.call(rbind, summary_rows)

rownames (summary_results) <- NULL

# Display compact results

print (summary_results, row.names = FALSE)

write.csv(
raw_results,
file = "partition_simulation_raw_results.csv",

row.names = FALSE

write.csv(
summary_results,
file = "partition_simulation_summary.csv",

row.names = FALSE

atom_results <- subset(
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summary_results,
model %in’% c("Discrete", "Mixed") &
grepl("Empirical CDF|Partition|Atom-preserving|Parametric",

estimator)

atom_results <- atom_results[
order (atom_results$model, atom_results$n,

atom_results$estimator),

cat ("\n===== ATOM-PRESERVATION COMPARISON =====\n")

print(atom_results, row.names = FALSE)

write.csv(
atom_results,
file = "partition_atom_preservation_summary.csv",

row.names = FALSE

)

# ____________________________________________________________

# 13. Optional: compact convergence plots

# ____________________________________________________________

plot_metric <- function(model_name, metric = "cdf_error_mean") {
d <- subset(summary_results, model == model_name)

d <- d[is.finite(d[[metricl]), 1

if (arow(d) == 0) {
warning("No finite values for this model and metric.")
return(invisible (NULL))

estimators <- unique(d$estimator)

cols <- seq_along(estimators)

plot(
NA,

xlim = range(sample_sizes),

ylim = range(d[[metric]], finite = TRUE),
10g = ngn s
xlab = "Sample size n",
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ylab

main = paste(model_name, "-", metric)

metric,

for (i in seq_along(estimators)) {
di <- d[d$estimator == estimators[i], ]
di <- dilorder(di$n), ]
lines(di$n, di[[metricl], type = "b", pch = 16,
1ty = i, col = cols[il)

legend(
"topright",
legend = estimators,

col = cols,

pch = 16,

1ty = seq_along(estimators),
cex = 0.65,

bty = "n"

# Example plots:

plot_metric("Uniform", "cdf_error_mean")
plot_metric("Discontinuous", "wassersteinl_mean")
plot_metric("Discrete", "cdf_error_mean")
plot_metric("Mixed", "jump_MSE_mean")
plot_metric("Multimodal", "density_ISE_mean")
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