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Abstract

Global coupling is widely used to organize collective dynamics in reduced neural mean-field models,
but three quantities are often interpreted separately: the numerical value assigned to coupling, the
bifurcation mechanism associated with that coupling, and the temporal statistics extracted from sim-
ulated activity. Here we establish an explicit mathematical link between these levels in the reduced
Wong–Wang architecture. We first show that uniform rescaling of structural connectivity is exactly
equivalent to reciprocal rescaling of global gain, so the magnitude of the coupling parameter is
meaningful only after the connectivity normalization is specified. For connected symmetric regular
networks, we then prove that a synchronized positive-coupling saddle-node is controlled by the Perron
mode, while transverse modes remain stable and their damping is set by the graph spectral gap. Near
a generic upper fold, the critical recovery time follows the universal law τrec ∼ K(Gc − G)−1/2;
under isotropic weak noise, the same Jacobian spectrum determines modal variances and autocor-
relation times. Numerical verification with the conventional reduced Wong–Wang parameterization
and independent Euler–Maruyama simulations confirms these analytical predictions away from the
immediate fold neighbourhood and identifies the finite-record regime in which nonlinear and sam-
pling effects become important. The resulting framework is intentionally minimal: its contribution is
not a new neural-mass model or a new empirical biomarker, but a reproducible mechanistic bench-
mark that separates coupling normalization, bifurcation geometry, topology-dependent recovery, and
finite-time stochastic estimation within one commonly used neural mean-field architecture.

Keywords: Wong–Wang model; saddle-node bifurcation; critical slowing down; global coupling; graph
spectral gap

1 Introduction

Reduced neural mean-field models occupy an
important middle ground between microscopic

network descriptions and large-scale brain mod-
els: they preserve a tractable nonlinear population
dynamics while making collective regimes, sta-
bility changes and network effects analytically
accessible (Wong andWang 2006; Deco et al. 2013;
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Spiegler et al. 2010; Cooray et al. 2023). In these
models, a global coupling or gain parameter is
often swept to organize transitions in simulated
activity. Yet the numerical value of that param-
eter, the dynamical mechanism responsible for a
transition, and the temporal statistics measured
from the resulting trajectories are not interchange-
able objects. A coupling value is defined relative
to the connectivity matrix; a bifurcation is a prop-
erty of the vector field and its Jacobian; and a
finite-record timescale is an estimator whose value
depends on the observation protocol. Precise con-
nectivity conventions and model descriptions are
therefore essential when quantitative comparisons
are made across computational studies (Senk et al.
2022).

The reduced Wong–Wang family provides a
particularly useful setting in which to make
these distinctions explicit. Its nonlinear transfer
function and slow synaptic variable have been
used extensively in recurrent decision models and
in large-scale descriptions of resting-state and
ignition-like dynamics (Wong and Wang 2006;
Deco et al. 2013; Castro et al. 2020). Bifurca-
tion analysis supplies the natural language for
identifying changes of stability in such systems
(Kuznetsov 2004; Spiegler et al. 2010), while
critical slowing down provides a mechanistic con-
nection between approaching a transition and the
increasing recovery time, variance and autocorre-
lation of fluctuations (Kuehn 2011; Meisel et al.
2015). At the same time, neural timescale esti-
mates are known to depend on the estimator and
observation window, so a temporal statistic should
not be treated as a direct substitute for a dynam-
ical eigenvalue (Murray et al. 2014; Zeraati et al.
2026). What is missing is a compact benchmark
in which these layers are derived from the same
equations and their boundaries are made explicit.

We address this gap with a deliberately mini-
mal construction: two identical interacting mean-
field units with reciprocal coupling, followed by an
extension to connected symmetric regular graphs.
The aim is not to introduce a new biological
model or to claim that a two-node system rep-
resents a particular anatomical circuit. The aim
is to expose, in a setting where every step can
be proved and reproduced, how a coupling coor-
dinate becomes a dynamical distance to a fold
and how that fold controls temporal recovery. This
design also makes a potentially confounding issue

testable: the absolute value of a global gain cannot
be interpreted independently of the normalization
of structural connectivity.

The analysis is organized around four ques-
tions. First, which combination of structural con-
nectivity and global gain is actually identifiable?
Second, at a synchronized saddle-node, which net-
work mode becomes critical and what controls
the recovery of the remaining modes? Third, what
scaling law follows from the local fold geometry,
independently of any time-series statistic? Fourth,
how faithfully do stochastic trajectory estimates
recover the analytically predicted timescale when
finite records and nonlinearities are introduced?
We answer these questions in that order, mov-
ing from parameter identifiability to bifurcation
geometry, from geometry to graph modes, and
from graph modes to stochastic observables.

The main contribution is deliberately nar-
row. We prove an exact coupling-scale invariance,
establish a mode-selective fold result for connected
symmetric regular networks, derive the univer-
sal square-root divergence of the critical recovery
time, and map the same Jacobian spectrum to
the local Ornstein–Uhlenbeck statistics of weakly
noisy trajectories. The numerical benchmark uses
the established reduced Wong–Wang parameter-
ization and independently regenerated Python
outputs rather than fitted empirical data. This
positioning distinguishes the present work from
studies that use neural mass models primarily as
phenomenological generators: here the model is
used as an analytical benchmark for separating
coupling normalization, bifurcation mechanism,
topology-dependent slow modes and finite-time
estimation. The resulting claims are correspond-
ingly limited to the stated symmetry, regularity
and local-noise assumptions.

This separation is important for interpreta-
tion. A long empirical or simulated correlation
time is not, by itself, evidence that a system is
approaching a bifurcation; a small graph spectral
gap can generate a slow but still stable transverse
mode, while a finite record can bias an esti-
mator near a genuine critical mode. Conversely,
a fold identified from the equilibrium equations
has a precise local mechanism even before any
stochastic statistic is computed. By placing these
statements in one analytical chain, the study pro-
vides a compact reference point against which
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more heterogeneous, directed, delayed or empiri-
cally constrained neural-network models can later
be compared.

2 Model and analytical

framework

The reduced Wong-Wang family originates from
a reduction of recurrent spiking-network dynam-
ics to a slow synaptic gating variable (Wong
and Wang 2006) and has subsequently been used
in large-scale models of resting and ignition-like
brain dynamics (Deco et al. 2013; Castro et al.
2020). We consider two identical populations with
gating variables S1, S2 ∈ (0, 1) and reciprocal
coupling weight c > 0:

dS1 = F1(S1, S2;G) dt+ σ dW1, (1)

dS2 = F2(S1, S2;G) dt+ σ dW2, (2)

where W1,W2 are independent standard Wiener
processes and

F1 = −S1

τs
+ (1− S1)γH(x1), (3)

x1 = JN
(
wS1 +GcS2

)
+ I0,

F2 = −S2

τs
+ (1− S2)γH(x2), (4)

x2 = JN
(
wS2 +GcS1

)
+ I0.

with

H(x) =
ax− b

1− exp[−d(ax− b)]
. (5)

This parameterization follows established
reduced Wong–Wang implementations, while
the reciprocal-edge normalization is an explicit
modelling convention rather than an empirical
connectivity estimate (Wong and Wang 2006;
Deco et al. 2013; Castro et al. 2020). The remov-
able singularity at ax = b is evaluated using the
limit H(b/a) = 1/d; the supplementary code uses
an expm1-based implementation to avoid cancel-
lation. The standard parameter values used for
the deterministic benchmark are listed in Table 1.
Importantly, c = 1 is a normalization convention
for the two-node example rather than an empir-
ical anatomical measurement, while σ controls
only the small-noise verification and is not fitted
to data.

S1 S2

Gc

Gc

u+ = (δS1 + δS2)/
√
2 symmetric

u− = (δS1 − δS2)/
√
2 antisymmetric

λ+ = 0 at a symmetric fold; λ− < 0 for G, c > 0

Fig. 1 The two-node model and the symmetry-adapted
perturbation coordinates. At a positive-coupling symmet-
ric saddle-node the symmetric mode is critical while the
antisymmetric mode remains linearly stable

Fig. 1 separates the network coordinates from
their symmetry-adapted modes. That change of
basis is not cosmetic: it is the key step that
makes the critical direction and the stochastic
observables transparent.

Because the equations are invariant under
exchange S1 ↔ S2, the diagonal subspace D =
{S1 = S2} is invariant. Writing S1 = S2 = S gives
the scalar deterministic equation

Ṡ = F (S;G)

= − S

τs
+ (1− S)γH(JN (w + cG)S + I0) .

(6)

A symmetric equilibrium S∗ satisfies F (S∗;G) =
0. A nondegenerate fold additionally satisfies

FS(Sc;Gc) = 0,

FSS(Sc;Gc) ̸= 0,

FG(Sc;Gc) ̸= 0.

(7)

The full Jacobian at a symmetric equilibrium has
the form

J =

(
A B

B A

)
, B = (1− S∗)γH ′(x∗)JNGc, (8)

where

A = −τ−1
s −γH(x∗)+(1−S∗)γH ′(x∗)JNw. (9)
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Table 1 Model parameters. The transfer and kinetic values follow established reduced Wong-Wang implementations; the
reciprocal edge normalization and the small-noise level are declared modelling choices, not empirical estimates.

Symbol Value Unit Status/source

a 270 Hz nA−1 Reduced Wong-Wang parameterization (Deco et al. 2013; Castro et al.
2020)

b 108 Hz Reduced Wong–Wang parameterization (Deco et al. 2013; Castro et al.
2020)

d 0.154 s Reduced Wong–Wang parameterization (Deco et al. 2013; Castro et al.
2020)

γ 0.641 – NMDA gating factor (Deco et al. 2013; Castro et al. 2020)

τs 0.1 s Synaptic time constant (Deco et al. 2013; Castro et al. 2020)

JN 0.2609 nA Synaptic coupling scale (Deco et al. 2013; Castro et al. 2020)

w 0.9 – Local recurrence used in the ignition implementation (Castro et al. 2020)

I0 0.3 nA Baseline input used in the ignition implementation (Castro et al. 2020)

c 1 – Unit normalization of the reciprocal two-node edge

σ 0.001 s−1/2 Small-noise numerical verification; not data-fitted

Hence, the symmetry-adapted eigenvalues are

λ+ = A+B = FS(S
∗;G),

λ− = A−B = λ+ − 2B.
(10)

For the transfer function in Eq. (5), H ′(x) > 0
over the relevant domain, the accompanying code
evaluates the derivative directly and verifies this
at all reported equilibria.

Theorem 1 (Mode selectivity of a positive-coupling
symmetric fold) Suppose Gc > 0, c > 0, 0 < Sc < 1,
JN > 0, γ > 0, and H ′(xc) > 0. If (Sc, Gc) is a

symmetric fold satisfying λ+(Sc, Gc) = 0, then

λ−(Sc, Gc) = −2(1− Sc)γH
′(xc)JNGcc < 0. (11)

The centre eigenspace is one-dimensional and symmet-

ric; the antisymmetric mode is strictly stable.

Proof At a symmetric equilibrium the Jacobian is
Eq. (8), so its eigenvectors are (1, 1)⊤/

√
2 and

(1,−1)⊤/
√
2 with eigenvalues λ+ = A + B and

λ− = A − B. At a symmetric fold, λ+ = 0, hence
A = −B. Substitution gives λ− = A − B = −2B.
Every factor in B = (1−Sc)γH

′(xc)JNGcc is strictly
positive under the hypotheses, so B > 0 and therefore
λ− < 0. No additional numerical stability assumption
is required. □

The theorem strengthens the usual statement
that a fold exists: it identifies which collective per-
turbation becomes slow. It also implies a useful

stability ordering. Whenever a symmetric equilib-
rium has λ+ < 0 a positive coupling, Eq. (10) gives
λ− < λ+ < 0, so the full two-dimensional equilib-
rium is linearly stable. Thus, no hidden antisym-
metric instability can precede the symmetric fold
in this two-node architecture.

A second issue concerns the interpretation of
G. Whole-brain models normally define a struc-
tural matrix first and then multiply it by a global
gain. The numerical value of that gain is therefore
inseparable from the normalization of the struc-
tural weights. In the present two-node reduction
this statement can be made exact.

Proposition 1 (Exact connectivity-scale/global-gain
invariance) Consider the N-node reduced Wong-Wang

system

xi = JN

⎛

⎝wSi +G
N
∑

j=1

CijSj

⎞

⎠+ I0. (12)

For every α > 0, the transformation

C ↦→ αC, G ↦→ G/α (13)

leaves the complete deterministic vector field and, for

unchanged noise law, the complete stochastic differ-

ential equation invariant. Hence the absolute scale G
is structurally non-identifiable unless a normalization

convention for C is fixed.
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Proof Under Eq. (13),

G

α

∑

j

(αCij)Sj = G
∑

j

CijSj

for every state S and every node i. Therefore, every
input xi, every drift component, and every Jacobian
entry is unchanged. Because the diffusion term is
also unchanged, the stochastic law is identical. Thus
any deterministic trajectory, equilibrium, bifurcation
point, transition probability, or time-series statistic
generated by the model is invariant under the paired
rescaling. Only the product GC is identified by the
model equations. □

For the reciprocal pair C12 = C21 = c, this
proposition reduces to the relation w+ cG on the
symmetric branch and gives

Gc(c) =
κc − w

c
, (14)

where κc is the effective recurrent coefficient at
the fold. The point is not that G is useless, but
that its numerical magnitude is meaningful only
relative to a stated connectivity normalization.
This is especially important when comparing stud-
ies that rescale, threshold or otherwise transform
structural matrices (Senk et al. 2022).

This proposition does not imply that global
coupling is meaningless; it states the narrower
and practically important point that its numerical
value is conditional on a declared connectivity nor-
malization. Comparisons of G across models are
therefore scientifically interpretable only when the
scaling of the corresponding structural matrices is
fixed or transformed explicitly.

The local slowing-down law follows from the
same fold geometry. Let µ = Gc − G > 0 denote
the distance to the upper fold along the stable
low-activity branch. Taylor expansion of F about
(Sc, Gc) yields

0 = −FGµ+
1

2
FSS(S − Sc)

2 +O(µ3/2), (15)

where derivatives are evaluated at the fold. For
the upper fold in Table 2, FG > 0 and FSS >
0, and the low stable branch takes the negative
square-root displacement. Therefore

λ+ = FS = −
√
2FGFSS µ1/2 +O(µ), (16)

so the deterministic local recovery time is

τrec = −λ−1
+ = Kµ−1/2 +O(1),

K =
1√

2FGFSS

.
(17)

The square-root law is the standard local saddle-
node scaling from bifurcation theory (Kuznetsov
2004; Kuehn 2011); here the derivation identifies
its model-specific prefactor and makes clear that
the scaling is a property of the vector field rather
than a regression assumption. The same scaling
logic has been used experimentally to distinguish
transition mechanisms in neuronal spiking (Meisel
et al. 2015).

The stochastic consequence is equally direct.
Linearize Eq. (2) around a stable symmetric equi-
librium and rotate the independent Brownian
motions into W± = (W1±W2)/

√
2. Orthogonality

preserves independence, giving

du+ = λ+u+ dt+ σ dW+,

du− = λ−u− dt+ σ dW−.
(18)

Each mode is therefore an Ornstein–Uhlenbeck
process. For λ± < 0,

Var(u±) =
σ2

−2λ±

,

Corr[u±(t), u±(t+ h)] = eλ±h.

(19)

Because λ− remains bounded away from zero at
the fold whereas λ+ → 0−, the symmetric-mode
variance and correlation time diverge in the linear
approximation while the antisymmetric quanti-
ties remain finite. Writing V± = Var(u±) and
reverting to (S1, S2) gives

Corr(S1, S2) =
V+ − V−

V+ + V−

−→ 1 as G → G−

c .

(20)
Thus, the same eigenvalue that governs determin-
istic recovery also predicts an increasingly shared
fluctuation mode. The result is local and small-
noise: it does not assert that the full nonlinear
stochastic system has a stationary Gaussian dis-
tribution arbitrarily close to the fold, where basin
escape and finite-record effects become important.

The same analytical structure extends beyond
the reciprocal pair to connected symmetric reg-
ular networks. This extension is useful because
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standard graph-theoretic results make clear which
part of the dynamics is controlled by the row sum
and which part is controlled by the remaining
spectrum (Chung 1997; Senk et al. 2022).

The two-population calculation is transparent,
but the mechanism is not restricted to two nodes.
Consider N identical reduced Wong–Wang units
with a real symmetric, nonnegative connectivity
matrix C satisfying Cii = 0. Assume the graph is
connected and regular, so

C1 = r1, r > 0, (21)

where r is the common row sum. The synchronized
subspace S1 = · · · = SN = S is then invariant and
obeys

Ṡ = − S

τs
+(1−S)γH(JN (w +Gr)S + I0) . (22)

Thus the location of a synchronized fold depends
on the network through the row sum r, whereas
transverse stability depends on the remaining
graph eigenvalues.

Let r = ν1 > ν2 ≥ · · · ≥ νN denote the
eigenvalues of C. Connectedness and nonnega-
tivity imply that ν1 = r is simple by Perron-
Frobenius theory (Chung 1997). At a synchronized
equilibrium the Jacobian can be written

J lin = a0I+βC, β = (1−S)γH ′(x)JNG > 0,
(23)

as follows:

a0 = −τ−1
s − γH(x) + (1− S)γH ′(x)JNw. (24)

Hence the graph eigenvectors diagonalize the neu-
ral linearization and

λk = a0 + βνk, k = 1, . . . , N. (25)

Theorem 2 (Unique critical Perron mode at a syn-
chronized fold) Under the assumptions above, sup-

pose a synchronized equilibrium undergoes a positive-

coupling saddle-node so that λ1 = 0. Then

λk = β(νk − r) < 0, k = 2, . . . , N. (26)

Therefore the centre eigenspace is one-dimensional

and spanned by the synchronized Perron vector 1. No

transverse graph mode is critical at the fold.

Proof At the fold, λ1 = a0 + βr = 0, so a0 = −βr.
Substitution into Eq. (25) gives λk = β(νk − r).
Because β > 0 and the connected nonnegative regular
matrix has the simple Perron eigenvalue ν1 = r with
νk < r for every k ≥ 2, all transverse eigenvalues are
strictly negative. □

The theorem yields a quantitative topological
refinement. Define the adjacency spectral gap

δ = r − ν2 > 0. (27)

Then the slowest transverse eigenvalue at the fold
is

λtr = −βcδ. (28)

Consequently, the synchronized fold can be iden-
tical for two row-sum-matched networks while the
separation between the critical timescale and the
slowest noncritical timescale differs strongly. This
point matters for neural-timescale interpretation:
a small graph spectral gap can generate long
but noncritical transverse relaxation, whereas the
actual fold is still carried only by the Perron mode.

Corollary 1 (Modal Ornstein–Uhlenbeck decomposi-
tion) If the additive noise is isotropic, dS = F (S) dt+
σ dW , the orthogonal eigenbasis of a symmetric C
transforms the linearized stochastic system into inde-

pendent scalar Ornstein–Uhlenbeck modes

duk = λkuk dt+ σ dBk. (29)

For a fixed connected regular graph, as G → G−
c the

stationary covariance is asymptotically dominated by

the Perron mode. Because that mode is proportional to

1, pairwise correlations approach one within the local

linear approximation.

This result provides a clean hierarchy of state-
ments. The fold location on the synchronized
branch is controlled by rG; the global scale of G
is redundant with the global scale of C; and the
transverse recovery hierarchy is controlled by the
non-Perron spectrum. These are distinct pieces of
information and should not be collapsed into a
single fitted coupling number.

3 Numerical and stochastic

verification

The numerical checks below are designed to
test the analytical claims rather than replace
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Fig. 2 Symmetric equilibrium branch of the two-
population model. The coarse plotted coordinates are
only for visualization; the fold coordinates in Table 2 are
obtained by solving the simultaneous nonlinear equations
F = FS = 0. The full stability of every solid symmetric
branch follows from λ

−
< λ+ for G > 0

them with curve fitting; critical slowing and
estimator-dependent deviations are interpreted in
the context of established bifurcation and neural-
timescale literature (Kuznetsov 2004; Kuehn 2011;
Meisel et al. 2015; Murray et al. 2014). The analyt-
ical results do not require numerical continuation,
but a numerical benchmark is useful both to locate
the folds for the literature parameterization and
to test the finite-sample behavior of the stochastic
observables.All numbers in this section are regen-
erated by the accompanying Python code (see
Code availability); no external empirical dataset
is required. Solving F = FS = 0 with the param-
eters in Table 1 and c = 1 yields two symmetric
folds (Table 2). The lower fold creates a stable
high-activity branch together with an unstable
middle branch. The upper fold annihilates the sta-
ble low branch and the unstable middle branch.
Between the two points the deterministic system
is bistable. At both folds the antisymmetric eigen-
value is strictly negative, in agreement with the
theorem.

At the upper fold, the numerical derivatives
are FG = 0.4849137503 and FSS = 105.0656724,
which yield the prefactor K = 0.09906548 s in
Equation (17). A log–log regression of the deter-
ministic local recovery time over the selected
branch points G ∈ [0.80, 0.8975] yields an esti-
mated slope of −0.4896. As the fitting interval
is restricted toward the fold, the estimated slope
approaches −1/2, consistent with the contribution
of higher-order terms away from the asymptotic

10−410−310−210−1

100

101

Gc −Gre
co
ve
ry
/
co
rr
el
a
ti
o
n
ti
m
e
(s
)

−1/λ+

nonlinear simulation

K(Gc −G)−1/2

Fig. 3 Critical slowing down at the upper fold. The deter-
ministic local recovery time approaches the saddle-node
asymptote. Finite nonlinear simulations agree well over the
resolved regime and underestimate the increasingly long
time constant closest to the fold, where the fixed record
contains fewer effective correlation lengths

regime. The fold is located independently by solv-
ing Equation (7), and the scaling law is evaluated
afterward as a consistency check.

For the direct stochastic check, we use Euler–
Maruyama with ∆t = 1 ms, 30 s per realization,
a 5 s burn-in, 32 independent realizations per
G, σ = 0.001, and fixed master seed 20260927.
Observables are computed from the symmetric
coordinate sampled every 10 ms after burn-in. The
empirical correlation time is obtained from the
lag-10 ms correlation by τ̂ = −∆/ log ρ̂(∆), avoid-
ing a multi-parameter nonlinear ACF fit. Table 3
shows that the nonlinear simulations track the
linear OU prediction well away from the imme-
diate fold neighborhood. The discrepancy grows
closest to Gc, precisely where a finite trajectory
covers too few recovery times and the nonlin-
ear fold geometry becomes harder to approximate
by a stationary local Gaussian process. We treat
that discrepancy as a validity boundary, not as a
quantity to tune away.

The structural-scale result can also be visu-
alized without further simulation. Because the
effective coefficient κ = w + cG is the quan-
tity that enters the symmetric equation, both fold
gains vary exactly as 1/c (Fig. 4). This provides a
direct reason not to report a global coupling value
as though it were a model-independent physical
constant.

The network theorem yields a second conse-
quence for network dynamics without requiring
anatomical data. When each regular graph is nor-
malized so that its connectivity matrix has row

7



Table 2 Numerically computed fold points on the symmetric branch under the unit edge-weight convention c = 1. The
residuals of F = 0 and FS = 0 are below 10−11, as verified by the accompanying code.

Fold Gc Sc λ− (s−1) Interpretation

Lower 0.2547375424 0.5198814960 −9.189486 high/middle branches appear

Upper 0.8976692317 0.0801818818 −10.857619 low/middle branches disappear

Table 3 Small-noise verification on the stable
low-activity branch. Simulation estimates are averaged
across 32 realizations generated using a fixed master
seed. Standard deviations and additional variance
diagnostics are reported in Online Resource 1.

G τth (s) τ̂ (s) ρ12,th ρ̂12 λ− (s−1)

0.500 0.1807 0.1812 0.2409 0.2517 -9.0489

0.700 0.2463 0.2455 0.4109 0.4124 -9.7261

0.800 0.3403 0.3209 0.5512 0.5224 -10.1578

0.850 0.4768 0.4623 0.6651 0.6363 -10.4274

0.880 0.7681 0.7169 0.7819 0.7647 -10.6342

0.890 1.1539 0.9843 0.8505 0.8202 -10.7257

0.895 1.9400 1.3921 0.9088 0.8626 -10.7875

0.5 1 1.5 2
0

1

2

3

reciprocal edge scale c

fo
ld

ga
in

G
c
(c
) lower fold

upper fold

Fig. 4 Exact dependence of the two fold gains on the
arbitrary scale of the reciprocal structural edge. The state-
space fold is fixed by the effective coefficient w + cG;
rescaling c rescales the reported Gc inversely

sum r = 1, Equation (22) is identical across the
considered graphs. Consequently, the two synchro-
nized fold locations remain unchanged from those
reported in Table 2, whereas the transverse spec-
trum varies with network topology. At the upper
fold, βc = 5.4288094 s−1. For a network consisting
of two nodes connected by a single edge, δ = 2,
giving a transverse eigenvalue of−10.8576 s−1. For
a normalized complete graph KN , δ = N/(N−1),
whereas for a normalized cycle CN , δ = 1 −
cos(2π/N). For the cycle, δ scales as O(N−2), so
the slowest transverse mode becomes progressively
less strongly damped as network size increases,

Table 4 Effect of network topology on the slowest
transverse recovery time at the upper synchronized fold.
All networks are normalized to have a
connectivity-matrix row sum of one and consequently
share the same synchronized fold, Gc = 0.8976692.

Network ν2 δ = 1− ν2 λtr (s−1) τtr (s)

Two-node edge −1.0000 2.0000 −10.8576 0.0921

K8/(7) −0.1429 1.1429 −6.2044 0.1612

C8/2 0.7071 0.2929 −1.5901 0.6289

C16/2 0.9239 0.0761 −0.4132 2.4199

C32/2 0.9808 0.0192 −0.1043 9.5865

4 8 16 32 64
10−1

100

101

cycle size Nsl
ow

es
t
tr
an

sv
er
se

ti
m
e
τ t

r
(s
)

normalized cycle CN/2

N2/(2π2βc)

Fig. 5 A synchronized fold need not imply a single prac-
tically relevant timescale. For normalized cycles the graph
spectral gap closes as 1 − cos(2π/N) ∼ 2π2/N2, so the
slowest transverse recovery grows as N2 even though that
mode never becomes critical for any fixed connected cycle

even though the synchronized bifurcation remains
unchanged.

These synthetic graph calculations are not
intended to substitute for connectome-based anal-
ysis. Instead, they provide a controlled illustration
of a limitation in interpreting long correlation
times: such timescales need not arise solely from
the critical eigenmode. Depending on network
topology, the connectivity spectrum can also sup-
port slowly relaxing but stable transverse modes.
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Under the assumptions of the modal decompo-
sition derived above, these contributions can be
distinguished analytically before fitting the model
to empirical data.

4 Discussion

The central result is the separation of four factors
that can otherwise be treated as a single phe-
nomenon: connectivity normalization, local bifur-
cation geometry, the network-mode spectrum, and
the estimator applied to finite stochastic tra-
jectories. Reduced Wong–Wang models provide
an established and tractable neural mean-field
framework (Wong and Wang 2006; Deco et al.
2013; Castro et al. 2020). The contribution of
the present study is to use this framework as a
controlled analytical benchmark. In the two-node
system, the fold is located by solving the equi-
librium and degeneracy conditions, rather than
inferred from a signal statistic. This analysis also
identifies the critical eigenmode, while the local
normal form yields the square-root scaling of the
recovery time. The resulting mechanistic chain
places the fold geometry upstream of the predicted
temporal slowing: the slowing follows from the
bifurcation structure rather than defining the fold
itself.

The first implication concerns the meaning of
global coupling. Because the input depends on
the product GC, a uniform transformation C ↦→
αC and G ↦→ G/α leaves the model unchanged.
The absolute numerical value of G is therefore
not invariant under a change of connectivity nor-
malization. This is a mathematical identifiability
statement, not an empirical claim about anatom-
ical connectivity. It matters whenever coupling
values are compared across simulations or across
whole-brain implementations, because a number
quoted without its matrix normalization does not
define a unique dynamical operating point. Precise
connectivity conventions have likewise been iden-
tified as an important component of reproducible
neuronal network modelling (Senk et al. 2022).

The second implication concerns which mode
actually slows. For connected symmetric regu-
lar coupling, the synchronized equilibrium reduces
the network Jacobian to graph eigenmodes. At
a positive-coupling synchronized fold, the Perron
mode reaches zero first, whereas transverse modes
retain negative eigenvalues. Thus the divergent

recovery time is associated with one collective
direction, while the graph spectral gap deter-
mines how close the slowest transverse mode can
come to it. The normalized-cycle example makes
the distinction transparent: the synchronized fold
remains unchanged with network size, but the
slowest stable transverse relaxation increases as
the spectral gap closes. A long timescale can
therefore have two mathematically distinct ori-
gins—critical slowing of the Perron mode or
topology-induced slowing of a stable transverse
mode. This distinction is relevant to interpre-
tation of neural timescales, for which multiple
estimators and dynamical sources can produce
non-equivalent numerical values (Murray et al.
2014; Zeraati et al. 2026).

A further methodological implication follows
from the analysis. Near a generic upper saddle-
node, the recovery time scales asymptotically as
τrec ∼ K(Gc − G)−1/2, where the prefactor is
determined by local derivatives of the vector
field. The exponent follows from the saddle-node
normal form rather than from an empirical fit
used to locate the transition (Kuznetsov 2004;
Kuehn 2011). The complementary stochastic anal-
ysis shows that, under a local linearization and
weak additive noise, the dynamics decompose into
Ornstein–Uhlenbeck modes. Within this approx-
imation, the modal eigenvalues and noise covari-
ance jointly determine the variance and autocor-
relation structure. The simulations therefore serve
to check the analytical predictions and assess the
limitations imposed by finite observation records;
they are not presented as evidence for a new statis-
tical biomarker. This interpretation is consistent
with previous work relating critical slowing down
to changes in recovery, variance and autocorre-
lation near dynamical transitions (Meisel et al.
2015).

These results further clarify the role of the
temporal index used in this study. The index
should be interpreted as a compact secondary
descriptor of trajectory-level temporal organiza-
tion, rather than as an independent criterion for
criticality or a validated biological biomarker. Its
purpose is to assess whether a trajectory-derived
quantity behaves consistently with a dynami-
cal mechanism identified independently from the
Jacobian. Near the fold, deviations from the local
prediction are expected as nonlinear drift, excur-
sions beyond the local region of validity, and finite
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observation windows weaken the assumptions
underlying the stationary local Gaussian approx-
imation. Such deviations should be interpreted
as limitations of the approximation and estima-
tion procedure, rather than eliminated through
parameter tuning. Finite-record estimates and
local eigenvalues characterize related but distinct
aspects of the dynamics.

The conclusions are restricted to the assump-
tions and scope of the present model. The for-
mulation uses identical units, instantaneous recip-
rocal coupling, and independent additive noise;
it does not incorporate anatomical heterogene-
ity, transmission delays, inhibition, hemodynam-
ics, or an explicit measurement model. The net-
work theorem additionally assumes connected,
symmetric, nonnegative coupling, identical local
dynamics, and constant row sums. Outside these
conditions, synchronization and an orthogonal
graph-mode decomposition are not guaranteed, so
the critical direction must be determined from the
Jacobian of the system under consideration. The
stochastic analysis is local and does not provide
a quantitative account of noise-induced switch-
ing, basin escape, or residence-time distributions.
Because the study uses no human, animal, or
connectome dataset, its findings do not estab-
lish empirical, diagnostic, or clinical validity. The
results should therefore be interpreted as a theo-
retical benchmark within the stated assumptions.

The natural next tests follow directly from
those boundaries. Full two-parameter continua-
tion can determine how the fold set deforms when
the connectivity weight, recurrent gain or other
model parameters are varied jointly. Heteroge-
neous and directed networks can test how the
Perron-mode result changes when exact symme-
try is broken, while delayed coupling can deter-
mine whether another instability such as a Hopf
bifurcation pre-empts the fold. A separate stochas-
tic basin analysis could quantify first-passage
and switching rates beyond the local Ornstein–
Uhlenbeck regime. These extensions should be
treated as new questions rather than retroactively
incorporated into the present claims. Their value
is precisely that the current benchmark provides
an analytically specified reference case against
which such departures can be measured.

Overall, the study establishes a compact mech-
anistic chain rather than introducing a new

neural-mass architecture. Connectivity normal-
ization determines how the global gain should
be interpreted; the effective coupling sets the
system’s position relative to the fold; at the
synchronized fold, the Perron-mode eigenvalue
reaches zero; and the graph spectrum determines
the damping of the remaining transverse modes.
Under weak noise, these modal properties con-
strain the temporal statistics of the simulated
trajectories. By deriving the analytical results
from a common mathematical formulation and
providing code to reproduce the reported com-
putations, the study aims to establish a repro-
ducible theoretical benchmark for investigating
coupling-dependent temporal organization while
distinguishing bifurcation mechanisms, network
topology, and finite-record estimation effects.

5 Conclusion

We have shown that coupling-dependent tempo-
ral organization in a reduced Wong–Wang net-
work can be understood through a single, explicit
dynamical chain. The absolute global gain is
meaningful only relative to a declared connectiv-
ity normalization. For connected symmetric reg-
ular networks, the synchronized positive-coupling
fold is controlled by the Perron mode, while the
graph spectral gap determines the damping of the
remaining stable modes. Near a generic upper fold,
the critical recovery time follows the universal
square-root law, and weak stochastic fluctuations
inherit the same modal structure through their
variances and autocorrelation times.

The significance of the framework is there-
fore not the introduction of another neural-mass
model or another standalone temporal index. It is
the separation of mechanisms that can otherwise
produce superficially similar long timescales: gen-
uine critical slowing, topology-induced slow stable
modes, and finite-record estimation effects. The
resulting benchmark is intentionally minimal and
analytically transparent, providing a reproducible
baseline for future studies that add heterogeneity,
directed or delayed coupling, empirical connectiv-
ity, or stochastic switching dynamics.
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