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Abstract

This paper presents a computational study of the two-dimensional Sobolev and
nonlinear generalized Benjamin-Bona-Mahony-Burgers (NGBBMB) equations,
which arise in fluid-flow and wave-propagation models. An efficient numerical
method based on bicubic spline interpolation is proposed to approximate their
solutions. Becouse of two spatial and time variables, first we descritize temporal
part using finite difference approche while spatial part is approximated by bicu-
bic spline technique. With this strategy, two-dimensional PDEs are transformed
into systems of algebraic equations, and a collocation approach is employed to
determine the spline coefficients. The numerical results demonstrate that the
(1+2) dimensional bicubic spline method is robust and efficient for solving two-
dimensional linear and nonlinear PDEs. The L2 and L∞ norms are computed
to validate the proposed scheme, confirming its accuracy and effectiveness. The
graphical solution profiles demonstrate close agreement between the exact and
approximate solutions for all considered problems
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1 Introduction

Mathematical equations provide an effective framework for modelling physical pro-
cesses and predicting their future behaviour. Over the past two decades, partial
differential equations (PDEs) have been extensively employed to investigate various
natural phenomena. Nonlinear PDEs and Sobolev-type equations arise in numerous
fields, including fluid flow through fractured rocks, thermodynamics, soil mechanics,
finance, and heat conduction. In particular, nonlinear PDEs provide more realistic
descriptions of complex physical processes. The current work considers the following
two-dimensional PDE [1]:

χt−∆χt−σ1∆χ+σ2∇·χ+σ3∇·(χ∇χ)+σ4χ
2 = σ5∇·

(
E(χ)

)
+f(x, t), x ∈ χ, t > 0,

(1)
where for simplicity x = (ξ, η). The associated initial and boundary conditions are

{
χ(x, 0) = η1(x), x ∈ χ,

χ(x, t) = η2(x, t), x ∈ ∂χ, t > 0.
(2)

Here, χ = χ(x, t), E(χ) is a nonlinear function, ∆ and ∇ are the two-dimensional
Laplacian and gradient operators, respectively, and σl ∈ R, l = 1, . . . , 5.

For σ1 = 1, σ2 = σ3 = σ4 = σ5 = 0, equation (1) reduces to the linear Sobolev
equation

χt −∆χt −∆χ = f(x, t), x ∈ χ, t > 0. (3)

For σ1 = σ2 = σ5 = 0, σ3 = −1, σ4 = π2, equation (1) reduces to the nonlinear
Sobolev equation

χt −∆χt −∇ · (χ∇χ) + π2χ2 = f(x, t), x ∈ χ, t > 0. (4)

For σ1 = σ2 = σ5 = 1, σ3 = ς4 = 0, equation (1) reduces to the nonlinear
generalized (NGBBMB) equation

χt −∆χt −∆χ+∇ · χ = ∇ ·
(
E(χ)

)
+ f(x, t), x ∈ χ, t > 0. (5)

Sobolev-type equations arise in various areas of applied sciences and engineering, par-
ticularly in the modelling of nonlinear wave propagation and convection-dominated
processes. Numerous analytical, semi-analytical, and numerical methods have been
developed for solving differential equations (DEs). However, closed-form solutions to
nonlinear DEs are often difficult or impossible to obtain, particularly for complex
initial and boundary conditions. Semi-analytical methods may also involve lengthy
derivations and can become computationally demanding. Consequently, numerical
methods play an essential role in approximating solutions to complex differential
equations. Moreover, advances in digital computing have facilitated the implementa-
tion of efficient numerical schemes capable of providing accurate and reliable solutions.
Numerical methods based on finite elements have been reported in the literature,
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including semidiscrete and fully discrete local discontinuous Galerkin methods, discon-
tinuous Galerkin space-time, characteristic finite-element methods, split least-squares
characteristic mixed finite-element methods, and modified weak Galerkin methods
based on global weak gradients [2–5]. Finite difference method has been employed
for Sobolev equations involving convection terms [6]. In recent studies, weak Galerkin
and two-grid finite-volume methods have been introduced to reduce computational
costs while preserving satisfactory accuracy [7, 8]. In addition, Haar-wavelet methods
combined with finite-difference schemes have been applied to two-dimensional Sobolev
equations, whereas Hermite-wavelet method has been used to approximate solutions to
multidimensional problems [1, 9]. Haar wavelets are particularly attractive because of
their compact support, simple structure, and multiresolution properties, which facili-
tate implementation and enable efficient representation of local solution behaviour. A
mixed Lucas-Fibonacci polynomial scheme has also been proposed, in which temporal
derivatives are discretized using finite differences and spatial derivatives are approxi-
mated through polynomial expansions [10].
The generalized Benjamin-Bona-Mahony-Burgers (GBBMB) equation is an impor-
tant model for describing long surface waves in liquids, hydromagnetic waves in cold
plasma, acoustic-gravity waves in compressible fluids, and acoustic waves in anhar-
monic crystals [11, 12]. Various numerical techniques, including radial basis function
and Haar-wavelet methods, have been developed for solving the BBM and generalized
BBM-Burgers equations [1, 11].

The objective of the present study is to employ bicubic spline interpolation to
approximate solutions to the (1+2) dimensional Sobolev and GBBMB equations. The
salient features of spline are local compact support system and differentiability due
to polynomail nature. To the best of our knowledge, bicubic spline methods have
not previously been applied to two-dimensional nonlinear problems, and only limited
work has been published on this topic. This research gap motivates the application of
the proposed method to the problem defined in (1). Existing studies involving bicu-
bic splines have focused on linear problems. For example, Nur Nadiah et al. applied
bicubic B-splines to the heat and Laplace equations [13, 14]. Similarly, Arshad et al.
developed an efficient bicubic B-spline method for the Laplace equation [15], whereas
Rohila et al. considered the advection-diffusion equation. Additional related studies
are presented in [16–18] and the references therein.
The distribution of this study is organized as follows. Section 2 presents the basic for-
mulation of bicubic splines and their application to function approximation. Section 3
describes the time discretization along with convergence and stablity where in Section
4, solution methodology for the (1+2) dimensional Sobolev and GBBMB equations
is discussed. The stability analysis of the proposed method is presented in Section 5.
Section 6 provides several numerical examples to demonstrate the accuracy, efficiency,
and robustness of the method. Finally, concluding remarks are given in Section 7.
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2 Derivation of the Scheme
Let χ = [a, b] × [c, d] be a rectangular spatial domain and [0, T ] be time domain and
the corresponding uniform mesh sizes are defined as:

∆ξ =
b− a

m
, ∆η =

d− c

m
, ∆t =

T

n
,

where for uniform spatial mesh size h = ∆ξ = ∆η and T be the final time.

χ(ξ, η, t) =
m+1∑

s=−1

m+1∑

ς=−1

ζs,ς(t)Φs,ς(ξ, η), (6)

where ζs,ς are unknown parameters to be computed and Φs,ς(ξ, η) be the cubic B-
spline function , which can be expressd in simplified form Φs,ς(ξ, η) = Φs(ξ)Φξ(η) and
Φs(ξ) is defined as [19]:

Φs(ξ) =
1

h3

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ξ − ξs−2)
2
, ξs−2 ≤ ξ < ξs−1,

−3 (ξ − ξs−1)
3
+ h3 − 3h (ξ − ξs−1)

2
+ 3h2 (ξ − ξs−1) , ξs−1 ≤ ξ < ξs,

−3 (ξs+1 − ξ)
3
+ h3 − 3h (ξs+1 − ξ)

2
+ 3h2 (ξs+1 − ξ) , ξs ≤ ξ < ξs+1,

(ξs+2 − ξ)
3
, ξs+1 ≤ ξ < ξs+2,

0, else.

(7)
Similarly , the same defintion is applied for Φs(η). The splines Φs−1,Φs,Φs+1 and
Φs+2 have zero contribution outside of the interval [ξs, ξs+1]. For one dimentional, the
approximaion in local element form is expressed as:

χ(ξ, t) =
s+2∑

j=s−1

ζj(t)Φj(ξ). (8)

Expressing χ, χ′ and χ′′ at the nodal points are as follows:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

χs = ζs−1 + 4ζs + ζs+1,

χ′
s =

3

h
(ζs+1 − ζs−1) ,

χ′′
s =

6

h2
(ζs+1 − 2ζs + ζs−1) , s = 0, 1, . . . ,m.

(9)

Now extend the same concept for two dimensional approxlimatons and express χ, χξ,
χη, χξξ and χηη at the nodal point are as follows:

χs,ς = ζs−1,ς−1 + 4ζs−1,ς + ζs−1,ς+1 + 4ζs,ς−1 + 16ζs,ς + 4ζs,ς+1 + ζs+1,ς−1 + 4ζs+1,ς + ζs+1,ς+1.
(10)
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∂χs,ς

∂ξ
=−

3

h

(
ζs−1,ς−1 + 4ζs−1,ς + ζs−1,ς+1 − ζs+1,ς−1 − 4ζs+1,j − ζs+1,ς+1

)
,

∂χs,ς

∂η
=−

3

h

(
ζs−1,ς−1 − ζs−1,ς+1 + 4ζs,ς−1 − 4ζs,ς+1 + ζs+1,ς−1 − ζs+1,ς+1

)
.

(11)

∂2χs,ς

∂ξ2
=

6

h2

(
ζs−1,ς−1 + 4ζs−1,j + ζs−1,ς+1 − 2ζs,ς−1 − 8ζs,ς − 2ζs,ς+1 + ζs+1,ς−1 + 4ζs+1,ς + ζs+1,ς+1

)
,

∂2χs,ς

∂η2
=

6

h2

(
ζs−1,ς−1 − 2ζs−1,ς + ζs−1,ς+1 + 4ζs,ς−1 − 8ζs,ς + 4ζs,ς+1 + ζs+1,ς−1 − 2ζs+1,ς + ζs+1,ς+1

)
,

∂2χs,ς

∂ξ ∂η
=

9

h2

(
ζs−1,ς−1 − ζs−1,ς+1 − ζs+1,ς−1 + ζs+1,ς+1

)
.

(12)

3 Time discrete scheme

For the temporal discretization, we introduce the uniform time partition ts =
s∆t, s = 0, 1, . . . , N, where ∆t = T

N denotes the temporal mesh size. The time
derivative is approximated via the forward difference formula. We further assume that
the nonlinear function F (χ) satisfies the Lipschitz condition with respect to χ, namely,

|F (χ)− F (χ̃)| ≤ L|χ− χ̃|, ∀χ, χ̃, L > 0.

In addition, let ∆t ≤ 1
1+L , and evalute (1) at the point (x, tn) leads to

χn+1 − χn

∆t
−

∆χn+1 −∆χn

∆t
−∆χn +∇ · χn = ∇ · (F (χn)) + fn +R,

and |R| < C∆t, where C > 0. Rearranging, we obtian

χn+1−∆χn+1 = χn+(∆t− 1)∆χn−∆t∇·χn+∆t∇· (F (χn))+∆tfn+∆tR. (13)

We ignore R due to small value , so above equation becomes

χn+1 −∆χn+1 = χn + (∆t− 1)∆χn −∆t∇ · χn +∆t∇ · (F (χn)) + ∆tfn. (14)

We now establish the convergence and stability of the discritize time scheme (1),
demonstrating that it achieves a first-order convergence rate of O(∆t).

3.1 The stability and convergence Evaluation

We investigate the stability and convergence properties of (14) using the energy
method. To this end, we introduce the relevant functional spaces, equipped with their
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standard norms and inner products [20] , as follows:

H1(χ) =

{
χ ∈ L2(χ) :

dχ

dx
∈ L2(χ)

}
, and H1

0 (χ) =
{
χ ∈ H1(χ) : χ|∂χ = 0

}
.

For χ, v ∈ L2(χ) and χ, v ∈ H1(χ), the inner products on L2(χ) and H1(χ) are
defined, respectively, by

(χ, v) =

∫

χ

χv dχ, and (χ, v)1 = (χ, v) + (∇ · χ,∇ · v).

The L2 and H1 norms are given by

∥χ∥ = (χ, χ)1/2, ∥χ∥1 = (χ, χ)
1/2
1 , and |χ|1 = (∇ · χ,∇ · χ)1/2.

The weighted H1-norm is defined [21]:

∥χ∥w,1 =
[
∥χ∥2 + |χ|21

]1/2
.

Lemma 1 Let β1(x) and β2(x) be any functions , so (∇ · |β1|, β2) ≤ |β1|1∥β2∥[11].

Proof By definition of inner product space, we have

(∇ · |β1|, β2) =

∫

χ
(∇ · |β1|)β2 dχ

by using the Cauchy-Schwarz inequality [20],

(∇ · |β1|, β2) ≤

(
∫

χ
(∇ · |β1|)

2 dχ

)1/2 (∫

χ
β2
2 dχ

)1/2

. (15)

Since

∇ · |β1| =
β1(∇ · β1)

|β1|
, and (∇ · |β1|)

2 =

(

β1(∇ · β1)

|β1|

)2

= (∇ · β1)
2.

So (15) becomes

(∇ · |β1|, g) ≤

(
∫

χ
(∇ · |β1|)

2 dχ

)1/2 (∫

χ
β2
2 dχ

)1/2

=

(
∫

χ
(∇ · β1)

2 dχ

)1/2 (∫

χ
β2
2 dχ

)1/2

= |β1|1∥β2∥.

□

Theorem 1 The discritized time scheme given by (14) is stable in the H1-norm [11], provided
that ∆t ≤ 1

1+L .

Proof. Let χn+1 and χ̂n+1 denote the exact and approximate solutions of (14),
respectively. The corresponding roundoff error can be expressed in the following form:

E
n+1 −∆E

n+1 = E
n + (∆t− 1)∆E

n −∆t∇ · En +∆t∇ · (F (χn)− F (χ̂n)) , (2.7)
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where E
n+1 = χn+1 − χ̂n+1. Applying the Lipschitz condition gives

E
n+1 −∆E

n+1 ≤ E
n + (∆t− 1)∆E

n −∆t∇ · En +∆tL∇ · (|χn − χ̂n|)

and hence

E
n+1 −∆E

n+1 ≤ E
n + (∆t− 1)∆E

n −∆t∇ · En +∆tL∇ · |En|. (16)

Multiplying (16) by E
n+1 and integrating over χ, we obtain

∥En+1∥2 − (∆E
n+1,En+1) ≤ (En,En+1) + (∆t− 1)(∆E

n,En+1)

−∆t(∇ · En,En+1) + ∆tL(∇ · |En|,En+1).

Using integration by parts,

∥En+1∥2 + (∇ · En+1,∇ · En+1) ≤ (En,En+1)− (∆t− 1)(∇ · En,∇ · En+1) + ∆t(En,∇ · En+1)

+∆tL(∇ · |En|,En+1).

Using the Schwarz inequality and Lemma 1, we can write

∥En+1∥2 + |En+1|21 ≤ ∥En∥∥En+1∥+ (1−∆t)|En|1|E
n+1|1 +∆t∥En∥|En+1|1 +∆tL|En|1∥E

n+1∥

≤
1

2
∥En∥2 +

1

2
∥En+1∥2 +

(
1

2
−

∆t

2

)(
|En|21 + |En+1|21

)
+

∆t

2

(
∥En∥2 + |En+1|21

)

+
∆tL

2

(
|En|21 + ∥En+1∥2

)
.

By simplification of the above relation, we obtain

(
1

2
−

∆tL

2

)
∥En+1∥2 +

1

2
|En+1|21 ≤

(
1

2
+

∆t

2

)
∥En∥2 +

(
1

2
−

∆t

2
+

∆tL

2

)
|En|21.

Thus,

(1−∆tL)∥En+1∥2 + |En+1|21 ≤ (1 + ∆t)∥En∥2 + (1−∆t+∆tL)|En|21.

Now, since

∆t ≤
1

1 + L
,

we have

(1−∆t(1 + L))
{
∥En+1∥2 + |En+1|21

}
≤ (1 + ∆t(1 + L))

{
∥En∥2 + |En|21

}
.

Also, using the weighted H1-norm, we can write

∥En+1∥2χ,1 ≤ q∥En∥2w,1,
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and therefore
∥En+1∥2w,1 ≤ q2∥En−1∥2w,1

...

≤ qn+1∥E0∥2w,1.

where q = 1+∆t(1+L)
1−∆t(1+L) . By applying limits

lim
n→∞

(q)
n+1

=
eT (1+L)

e−T (1+L)
= e2T (1+L).

Therefore,

∥En+1∥w,1 ≤
√

e2T (1+L) ∥E0∥w,1, n = 0, 1, . . . , N − 1.

This completes the proof. □

Theorem 2 Let w(x, tn) = wn and W (x, tn) = Wn ∈ H1
0 denote the exact and approxi-

mate solutions of Eqs. (1.1)–(1.3), respectively, satisfying the prescribed initial and boundary
conditions. So, the discrete time solution converges in the H1-norm with order O(∆t) [11].

Proof. By subtracting (13) and (14), we have

νn+1 −∆νn+1 = νn + (∆t− 1)∆νn −∆t∇ · νn +∆t∇ · (F (wn)− F (Wn)) + ∆tR,

where νn = wn −Wn, |R| ≤ C∆t, ν0 = 0. Using the Lipschitz condition, we
get

νn+1 −∆νn+1 ≤ νn + (∆t− 1)∆νn −∆t∇ · νn +∆tL∇ · |νn|+∆tR.

Multiplying the above equation by νn+1 and applying the Schwarz inequality and
Lemma 1 yields, after simplification,

(
1

2
−

∆tL

2

)
∥νn+1∥2 +

1

2
|νn+1|21 ≤

(
1

2
+

∆t

2

)
∥νn∥2 +

(
1

2
−

∆t

2
+

∆tL

2

)
|νn|21 +∆t|R|∥νn+1∥.

Using the Poincaré inequality [22],

∥νn+1∥ ≤ C|νn+1|1,

and using the relation

ab ≤
1

2θ
a2 +

θ

2
b2, ∀θ > 0,

we can write

(
1

2
−

∆tL

2

)
∥νn+1∥2 +

1

2
|νn+1|21 ≤

(
1

2
+

∆t

2

)
∥νn∥2 +

(
1

2
−

∆t

2
+

∆tL

2

)
|νn|21 +

∆t2C2

2∆t
|R|2 +

∆t

2
|νn+1|21.
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Therefore,

(1−∆tL)∥νn+1∥2+(1−∆t)|νn+1|21 ≤ (1+∆t)∥νn∥2+(1−∆t+∆tL)|νn|21+∆tC2|R|2.

By using the ∆t ≤ 1
1+L , we get

(1−∆t(1 + L))
[
∥νn+1∥2 + |νn+1|21

]
≤ (1 + ∆t(1 + L))

[
∥νn∥2 + |νn|21

]
+∆tC2|R|2.

By using wegihted norm, we get

∥νn+1∥2w,1 ≤ q
{
∥νn∥2w,1 +∆tC2|R|2

}
,

where q = 1+∆t(1+L)
1−∆t(1+L) , then

∥νn+1∥2w,1 ≤ q
{
∥νn∥2w,1 +∆tC2|R|2

}
.

Applying the above inequality repeatedly, we obtain

∥νn+1∥2w,1 ≤ qn+1∥ν0∥2w,1 +∆tC2|R|2
(
q + q2 + · · ·+ qn+1

)
.

Since ν0 = 0, we obtain

∥νn+1∥2w,1 ≤ ∆tC2|R|2
(
q + q2 + · · ·+ qn+1

)
.

Now,
q + q2 + · · ·+ qn+1 ≤ (n+ 1)qn+1.

Hence,
∥νn+1∥2w,1 ≤ ∆t(n+ 1)C2|R|2qn+1

= TC2|R|2qn+1.

Using relation (2.10), we obtain

∥νn+1∥2w,1 ≤ TC2e2T (1+L)|R|2.

Finally, since |R| ≤ C∆t, and |R|2 ≤ C2∆t2.. so

∥νn+1∥2w,1 ≤ TC2e2T (1+L)C2∆t2.

Taking the square root gives

∥νn+1∥w,1 ≤ C
√
TC2e2T (1+L) ∆t.

Thus,
∥νn+1∥w,1 = O(∆t),

which completes the proof. □
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4 Proposed Method

This section introduces the proposed numerical method for solving the problems under
consideration. Consider the following nonlinear equation:

χt −∆χt −∇ · (χ∇χ) + π2χ2 = f(x, t), x ∈ χ, t > 0. (17)

Simplification
∇ · (χ∇χ) = χχξξ + χχηη + χ2

ξ + χ2
η,

and
∆χt = (χξξ + χηη)t.

Hence the strong form can be written as:

χt − (χξξ + χηη)t − χχξξ − χχηη − χ2
ξ − χ2

η + π2χ2 = f.

Applying fnite difference for time descritization and the θ-scheme equation (4)
becomes

χn+1 − χn

∆t
−

(χn+1
ξξ + χn+1

ηη )− (χn
ξξ + χn

ηη)

∆t
− θ

[
(χχξξ)

n+1 + (χχηη)
n+1 + (χ2

ξ)
n+1 + (χ2

η)
n+1 − π2(χ2)n+1

]

= −(1− θ)
[
(χχξξ)

n + (χχηη)
n + (χ2

ξ)
n + (χ2

η)
n − π2(χ2)n

]
+ fn+1. (18)

Multiplying by ∆t gives

χn+1 − χn −
[
χn+1
ξξ + χn+1

ηη − χn
ξξ − χn

ηη

]
−∆t θ

[
(χχξξ)

n+1 + (χχηη)
n+1 + (χ2

ξ)
n+1 + (χ2

η)
n+1 − π2(χ2)n+1

=−∆t(1− θ)
[
(χχξξ)

n + (χχηη)
n + (χ2

ξ)
n + (χ2

η)
n − π2(χ2)n

]
+∆t fn+1. (19)

Therefore,

χn+1 − (χn+1
ξξ + χn+1

ηη )−∆t θ
[
(χχξξ)

n+1 + (χχηη)
n+1 + (χ2

ξ)
n+1 + (χ2

η)
n+1 − π2(χ2)n+1

]

= χn − (χn
ξξ + χn

ηη) + ∆t(1− θ)
[
(χχξξ)

n + (χχηη)
n + (χ2

ξ)
n + (χ2

η)
n − π2(χ2)n

]
+∆t fn+1.

(20)
The nonlinear terms are approximated using the following formulas:

(χχξξ)
n+1 ≈ χn+1χn

ξξ + χnχn+1
ξξ − χnχn

ξξ.

Similarly,
(χχηη)

n+1 ≈ χn+1χn
ηη + χnχn+1

ηη − χnχn
ηη.

(χ2
ξ)

n+1 ≈ 2χn
ξχ

n+1
ξ − (χn

ξ )
2.

(χ2
η)

n+1 ≈ 2χn
ηχ

n+1
η − (χn

η )
2.

(χ2)n+1 ≈ 2χnχn+1 − (χn)2.

Thus, the final linearized equation is
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χn+1 −∆t θ
(
χn
ξξ + χn

ηη − 2π2χn
)
χn+1 − 2∆t θ

(
χn
ξχ

n+1
ξ + χn

ηχ
n+1
η

)
− (1 + ∆t θχn)

(
χn+1
ξξ + χn+1

ηη

)

= χn − χn
ξξ − χn

ηη +∆t (1− 2θ)
[
χn

(
χn
ξξ + χn

ηη

)
+ (χn

ξ )
2 + (χn

η )
2 − π2(χn)2

]
+∆t fn+1.
(21)

To approixmate the soluion by Bi-cubic B-spline at the collocation points {(ξs, ης)}
m
s,ς ,

the approximation is defined as:

χ(ξ, η, t) =
m+1∑

s=−1

m+1∑

ς=−1

ζsς(t)Φsς(ξ, η). (22)

The bove expression in a more compact form can be expressed as:

χn = Φζn, (23)

where Φ = Φsς is the spline matrix and ζn is the coloumn matrix of the unknown
coefficients to be computed. Using spline matrix for the scheme defined in ((21)) and
some manipulation, we obtian in compact form as:

Aζn+1 = Bζn + F, (24)

where

A = Aij = Φ(x)−∆t θ
(
χn
xx + χn

ηη − 2π2χn(x)
)
∗ Φ(x)− 2∆t θ

(
χn
x ∗ Φξ(x) + χn

η ∗ Φη(x)
)

− (1 + ∆t θχn(x)) ∗ (Φξξ(x) + Φηη(x)) ,

where ∗ means the element wise multiplication and x = (ξ, η). Similerly, one can
express B and F. Using (23) and (27), we obtain the solution

χn+1 = ΦA−1BΦ−1χn +ΦA−1F (25)

For n = 0, equation (27) becomes

Aζ1 = Bζ0 + F, (26)

First we compute ζ0 from the initial conditions and after one can compute the
unknowns for arbitrary time level together with bounary conditions and hence the
solution can be obtinaed from equtaion (28).

5 Stability Analysis

In this section, we apply matrix method to analysis the stability of the given scheme.
Thus, express (27) as:

ζn+1 = A−1Bζn +A−1F, (27)

11



and
χn+1 = ΦA−1BΦ−1χn +ΦA−1F (28)

Let e be the error and defined as:

e = U − χ (29)

where U and χ describle exact and approximate solutions, respectively. The corre-
sponding error vector then satisfies the following relation:

en+1 = Hen, ∀n ≥ 0, (30)

where H = ΦA−1BΦ−1 is the damping factor. Using matrix method stability, if
∥H∥ ≤ 1 , the scheme is stable. In addition, it obeys that the condition ν(H) ≤ 1
since ν(H) ≤ ∥H∥.

6 Test Problems

This section applies the proposed numerical method to some test problems to evaluate
its accuracy and effectiveness. For individual problem, the numerical results are com-
pared with the corresponding exact solution and previously published results. The E2

and E∞ norms are expressed as:

E2 =

⌜⃓
⎷⃓

M+1∑

s=1

M+1∑

r=1

(χ− U)2, E∞ = max
1≤s,r≤2M

|χ− U |. (5.1)

where χ and U be the approximate and exact solutions, respectively.
Example 6.1. We begin with the following linear Sobolev equation: [1]:

χt −∆χt −∆χ = f(x), x ∈ χ, t > 0. (31)

The exact solution is given by

χ(x, t) = sin(πξ) sin(πη)e−t (32)

The corresponding initial conditions, boundary conditions, and source terms are
obtained from the exact solutions. The approximate solution is considered in the
domian χ = [0, 1]×[0, 1] and tomporal domian [0, 1]. We compute solution for different
values of N and ∆t in the form of error norms and display the results in Tables 1–
3. From Table 1, it is abvous that the result of present method better than [1, 2].
Furthermore, the results are computed for different values of temporal mesh size in
Table 2 with additon of different spatial numbers in Table 3. By decreasing of mesh
sizes, the error reduces which clearly show the convergence. In comparison with [10],
present method give better results. Figure 1 illustrates the convergence behavior in
both space and time, whereas Figure 2 displays the solution profiles along with their

12



absolute errors. As shown in the figure, the exact and approximate solutions exhibit
strong agreement, remaining very close to one another.

Table 1: Numerical errors at t = 1, using ∆t = 0.01 and θ = 1
2 .

Present Method [1] [2]

N E2 E∞ E2 E∞ E2 E∞

4× 4 6.03730E-04 8.4438E-04 1.7519E-02 7.4767E-03 8.0968E-03 2.2100E-02

8× 8 3.35061E-04 4.3848E-04 8.9465E-03 2.1515E-03 2.9283E-03 6.4901E-03

16× 16 1.74709E-04 2.2799E-04 4.0019E-03 4.9543E-04 8.0121E-04 1.7223E-03

32× 32 8.85418E-05 1.1704E-04 9.5508E-04 5.9549E-05 1.9983E-04 4.2893E-04

Table 2: Comparison of the error norms at T = 1 and M = 16.

Present Method [10]

∆t E2 E∞ E2 E∞

1/10 1.44415× 10−4 2.9825× 10−4 1.5645× 10−4 3.1325× 10−4

1/20 3.60760× 10−5 7.4506× 10−5 3.7653× 10−5 7.6267× 10−5

1/40 9.01727× 10−6 1.8623× 10−5 9.2546× 10−6 1.8810× 10−5

1/80 2.25421× 10−6 4.6555× 10−6 3.0341× 10−6 5.8740× 10−6

1/160 5.63546× 10−7 1.1639× 10−6 6.6410× 10−6 2.2108× 10−5

1/320 1.40886× 10−7 2.90966× 10−7 2.5270× 10−6 1.6881× 10−5

Example 6.2. Consider the problem is given by

χt −∆χt −∆χ = f(x), x ∈ χ, t > 0. (33)

subject to exact solution is given by

χ(x, t) = sin(πξ) sin(πη)e ξ−η−t. (34)

All conditions such as initial, boundary and sourse term are derived from (34). We
consider spatial domain χ = [0, 1] × [0, 1] and temporal domian [0, 1]. We calculte
solution for different values of N and ∆t in the form of error norms and presents the
findings in Tables 4–6. From Table 4, it is observed that the results of proposed method
better than [1, 2, 10]. In Table 5–6, E2 and E∞ norms are calculated for different
values of mesh and collocation points. By decreasing of mesh sizes, the error reduces

13



(a) Collocation point vs Error (b) Time step vs Error.

Fig. 1: Comparison of error with respect to space points and temporal step size.

(a) Approximate. (b) Exact.

(c) Pointwise comparison. (d) Error.

Fig. 2: Graphs of χ at N = 16, ∆t = 0.01 and plot at final time level.
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Table 3: Error profile for different values of N and ∆t at the final time
for Example 1.

Present Method [10]

∆t N E2 E∞ E2 E∞

1/20 4× 4 2.70167E-05 6.1785E-05 1.6403E-03 2.2512E-03

1/40 10× 10 8.54189E-06 1.8002E-05 1.7776E-05 3.5907E-05

1/80 15× 15 2.24095E-06 4.5847E-06 3.9467E-05 1.0697E-04

1/160 20× 20 5.73509E-07 1.1767E-06 4.9066E-06 1.6893E-05

which clearly show the convergence. Also from comparion in Tables5–6, the proposed
method provides better result than [10]. Figure 3 displays the solution profiles along
with their absolute errors and plot of exact and approximate at final time level.

Table 4: Comparison of the error norms for different N , ∆t = 0.001, and θ = 1/2 at the final time level.

Present Method [10] [1] [2]

N E2 E∞ E2 E∞ E2 E∞ E2 E∞

4× 4 7.22795E-04 1.3876E-03 2.8829E-03 6.7457E-03 1.0450E-02 6.2773E-03 1.2651E-03 5.2085E-03

8× 8 4.05183E-04 7.2630E-04 3.0982E-04 5.4484E-04 5.9420E-03 1.7252E-03 4.2776E-04 1.6720E-03

16× 16 2.12144E-04 3.8568E-04 2.8012E-04 5.3827E-04 2.6154E-03 3.8947E-04 1.1685E-04 4.5449E-04

32× 32 1.07777E-04 2.0070E-04 2.7821E-04 5.3604E-04 6.8838E-04 4.9551E-05 2.9622E-05 1.1697E-04

Example 6.3. The problem is governed by the following nonlinear Sobolev
equation

χt −∆χt −∇ · (χ∇χ) + π2χ2 = f, x ∈ χ, t > 0, (5.4)

together with the prescribed initial and boundary conditions

{
χ(x, 0) = sin(πξ) sin(πη), x ∈ χ,

χ(x, t) = et sin(πξ) sin(πη), x ∈ ∂χ, t > 0.
(35)

The corresponding source function is

f(x, t) = − e2tπ2 cos2(πξ) sin2(πη)− e2tπ2 sin2(πξ) cos2(πη)

+ et sin(πξ) sin(πη) + 2etπ2 sin(πξ) sin(πη)

+ 3e2tπ2 sin2(πξ) sin2(πη). (36)

χ(x, t) = et sin(πξ) sin(πη). (37)
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Table 5: Assessment of the error for various values of ∆t at
T = 1 in Example 2.

Present Method [10]

∆t E2 E∞ E2 E∞

1/10 2.10083E-03 3.9750E-03 5.0660E-04 1.0345E-03

1/20 1.05566E-03 1.9540E-03 3.7230E-04 7.3303E-04

1/40 5.29367E-04 9.6894E-04 3.3810E-04 6.4224E-04

1/80 2.65095E-04 4.8249E-04 3.2494E-04 6.0748E-04

1/160 1.32654E-04 2.4076E-04 3.1280E-04 5.8564E-04

1/320 6.63541E-05 1.20256E-04 3.1136E-04 5.8034E-04

1/640 3.31839E-05 6.00974E-05 3.0640E-04 5.6980E-04

Table 6: Error profile at M = 16 and T = 1 in Example 2.

Present Method [10]

∆t N E2 E∞ E2 E∞

1/20 4× 4 3.66477E-03 7.0484E-03 2.8457E-03 6.5725E-03

1/40 10× 10 8.27817E-04 1.4941E-03 3.2085E-04 6.1925E-04

1/80 15× 15 2.82035E-04 5.1364E-04 3.0822E-04 5.8149E-04

1/160 20× 20 1.06988E-04 1.9593E-04 2.8014E-04 5.7743E-04

(a) Pointwise comparison. (b) Exact solution.

Fig. 3: Approximate solution, exact solution, pointwise comparison, and absolute
error for Example 5.2 at t = 1.
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The corresponding boundary conditions are obtained from the exact solutions. The
consideration of interval of spatial and time domian are χ = [0, 1] × [0, 1] and [0, 1].
Error norms in the form of L2 and L∞ are computed in Table 7, it is abvous that the
result of present method better than [1, 3, 7]. Furthermore, the results are evaluated
for different values of temporal mesh size in Table 8 with additon of different spatial
numbers in Table 9. By decreasing of mesh sizes, the error reduces which clearly
show the convergence. In comparison with [10], proposed method gives better results.
Figure 4 illustrates the solution profiles along with their absolute errors. As shown in
the figure, the exact and approximate solutions show strong agreement to one another.

Table 7: Errors analysis for different values of N , with ∆t = 0.001, θ = 1, and
t = 1.

Present method [1] [3]

N E2 E∞ E∞ E2 E2(L2) E2(H1)

4 3.23016E−02 6.8375E−02 5.8662E−02 1.7284E−01 3.1576E−02 7.2335E−01

8 9.26724E−03 1.7303E−02 1.3147E−02 7.5881E−02 7.8313E−03 3.6045E−01

16 2.37155E−03 4.2163E−03 3.0030E−03 3.4724E−02 1.9572E−03 1.8008E−01

32 4.97887E−04 8.7232E−04 5.5208E−04 1.3063E−02 – –

Table 8: Comparison of error norms for different vlaues of ∆t,N = 16
at T = 1 in Example 4.

Present method [10]

dt E2 E∞ E2 E∞

1/10 7.03999E−03 1.3279E−02 1.6876E−01 1.4301E−01

1/20 4.94274E−03 7.4381E−03 8.1577E−02 6.8945E−02

1/40 3.73220E−03 4.7022E−03 4.0199E−02 3.3883E−02

1/80 3.09919E−03 4.6696E−03 2.0074E−02 1.6855E−02

1/160 2.78642E−03 4.5844E−03 1.0299E−02 6.5175E−03

1/320 2.63395E−03 4.52463E−03 5.7292E−03 4.5076E−03

Example 6.4. The problem is governed by the nonlinear generalized Benjamin-
Bona-Mahony-Burgers (NGBBMB) equation

χt −∆χt −∆χ+∇ · χ = χχξ + χχη + f, x ∈ χ, t > 0, (5.10)

along with initial and boundary conditions

{
χ(x, 0) = 0, x ∈ χ,

χ(x, t) = t sin(ξ + η), (x ∈ ∂χ, t > 0.
(38)
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Table 9: Comparison of error norms for different value ofN and ∆t = 0.01at
T = 1 in Example 4.

Present method [10]

dt N E2 E∞ E2 E∞

1/20 4× 4 4.18134E−02 7.2998E−02 5.2244E−02 6.9198E−02

1/40 10× 10 8.08892E−03 1.1968E−02 4.5109E−02 3.3871E−02

1/80 15× 15 3.46939E−03 5.2742E−03 2.7432E−02 1.6574E−02

1/160 20× 20 1.85270E−03 2.9583E−03 1.0582E−02 8.3523E−03

f(x, t) =
[
3 + t− 2t2 cos(ξ + η)

]
sin(ξ + η) + t cos(ξ + η). (39)

The corresponding initial conditionsand boundary conditions are obtained from the
exact solutions. The approximate solution is calculated in the domian χ = [0, 1]× [0, 1]
and tomporal domian [0, 1]. We compute solution for different values of N and ∆t in
the form of error norms and display the results in Tables 10–11. From Table 10, it
is abvous that the result of present method better than [1]. Furthermore, the results
are obtained for different values of temporal mesh size in Table 11. By decreasing of
mesh sizes, the error reduces which clearly show the convergence. In comparison with
[1, 11], present method give better results. Figure 5 displays the solution profiles along
with their absolute errors. As shown in the figure, the exact and approximate solutions
exhibit strong agreement, remaining very close to one another.

Table 10: Comparison of error norms for different values of N ,
∆t = 0.01, θ = 1/2 at final time level.

t Present results [1]

E∞ E2 E∞ E2

0.1 2.0555× 10−4 9.68732× 10−5 9.7897× 10−5 9.0478× 10−4

0.2 2.0575× 10−4 9.90565× 10−5 2.0530× 10−4 1.9331× 10−3

0.5 2.0628× 10−4 1.05188× 10−4 5.6699× 10−4 5.2227× 10−3

1.0 2.0709× 10−4 1.14308× 10−4 9.8933× 10−4 8.5980× 10−3

7 Conclusion

This study presented a numerical method based on bicubic spline interpolation for
solving the (1+2)-dimensional Sobolev and GBBMB equations. The proposed hybrid
approach combines finite-difference approximations with bicubic splines to transform
the governing PDEs into systems of algebraic equations that can be solved efficiently.
Several test problems were examined to assess the accuracy and performance of the
scheme using the E2 and E∞ error norms. The numerical results demonstrated excel-
lent agreement with the exact solutions and previously reported results. Moreover, the
graphical comparisons further confirmed the accuracy, reliability, and effectiveness of
the proposed method.
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(a) Approximate. (b) Exact.

(c) Pointwise comparison. (d) Error.

Fig. 4: Graphs of χ at h = 1/16,∆t = 0.01 and plot at final time level.

Table 11: comparision of resutls for different time mesh size at N = 16 and t = 1.

∆t Present results [11] [1]

E∞ E2 E∞ E2 E∞ E2

1/10 3.2728× 10−3 1.62000× 10−3 6.7487× 10−3 2.6698× 10−2 4.1369× 10−3 1.0243× 10−2

1/20 1.6356× 10−3 8.10723× 10−4 2.6171× 10−3 1.0355× 10−2 2.4115× 10−3 5.8698× 10−3

1/40 8.1936× 10−4 4.17592× 10−4 1.1038× 10−3 4.6405× 10−3 1.5207× 10−3 3.6346× 10−3

1/80 4.1179× 10−4 2.24546× 10−4 4.6863× 10−4 2.0854× 10−3 1.0682× 10−3 2.5188× 10−3

1/160 2.1048× 10−4 1.29915× 10−4 2.0224× 10−4 9.4879× 10−4 8.4022× 10−4 1.9708× 10−3

1/320 1.35193× 10−4 8.42686× 10−5 8.9161× 10−5 4.3993× 10−4 7.2574× 10−4 1.7034× 10−3

1/640 1.07454× 10−4 6.28277× 10−5 4.0189× 10−5 2.0868× 10−4 6.7980× 10−4 1.5724× 10−3

1/1280 9.61598× 10−5 5.2936× 10−5 1.8510× 10−5 1.0151× 10−4 6.6576× 10−4 1.5079× 10−3

1/2560 9.05194× 10−5 4.83468× 10−5 8.9827× 10−6 5.1444× 10−5 6.5874× 10−4 1.4759× 10−3
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(a) Approximate. (b) Exact.

(c) Pointwise comparison. (d) Error.

Fig. 5: Graphs of χ at h = 1/16,∆t = 0.01 and plot at final time level.
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