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Abstract

The Attacker-Defender-Target (ADT) differential game provides an important
framework for modeling modern aerial combat and missile defense. This paper
aims to address the limitations in existing research, which typically assumes sce-
narios where the attacker possesses overwhelming superiority, fails to account for
coordination between the defender and the target, and often neglects singular
surfaces in the state space, leading to incomplete strategy solutions. To overcome
these issues, the following contributions are made. First, this paper considers a
relatively balanced scenario, characterized by the fact that the attacker’s reach-
able set does not completely contain the target’s reachable set. Second, based
on a reachable-set analysis, the payoff function is reformulated as the distance
between the boundaries of the players’ reachable sets, enabling the derivation
of strategies that achieve coordination between the defender and the target.
Third, the singular surfaces arising in the game are thoroughly analyzed, allow-
ing for the derivation of complete strategies. Finally, simulations under both
linearized and nonlinear planar engagement kinematics are conducted. The non-
linear results show close agreement with the analytically predicted switching
times and attacker-target miss distance, demonstrating the applicability of the
proposed framework beyond the linearized terminal-projection model.

Keywords: Differential games, Attacker-Defender-Target games, Reachable sets,
Singular surfaces, Cooperative strategies



1 Introduction

In aerial combat scenarios, preventing fighter jets or other high-value targets from
being destroyed by incoming missiles has always been a crucial challenge. One solution
to this problem is for the target to launch a defensive missile to intercept the incoming
threat. Boyell (1976) first proposed the attacker-defense-target (ADT) system in 1976.
The most intuitive approach for the defensive missile is to place itself on the line con-
necting the target and the incoming attacker missile, thereby preventing the attacker
from hitting the target. References Yamasaki and Balakrishnan (2010b), Yamasaki and
Balakrishnan (2010a), Yamasaki et al. (2013) have extensively investigated this guid-
ance approach. This approach typically assumes that the attacker’s strategy and the
target’s evasion strategy are known to the defender. It then focuses on analyzing the
optimal maneuvering strategies for the defender. Another approach is based on opti-
mal control theory, which assumes only the attacker’s maneuvering strategy is known
and analyzes how the target and defender should cooperate to reduce the required
acceleration of the defensive missile. Shima and other researchers at the Technion-
Israel Institute of Technology have made significant contributions in this field Shima
(2011), Prokopov and Shima (2013), Weiss and Shima (2016), Sinha et al. (2022).

In 1965, Yu-Chi Ho et al. Ho et al. (1965) proposed the Linear Quadratic Differ-
ential Game (LQDG) method. Based on this framework, Rusnak et al Rusnak (2004)
investigated the three-player game problem. LQDG-based approaches provide analyti-
cal cooperative strategies but generally rely on quadratic payoffs and may not explicitly
enforce the attacker-defender capture constraint Perelman et al. (2011)Saurav et al.
(2019). To address this issue, Rubinsky et al. proposed a Boundary Differential Game
(BDG) guidance law Rubinsky and Gutman (2014). BDG-based approaches address
this issue through terminal projection and explicit defender-avoidance constraints,
allowing the attacker to first bypass the defender and subsequently pursue the target
Rubinsky and Gutman (2015),Sun et al. (2018),Sun et al. (2019),Wei et al. (2025).
Although this approach is easy to analyze, its essence lies in transforming the three-
player game into two pursuit-evasion games. This simplification prevents coordination
between the defender and the target.

Recent studies have further considered hybrid differential-game guidance, multi-
players switching strategies, time delays, incomplete information, and learning-based
approaches Liang et al. (2020),Tao et al. (2023),Gong et al. (2023), Gong et al.
(2024),Manoharan and Baliyarasimhuni (2023),Pansera et al. (2026),Mozhegova and
Petrov (2026),Zatezalo and Stipanovi¢ (2026).

However, several issues remain insufficiently addressed in existing BDG-based
studies. First, most analyses consider cases in which the attacker possesses sufficient
reachable-set superiority, in which case the attacker’s strategy becomes relatively
simple (this will be elaborated in Section 2. Second, the conventional terminal miss-
distance payoff does not explicitly incorporate the defender’s state, which makes it
difficult to derive coordinated equilibrium strategies for the defender and the target
within a unified framework. Third, the singular structures separating different strat-
egy regions have not been systematically characterized, which may lead to incomplete
descriptions of the equilibrium strategy.



This paper aims to fill the three research gaps in BDG guidance methods identified
above. First, this paper investigates ADT differential games involving a non-dominant
attacker, for which the optimal strategies are more intricate. Secondly, the optimal
strategies for players are proposed, which enables the derivation of cooperation strate-
gies for defender and target. Finally, a comprehensive analysis of singular curves is
conducted, leading to a complete and rigorous solution for the ADT game.

The remainder of this paper is organized as follows. Section 2 introduces the lin-
earized motion models and the problem description is provided. Section 3 analyzes
boundaries of the reachable sets for the players. Section 4 constructs the payoff func-
tion, derives the equilibrium strategies, and analyzes the singular curves. Finally, the
Simulation section validates the proposed strategies under both linear and nonlinear
engagement kinematics in section 5.

2 Problem statement

The specific game scenario is illustrated in Fig. 1, where V4,a4,Vp,ap, Vyr and ar
represent the velocities and accelerations of the attacker, defender, and target, respec-
tively. The distance between the attacker and defender and between the attacker and
target are denoted by r4p and rar, respectively. Here, u; denotes the projection of
the acceleration vector a; onto the direction perpendicular to the line of sight, for
i € {A,D, T}, which is u; = a; cos 0;.

AN AN
A r D T
A AD D LOS

Fig. 1 The collision triangle between the attacker, the defender, and the target.

If the game takes place in the vicinity of the collision triangle, the following
assumptions can be made:

Assumption 1. At the initial moment, the velocity components of the players
perpendicular to the line of sight are approximately equal.

Assumption 2. The relative velocities between the attacker and the defender, as
well as between the attacker and the target, are high enough that the maneuvers along



the line-of-sight direction can be neglected, so that the control acceleration is applied
only in the direction perpendicular to the line of sight, i.e., 74; = const,i = D,T.
Based on assumption 2, the interception time between the attacker and the
defender t1, and the interception time between the attacker and the target to are also
constants. Given initial distances r% ;, and r9, t; and ts can be written as

0 0
r r
AD AT
t) = ==, to = = (1)
TAD TAT

Define the relative position perpendicular to the line of sight between two players
as the miss distance at time t, denoted as x4 (t), zp(t), zr(t), and for brevity, it will
be abbreviated as x4,xp,z7 in the following text. The state variables are defined
asX = [za,zp,T7,%4,ZD, :'UT]T, and the differential equation for the state variables
can be derived

X = AX + Blua,up,ur]” (2)
where
03x3 I3x3 O3x3
A e ’B = 3
[03x3 O3><3:| |:IS><3:| ®)

Denote the maximum lateral acceleration being «;"*. The admissible control set for
player i is defined as u; € U = {u;|u; € [—u*,ul"]}, i=A,D,T.

The geometric relationship among players during the game can be illustrated as
shown in Fig. 2. V4,,Vp, and V7, denotes the projection of the players’ velocities
onto the line-of-sight (LOS) direction, as illustrated in Fig. 1. Based on assumption 2,
Var,Vp,r and Vr, remain unchanged during the game.

The set of all points a player can reach at tq,ts is referred to as its reachable set
at that time. In Fig. 2, the line segment D; D> represents the defender’s reachable
set at time t1. Similarly, the line segment 7775 represents the target’s reachable set
at time t5. The attacker’s reachable set at t; is the line segment A;As. However, its
reachable set at to comprises two distinct segments, A3 A4 and AsAg. These two parts
correspond to the two situations in which the attacker bypasses the defender: from
the left side or from the right side.

Based on the players’ current coordinates and lateral velocities, their zero effort
coordinates at times ¢; and ¢5 can be determined as

Za(tt1)=aat) +2a(t)(t1 —1),

Za(t,ta) = wa(t) +2a(t) (t2 — 1), )
Zp (t,t1) = zp(t) + &p(t) (ty — 1),

Zr (t,t2) = ap(t) + ir(t) (t2 — 1)

The coordinates of the reachable set boundary are denoted as zp,, zp,, 21,, 27,

and z4,,i =1 ~ 6. These coordinates incorporate the players’ maneuver strategies
and are determined by their zero-effort coordinates and maximum lateral acceleration.
Then the boundaries of the reachable sets for the defender and the target at time ¢;



Fig. 2 The reachable set for players.

and ¢y are given by:

—

Zp, (tt1) = Zp (t,t1) — Suf (tr — 1),

— N

Zp, (b th) = Zp (tt1) + sull (8 — )%,

[\
—
ot
g

= 1

2Ty (tatQ) =Zr (t7t2) - iu}n (tg - t)27
= 1

ZTy (ta t?) =27 (t7t2) + 57.14? (tQ - t)2

This paper investigates scenarios in which the attacker possesses superior maneu-
verability compared to both the defender and the target. Therefore,

u'y > uf,uy > uf (6)
holds. It is evident that the larger the u} is, the larger the reachable set of attacker

becomes. When u'} is sufficiently large, either situation [T1, T3] € [As, A4] or [T1, T3] €
[As, Ag] will occur. In such cases, regardless of the target’s maneuvers, it cannot escape



the attacker’s reachable set and will ultimately be captured by the attacker. These
cases are relatively straightforward and have been thoroughly studied in Rubinsky
and Gutman (2014), Sun et al. (2018) and Sun et al. (2019). Therefore, this paper is
primarily based on the following assumption:

[Ty, To] & [As, As] (7)
[T1,T»] ¢ [As, Ag]

Problem statement: The payoff function is defined as:

J = za(te) — 2z (2] (8)

The attacker aims to minimize the terminal miss distance, while the defender and
the target aim to maximize it. The equilibrium strategies can be written as

[w}, up, ur argmin, - N Gy (ua,up,ur) 9)

This inequality defines the saddle-point equilibrium for the three-player zero-sum
differential game considered here. The equilibrium value J* under v, u},, us, satisfy:

J(UA7U*D7U;") > J* (uj:laU*D7U*T) = J(UZ,UD7UT) (10)

Under Assumption (7), the target can always select a terminal position outside
the attacker’s reachable set. Therefore, a nonzero terminal miss distance can always
be guaranteed.

3 Players’ reachable sets

This section computes the boundary of the reachable sets of the players, serving as a
foundation for solving the payoff function in the subsequent analysis.

Among them, the computation of za, and za, is similar to that in Eq. (5)
and is straightforward; hence, it will not be elaborated here. However, z 4, (t,t2)

and z 4, (t,t2) are relatively special, as the attacker must first maneuver to one
side to bypass the defender’s interception before heading toward the boundary. The
coordinates of z 4, (t,t2) and z 4, (t,t2) will be solved in the following.

Before solving for the attacker’s reachable set at time 9, it is necessary to determine
whether the attacker can bypass the defender’s interception. To bypass the defender,
the attacker must satisfy one of the following two inequalities:

za(t1) —ap (t1) < —r, za(t1) —2p (t1) > 71 (11)

where r is the defender’s capture radius.



Lemma 1. Define
1
AE(t) =x[Za(t,t1) — Zp (t, 1)) + 5 (Wi —up) (t — t)?—r (12)

Assume that the defender always maneuvers with its maximum acceleration and
that its acceleration is directed in the same direction as the attacker’s. The attacker
can bypass the defender from the left at ¢; if and only if A=(¢) > 0, and from the
right if and only if A*(¢) > 0.

Proof First prove that the attacker can bypass the defender on the left if and only if A™ (¢) >
0. When the defender executes a maximum acceleration maneuver to the left, it will reach D1
at t1. Therefore, for the attacker to bypass the defender from the left without being captured,

the condition zp, (t,t1) — 24, (t,t1) —r > 0 must hold, which is

o

_ — 1 _
Zp, (t,tl)szl (t,tl)fr = [ZD (t,tl) — 74 (t,tl)}+5 (uﬁl - u%) (t1 — t)Zfr =A (t) >
13
Similarly, the attacker can bypass the defender from the right if and only if AT () >
holds. Then the lemma is proved.

—~
=

O o

If both AT(¢) < 0,A™(t) < 0, it means that the attacker cannot bypass the
defender’s interception.

Based on Lemma 1, when AT(¢) > 0, the attacker can choose to bypass the
defender from the right side and reach As. To reach As, the attacker first performs
a maximum acceleration maneuver to the right until time ¢4, and then switches to
a maximum acceleration maneuver in the opposite direction. There exists an optimal

ty € [t,t1] that minimizes z 4,. The attacker’s strategy can be expressed as:

uy, T € [tty)

—u'y, T € [ty o] (14)

ua(T) :{

Lemma 2. For any t € [0,1] and AT(¢) > 0, The minimum value of z 4, () that the
attacker can achieve without being intercepted by the defender is:

_ 1
Za, (tt2) = Za (t,12) + guﬁf (ta —8)> — w7 (ta — t4)° (15)
where
A*(t
b=t 20 (16)
U7

Proof Since the attacker must be positioned to the right of the defender and remain
uncaptured at time 1, the attacker must satisfy

TA (tl)_;DZ (& t1) > (17)
According to strategy (14), Eq. (17) can be rewritten as:

1 _
Za(tt) + iuZL (t1—t)* — '} (t1 —t4)* > zp, (t,t1) +7 (18)



Substituting Eq. (12) into Eq. (18) and simplifying yields:

At(t) —uf (t—11)* >0 (19)
Since AT(t) > 0 and ¢4 € [t, 1], there must exist a solution to Eq. (19), which is
At (¢
N (20)
va

At time t, the attacker’s coordinates are x 4 (t). Following strategy (14), it reaches As at
time to, therefore, z A5 can be expressed as
zas (tt2) =za(t) +2a(t)(t2 — 1) + /t2 ua(7)(t2 — 7)dr
t (21)
=Za(,t2) + %UKL (ta — )% = uf (t2 — t4)
From Eq. (21), it can be seen that when t4 € [t,¢1], the larger the ¢4 is, the larger
ZA5 (t,t2) becomes. Therefore, when the inequality in Eq. (20) takes equality, EA5 (t,t2)

attains its minimum value, leading to the Eq. (16). Then the lemma is proved. O

Similarly, when A~ (t) > 0, the boundary coordinates of the reachable set. can be
expressed as:

_ 1
za, (tts) = Za (t,ts) — 51&1 (ta — )% + '} (to — t_)? (22)
where
A—(t
R U (23)
UA

The attacker’s strategy for reaching A4 can be expressed as:

o= (5]

4 The optimal strategies and the singular curves

First, the changes in the boundary of reachable sets of the players under different
strategies are examined to facilitate subsequent analysis.
Differentiating both sides of Eq. (4) yields:

?A (t,t2) = ua(t) (t2 — 1), Z.A (t,t1) = ua(t) (t1 — t)7t € 0.4 (25)
Zp (tt) = up(t) (t1 — 1), Zr (tts) = ur(t) (to — t)

Differentiating Eq. (5) and then substituting the Eq. (25) into the result yields:

éT1 (t,t2) = (ur(t) +uy) (t2 — 1), ;Tz (t,t2) = (ur(t) —uy) (t2 — 1)

zp,(t,t1) = (up(t) +up) (tr — 1), 2p,(t,11) = (up(t) — up) (t1 — 1)

7t € [Oatl]

(26)



Similarly, it follows that

2A3 (t,t2) = (ua(t) +uly) (t2 —t) t € [0,t1] (27)

zaq(tt2) = (ua(t) — u}) (t2 — 1)

Substituting Eq. (16) in Eq. (21), and differencing the result yields:

VR (t2 _t+)A+(t)

2, (tta) = za,4(t,t2) —

NI ,t€[0,t4] (28)
where )
AT(t) = (ua(t) —ul —up(t) +up) (tr — 1), t € [0,t4] (29)
Similarly
2A4(t,t2) = QAS (t,t2) + WA‘@M el0,t_] (30)
where ]
A7(t) = (~ua(t) —uly +up(t) +up) (b1 —t),t €[0,t_] ‘ (31)

According to Eq. (28) and (29), when u4(t) = u’} and up(t) = u'f, éAs (t)y=0
holds. For any initial time ¢, define:

Jry44(t0) = 2, (to, t2) — 2 4, (to, t2)
JasT, (to) = %AQ (to, t2) __;Tl (to,t2) (32)
Jrya,(to) = 21, (to, t2) — za, (to, t2)
Jasm (to) = za, (to, t2) — 21, (to,t2)
and
I (to) = max {Jr, 4, (t0), Jasmy (to), min {J a1, (t0), J1ya, (to) }} (33)

Based on assumption (7), at least one of the pairs Jr,4, and Ja,1,, as well as
Jr,4, and Ja,, has a positive value, then J,,,(t) is always positive. In fact, under the
open-loop strategy, J,,corresponds to the value of the game that shown in Eq. (8).
This will be proved in Lemma 4 in the subsequent analysis.



Lemma 3. Depending on the position of Zp(to, t2) relative to the attacker’s reachable
set, the value of J,,, (o) is given by:

JTzAs(tO)vif Zr (to,tg) € |:ZA5;ZA57+OO>

JASTl (to),if Zr (t07t2) € |:ZA4;ZA57 ZAS;ZA6>

o (34)
JT2A4(t0)aif Zr (t07t2) € <2A32ZA4’ ZA42ZAS)

JIm(to) =

Jazm, (to),if Zr (to,t2) € (_007 ZAE’;ZM}

For notational simplicity, 2 a,(to,t2),i = 3 ~ 6 is abbreviated as z 4, here.
Proof When Zr (to,t2) € |:ZA5;ZAG, 400 |, it can be seen in Fig. 3, Substituting ETI,ETZ
from Eq. (5) into J7, 44 (t0), Ja,1, (to) in Eq. (32) yields:

1 _
J1y46(to) = Z7(to, t2) + §UTTn(t2 —10)? = Z 4, (to, 2)

(35)
— 1
Jasm (to) = z a5 (to, t2) — Z7(to, t2) + 5“?(152 —19)?
Substituting Zr (to,t2) > % into Eq. (35) yields:
ZA. — ZA 1
1,46 (to) > % + §u$(t2 —19)?
(36)

ZA;— 2 1
ZAs — Z4s 5 A 4 Jur (t2 = to)”

Therefore, Ja 7, (to) < J1,4,(to). As previously mentioned, at least one of J4,7, (to)
and J7, 4, (to) must be greater than zero. Therefore, it follows that Jp, 4, (to) > 0. Since
the target has inferior maneuverability compared to the attacker, when Jr, 4,(to) > 0, it
necessarily follows that J4,7, (t) < 0, then min{J 4,7, (o), J1, 4, (t0)} < O can be deduced.
Therefore, it follows that Jm (to) = J1,.4,(t0). The other three cases are similar and are not
elaborated here. The lemma is proved. O

JasT (to) <

Lemma 4. For any t( satisfying Ai(to) > 0, the equilibrium open-loop strategies of
the players is

uf,t € (toto) if Zr (to.t2) € [* +oo>
uAvt € (tOﬂt+) Jif Zp t07t2 c ZA4+ZA Zastzag
—uly,t € [t+7 ] 2
wa(t) A (37)
—u'},t € (to,t-) if Zr(tots) € ZA3+ZA4 Za,t7a,
upte [t to] 7 (to:12) 2
fuﬂ,t c (to,tg) ’Lf Zr (to,tg) c ( ZA3+ZA4:|

10



uD(t)

ur (t)

\

A
ZT(tatZ)

Fig. 3 The reachable set for Zp(to,t2) € |:ZAS;ZA6, +oo> .

ult € (to,t1),if Zr (to,t2) € [%,Jroo)
o (38)
—u”D"”,t S (to,tl) ,if T (to,tg) S (-OO, W%)

u?,t € (to,tz) ,if Zr (to,tg) S [%,'}‘OO)

—u’}"“,t c (to,tg) ,if Zr (to,tz) c |:2A4;ZA5’ ZA5';‘ZA6
(39)

u%”,t c (to,tz) ,if Zr (t07t2) c <zA3;‘ZA4’ ZA4'£ZA5

—u&’},t S (to,tg) ,if Zr (to,tz) S (—OO, W%)

And the value of the game is J,, (o), that is J* = Jy,, (o). For notational simplicity,

za,(to,t2),i =3~

6 is abbreviated as z 4, here.

Proof When Zr (tg,t2) € %,—l—oo , which can be seen in Fig. 3. According to

Lemma 3, the corresponding value is Jm (to) = J1,4,(t0). Substituting the proposed con-
trols into Eq. (27) and (26) gives Jra46(t) = 0, any admissible unilateral deviation of the
attacker increases the corresponding terminal separation, whereas any unilateral deviation of
the maximizing team decreases it. Hence, the saddle-point condition in Eq. (10) is satisfied.

If Zp (to, t2) €

ZA4;ZA5 , ZA5;ZA6 , which can be seen in Fig. 4. According to Lemma

3, the corresponding value is Jm(to) = J4571(t0). Based on Eq. (26) and (28), the defender

and target controls

given above maximize this separation, while the attacker’s strategy

minimizes it. Therefore, the saddle-point condition is satisfied.

11



ZT(tatZ)

ZA, T 245 ZA5 t+ ZA5>

Fig. 4 The reachable set for Zp(to,t2) € [ 5 R 5

The remaining cases are similar to the two scenarios described above and are not
elaborated here. The theorem is thus proved. O

The following lemma states that the state converge to the interface between the
two adjacent strategy regions.
Lemma 5. Assuming at the initial time, A=(0) > 0,A*(0) > 0, and Z7 (0,t2) €

Za,+2 Za,+2
—A‘*z—Ai—a_,—A‘*z—Ai—l-E_,_],where

ullt +u'y AE(0 /
E4 = i% (QtA;tg — tAq:Q) F 2( ) F U,ZLAi(O) (tg — tl) (40)
AT
tak =ty —y[t2— m_(())m (41)
Uy —Up

And the strategies for players are

wa(t) = ufsgn(Zr(0, 1) — “2at74s)
(

up(t) = uhsgn(Zr(0,t2) — ;TA‘*;—E_A‘?-) ;0 €10,t4] (42)
ur(t) = —uffsgn(Zr(0, tz) = 4574

then 3t. € [0, max{ta+}] makes Zp (t.,t2) =

za,(tet2)+zag(te,ta)
5 .

12



)

Proof This proof first consider the case in which Zp (0,t2) € |:ZA4—£ZA5, ZA“;ZAS + et

where the players’ strategies would be

ua(t) =uy
up(t) =up ,t€(0,t4] (43)
7(t) = —up
Substituting ey in Eq. (40) into Z7 (0, t2) < % +&4, the initial condition satisfied

wp +uly A*(0
Zr (0,t2) — % (2tA*t2 - tA*2) —Z4(0,t2) + 2( I uPAT(0) (t2 —t1) <0
(44)
Integrating Eq. (25) under strategy (43) gives:
1
ZA(t,tQ):ZA(OJfQ)-FgUZL( t2—t2)
1
Za(t,t) = Za(0,11) + Suil (01 12—t —t 2)
1 ,t e [0, t+] (45)
Zp (t,t1) = Zp (0,11) + gug (1512 (t1 —t) 2)
1
Zr (t,t2) = Z7 (0,12) — 5”3} (t22 —(t2—1) )
Substituting the two intermediate equations from Eq. (45) into Eq. (12), we get
A () = AT(0) + (u] — uB) (t2 - zm) , AT () = AT(0) (46)

Substituting ¢ = t5- into the first equation of Eq. (46), where t5- can be seen in Eq.
(41), it follows that:A™ (tp-) = 0.

Substituting t = t4 = t; — ,/%}O) into Eq. (46) yields:

_ 1 2AT(0
A7 (t) = ~Za00,12) + Zp(0,12) — 3 (uF — uB) (4 25, 0) -
N A (47)
AT (1) = Z4(0,t1) — Zp(0,t1) + 5 (i —up) i —r
From Eq. (47), it follows that
_ 2AT(0
A7 (1) =~ () - (f — ) 250 (48)

Since AT (t4) = AT(0) > 0, it follows that A~ (¢1) < 0. According to the first equation
in Eq. (46), A7 (t),t € [0,t1] decreases over time. Since A™(0) > 0, A™ ({po-) = 0, and
A7 (t4+) <0, it follows that tA- < t.

Substituting the first two equation of Eq. (45) into Eq. (22) and (21) yields

_ 1 1
za, (tt2) = Za (0,t2) + Quﬁ‘ (t22 — (o — t)2) - iuZL (tg — )2 + Uy (ta —t_)?

f 2 (49)
— — 1 AT(0
Z Ay (t, t2) = Z Ay (O,tg) =7Za (0,232) + §u2t22 — u% <t2 —t1 + u"(‘)>
A

Substituting A™ (tp-) = 0 into (23) yields ¢— = ¢; when ¢t = t5-. Then

1
Sults —ulf (t2 —ta- ) +ulk (t2 — t1)° (50)

za4 (ta-st2) = Za (0,12) + 5

13



holds. From Eq. (49), (50) and the last equation in Eq. (45), it follows that:

;A4 (tA* ) t2) + gA5 (tA* ) t2)

Zr (ta-t2) — 5
=Z7 (0,t2) — w (2tA—t2 - tA—Z) —Za(0,12) (51)
A+
27O | SumAT(0) (12— 1)

2
The right-hand side of Eq. (51) is exactly the left-hand side of Eq. (44). Then

Zp (ta-,t2) < 24 (ta- ’tQ);ZAS(tA7 t2) holds. Together with the initial inequality and con-
tinuity of the three terms, it necessarily follows that Jt. € [0,to-] makes Zp (te,t2) =

Z Ay (ta,tz);rzAg, (te,t2) holds.
For the case Z7 (0,t2) € ZA“;ZAs —€_, ZA4J2rZA5 , the proof procedure is identical to
this and will therefore not be repeated. Then the lemma is proved. O

After time t., Taking any time ¢ as the initial time, and executing strategy (42),
the closed-loop strategy can be obtained as:

wA(t) = W sgn(Zp(t, tp) — Z2albtaltzas (b))
(

up(t) = ulsgn(Zr(t, ts) — ;A4(t,t2);’;A5(t,t2)) b€ [te,t1] (52)
ur(t) = —usgn(Zr(t, ty) — Zaabi2ltzas(bla)

Lemma 6. For t > t., if A* > 0 and condition

;A4 (tv t2> + gAs (tv t2)
2

Zr(t,t2) = lim +4 (53)

are satisfied, and the players execute strategy (52), the state will converge again to

Zp(t,te) = zA4(t’t2);zA5(t’t2) within finite time.

Proof Substituting AT > 0 into Eq. (40) and (41) yields a finite value
for e4(t). Since ¢ is an infinitesimal quantity, it follows that Zp (t,t2) €

ZA4(tat2);ZA5(t’t2) —e_(1), ZA4(t’t2);ZA5 (t:t2) + e4+(t)|. Following the same argument as

in Lemma 5, it can be proved that the state converges to Zp(t,t2) = ZA“(t’tz);ZAf* (t,t2)

within finite time; the detailed proof is omitted. O

The switching strategy in Eq. (52) is understood in the Filippov sense when the
state lies on the switching manifold. The corresponding equivalent control and its
admissibility will be analyzed in the following lemma.

Combined Lemma 5 and Lemma 6, the time evolution curves of z 4, (,t2), z 4. (¢, t2)
and Zp(t,ty) are shown in Fig. 5 and 6. Specifically, Fig. 5 corresponds to case

14



Z7(0,t2) > % At the initial time, the players’ strategy is given by Eq.
(43). Based on Eq. (45), and (49), the evolution curves of 2, (t,t2), 24, (t,t2) and

Zr(t,t3) can be plotted. Under this strategy, za,(t,t2) remains constant, z 4, (¢,t2)
increases over time, and Zp(t,t2) decreases over time, until at timet., Zp(t,t2) =

ZA“(t’b);Z% (t12) 101ds. Subsequently, the players switch to strategy (52). Under this
strategy, za.(t,ts) decreases, z4,(t,t3) increases, and Zp(t,t5) remains near curve
5 4

5 is illustrated

z2a, (tt2)+2a,(tt2) Za,+7aAs
ZT <t7 t2) = 4 2 4 2

. The symmetric case Z7(0,t3) <
in Fig. 6.

It can be observed that on the two sides of curve Zp(t,ty) = 224 (t’t2)J2rZA5 (bta)

the sign function in strategy (52) takes opposite signs. Moreover, under this strategy,
the state trajectories evolve along this curve. In differential game theory, it is often
referred to as the ”switch envelope curve,” which is a type of singular curve analyzed
in this paper. Although this set is referred to as a singular surface in the general
state space, it appears as a singular curve in the reduced two-dimensional state space
considered here.

200 7,7,7',\‘ T T T T T T T T
~ - . 7
- ~— == ZA,;
150 ‘\‘\‘\‘\ (ZAJ+ZA5)/2 |
~— o
100 [ STl 1
50 - .
E o T 1
N
-50 7
-100 .
-150 .
_200 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t(s)
Fig. 5 Singular curve for Zp(0,t2) > w
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S50F -~ 4

-100 .

-150 .

_200 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

t(s)

ZAy T Z A5

Fig. 6 Singular curve for Z7(0,t2) < 5

When Zr (t, to) = 2240E205® 54 hag gy 7 (8) = Jpya,(t), and

ETQ (tv t2) - ET1 (t7 t2) + ;As (ta t2) - ;A4 (ta t2)

Jm(t) = JA5T1 (t) = JT2A4 (t) = 2 2 (54)
By substituting Eq. (5) into Eq. (54), it follows that
ul (ta — )2 24 (1) — 24, (£t
Int) = a0 = Jray () = EA2 T Zaslit) — Eable)

2 2

Lemmas 5 and 6 respectively prove that under certain conditions, the game will
enter the switch envelope and propagate along it. The following Lemma 7 will prove
that on the switch envelope, J,,(t) decreases over time until it reaches its minimum
at a certain instant, at which point the game departs from the singular curve. Define
the switching function as

Zaa(t,ta) + Zas(t, t2)

g(t) = Zr(t,t2) — 5

(56)

The switch envelope is characterized by g(t) = 0.
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On the switch envelope, the players’ strategy can be seen in (52). Therefore, the
equivalent control can be written as

ua(t) =ufo(t), up(t) =upo(t), ur(t) = —upo(t), o(t) € [-1,1] (57)
Lemma 7. Define

(ta — t1)\/uly (uly —up)(ts — 1)
A*(t)

Fi(t) = (ui +ug)(ta—t)+(ug +up) (t—t) — (58)

and that the switch envelope is locally attractive at t., i.e.,Fy(t.) > 0, F_(t.) > 0.
Then there exists a finite time ¢t* > ¢. such that
Fy (") F-(t7) =0 (59)

Moreover, J,, (t) is strictly decreasing for t € [t., t*), and J,,(t*) = 0 holds.

Proof According to Eq. (28) - (31), under the equivalent control (57), the derivatives of Z4,
and zZ4, can be written as

t,t2) = [o(t) = 1]Q+ (1),
Ea(tt2) = [o(t) + 1@ (1), (60)
where
WY (b — )ty — t
Qu() = w1y~ - VAL DN Lo =) (61)
From Eq. (16) and (23),
+
RPN i O) (62)
ua
Substituting (62) into (61) gives
(ta —t1) e ( — Yt —t
Qu(t) = wfltz — 1) + (e — o) — 2TV Zi( )“D )
Therefore,
Fe(t) = uf (t2 —t) + Q=(t) (64)
Differentiating the switching function (56) yields
g(t) — ZT(t, t2) . ZLA4(ta t2) ; §A5(tat2) (65)
Since )
Zp(t,t2) = —uro(t)(t2 — 1) (66)
substituting Eq. (60) and (64) into (65) gives
g9(t) = —% [(F4(t) + F-(8))o (t) + F(t) — F4(t)] (67)

When g > 0, strategy (52) gives o0 = 1, then ¢(¢) = —F_(t) holds, When g < 0, 0 = —1,
and ¢(t) = F4(¢) holds. Consequently, the switch envelope is locally attractive if

F((t)>0,F_(t) >0 (68)
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On the switch envelope, ¢ = 0. It follows from (67) that the equivalent switching variable
is
Ueq(t) _ F"r(t) _ F—(t)

Fi(t)+ F-(t)

Under condition (68), |oeq| < 1, and hence the state can remain on the switch envelope. If
F_ =0, then oeq = 1, whereas if Fp =0, then geq = —1. Thus, the switch-envelope motion
loses its interior equivalent control when F F_ = 0.

It remains to prove that such a time necessarily exists. From Eq. (12),

AT+ AT (@) = (W] —uB)(t1 —t)* —2r (70)

(69)

Since u'y > u'jy, the right-hand side decreases continuously with time and becomes zero at

2r

mo__

(71)
Uy

ty =t1 —
up
Therefore, starting from AT (t.) > 0 and A7 (t.) > 0, at least one of AT and A~ must
approach zero at a finite time before or at t.
Without loss of generality, suppose that A~ (t) — 07 as t — tx- From Eq. (58),
lim F_(t) = -0 (72)
t—t
Since F_(tc) > 0 and F_(t) is continuous for A7 (¢t) > 0, the intermediate value theorem
guarantees that there exists at least one t* € (t¢,ta) such that F_(t*) = 0. The case in which
AT approaches zero first is identical. Hence, a finite t* satisfying (59) necessarily exists.
Finally, differentiating Eq. (55) yields
. 1. .
Jm = —uT (ta — t) + 3 (245 — Za4) - (73)
Substituting (60) and (69) into (73) gives
2R (WF_ (1)
Fy(t)+ F_(t)
Therefore, Jm (t) < 0 for t € [te,t*), whereas Jm (t*) = 0 in the nondegenerate case. Thus,

Jm/(t) reaches its minimum value along the admissible switch-envelope segment at t = t*.
The lemma is proved. O

Jm(t) = (74)

From Eq. (59), the departure time t* can be characterized implicitly. If Fi (¢*) = 0,

then
\/AT(t*) _ (t2 — 151)\/13(7‘2I —up)(t1 —t*) (75)
(Wi +uf)(tz — 1) + (up + ) (t — )

Equation (75) provides an implicit characterization of the optimal departure time ¢*.
Hence, t* is the optimal departure time from the switch envelope for the attacker.
Theorem 1. Suppose that at the beginning of the game, A=(0) > 0 and AT(0) >0
holds. Then based on the following strategies, the value of the game is as follows

1. If Z7r (0,t9) € [“0;“6, +oo>, then the equilibrium strategy is then given by

wy(t) = wj, up(t) = uy,t € [0, to] (76)

and the game value in this case is J* = Jp,4,(0)
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2.1f Z7 (0,t3) € (ZA“;ZAE’ +ey, ZAE’;ZAﬁ ), then the equilibrium strategy is then
given by

Uzl,t S (O,t+)
—u b€ [ty ty

i) = {

]au’?(t) = —U?,t € [OatQ]qu(t) = ugvt € [O’tl] (77)

and the game value in this case is J* = J. 1, (0)

3.If Zr (0,ta) € [ZA“;ZAE’ —£&_, ZA“;Z“ + 6+:| then the equilibrium strategy is

then given by

uysgn | Zr(0,ts) — ;A‘l(o’tz);g% (0’t2)) ,t€(0,¢t]

wi(t) = { uTsgn ZT(t,tQ)—“4“’t2);“5“’t2)>,te(tc,t*]

Tuly,t e (t*,ti]
:F”U,Zl,t S (t:tatQ]

upsgn ( Zr(0,ty) — 20t 2 (0’”)) e (O8]

DU =Y upsgn ( Z(t ) - Hali ) ) e g, ¢

:l:’U,TLT)L7 te (t*, tl]

—ulsgn Zr(0, ) — ZA4(07t2);ZA5 (07t2)> e (0,t]

ur(t) = —ulsgn | Zp(t,ta) — ZA4(t7t2);ZA5(t’t2)> b€ (te, t7]

Fuf,t € (t*, o]

where t* is determined by Lemma 7, and the corresponding game value is J,, (t*)

4.1t Z7 (0,t3) € (ZA3;ZA4 , ZA4;ZA5 - 5), then the equilibrium strategy is then

given by
W (f) = {_“A’t € O08) () =t t € 0,12 ub (1) = —ut € [0,61]  (79)

upt e[t to

and the game value in this case is J* = Jp, 4, (0)

5.1f Z7 (0,t2) € (—oo7 ZA?’;ZA‘*} , then the equilibrium strategy is then given by

wy(t) = —uy,uh(t) = —up,t € [0,ta] (80)
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and the game value in this case is J* = Ja,1, (0)

ZAS

Proof At the initial time, if Zp (0,t2) € #, 400 |, as shown in Fig. 3. The strategy

at this point is the open-loop strategy from Lemma 4, resulting in a final miss distance of
J1,44(0). Similarly, Cases 2, 4, and 5 are identical to the open-loop strategy in Lemma 4
and will not be elaborated here.

For Case 3, similar to the Case 2 and Case 4, the players’ strategies are the same as
(42). Moreover, AT(0) > 0,A™(0) > 0. According to Lemma 5, 3t € (0,t5+), makes

ZT (tc,tQ) — ZA4(tc:t2);ZA5(tc’t2) .

Under the strategies in Eq. (78) for t € (¢, t"], According to Lemma 6, the state evolves
Za, (tta)+2a,(tts
2

along Zp (t,t2) = ). The state follows the switch envelope on t € [te,t"],
at t = t*, the equivalent control reaches the boundary of the admissible control set, and the
attacker departs from the switch envelope. For the attacker, this moment is the optimal time
to initiate maneuvering. The corresponding strategy is given by the part [t*, 2] in Eq. (78),
which is an open-loop strategy, regardless of the maneuvers of the defender and the target, the
attacker’s strategy remains unchanged. The optimality of this interval strategy is established
in Lemma 4. Thus, Jm, (t") is the value of the game, the Theorem is thus proved. O

It is important to note that under the aforementioned strategies, when the moment
t* arrives, the state trajectory reaches the dispersal surface, from which two symmetric
equilibrium continuations emanate. These two continuations correspond to bypassing
the defender from opposite sides and yield the same game value J,,,(t*).

5 Simulation

5.1 Validation under linear Engagement Kinematics

Consider the scenario illustrated in Fig. 2, V4, = 3000m/s, Vp,, = 2500m/s, V. =
2000m/s, and at the initial moment, y4 = 12500,yp = 1500,y = 0, consider the
initial condition as

2% =2% =0m,2% =30m,r=5m (81)

{u;l” =100 m/s?, u = 80 m/s%, uF = 50 m/s?
Since the longitudinal distance between the players is sufficiently large compared
to the lateral distance, it follows that 4 ~ ya — yp, 7% ~ ya — yr. Based on (1),
the intersection time can be computed as t; = 2s,t; = 2.5s.
From the initial state

Za, + 2 Za, + 2
7A4 As — £ 7144 As +€+ (82)

Z7 (0,t _
T(72)€ 2 ’ 9

With the strategies (78), Z7 decreases and z 4, increases over time until ¢ = ¢, ~

za,(te)+2za,(te)
2

0.1023s, at which point Zr (t.,ta) = , as shown in Fig. 7. Thereafter,
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2 4, decreases, z 4, increases, while Z7 remains equal to % When t = t*, the
payoff function reaches its minimum value, which is computed using the event condi-
tion derived in Lemma 7,F, (t*)F_(t*) = 0.. For the parameters considered here, the
resulting value is t* ~ 0.9866 s, which coincides with the minimum of .J,,(¢) observed
in Fig. 6. After t*, the game then enters the dispersal curve, the players will choose

to maneuver in one direction.

200

150

100

50

-150

I
1t.~0.1023, , l l , t*~ 0.9866 |
0 0.1 02 03 04 05 06 07 08 09 1

-200

Fig. 7 The change of the Zp, ;A4 and EA5.

The movement trajectories of the players are shown in the Fig. 8. At the initial

time of the game, Z7 (0,t3) € ZA“;ZAE‘, ZA“;ZAS + e4|. The attacker and defender

maneuver to the right, while the target maneuvers to the left. When ¢t = ¢, Zy =
Lﬁ, and the state trajectory enters the ”switch envelope curve.” This continues
until ¢ = t*, and the miss distance reaches its minimum. At this point, the attacker
initiates further maneuvers, choosing to bypass the defender from one side. The ”switch
envelope curve” transitions into the ”dispersal curve.” In the figure, it is assumed that
the attacker maneuvers to the left. When ¢ = ¢, the defender no longer poses a threat
to the attacker, and the attacker switches control once again to begin pursuing the
target.

From Fig. 8, the attacker and the defender intersect at y = 6500 m, and the miss
distance at ¢ is approximately 5.01 m ( Refer to the small window indicated by the
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Fig. 8 Trajectories in linear engagement.

arrow in Fig. 8 which corresponds to the lethal radius of the defender » = 5 m). The
attacker and the target intersect at y = 5000 m, with a final miss distance of 123.1 m.

5.2 Validation under Nonlinear Engagement Kinematics

To further investigate the applicability of the proposed strategy beyond the linearized
terminal-projection model, an additional simulation is conducted using nonlinear pla-
nar engagement dynamics. The z-axis is selected as the nominal line-of-sight direction,
whereas the y-axis denotes the transverse direction.

The initial positions of the attacker, defender, and target are (z4(0),y4(0)) =
(0,0) m, (zp(0),yp(0)) = (11000, 1000) m, (z7(0),yr(0)) = (12500,2530) m. The
velocity magnitudes are V4 = 3000v/2 m/s, Vp = 2500/2 m/s, Vp = 20002 m/s and
the corresponding initial heading angles are 0;(0) = 7,i = A, D, T.

Each player obeys the nonlinear constant-speed planar kinematics

.i‘A = VACOSHA,QA = VASineA,

83
&; = —V;cosb;,y; = V;sinb;,i = D, T, (83)

and ) s
0j=FJj=AD,T, (84)

Vi

where a; is the signed normal acceleration. The acceleration bounds are a’j} =
100v/2, @’} = 80v/2, aXf = 50v/2 m/s.
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At the initial headings, the velocity components along the z-axis are
3000, —2500, —2000m /s, and the transverse components of the maximum normal accel-
erations are vy = 100, u’s = 80,u%* = 50 m/s®. Hence, linearization of the nonlinear
model about the initial engagement geometry recovers exactly the parameters used
in the preceding linearized simulation. Moreover, Z4(0,t1) = Zp(0,t1) = 6000 m,
andZ4(0,t2) = 7500 m, Z7(0,t2) = 7530 m, so that Z7(0,t2)—Z4(0,t2) = 30 m. Thus,
the nonlinear and linearized simulations have identical initial zero-effort geometry.
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Fig. 9 Maneuvering trajectories of the players.

The nonlinear maneuvering trajectories and the corresponding inter-player dis-
tances are shown in Fig. 9 and 10. The nonlinear simulation gives t. = 0.102331 s,t* =
0.987426 s,t; = 1.679594 s. The corresponding values of ¢, and t* predicted by the
linearized model are approximately 0.1023 s and 0.9866 s, respectively. Their relative
differences are both below 0.1%, indicating that the switching structure predicted by
the reachable-set analysis is preserved under the nonlinear engagement kinematics.

Because the heading angles vary during the engagement, the actual closest
approach occurs slightly before the nominal terminal time. The minimum Euclidean
attacker-target distance is dji = 122.075 m, t = 2.4965 s.

For the attacker-defender engagement, the actual closest approach occurs at
approximately ¢ = 2.02375 s, and %5 = 16.058 m > r.
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Therefore, the attacker successfully bypasses the defender while remaining outside
its lethal radius. The nonlinear results confirm that the reachable-set-based switch-
ing structure remains valid even when the coupling between heading variation and
longitudinal motion is retained.

6 Conclusions

This paper presented a reachable-set-based framework for analyzing the ADT differen-
tial game with a non-dominant attacker. Unlike previous studies that typically assume
an overwhelmingly superior attacker, this paper considers a non-dominant attacker
whose reachable set does not completely contain the target’s reachable set.

First, the attacker’s reachable set is computed. The results show that the reachable
set at the interception time is influenced by the defender’s state and strategy. Sec-
ond, the initial relative positional relationship is classified into five cases, and for each
case, the equilibrium strategies are derived. It is proved that the game value is given
by the distance between the corresponding boundaries of the attacker’s reachable set
and a boundary of the target’s reachable set. Third, it is shown that when the target’s
zero-effort coordinates at the initial time fall within a certain interval, the state tra-
jectory will enter the interface between two cases, which corresponds to the first type
of singular curve studied in this paper—mnamely, the switch envelope. Subsequently,
the state remains on this singular curve for a certain period until the miss distance
reaches its minimum, at which point the attacker begins to maneuver. Fourth, it is
demonstrated that the game then enters the second type of singular curve, referred
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to as the dispersal curve, where all the players have two optimal strategy options.
Finally, simulations are conducted, which validate that the proposed strategies enable
coordination between the defender and the target, while the attacker can successfully
bypass the defender and pursue the target.
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