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Abstract

The formulation of an integral equation for the contact problem for a stratified multi-layered medium is considered
using the example of a pure shear of a multi-layered (stratified) coating, bonded to a rigid base, subjected to the action
of a rigid strip indenter. The thickness and shear modulus of each coating layer are known in advance. The solution to
the contact problem is constructed using the Fourier integral transform, applied to the equilibrium differential equations
for each layer and to the interface boundary conditions for layer couplings. Interface boundary conditions are written in
a matrix form as recurrent relations. Taking into account the coating support conditions and mixed contact boundary
conditions, the solution to the contact problem (contact stresses) is reduced to a Fredholm integral equation of the first
kind of the Fourier convolution type. The transform of the integral equation kernel is expressed in a matrix form and
contains all the mechanical and geometric parameters of the multilayered coating. An analytical solution to the integral
equation is constructed in the form of a functional series in a small geometric parameter. Formulas to determine the
stress-strain state in an arbitrary layer (in any of the layers) of a stratified medium are obtained for such cases as layered
rock, underground structures, mines, etc., as well as in microelectronics, where the number of stratified material layers
may exceed one hundred, and in biomechanics, where the layering of biomaterials ranges from ten or more layers of

elements within the human or animal body.
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Introduction

The widespread use of multilayered materials — which have enhanced both the strength and performance
characteristics of products made from them, particularly in microelectronics — began in the middle of the last century.
Since the 1980s, indentation methods have been used to evaluate the mechanical properties of multilayer materials. The
fundamental basis of indentation methods lies in analytical solutions to the corresponding contact problems (based on
the elasticity theory, dilatational elasticity theory, viscoelasticity theory, continuum mechanics, etc.) concerning the
settling of an indenter into a deformable material. In this case, analytical solutions to contact problems for stratified
materials can be obtained only by reducing them to corresponding integral equations with a kernel transform
represented in an analytical form that incorporates the parameters of all the medium's layers. Furthermore, to perform a
reverse analysis of stratified materials for the purpose of determining each layer parameters and their stress-strain state,
it is necessary to have an equation for the free surface outside the contact area between the indenter and the stratified
medium. The primary difficulty in deriving integral equations for contact problems involving multilayered materials lies
in the need to analytically solve a system of linear algebraic equations — arising from the satisfaction of interface
boundary conditions — whose order is proportional to the number of material layers. To overcome these difficulties, a
group of researchers [1-9] developed algorithms for transforming the matrix functions of the system of linear algebraic
equations — which describes interface couplings and boundary conditions at the contact interface of a stratified
medium and at its support surface — in order to obtain the transforms of integral equation kernels in a compact
analytical matrix form. This made it possible to obtain solutions to integral equations for problems with a small number
of layers. Also, this group of researchers has made progress in solving the problem for continuously inhomogeneous
media. Another group of researchers [10-19] reduced the solution of axisymmetric contact problems for multilayered
materials involving circular and annular indenters to solving a system of dual integral equations; the compliance
functions were expressed as the sum of solutions for the contacting layers, resulting in cumbersome formulas. After
isolating the principal parts of the compliance functions, the solution of the dual integral equations has been reduced to
a system of singular integral equations which, due to their complexity, were solved numerically. Next group of
researchers [20-24] reduced the solution of the contact problem for a multilayered material to solving a dual integral
equation with a kernel the asymptotic properties of which were determined numerically. A comparison of numerical and
analytical asymptotic solutions suggested the possibility of approximating the numerical asymptotic solutions with
analytical counterparts. For the past two decades, this group of researchers has primarily focused on problems involving
continuously inhomogeneous media.

Since the end of the last century, a large group of researchers has solved a series of interesting applied problems
some of which were based on previously developed theoretical and experimental solution methods. A significant
number of articles and monographs [25-30] are devoted to solving problems concerning the indentation of multilayered
materials including the cases accounting for contact adhesion as well as the deformation state of multilayered materials
subjected to various types of mechanical and thermo-mechanical loading, sliding contacts of rough multilayer material
surfaces, thermoelastic frictional heating at the contact interface, and many other relevant problems. However, the
problems addressed in the above studies involved materials and coatings with a small number of layers, and their
solutions did not require the development of a methodology for multilayered and stratified materials and coatings. The
present review highlights key areas of research and does not claim to provide an exhaustive bibliography of studies
related to the contact interaction of multilayered materials and stratified media.

This paper proposes an efficient method for deriving integral equations and systems of integral equations for
contact problems involving an indentation of multilayered materials, utilizing matrix functions that describe the
mechanical coupling of elastic layers within the multilayered material. The construction of layer matrix functions
differs from that proposed by the above group of researchers [1-9] and offers a number of advantages. The derivation of
integral equations for contact problems involving multilayered materials is demonstrated by solving the contact problem

of pure shear applied by a strip indenter to an elastic N -layered coating bonded to a rigid base. The asymptotic
properties of the matrix functions of the transforms of integral equations — represented in a matrix form — are studied

in detail. An analytical solution is presented for the integral equation obtained for an N -layered coating, constructed
as a power series in a characteristic geometric parameter. The developed solution method makes it possible to determine
the stress-strain state of each layer using the derived formulas. As an example, the integral equations for the contact
problem of shear of a three-layered coating are derived.



2. Pure shear of a stratified coating by an indenter
A stratified coating of thickness /4, comprising N layers of elastic materials, is considered. The shear modulus

of the k -th layer is [1; , and its thickness is Ay, where kK =1— N . The thickness of the /N -layered coating is equal

N
to the sum of the thicknesses of the layers /1 = Z Ahy, .
k=1

k
Between coating layers at y =y, k =1— N, where Vi = h— Z Ahl- , the layers are coupled in such a way
i=l1
that both displacements and stresses are equal
Wi (X, v )= Wiy (%, 74 ) at —o < x <00, k=1-(N-1) 2.0

Gk(xayk)=5k+l(x»J/k)at—00<x<00,k:1—(N—1) (22)

An infinite rigid strip indenter (—a < x <@, —00 < z < ©) of width 2a, bonded to the surface of the upper
coating layer at y = ), = h, is displaced by a distance O along the axis Oz under the action of a force 7' applied to
the indenter and directed along its axis of symmetry, which coincides with the coordinate axis Oz (Fig. 1)

wi(x,y)=-8at —a<x<a,d>0 (2.3)

The bottom N -th layer of the multilayer coating is rigidly bonded along the bottom surface of the N -th layer

at y =y, =0 to anon-deformable base

wN(x,yN)=O at —oo<x<oo, yy =0 (2.4)

Fig. 1. Scheme of the contact problem regarding shearing of a NV -layered coating
by a rigid strip indenter

When solving the contact problem, the contact stresses arising at the base of the indenter during shearing of the
multilayered foundation (2.3) are to be determined

1 —(p(x), —as<x<a

Gy(x>y0):{ (25)
0, —o<x<—a, a<x<w

The formulation of the contact problem is completed by the differential equations describing the behavior of

the shear displacements Wy, (x, y) in each of the N layers of the stratified coating

Aw, (x,y)=0at —o<x<o0, y, <<y, k=1-N (2.6)



2 2
0
where A = ~ + ~ is Laplace operator [31].
ox~ Oy

3. Formulation of the auxiliary problem

The indentation process of stratified coatings is modeled by formulating and analytically solving the
corresponding contact problems. When deriving analytical solutions for indentation problems, contact problems are
reduced to integral equations. To simplify and schematize the derivation of integral equations for contact problems
involving multilayered materials, the corresponding non-mixed problems (often referred to as auxiliary problems) are
formulated and solved [31]. As a result of solving auxiliary problems, all the fundamental formulas required to derive
the integral equations for the corresponding contact problems are prepared. The differential equations and interface
boundary conditions for the auxiliary problem concerning shear of an N -layered coating are presented layer-by-layer
in Table 1.

Table 1
Yo=h G;(x,yo):—(p(x) at —o0 < X <00 3.D
Awl(x,y)ZOat—oo<x<oo,yISy<y0 32
vy =h—Ah 2 1 23’3;
wa(x,31)=wi(x.1). o7 (x, y) =0, (x, 1) :
2 Ay x,y)=0at —co<x<00, ), < y<y
Y2 =h_ZAhz 2( ) a 3 2 2 1 (i:)
i=1 W3(x,y2)=wz(x,y2), Gy(an’2):0y(xa)’2) (3-5)
k Aw, (x,y)ant—oo<x<oo,y <y<yi_
k ye=h- Ak ' k41 ' k - 82
i=1 Wk+1(x’yk):Wk(x:yk)’ Gy (xoyk): Gy(x»J’k) ’
N-1 Aw ,(x,y)ant—oo<x<oo,y a5y<yy_
N -1 B ZAhl N-1 N N-1 N_lN 2 (ig)
i=1 WN(x’yN—l):WN—I(xayN—l)’Gy (xa)’N—l):Gy (xayN—l) (39
i=l WN(xoyN):O G.1D
In the presented boundary conditions, the shear stresses Gf, (x,y) are calculated using the formula
Gl;(x,y)z Mka,y(xay) at —0<x <00, YV Sy Y (3.12)

where the subscript y in Wy y denotes the partial derivative of Wy, (x,y) with respect to ¥, and the function (p(x)

in (3.1) is assumed to be known.
Thus, the auxiliary problem is described by conditions (3.1)—(3.11) of Table 1.

4. Solution to the auxiliary problem
The solution to the auxiliary problem formulated in Section 3, presented in the form of equations and boundary
conditions (3.1)-(3.12), is sought using the Fourier integral transform [32]

0

wh (oc,y) = jw(x,y)exp(i(x,x)dx, w(x,y) = 2L IWF (oc,y)exp(— iox )do 4.1
T

—00

where WF (OL, y) is the Fourier transform (image) of the original function w(x, y).
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To solve the auxiliary problem, the Fourier transform is successively applied to the Laplace differential
equations (3.2), (3.4), (3.6), (3.8), (3.10); to the interface boundary conditions (3.3), (3.5), (3.7), (3.9), (3.11); to the

condition at the coating surface (3.1); and to the condition regarding the support of the NN -layered coating on a rigid

base (3.11). Assuming that the displacements Wy, (x,y), k =1—N in each layer vanish at infinity as |x| —> 0,

Vi £ ¥ < Vi1, along with their partial derivatives with respect to x , and applying the Fourier transform to Laplace

equation (3.6) for the k -th layer reduces it to a second-order ordinary differential equation

w,iw(a,y)—azw,f(a,y):o at Yy <Y<y, k=1-N 4.2)

where W}, (OL, y) is the Fourier transform of the function Wy, (x, y) , Yy in the subscript means the second derivative

with respect to ) . It should also be noted here that the general solution to such a differential equation is the transform
wi (o) = 4 sh(o)+ By chlow) at yy <y < yp_y, k=1-N 43)

where A, By, k =1— N are unknown constants depending on the Fourier parameter o, determined from the 2N

boundary conditions (3.1)—(3.11).
Applying the Fourier transform to boundary condition (3.1) on the surface of the NNV -layered coating yields the
following expression in terms of Fourier transforms
GEF (0 y0)=—0" (), yo=r (4.4)
LF . F . . . .
where © y (oc,yo) is a shear stress transform, ¢ (OL) is a transform of the function (p(x). Applying the Fourier

transform to the interface boundary conditions (3.7) for the Kk -th layer leads to conditions in terms of the transforms

F F

Wi (o6 v )= wi (o, 34), k=1-(N=1) (*.3)

k+1,F k,F
Gy (aoyk)zcy (O(»yk)’ k=l—(N—l) (4.6)
The boundary condition (3.11) for the support of an NV -layered coating takes the following form in terms of Fourier

transforms
Wil yy)=0, yy =0 (.7
Note that the formulas for calculating stresses (3.12) in terms of Fourier transforms have the form
k,F F

Oy (Ot,y)Z},Lka’y(OL,y), Ve SY<yi, k=1-N (4.8)

To determine the transform W/f (oc,y), k=1—N from (4.3) — and, consequently, the unknown constants
A, By, k =1—N — it is necessary to substitute the expression for the transform W/f (Ot,y) in the form of (4.3)

and the expression for the transform Gf,’F(OL,y) in the form of (4.8) into the boundary conditions (4.4)-(4.7)

expressed in terms of Fourier transforms. The boundary condition (4.4) then takes the form

mia(4; ch(oyy )+ By sh(oy ) = —0" (o), vy = (4.9)

The interface boundary conditions (4.5) and (4.6) take the form
A sh(owy )+ Byoy ch(awy ) = 4 sh(ay )+ By ch(awy ) (4.10)
W10y 11 chlowy )+ Byyy shloyy ) = nea( 4y ch(owy )+ By sh(oyy ) (4.11)

where k = 1—(N—1).
Boundary condition (4.7) at y = y,; takes the form
Ay sh(ocyN)JrBN ch(ocyN):O, yy=0 (4.12)
To determine the unknown constants A4;, By, k=1—N in the total amount 2N, we have a non-

homogeneous system of linear algebraic equations, consisting of equations (4.9)-(4.12), yielding a total of 2N
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equations. Thus, the number of unknowns in the problem coincides with the number of equations in the non-
homogeneous system of linear algebraic equations (4.9)-(4.12) for determining the 2N unknowns A, By,

k =1—N. To facilitate the solution of the specified non-homogeneous system of linear algebraic equations, the
following matrix functions are introduced [7].

h(owy)  chlowy) J [Akj
Cha)=| PPk k X, = Jhk=1-N 4.13
O P I P I @19

As a result, the internal part of the system of linear algebraic equations of the problem in the form (4.10), (4.11)
is written in the following matrix form

Cn(0)Xp =Ci(0)Xy k=1-(N-1) (419
The matrices C ,IZ (OL) from (4.13) are non-singular, since their determinants are non-zero
det(C ,ﬁ (oc)) =0,
and the matrices
Crlfz,_l(a): _Sh(ayk) (Hma)_l Ch(ayk) , m,k =1=-N (4.15)

ch(oy) = (o) shlowy)
are inverses of the matrices C,lfl (OL) and the following equalities hold
ChNa)-Ch(a)=E, mk=1-N (4.16)

where E is the second-order identity matrix.

First, we obtain the relationship between X; and X4 by multiplying equality (4.14) from the left by the
inverse matrix C ,];’_1 (OL) , and taking (4.16) into account, we have
k,—1 k _ _
Co @) (@) Xy = Xy, k=1-(N-1) (4.17)
where preceding X arises from the following X 1.
Subsequently, the relations (4.17) between X; k=1- (N - 1), derived from (4.14), are used. The result is a

chain of matrix equations for the problem, combined with the boundary conditions (4.9) (at the coating surface) and
(4.12) (at the interface with the substrate), as listed in the second column of Table 2.

Starting from the bottom row of the second column of Table 2, we successively substitute X 5 into X _;,

Xy_pinto Xy_o, ..., X3 into X,, X, into X7, recording the results in the third column of formulas using

matrices C ,],\,/ -1 (OL) m =1— N, starting with (4.24) and ending with (4.20). As a result, in the third column of (4.20),

we obtain a relation expressing X in terms of X, in the form

N-1
X, =C" o) Xy where o) = [T CF (o) Ciiy(er). € =E (4.26)
k=1

. . - . . . 1 A
The elements of the matrix function CIN 1(0() are functions of oL and are written in the form Cj; (OL) i,j=L2.In

the general case, the matrix C,i\l[ -l (OL) m =1— N has the form

N-1
C,],Y_l(oc): HC]];’_I((X)-C]?H((X) form=1-N
k=m (4.27)

Cn]:[_l(a)=E for m > N —1



elements CZ? (Ot) i,j =12, m=1-N of which are functions of o.

Table 2
0 Clowyo)- X, =—¢" (a) Clonyp)- G ) Xy = 0" (a) (4.19)
2 X, =C3 o) C3(a)- X5 X, =C¥ a) Xy (4.21)
k X =Ci @) Gy (@) Xy X =G o) Xy (4.22)
N=2| Xy, =Cy 3 o) CyT(a) Xy | Xyop=Cyola) Xy (4.23)
N-1 | Xy =Cyy ' (o)-Cy (o) Xy Xy =Cyi(a) Xy (4.24)

A 1

N C(“aYN)'XN =0 Xy :( (;Vj Xy :ANC(l) Co = (Oj (4.25)

Relations (4.20)-(4.24) from the second column made it possible to establish a matrix relationship between the
unknown matrices X| and X (the third column), the elements of which are determined using the remaining unused

boundary conditions (4.9) and (4.12) — written in a matrix form in (4.19) and (4.25), respectively — where the adopted
notations are

Cla, o) =(acch(ayy) ash(ayy)) for vy =5 (4.28)
Clonyy)=(sh(owy) ch(owy)) for yy =0 (429)
after substituting y,, =0 into which we get that

Clonyy)=(0 1)

Thus, solving the system of linear algebraic equations (4.19)-(4.25) located in the second column for the 2N
unknowns reduced to solving two matrix equations (4.19) and (4.25) and the matrix equality (4.26)

Clowyo)- X1 =-0"(c) . yo=h (4.30)
Clonyy)- Xy =0 oo YN =0 4.31)
VN a) Xy = X, (4.32)

After substituting (4.29) into (4.25) we obtain that

Ay 1 (1
By=0,Xy= 0 :ANO,C0= 0 (4.33)

Now, to determine the elements (or, more precisely, the element AN ) it is sufficient to substitute X | from
(4.32) into (4.30), and from the resulting equation
~ N-1 a
Clowyo)- ' o) Xy =—0" (a) (4.34)
we obtain that

Ay = 0" (o)

(4.35)




To determine X7, it is now sufficient to use relation (4.32) by substituting the previously determined values
Xy (or Ay ) from (4.35). As a result, in matrix form we have
X, =0V Na) Xy = a)- 4yC) (4.36)
After substituting 4 n from (4.35) into (4.36), we obtain
N-1 1
X, =-¢" (o) G )Gy
A N-1 1
Clo, ) G ) Co

To derive the integral equation for the contact problem and to determine the deformed state in the A -th layer (

(4.37)

k=1—N), it is necessary to determine the displacement function Wy (x,y) at —0<x<0, Vy <Y< Vi,

k =1— N . For this purpose, the transform W]f (OL, y) is determined according to (4.3)

wi (o, )= 4 sh(oy)+ B ch(oy) at y, <y <y, . k=1-N (4.38)
which, in matrix form, takes the form
wi (o, )= Cla,y)- Xy Clay)=(sh(aw) ch(ay)) (439

for yy <y<y,,k=1-N
To solve this problem, we use Table 2 (or, more precisely, its third column). To construct W;I: (oc,y),

k =1— N, we begin with the bottom layer, where the transform W]I\; (oc,y) is constructed using formula (4.39) and

the now-known X p; from (4.25) of Table 2. By analogy with the construction of the third column of Table 2, the value
Y. = CN—I( )- X . . . . F _
No1 =Cy_1la)- X py from the third column is substituted into the formula for WN_l(OL,y)— C(Oc,y)~ Xy_1

where C]]Vv__ll (OL) is constructed using formula (4.27), and so on. The matrix X ; (or, more precisely, its non-zero part
A A ) is determined by formula (4.35), and therefore

N-1 1
Clony) G (a)-Go
A N-1 1
Clo,9)- G Ha)-Cy

In (4.40) C(at, ) is from (4.39), Cj¥ (o) = {cl’;} i, j =12 is from (4.27), G (o) = {c;} i,j=12

Wllj (OL, y) = _(PF (OL)

for yk < y < yk—l’ k :1—N (440)

is from (4.26), C(at, vy ) is from (4.28), C{ is from (4.33).

The shear stress transform O l){,’F(OL,y) for the k -th layer, defined in (4.8) in terms of the derivative of the

displacement transform W;: (OL, y) , has the following form in matrix notation

(o y)- ¥ (a)-C!
)=o) S Al G
»Y0) 1 ’

o for vy SV<yi_, k=1-N (4.41)

0

where the prime over C (OL, y) denotes the derivative with respectto ).

The presence of displacement transforms W/I: (oc,y) and stress transforms c];’F(oc,y) makes it possible,

using the inverse Fourier transform according to the second formula in (4.1), to determine W, (x R y) and © ]; (x, y) in

the form

w e y)| 1 T wi (o)
k Gk’F

o (57) :%_0O £ (g0 0) exp(—ioux )do (4.42)



for —oo<x <00, Yy, <y<y,,k=1-N
Taking into account formulas (4.40) and changing the order of integration in the resulting double integral (4.42) for
Wy (x, y), we write the expression as follows

)=~ foleke [ o exliole - )

(4.43)
for —oo<x<o0, Yy, <y<y,_,k=1-N

To determine W), (OL, y), we use the formulas (4.40) for transforms w,f (OL, y) k=1—N, from which
follows in matrix form

Clony)- G ()G

W, (a,y)=—= - Vi SYyS g, k=1-N (4.44)
R P e Ne
or in partially matrix form
k k
Wk (Ol.,y) — Cll(a’)Sh(a’y)+CZI(O(‘)Ch(a’y) Vi <y< Vi1 k=1-N (4.45)

(x(clll(oc)ch(ocyo)Jr c%l(OL)Sh(OWO ))

where C{; (OL) are elements of the matrix C;év -1 (OL) from (4.27), y; for k=1— N are the ordinates of the

interfaces.

for

Remark 1. The function W, (x, yo) from (4.43) for y = ), defines the mixed boundary condition of the
contact problem on the upper surface of the NV -layered coating, in accordance with condition (2.3).

The shear stresses © gc, (x,y) in the coating layers are determined by the second formula in (4.42) and, after
changing the order of integration, takes the form

)= Jolehe [V a)explie )k .

for —oo<x<o0, Yy, <y<y,,k=1-N
and the use of the transform (4.41) leads to the formula
C'le,y)-Cp (@) Co
Vi (ony)== - Ve SYS Y, k=1-N (4.47)
C N Eane) G )l
where C'(at,y) = (ach(ay) aush(ow))

or in partially matrix form

L chlo)eblan) e o)l
V)= @ehloso) by (o shlano)

Remark 2. For k=1 and y =y = h, from (4.46), we obtain the stress on the upper surface of the N -layered

for yy <y<y,,k=1-N (4.48)

coating at y = J (that is, we arrive at the boundary condition (2.5) for the contact problem concerning shear of an N
-layered coating).

5. Integral equation of the contact problem

The displacement formula for wy (x,y) for k=1 and y =y, is given by formula (4.42), in which the

transform WIF (OL, yo) is defined in (4.40) in matrix form



f (0, )=-0" (@ S G ek G

Elore)-CF (o) for yy <y <y (5.1)
0

0
Transitioning from ) to )|, in formula (5.1), we obtain the transform of the displacements at the surface of the

upper layer
F F C(a yo)'CN_l( )'C(I)
W (ay)=-0" (o) (52)
(o yo)- ¢ Ha)- Gy
Using formula (4.43), we obtain the original of the displacement function w; (x, yo) in the form
© N-1 1
w (x,yo)z— 1 Fla C(oc yO)'Cl ( ).C? exp(—iocx)doc for —oo < x <00 (5.3)

P
2m s, Clanyg)- G )G
Taking into account the mixed boundary conditions (2.3) and (2.5) for ¥ = ), and changing the order of

integration in (5.3), we obtain the integral equation for the contact shear problem under consideration

[o(&)ey_i (& —x)de = 2mpd for —a<x<a (5.4)

—a

the kernel of which kp_; (C) has the form

k(€)= IKN—I (o )expliag )dot (5.5)

—0

and the kernel transform - function K N1 (OL) - takes the form in matrix notation
Clo,yp)-Ci(a)- Gy
Clo,yp)- ¢ (a)-Go

where matrix C(Ot,yo) is defined in (4.39), matrix CIN _I(OL)Z {C}J

Ky i(a)= (5.6)

} i,j =12 is defined in (4.26), matrix

é (OL, yo) is defined in (4.28), and matrix C(l) is defined in (4.33). We carry out the matrix multiplication in the

numerator and denominator of transform (5.6) and obtain its partially matrix form

o) = ot (at)sh(oy)+ ey (o)ch(ay ) _ 57
O wenlan) sl ) " o

where cll I(OL), Cél(ot) are elements of the matrix Cl - (OL) and are functions of o, dependent on the problem

parameters: the shear moduli of the layer materials LL; and the layer thicknesses Ahk k=1-N.

The integral equation (5.4)-(5.7) for the pure shear contact problem of the N -layered coating (given for
U =M k=2-N orfor N =1) reduces to the integral equation for the pure shear of a homogeneous layer of

thickness /2 with shear modulus [, rigidly bonded to a non-deformable substrate. In this case, the matrix elements
Clll =1, c;l =0, since in this case relation (4.32) for N =1 becomes Clo -X; =X, whence CIO =F.
Substituting determined values Cll 1 Cél into (5.7), we find that the kernel transform K;_, (Oc) takes the form

Ki_(e)=a"" th(ay,) (5-8)

which corresponds to the transform of the kernel of the integral equation for the contact problem of shear of a
homogeneous layer bonded to a rigid substrate [31]. On the other hand, in this case, all matrix products in (4.26)
(including those involving terms that reduce to the identity matrix according to (4.16)) simplify accordingly; it follows
that the relevant quantities take specific forms, and formula (5.7) reduces to (5.8).

10



On the other hand, in this case, based on the fact that L1} =, k =2 — N, all the matrix products in (4.26),

reduce to identity matrices in accordance with (4.16), including CIO = E . Also from Clll = c;z =1, 0112 = cél =0,
and for N =1 formula (5.7) for K _; (OL) simplifies and takes the form (5.8).
To facilitate further analysis, the integral equation (5.4) is transformed into the corresponding dimensionless

integral equation using the substitutions § = af’, d§ =adf', x=ax’, a = W, do=h""du

1 5 h
J-(P kN 1( jd& TEH.I— for _1<x<1 A=— 5.9
e A a
in which the kernel kp_ I(C) has the form
kn-1(6)= [ Ky (u)cos(ut du (5.10)

0
The transform K _; (u) of the kernel of the integral equation (5.9) is represented in matrix form by the formula

Clu)- ¢ (u)-Cp
Ky _ ==
= Gy
where the matrix C (u ) = (sh(u) ch(u )) is defined in (4.39) for ot/i = u , the matrix CIN _l(u) is defined in (4.26),

(5.11)

the matrix é(u) = hilu(ch(u) Sh(u)) is defined in (4.28) for otk = u , and the matrix C(l) is defined in (4.33). By

performing the multiplication of the matrix functions in (5.11), we obtain the transform in a partially matrix form.

u) = cfy()sh(u)+ 3y (u)ch(u)
vt = L ) by sl

where C}j (u ) i, j =12 are elements of the matrix function C;* | () from (4.26).

(5.12)

6. Properties of the kernel of an integral equation and its transform
To construct the solution to the integral equation (5.9) for the anti-plane contact problem for a pure shear of the

N -layered elastic coating of thickness /4 by a rigid strip indenter of width 2a — where the coating is bonded to a
non-deformable base (it is necessary, as an initial step, to identify the fundamental properties of the kernel transform

Ky (u) given by formula (5.11)). The identified properties of the transform K N—l(u) will help to investigate the

fundamental properties of the primary characteristics of the integral equation (its kernel & N-1 (C), represented by
formula (5.11)).

Lemma 1. In the complex plane of the integration variable # = G +iT, the Fourier transform K, _, (u) isa

real-valued even function for T =0, and meromorphic function in the complex plane of the integration variable
U=0c+it.

To prove the lemma, we use the matrix representation of the transform K N—l(”) given by (5.11). The matrix
function CIN _l(u) appearing in the numerator and denominator of the transform K N—l(”) in (5.11) is an important

component thereof and consists of pairwise products of the matrix functions C ]ICC ’_l(u)- C/ICc +1(u) from (4.15) and

(4.13), respectively, each of which is explicitly represented by the matrix function

CE(u)-Ch o) = —sh?(uy; )+ B ch(uvs) = (1-By)shluy Jeh(uy )

(6.1)
@*‘Bk)Sh(qu)Ch(qu) ChZ(UYk)“BkSh2(qu)

11



k
where v ZI—ZAhi , Br = Bt
i h Hi
The elements on the main diagonal of the matrix function (6.1) are even functions with respect to 2, while the
elements on the secondary diagonal are odd functions with respect to # . Based on this property of elements of the

matrix function C/I;,—l(u). Cllf H(u), it can be shown that the elements cll 1(u) and c;z (u) located on the main
. . . N-1 . 1 1
diagonal of the matrix function Cj (u) are even functions of u , whereas the elements ¢; z(u) and ¢y (u) are odd

functions of u# . The identified properties of elements Cl-lj (u) i, ] =1,2 of the matrix function CIN -1 (u) , taking into

account the properties of matrix functions C (u), é(u) and C(l), allow us to conclude that the kernel transform
Ky (u) from (5.11) of the integral equation (5.9) is an even function. In the complex plane of the integration
variable # = G +1iT, the transform K, _, (u) from (5.11) of the integral equation (5.9) is represented as the ratio of

integer functions of exponential type, is a regular function on the real axis (Im(u) = 0) and meromorphic function in
the complex plane of the integration variable # = G +1iT.
Lemma 2. The Fourier transform K N—l(”) (5.11), (5.12) has the following asymptotic representations on the

real axis of the integration variable

1 ¢ 2
KN_I(u)=H+0 —— | for [u| > 0 (6.2)
Ky (u)= 1+0(u2)for lul — 0 (6.3)

The proof of (6.2) follows from the matrix form of the transform K4 (u) given by (5.12), in which functions
sh (u) , Ch(u) , sh (uy k ), Ch(uy k) are replaced by their asymptotic forms
h
S (U) ~ leu (1 T e—Zu )’ Sh(u'Yk) ~ leyku (1 T e—2yku ) for |u| N
ch(u)| 2 ch(uy,)] 2

and operations are performed on matrices.
The proof of (6.3) employs equivalent infinitesimal quantities and matrix operations.

Lemma 3. In the strip 0 < |C| <00 and |T]| < 2 of the complex plane C + in, the representation holds

k()= —In|¢|-Fy ©)
€)= [u 1=k eos(uc) -

where Fp_y (C) is even function with respect to C , is regular function in the specified strip and is represented by an

(6.4)

absolutely convergent series

0
Fy1(5)= deCZk (6.5)
k=0
in which the coefficients of the series d;, k =0,1,2,... are represented by formulas
o0
dy = Iu_l (l—uKN_l(u)—e_” )du (6.6)
0

12



d (l)kof(l Ky @) du, k=123
k= UR N_1\U u, £ =1,2,5,...

(2k) 5

The proof of the lemma is based on the expansion of the function COS(uC) into a power series [33].

7. Solution of the integral equation (5.9)
The solution of the integral equation (5.9) with the logarithmic singularity (6.4) in the kernel & N-l (&) is carried

out in three steps. On the first step of solving integral equation (5.9), both its left- and right-hand sides are
differentiated, resulting in an equivalent singular equation. On the second step, the singular integral equation is inverted,
resulting in an equivalent integral equation of the second kind [31] of the form

(p(x):; ——J"/idgjq) (c)Er 1( jdr for —1<x<1 (7.1)

in which 7' = I(p(x)dx is given by the formula
|

1n2x jF__I\/?j@T)FN 1( j (72)

On the third step, the integral equation (7.1), taking into account (6.4) and (6.5), is solved using the method of
successive iterative approximations or the asymptotic method of expansion in terms of a small parameter 7\,_1 . For the

indenter with a flat base, the solution constructed in [33] in the form of an asymptotic series up to 7\,_6 has the form

) \/ {l Zdl(; xz)—%(%—xz—x4j+0(7f6)} for —1<x <1 (7.3)
wl-x?

in which the shear force

T = [olt)dr (7.4)
-1
is calculated using the formula

d, d?+9d, +0( _6) )

0
T=nu —|In2h—dy——L - (7.5)
n“la n 0 7\’2 47\,4

The coefficients d;, k =0,1,2,... are calculated using formulas (6.6).

Another scheme for solving the integral equation (5.9)-(5.12) for arbitrary values of the parameter A was
developed in [35] and frequently used, for example, in [20-24].

Summarizing the solution to integral equation (5.9), the final theorem is formulated: if the right-hand side of
equation (5.9) is constant on the interval —1 < x <1, then integral equation (5.9) (and consequently, equations (7.1)

and (7.2)) is uniquely solvable in the space Lp(— 1, 1) (I<p<2) for 0<A <o, and its solution can be

1
represented in the form (p(x) = m(x)(l —x? TE , where co(x) eC (— 1, 1) .
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8. Analysis of the stress-strain state of interfaces using as an example a three-layered coating

In Section 4, formulas (4.43)-(4.45) for the displacements Wy (x,y), <0, )y <y<yg, k=1-Nin

each layer of an N -layered coating and formulas (4.46)-(4.48) for the shear stresses Gﬁi (x,y), |x| <00,
Vi SV < Yi_1, k =1=N ineach of the layers are derived.
To analyze the stress-strain state of a three-layer coating, it is necessary to derive formulas for displacements

Wk(x, y) and stresses Gl;(x, y) for y=y¢ and y = )3 (at the coating boundaries) and for displacements

Wy (x, yk) and stresses Gﬁi (x, yk) for k =1,2 (at the interfaces), for the case where a three-layered coating of

thickness / is subjected to a surface shear of distance O applied to the top layer by a rigid strip indenter, while the
bottom layer is rigidly bonded to a non-deformable base.

For convenience of calculations in formula (4.43) we will make the substitutions & =a&', df=adf',

!

x=ax', o= h_lu, do.=h"'du and obtain formulas for Wk(x’y) in dimensionless variables, immediately

replacing y =y, k =1-3 with vy,

1 00
w (x, v )= _ﬂiul J.I(P(i)dij. W, (1,7, )Cos(u 5=

0

xjdu for—oo<x<00,k=1—3,7u=ﬁ 8.1)
a

W, (7,) = cf (u)sh(uy; )+ 5, (u)ch(uy, ) for k=1-3. 82)
ulel(u)eh(ur)+ 3, (u)sh(u)
yk:h_zAhi:hYkaYkzl_zk;%hi»YOZI (83)
For y =y, = h the formula ;/1 (11, 7¢) in (8.2) takes th_e form
o) D) e "

u(c 1 +c21( )sh(u))
because Yo =1.

Comparing (8.4) with the transform of the kernel (5.12) of the integral equation (5.9) and taking Remark 1 into
account, we obtain the function ¥ (u, yo) from (8.4) as the transform of the kernel K5_; (u) of the integral equation

for a three-layered coating — that is

Ks () =W, (wyo)= i1 (a)sh(u) + e (w)eh(u)

(011( )eh(u)+ 3, (u )Sh(“))
in which cllj(u) i, j =12 are elements of the matrix C;~ "u)
1 1
C ( ) (cil( ) C{2(“)J (8.5)
021(“) sz(“)
The matrix C1371 (u) is defined in (4.27), and C}j (u) i, ] =1,2 have the form

1 (2) = ()| th2(erry )+ By o th oy )+ B ) (1= By Yehoay, N1 = B, ) ehory, )

1
1
1
1

et i) = (e Gy )+ B 1B ey )~ 1=y ey B2 )| 56
by (1) = o )|(1 - By ey, Y th Gy )+ B (1= By 0 Gy, )1~ B ehey)
cha(ue) = ) (1=B, ) thlaey, Y1 = B ) thary )+ (1= By th2(eryy )1 =B th ey
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2 2
r(u) = ch?(uy )eh? (uy, )
The integral equation of the contact problem of shear of a three-layered coating, therefore, has the form (5.9), in
which N =3
1

'[(p(ci)k3_1(8“_—xjd§ S for—1<x<1,A=" (8.7)
e A a a
k3 1 IK3 1\ COS(ut)d (88)
0

u) = 011( )Sh( )+021( )Ch( )
)= e by ()

where Clj( ) i, j =1,2 are matrix elements Cl B (u) , defined by formulas (8.6).

(8.9)

To obtain the displacement formulas W, (x, yk) for k =1,2 from (8.1) at the first (k =1) and second (
k = 2) interfaces, we calculate the functions W (u Y k) from (8.2) for kK =1,2. The elements Clj( ) i,j=12

are defined in (8.6), and the clements ¢;;(u) i,/ =1,2 of the matrix C3 (i) from (4.27) take the form
C3 1( ) (0121( ) Cljz(”)J (8.10)
021( ) %) (“)
)= Pl )+ B ()
ey (u) = plu )= (1-B; ) th(ery, )]
)= Pl (1B, )thary, )] = —cfs () (8.11)
)= plafi By th* ey, )
p(u) = ch?(uy,)
Studies have shown that Wk (u,yk) k =1,2 exhibit exponential decay as # —> o0 and have no singular

points on U € [0, OO), and the following estimates hold true

—u(l-v;)
mwmk{e Y

]foru—)OO,kZI,z (8.12)
u

To determine W5 (u, Y3 ) , we use formulas (8.1) and (8.2), and for £k = 3, we obtain

wy (x, y3) = —ﬁ j@(ﬁ)diofWg (M,Y3)Cos[u &-

X
du for —o0 < x <00 (8.13)
1 0 A

where

Wy (u,y3) = ci(u)shuys )+ c3, (u)eh(uyy)

(011( )Ch(“)+021( )sh(u ))

in which y3 =73 =0, and elements 013 1 (u) =1, czl(u) =0 according to (4.27) are elements of the identity matrix

(8.14)

E . Substituting the parameters into (8.14) we obtain that
Wy (u,v3)=0

and, consequently,
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w3(x,y3)=0 for —o<x <00, y3=0 (8.15)

Formula (8.15) coincides with the boundary condition (2.4) of the problem under consideration, which implies
that the coating is bonded to the non-deformable base at the surface of the bottom (third) layer.
The shear stresses in the coating layers are determined by formula (3.12) in terms of displacements or by

formulas (4.46)-(4.48) in terms of contact stresses (p(x). In formula (4.46) for Gf, (x,y), we switch to dimensionless

variables by making the substitutions &=a€f', d§=adf', x=ax', o= h , do= W ldu , and obtain the
resulting formula after substitutions y = y, k=1-3

1

k Ly, a c—
Gy(x,yk) _;u_hj‘ déj. u Y cos[u

xjdu for —co<x <o, k=1-3 (8.16)

V, (uy,)= Clkl(“)Ch(”Yk)Jf021(“)Sh(”Yk) for k=1-3, @.17)
et (u)ch(u)+ ¢y, (u)sh(u)
k k Ah.
Ve=h=Y A =hy;, v =1-) =L yo=1 (8.18)

i=1 iz h

For y =y, = h, the formula V] (u,yo) differs from (8.17) and, taking into account Yy =1, assumes the

form

1

V(7o) = ciy()eh(uyg )+ 3y (u)sh (o) _ 1 8.19)
iy (ur)eh(ue) + 39 (u)sh(u)

Substituting (8.19) into (8.16), we obtain, in dimensionless form
1
1 _a B _.a (p(x) at —1<x<1
len)=- 4 Jolople - = lo 2 I w20

which is equivalent to the boundary condition (2.5) of the problem in dimensional form, and 8(&) is the Dirac delta

function.

When deriving formulas for the stresses Gﬁi (x, yk) for k =1—3 at the first (k =1) and second (k =2)
interfaces, as well as at the base of the coating (kK = 3 ) bonded to a rigid foundation, it should be noted that in all these
cases, the function Vk (u,y k) for kK =1—3 from (8.17) decays exponentially as # —> 00, has no singular points on
[0, OO) , and the following estimates hold true

ACSHE O(e_u(l_yl))a Vau,v2)= O(e_u(]_yz_m), V3(u,vs) = O(e_u(l_yz_m) for u = o0 (8:21)

Numerical integration schemes are used to evaluate the improper integrals in (8.1) and (8.16).

. . . . . -1
The numerical implementation of the relative displacements O w (x, yo) of the contact surface and the

relative displacements 8_1Wk (x,yk) k =1,2 on the interlayer surfaces was carried out using the obtained formulas

2 1
(8.1)-(8.14) for a three-layer coating, in which Yy, = h, V= Eh , Yo = gh , V3= 0. At the same time, two
coating options were considered:
- homogeneous when Ll =y = U3,
- inhomogeneous when H; = H3, ty = 0.5p.
Figure 2 shows a plot of the projection of the boundary of the region of relative displacements 5_1W1 (x, yo) of
the upper surface of the coating, resulting from its displacement by a strip indenter over a segment —1<x <1 by a

16



distance O , onto the plane xOz . This figure also presents, in graphical form, the projections of the boundaries of the

regions of relative displacements 5_1Wk (x, yk), k =1,2 at the interfaces, resulting from shearing of the top surface

by a strip indenter, onto the plane xOz .

02+
| | . . X
B = ! ’ '
—_— 8_*11'_,'(1 19){0} . 5_111=_(_'{..1-'J){0} = J“‘g(l 13){0)
== 8w (xy,) (H) == §hw, (x y;)(H) =-=8"w,(x.y,)(H)

Fig. 2. Plots of the projections of the boundaries of regions of relative displacements onto a plane xOz,

for the upper surface of the coating 5_1W1 (x, yo) and the interface surfaces 8_1Wk (x, yk) k=12

The displacements 5_1W1 (x, yo) of the shear zone boundary at the upper surface of the coating and the
displacements S_IWk (x,yk) k =1,2 of the shear zone boundaries at the interface surfaces are calculated using

formulas (8.1)-(8.6), based on the dimensionless contact stresses a8_1u1_1(p(x) obtained by solving the integral
equation (8.7)-(8.11). The plots shown as solid lines correspond to the case of a homogeneous three-layer coating (

L =W, = U3), whereas the plots shown as dash-dotted lines represent the inhomogeneous case, where the stiffness of

h
the middle (k =2) layer pn, =0.51; when p; =p3. Calculations were performed for A=—=10. A 50%
a

reduction in the stiffness of the middle layer (compared to a homogeneous coating) resulted in a 25% change in the
interface between the first and second layers, and a 17% change in the interface between the second and third layers.
Calculations show that the relative shear force is 0.9698 in the homogeneous case and 0.8456 in the inhomogeneous

case — that is, it decreases by 13%.
Figure 3 shows the projection of the boundary of the region of relative contact stresses aS_]pl_l(p(x), arising

on the upper surface of the coating in contact with the base of a strip indenter over the segment —1 < x <1 upon its

displacement by the distance O, onto the plane xOz . The figure also shows the boundaries of the regions of relative

stresses a8_1p1_10/; (x, Vi ), k =1-3, arising at the interfaces and projected onto the plane xOz .
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Fig. 3. Plots of the projections of the boundaries of regions of

relative contact stresses aS_I},tl_lq)(x) on the upper surface of the coating and

k

y (x, yk) k =1-3 on the interfaces onto a plane xOz

relative stresses aﬁ_lul_lc

Contact stresses are calculated using formulas (7.1)-(7.3), obtained by solving the integral equation (5.9)-(5.12)

k

for N =3 . The shear stresses aﬁ_lul_lG y (x, yk) k =1-13, arising at the interfaces, are calculated using formulas

(8.16)-(8.18). As in the previous analysis of displacements, the plots shown as solid lines correspond to the case of a

homogeneous three-layered coating at L1} = L1, = L3, whereas the plots shown as dash-dotted lines correspond to the

inhomogeneous case where [y, = 0.5, 1 = 3. A 50% reduction in the stiffness of the middle layer (compared to

a homogeneous coating) resulted in a 13% decrease in contact stresses, a 34% decrease in stresses at the first interface,
and an 18% decrease at both the second and third interfaces.

The presented calculations demonstrate the capabilities of selecting parameters for multilayered coatings to
achieve an optimal configuration in terms of both mechanical and geometric characteristics.

Conclusion

1 The use of matrix functions to describe interface connections makes it possible to derive integral equations for
contact problems involving stratified materials and coatings in a compact analytical form, wherein the transforms of the
kernels are expressed as a ratio of matrix products.

2 The integral equations governing contact problems for multilayered coatings are Fredholm equations of the
first kind of the Fourier convolution type with a difference kernel, the transform of its kernel incorporates all the
mechanical and geometric parameters of the coating layers, represented within the elements of the matrix functions
defining the interface boundary conditions.

3 The asymptotic properties of the kernel transform for the integral equation governing anti-plane shear contact
problems involving multilayered coatings coincide (up to constants) with the corresponding properties of the kernel
transforms for the integral equations describing pure shear of an elastic homogeneous layer by a rigid indenter within
the framework of elasticity theory.

4 The analytical solutions derived for contact problems involving the shearing of multilayered coatings enable
effective monitoring of the stress-strain state at interfaces, as well as the solution of parametric optimization problems
related to the selection of both the geometric and mechanical properties of the layers and the characteristics of the
interfaces.
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5 The proposed method for simulating multilayered coatings using interface coupling matrix functions makes it
possible to analyze stratified structures with a large number of thin layers, characterizing the corresponding biological
or medical tissues (perceived at the cellular level) as substantially stratified, continuously inhomogeneous media.

Author Contributions: Problem statement and development of the solution method - V.B. Zelentsov; construction of
the solution - V.B. Zelentsov and P.A. Lapina; calculation and analysis of the solution - P.A. Lapina; conclusions - V.B.
Zelentsov; writing — original draft preparation - V.B. Zelentsov; writing—review - P.A. Lapina; writing — translation
and editing - P.A. Lapina; supervision - V.B. Zelentsov. All authors have read and agreed to the published version of
the manuscript.

Conflict of interest: The authors declare no conflicts of interest.

Data availability: Data will be made available on request.

REFERENCES

1. Petrishin V.I., Privarnikov A.K. Osnovnyye granichnyye =zadachi teorii uprugosti dlya
mnogosloynykh osnovaniy [Fundamental boundary-value problems of elasticity theory for multilayered foundations] //
Prikladnaya mekhanika. 1965. Vol. 1, No. 4. P. 58—66. (In Russian)

2. Petrishin V.I., Privarnikov A.K., Shevlyakov Yu.A. K resheniyu zadach dlya mnogosloynykh
osnovaniy [On the solution of problems for multilayered foundations] // Izvestiya Akademii nauk SSSR. Mekhanika.
1965. Vol. 2. P. 138-143. (In Russian)

3. Naumov Yu.A., Shevlyakov Yu.A. K izgibu kruglykh plit na mnogosloynom osnovanii [On the
bending of circular plates on a multilayered foundation] // Mekhanika tverdogo tela. 1967. No. 1. P. 154-162. (In
Russian)

4. Gorbatyuk V.T., Naumov Yu.A., Shevlyakov Yu.A. Calculation of a multilayer base with periodically
varying elasticity parameters // Soviet Applied Mechanics. 1970. Vol. 6. No. 11. P. 1197-1201.
https://doi.org/10.1007/BF00888723

5. Gorbatyuk V.T., Naumov Yu.A., Shevlyakov Yu.A. Matrichnyye algoritmy v issledovanii
napryazhennogo sostoyaniya mnogosloynogo osnovaniya s periodicheski izmenyayushchimisya parametrami uprugosti
[Matrix algorithms for investigating the stress state of a multilayered foundation with periodically varying elastic
parameters] // Mekhanika tverdogo tela. 1972. Vol. 1. P. 152—158. (In Russian)

6. Ilman V.M., Lamzyuk V.D., Privarnikov A.K. O kharaktere vzaimodeystviya shtampa s uprugim
mnogosloynym osnovaniyem [On the nature of the interaction between a stamp and an elastic multilayer foundation] //
Izvestiya Akademii nauk SSSR. Mekhanika tvordogo tela. 1975. Vol. 5, P. 134—138. (In Russian)

7. Shevlyakov Yu.A. Matrichnyye algoritmy v teorii uprugosti neodnorodnykh sred [Matrix Algorithms
in the Theory of Elasticity of Inhomogeneous Media]. Kyiv: Vyshcha Shkola. 1977. 216 p. (In Russian)
8. Vigderovich LE., Lamzyuk V.D., Privarnikov A.K. Ob ispol'zovanii metoda funktsiy podatlivosti pri

reshenii granichnykh zadach dlya mnogosloynykh osnovaniy slozhnoy struktury [On the use of the compliance function
method for solving boundary-value problems for multilayered foundations of complex structure] / Doklady Akademii
nauk USSR. Seriya A. 1979. No. 6. P. 434-438. (In Russian)

9. Privarnikov  A.K., Lamzyuk V.D. Uprugiye mnogosloynyye osnovaniya [Elastic Multilayer
Foundations]. Dnepropetrovsk. 1985. 162 p. (In Russian)

10. Bufler H. Der Spannungszustand in einer geschichteten Scheibe // Z. angew. Math. und Mech., 1961.
V.41. No.4. P.158-180. https://doi.org/10.1002/zamm.19610410404

11. Rappoport R.M. K voprosu o postroyenii resheniya osesimmetrichnoy i ploskoy zadach teorii
uprugosti mnogosloynoy sredy [On the construction of the solution to axisymmetric and plane problems of elasticity
theory for a multilayered medium] // Izvestiya VNIIG. 1963. Vol. 73. P. 193-204. (In Russian)

12. Nikishin V.S., Shapiro G.S. Zadachi teorii uprugosti dlya mnogosloynykh sred [Problems of Elasticity
Theory for Multilayered Media]. Moscow: Nauka. 1973. 131 p. (In Russian)
13. Nikishin V.S., Shapiro G.S. Kontaktnyye zadachi teorii uprugosti s odnostoronnimi svyazyami

[Contact problems of elasticity theory with unilateral constraints] // Doklady Akademii Nauk Armyanskoy SSR.
Mekhanika. 1976. Vol. 63, No. 4, P. 224-231. (In Russian)

19



14. Olsen G.H., Ettenberg M. Calculated stresses in multilayered heteroepitaxial structures // J. Appl.
Phys. 1977. V.48. No.6. P. 2543-2547. https://doi.org/10.1063/1.323970

15. Filippov N.A., Sidorov V.S. Napryazhennoye sostoyaniye sloistogo massiva gornykh porod [Stress
state of a stratified rock mass]. Trudy VNIMI. L.: Izd. VNIMI, 1975, P. 162—-167. (In Russian)
16. Lazarev M.IL., Perlin P.I. Resheniye prostranstvennykh zadach teorii uprugosti dlya kusochno-

odnorodnoy sredy s nelineynym koeffitsiyentom Puassona [Solution of spatial problems in the theory of elasticity for a
piecewise homogeneous medium with a constant Poisson's ratio] // Prikladnaya matematika i mekhanika. 1979. Vol. 43.
No. 6. P. 1122—1125. (In Russian)

17. Feng Z.-C., Liu H.-D. Generalized formula for curvature radius and layer stresses caused by thermal
strain in semiconductor multilayer structures // J. Appl. Phys. 1983. V.54. No.1. P. 83-85.
18. Nikishin V.S., Zabolotskaya A.F., Pariysky V.S. Analiticheskoye i chislennoye issledovaniye

kontaktnykh zadach teorii uprugosti dlya sloistykh sred s odnostoronnimi svyazyami [Analytical and numerical
investigation of contact problems in elasticity theory for layered media with unilateral constraints] // Problemy
prikladnoy matematiki i informatiki. M.: Nauka. 1987. P. 145-169. (In Russian)

19. Nikishin V.S. Staticheskiye kontaktnyye zadachi dlya mnogosloynykh uprugikh tel // Mekhanika
kontaktnykh vzaimodeystviy [Static contact problems for multilayered elastic bodies] // Mekhanika kontaktnykh
vzaimodeystviy / pod red. L.I. Vorovicha, V.M. Aleksandrova. M.: Fizmatlit. 2001. P. 214-233. (In Russian)

20. Aizikovich S.M., Aleksandrov V.M. O svoystvakh funktsiy podatlivosti, sootvetstvuyushchikh
sloistomu i nepreryvno-odnorodnomu poluprostranstvu [On the properties of compliance functions corresponding to a
layered and continuously inhomogeneous half-space] // Doklady Akademii Nauk SSSR. 1982. Vol. 266. No. 1. P. 40—
43. (In Russian)

21. Aizikovich S.M., Aleksandrov V.M. Osesimmetrichnaya zadacha o vdavlivanii kruglogo shtampa v
uprugoye neodnorodnoye po glubine poluprostranstvo [Axisymmetric problem of indentation of a circular die into an
elastic half-space that is nonuniform with respect to depth] // Izvestiya Akademii nauk SSSR, Mekhanika tverdogo tela.
1984. V.19. No 2. P. 73-82. (In Russian)

22. Aizikovich S.M., Aleksandrov V.M. Asimptoticheskiye resheniya kontaktnykh zadach teorii uprugosti
dlya poluprostranstva i poluploskosti neodnorodnykh po glubine [Asymptotic solutions to contact problems in the
theory of elasticity for a half-space and a half-plane with depth-dependent non-homogeneity] // Izvestiya Akademii
nauk Arm. SSR, Mekhanika. 1986. Vol. 39, No. 3. P. 13-27. (In Russian)

23. Aizikovich S.M., Aleksandrov V.M., Belokon A.V., Krenev L.I., Trubchik I.S. Kontaktnyye zadachi
teorii uprugosti dlya neodnorodnykh sred [Contact Problems in the Theory of Elasticity for Inhomogeneous Media].
Moscow: FIZMATLIT. 2006. 240 p. (In Russian)

24. Aizikovich S.M., Aleksandrov V.M., Vasiliev A.S., Krenev L.I., Trubchik I1.S. Analiticheskiye
resheniya smeshannykh osesimmetrichnykh zadach dlya funktsional'no-gradiyentnykh sred [Analytical Solutions to
Mixed Axisymmetric Problems for Functionally Graded Media]. Moscow: FIZMATLIT. 2011. 192 p. (In Russian)

25. Gao H., Chiu C.H., Lee J. Elastic contact versus indentation modeling of multi-layered materials // Int.
J. Solids Structures. 1992. V.29. No.20. P. 2471-2492. DOI: 10.1016/0020-7683(92)90004-D

26. Hsueh C.-H. Modeling of elastic deformation of multilayers due to residual stresses and external
bending // Journal of Applied Physics. 2002. V.91. No.12. P. 9652-9656. DOI: 10.1063/1.1478137

27. Cai S., Bhushan B. Three-dimensional sliding contact analysis of multilayered solids with rough
surfaces // J. Tribol. 2007. V.129. No.1. P. 40-59. DOI: 10.1115/1.2401221

28. Yu H.Y. Forced torsional oscillations of multilayered solids // International Journal of Engineering
Science. 2008. V.46. No.3. P. 250-259. DOI: 10.1016/j.ijengsci.2007.10.007

29. Stan G., Adams G.G. Adhesive contact between a rigid spherical indenter and an elastic multi-layer
coated substrate // Int. J. Solids Structures. 2016. V.87. P.1-10. DOI: 10.1016/j.ijsolstr.2016.02.043

30. Zhang H., Wang W., Zhang S., Zhao Z. Semi-analytical solution of three-dimensional steady state
thermoelastic contact problem of multilayered material under friction heating // International Journal of Thermal
Sciences. 2018. V.127. P. 384-399. DOI: 10.1016/j.ijthermalsci.2018.02.006

31. Aleksandrov V.M., Kovalenko E.V. Zadachi mekhaniki sploshnykh sred so smeshannymi
granichnymi usloviyami [Problems of Continuum Mechanics with Mixed Boundary Conditions]. Moscow: Nauka.
1986. 336 p. (in Russian)

32. Sneddon I.N. Fourier Transforms. Courier Corporation. 1995. 542 p.

20



33. Vorovich LI., Aleksandrov V.M., Babeshko V.A. Neklassicheskiye smeshannyye zadachi teorii
uprugosti [Non-classical Mixed Problems of Elasticity Theory]. Moscow: Nauka. 1974. 456 p. (in Russian)

34, Zabrejko P.P. et al. Integral'nyye uravneniya [Integral Equations]. Moscow: Nauka. 1968. 448 p. (in
Russian)
35. Zelentsov V.B. O reshenii odnogo klassa integral'nykh uravneniy [On the solution of a class of

integral equations] // Prikladnaya matematika i mekhanika. 1982. Vol. 46. No. 5. P. 815-820. (In Russian)

21



