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Abstract

Gamma-ray self-attenuation in dense samples biases activities measured with a
germanium detector. This method infers an effective sample density from the spectrum
itself, using the relative intensities of several lines from each multi-gamma nuclide and a
Monte Carlo efficiency that is a function of energy (keV) and sample density (g cm™).
Only the density dependence of the surface is applied to the laboratory calibration, so
systematic errors in the detector model are largely removed. A MATLAB code automates
peak search, identification, density fitting, uncertainty propagation and activity
correction. In synthetic tests from 1.5 to 20 g cm™ the fitted density was within 0.3 g cm™

of the anticipated value.
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Introduction

A full-energy peak efficiency curve for a high-purity germanium (HPGe) detector is
normally measured with a mixed-nuclide standard whose matrix is water, epoxy or some
other material of density near 1 g cm™. The curve is then applied to samples counted in
the same container and position. That transfer is safe when the sample resembles the
standard, as it does in routine neutron activation analysis of filters and biological
materials [1]. It fails when the sample is much denser, because photons emitted inside the
sample are attenuated on their way to the crystal, and the loss is largest at low energy
where the attenuation coefficients climb steeply [2, 3]. The result is an activity that is too
low and an apparent efficiency curve that bends downward at low energy in a way that

the calibration does not predict.

The classical correction is the transmission method. This method utilizes collimated beam
from an external point source to measure the transmission amd provide a linear
attenuation coefficient. This attenuation coefficient may then be utilized to calculate a
self-absorption factor. Cutshall ef al. introduced this approach for the 46.5 keV line of
210pb in sediments [4]. Jodtowski identified issues with this method including sample-to-

sample inhomogenity that was significant enough to require a revision factor [5].

Post-detonation debris is a hard case for any of these approaches. Debris from a nuclear
explosion in a city will be fused and mixed with building materials, glass, soil and metal,
so samples will vary in density and composition and will rarely be shaped to match a
calibration standard [6, 7]. Rapid and defensible gamma spectrometry of such material is
a core need of the nuclear forensics mission [7], and radionuclide observables from
historic tests show how much interpretation rests on accurate activity ratios [8]. To
support method development, surrogate post-detonation urban debris (SPUD) materials
were produced as candidate standard reference materials and characterized by neutron
activation and gamma spectrometry [9], using characterized irradiation facilities at The

University of Texas at Austin TRIGA Reactor [10, 11].
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An alternative to transmission measurements is to model the counting geometry by
Monte Carlo [12]. The full-energy peak efficiency of the detector may be computed with
MCNP6.1 [13] for a cylindrical carbon source whose density is varied from 1 to 21 g cm’
3. The detector efficiency may be fit as a polynomial surface in density and log energy.
The density of an unknown sample can then be found from the ratio of the count rates of
two lines of one nuclide, because in that ratio the unknown activity cancels. With the

density in hand, the surface gives the efficiency at every energy.

The method is implemented in a MATLAB code titled SSEfT (self-shielding efficiency).
SSEff implements four new strategies. First, the efficiency is written as the product of the
laboratory's own nominal calibration and a self-shielding correction taken from the
MCNP surface, so that only the density dependence of the model is transferred. Detector-
specific errors in the Monte Carlo description cancel to first order. Second, instead of one
line pair, all usable lines of all identified multi-gamma nuclides enter a single least-
squares fit for the effective density, with the nuclide activities eliminated analytically,
and the uncertainties of the peak areas, the nominal calibration and the surface model are
propagated, with their correlations, into the corrected efficiency curve. Third, the whole
chain from spectrum file to corrected efficiency curve and activities is automated, with
peak search, peak fitting, nuclide identification and a graphical interface. Fourth, any
inconsistency in the original listing of the two-line density script is identified and
corrected, which brings its worked example back into agreement with the comparison
data. The reporting within this manuscript utilize quantitative tests utilizing synthetic

spectra with the implications discussed in the final section.

Theory

Efficiency surface

The MCNP6.1 model represents the ORTEC coaxial HPGe detector used for the SPUD
measurements, including dead layers, contacts and the aluminum end cap, with the F8
pulse-height tally in the active germanium. Monte Carlo transport is preferred over

deterministic methods [14] because the geometry and the energy-dependent interactions
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can be represented directly. The source is a uniform carbon cylinder 2.28 cm in diameter
and 1.2 cm high inside a polyethylene vial, with its center about 12 cm above the front of
the crystal. Trials with real materials of increasing density (from HCI to Pu) produce
surfaces with K-edge structure and crossing efficiency curves, so the matrix is fixed as
carbon (Z = 6) and only its density is varied. With a large number of histories and without

the 50 keV line, the fit used here is

3 4-i

Ine(E,p) = fp,y) =zzpup"yf. y = In(E /keV) (1)

i=0 j=0

which is MATLAB's poly34 form. The equation is a function of density p (g cm™) and
energy (keV). The equation is nominally valid from 67.75 to 2754 keV and from 1 to 21
g cm™. The efficiency fit is not valid at low energies due to sample K-edge effects
mentioned previously. The coefficients must be carried at full precision as density is

raised to up to the the third power.

Two-line density

For a line of energy Ej and emission probability /; from a nuclide of activity a, the net
peak area is 4; = a t Ij €(Ej), so the ratio of two lines of the same nuclide does not depend

on the activity:

3= exp[f(p,y1) — f(p,¥2)] (2)

Because f'is cubic in p, the condition In R = f{p, y1) — fip, »2) is a cubic equation in
density whose coefficients are fixed by the two energies. It is solved with MATLAB's

roots function, and the physical root is selected.
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Nominal efficiency with a self-shielding correction

Equation 2 treats the MCNP surface as the absolute efficiency of the detector. Any
difference between the modeled and the real detector (crystal dimensions, dead layer,
distance) then enters the density estimate directly, and the difference can easily be several
percent with an energy-dependent shape. Most laboratories already hold a measured
calibration €nom(E) obtained with a standard of known density pca in the sample
geometry. SSEff keeps that calibration and borrows only the change in efficiency with

density from the surface:

Ine(E, p) = Menom(E) + f(p, InE) = f(pear, I E) (3)

The self-shielding correction factor relative to the calibration standard is then

e(E,p)

CE(ELP) = (5

= exp [f(p' In E) - f(pca]J In E)] (4)

with CF =1 at p = pca. A Monte Carlo model may be poor in absolute terms and still
good in ratio, because errors in the detector description affect the calibration geometry
and the sample geometry in nearly the same way. If the nominal efficiency is taken to be
the surface itself at pcal, Eq. 3 reduces to exp[f(p, In E)], the absolute surface method. The
code supports three nominal options: the surface at pca, a table of measured calibration
points fitted with a weighted polynomial in In € versus In E, or polynomial coefficients

entered directly in the form used by Genie 2000 [15]. The default is pear = 1.0 g/cm’.

With Eq. 3 the two-line condition becomes

Af(p) =InR—-4n Enom T Af(pcal) (5)

Here, Af(p) = fip, y1) — fip, »2). The left side is still 3 p' 3 pii(vi’ — »2), so the equation

remains a cubic in p with a modified constant term. SSEff solves it for every line pair of
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every identified nuclide and keeps the root inside [1, 21] g cm™. If 6(In R) is the standard

uncertainty of the log ratio, the density uncertainty of a pair is

o(lnR)

% = Toaf sl R

where Af'is the left side of Eq. 5. The derivative is the sensitivity of the pair, and it varies

by an order of magnitude between pairs, as shown below.

Global multi-line fit

A single pair discards most of the information in a spectrum that may contain twenty or
more usable lines from several nuclides. For line j belonging to nuclide »n define the

apparent log efficiency

45
y; =In 7 )= ¢n +in E(Ej,p) (7)

J

where ¢n = In(an tive/Can) collects the unknown activity, the live time and the decay
correction of nuclide n. For a trial density, the best ¢, 1s the weighted mean of y; — In &(£j,

p) over the lines of that nuclide, and the remaining misfit is

20 =Y wly - e e, e =2 =G
7 jenWj

This profile > depends on p alone and is minimized on [1, 21] g/cm?, first on a 401-point

grid and then by a bounded one-dimensional search. Each nuclide only constrains the

shape of the efficiency curve across its own lines, and the scale is free, so the fit uses

exactly the information exploited by the two-line ratio, but for all pairs at once and with

proper weighting. The weights are
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combining the relative uncertainties of the peak area and of the emission probability with
a relative uncertainty uny, assigned to the surface model. The default um = 2% follows the
comparison of the surface with independent MCNP data. With N lines from K nuclides
the number of degrees of freedom is v =N — K — 1. The density uncertainty is the half-
width of the interval in which ¥ rises by one above its minimum, multiplied by the Birge
ratio (x*/v)"? when that ratio exceeds one [16]. A fit that ends on the search boundary is

flagged, since it usually means the model does not describe the data.

Activities

Once pefr is known, each line gives an activity

nj Cd Atreal

G =Tt (a0

a; = ,
’ Ij € (Ej ’ peff)tlive

where #j is the net area and Cy corrects for decay during the count, so that g; refers to the
start of acquisition. The activity a, of nuclide # is the inverse-variance weighted mean of

its line activities:

—1/2

ien Wi 1
a, = M' O—(an) = ij , w; = (11)

ZjEn Wi jEN O-(af)z

SSEff computes Eq. 11 twice, with the nominal efficiency and with the corrected one,
and adds the density uncertainty to the corrected result through the weighted mean of 0 In
&/0p over the lines. The reduced y> of the line activities about their mean is reported for

both. It is a useful diagnostic in its own right: when self-shielding is present and ignored,
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low-energy lines give lower activities than high-energy lines of the same nuclide and the

scatter is far larger than the uncertainties allow.

Propagation of uncertainty

Three groups of inputs carry uncertainty into the corrected efficiency: 1) the peak areas
and emission probabilities, 2) the surface model, represented by the relative uncertainty
um and 3) the nominal calibration. When the nominal efficiency is fitted to calibration
points, the coefficient vector a of the polynomial in In £ has the weighted least-squares
covariance C, = (ATWA)™!. The calibration also affects the fitted density, because pefr
responds to the shape of €nom(£) across the lines. The sensitivity g = Oper/Oa is obtained
numerically by repeating the density fit with a displaced by plus and minus one standard
deviation along each principal axis of C,, so that every displaced calibration is a

physically plausible curve. To first order,

O-z(peff) = O-f%t + gTCagJ COV[ln Enom(E) 'peff] = U(E)Tcag (12)

where v(E) = (1, In E, (In E)?, ...)". With d(E) = of(p, In E)/0p evaluated at pefr, the

variance of the logarithm of the corrected efficiency of Eq. 3 is

u2 (E) = Var[ln Enom(E)] + d(E)zo-Z(peff) + Zd(E)COV[ln gnom(E) vpeff] + u‘l'zn (13)

and u(E) is the relative standard uncertainty of €(E, per). A calibration that is too high at
low energy relative to high energy pushes the fitted density up, which lowers the
correction factor at low energy, so the two errors partly cancel in the corrected curve. For

the self-shielding factor alone the uncertainty is

ucg(E) = [d(E)?02(pegs) + uZ]*/? (14)

A relative calibration uncertainty that is the same at all energies, such as the activity

uncertainty of the standard, cancels in the density fit and enters Eq. 13 only through the
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first term. In the activities of Eq. 11 the calibration and density terms are common to all
lines of a nuclide, so they are added in quadrature after averaging rather than to the
individual line weights. SSEfTf reports each term of Eq. 13 as a function of energy along

with the corrected curve.

Implementation

Input and peak analysis

SSEff is written in MATLAB (developed with R2024b) and can be used through
functions or a graphical interface. It reads ORTEC SPE and CHN files and two-column
CSV or text spectra; Canberra CNF files are read after export with the vendor's
conversion utility. A peak list from another program (energy, net area and uncertainty, for
example a Genie 2000 report) can be imported instead of a spectrum, in which case the

peak search is skipped.

Peaks are located with a smoothed second-difference filter of the Mariscotti type [17]
similar to the second-difference search in Genie 2000 [15]. The spectrum is folded with a
zero-area kernel shaped as the negative second derivative of a Gaussian whose width
follows the local resolution, so that a linear background cancels, and channels at which
the filter output exceeds four standard deviations of its own counting noise become
candidates. Candidates closer than 0.6 FWHM are merged. Peaks whose fitting regions
overlap are grouped, and each group is fitted with Gaussians on a linear background.
Centroids and a common width scale are nonlinear parameters and the amplitudes and
background are solved linearly inside the objective. Weights start as Neyman weights and
are iterated with the fitted model (Pearson weights), which removes the familiar low-
count bias of Neyman weighting. Area uncertainties come from the full covariance
matrix of a numerical Jacobian, so the correlation between area and width is included,
and they are inflated by the reduced > of the fit when that exceeds one. A sum-method
area with side-band background is also reported for isolated peaks. The resolution model
FWHM = (a + bE)'? is refitted from strong isolated peaks and the search is repeated
with the refined widths.
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Nuclide library and identification

The library contains 40 nuclides and 386 gamma lines taken from ENSDF evaluations
through NuDat 3.0 [18]. It covers common calibration nuclides (°’Co, ®Co, Se, ¥Y,
1248b, 12°Sb, '33Ba, 134Cs, ?Eu, "*Eu and '*’Ir), the activation and fission products
reported in the SPUD measurements [9], such as 2*Na, 2’Mg, **Mn, *Sc, °Fe, "°Ga, °As,
82By, 122G, ISIHF, 182Ta, 187W, 29Np, 95Zr, Mo, '®Ru, 13'1, 132Te, 1321, 1331, 138Cs, 140Ba,
0La and '¥'Nd, and natural-series nuclides (>'?Pb, 2%8T1, 2!“Pb, 2!“Bi, 28Ac). Lines with
emission probability of at least 0.5% between 40 and 3000 keV are retained, and only
nuclides with two or more such lines are kept, since a single-line nuclide carries no

information on density.

A library line matches a peak if the energies agree within the larger of 0.6 keV and half
the FWHM. Expected relative areas for each nuclide are computed from the emission
probabilities and the nominal efficiency and scaled to the matched peaks. A line counts as
missing if its expected area exceeds three times the Currie detection limit Lp = 2.71 +
4.65\B [19], with the continuum B estimated from side bands two to three FWHM away.
The factor of three leaves room for the fact that the nominal efficiency over-predicts low-
energy lines in a dense sample. A nuclide is accepted when at least two lines match, its
strongest expected line is among them, and the matched lines carry at least 60% of the
expected counts once missing lines are counted against it. Peaks claimed by more than
one accepted line are flagged as interfered and excluded from the density fit by default, as
are lines outside the energy range of the surface and lines with area less than five times

its uncertainty.

Output and testing

The code writes tables of peaks, nuclides, lines, line-pair densities, the corrected
efficiency curve with its uncertainty band, the two-dimensional efficiency grid &(E, p)
and activities, along with a text summary and figures. Users with their own MCNP results
for a different detector or geometry can fit a new surface of the same form from a table of

density, energy and efficiency and load it in place of the default surface.

10



236
237
238
239
240
241
242
243

244

245

246
247
248
249
250
251

Testing used synthetic spectra, because no measured spectra of dense, well-characterized
multi-gamma samples were available for this study. The generator places each line at the
expected area a [ ewue(E, p) tive/ Cd, Where &wue follows Eq. 3 with a chosen surface and an
optional energy-dependent detector factor. A suite of 15 automated tests, all passing,
checks among other things that the surface reproduces the published coefficient listing,
that pair densities round-trip, that peak areas are unbiased, that density is recovered
across the range, that uncertainties have the expected coverage and that the graphical

interface runs end to end.

Results and discussion

Demonstration spectrum

The demonstration case is a 7200 s synthetic spectrum of a sample with a density of 8 g
cm™ containing '*?Eu (6000 Bq), **Ba (4000 Bq), *°°Co (3000 Bq) and **Na (4000 Bq),
analyzed with pea = 1 g cm™ and the surface itself as nominal efficiency. Figure 1 shows
the efficiency surface of Eq. 3 with the fitted density marked on it, and Figure 2 shows
the spectrum. The search found 28 peaks. Four nuclides were accepted and 23 of their

lines passed the selection criteria and entered the fit.

11
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Fig. 1 Two-dimensional full-energy peak efficiency (£, p) from Eq. 3 with pcai=1 g cm”

3. The dashed curve is the nominal efficiency at pca. The solid red curve is the efficiency

at 8.15 g cm™ calculated by SSEfT as the efficiency. The circles are the efficiencies of the
23 lines used in the fit
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Fig. 2 Synthetic 7200 s spectrum of the demonstration sample (density 8 g cm™). Filled
markers show peaks assigned to **Ba, ®’Co, **Eu and ?*Na. Open markers show peaks
that were found but not assigned due to their being below the threshold.
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The SSESf fit gave perr = 8.15 £ 0.63 g cm™. Figure 3 shows the calculated efficiency
curve after each nuclide has been scaled by its fitted cn. The points from four different
nuclides fall on one curve, and that curve lies well below the nominal calibration (dashed

line). The corrected efficiency, which includes the density uncertainty, is 4.4% at

122 keV and 2.4% at 2614 keV.

1072

Full-energy peak efficiency

103

Fig. 3 Calculated efficiencies of the demonstration sample. The dashed line is the
nominal efficiency (pea = 1 g/cm?) and the red solid line is corrected efficiency at pefr =

Table 1 compares the activities and illustrates the need for the self-shielding correction.
The nominal result for °Co is instructive as its two lines are close in energy that they
agree with each other even though both are 20% low. Accordingly a a consistency check
on a single close pair would not have revealed the problem. This illustrates the benefit of

having radionuclides in the spectrum with multiple gamma-rays lines over a wide range

of energies.
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Table 1 Weighted-mean activities (Bq) of the demonstration sample with the nominal
efficiency and with the self-shielding corrected efficiency (petr=8.15 g cm™).
Uncertainties are one standard deviation with corrected uncertainties including the

density uncertainty.

Nuclide True Nominal Corrected
133Ba 4000 2706 + 31 4024 + 135
Co 3000 2412 + 36 3015+ 72
12By 6000 4301 +33 6033 + 165
24Na 4000 3341 +£ 50 4001 + 86

Which line pairs carry the information

The two-line method can be applied to each of the 103 line pairs available in the
demonstration spectrum. Of these, 82 have a root inside the density range, and their
median is 7.87 g cm™. Figure 4 shows that the individual results are very uneven. Pairs
with energies close together scatter from 1 to beyond 20 g cm™ with uncertainties to
match while pairs spanning a wide energy range cluster around the true value. The best
single pair is '>’Eu with gamma-ray lines at 121.8 and 1408.0 keV. Utilization of this

line pair results in a calculated sample density of 7.56 = 0.87 g cm™.

14
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Fig. 4 Two-line densities (Eq. 5) for every line pair in the demonstration spectrum,
plotted against the energy separation

Equation 6 makes this quantitative. At 8 g cm™, with a 2% standard uncertainty on each
of the two apparent efficiencies, the sensitivity of the ?Eu 121.8 and 1408.0 keV pair is
—0.035 per g cm™ resulting in a density uncertainty of 0.81 g/cm®. In contrast, the **Na
1368.6 and 2754.0 keV pair results in a density of 3.3 g cm™ and the °Co pair at 1173.2
and 1332.5 keV results in a calculated density of 16 g cm™. The best line pairs for the
density calculation results from line pairs that have a wide energy spans and a line below
a few hundred keV. This has a practical consequence for debris analysis: **Na, **Mn and
%9Co are often the strongest multi-line activation products but nuclides such as '*’Eu,
133Ba, 2Ta or 2°Np provide strong lines on both sides of 300 keV that provide more

accurate density estimates.

Validation over the density range

Five synthetic spectra with different random seeds were analyzed at each of eight

3 with the same nuclides and activities as the

densities between 1.5 and 20 g cm’
demonstration case. Table 2 and Fig. 5a summarize the results. The mean fitted density is

within 0.3 g cm™ of the true value over the entire range with no trend in the bias. The

15
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typical density uncertainty grows from 0.43 g cm™ at 1.5 g cm™ to about 1.0 g cm™ at

17-20 g cm™.

Table 2 Density recovered from synthetic spectra (five per density). 6 is the mean
reported uncertainty. The last column is the mean bias of activities computed with the

nominal efficiency.

True p (g/cm?) Mean fitted p SD of fits (g cm™) 6 (g/em™) Nominal activity
(g/cm?) bias (%)
1.5 1.58 0.16 0.43 2.4
2.99 0.15 0.47 -7.8
5 5.10 0.27 0.53 -15.2
7.87 0.32 0.61 —23.7
11 10.93 0.17 0.73 -31.6
14 14.27 0.56 0.88 —39.0
17 16.74 0.67 1.02 —43.7
20 20.13 0.38 1.03 —-49.3

Nuclides and activities as in Table 1; analysis with the 2% surface-model uncertainty of Eq. 9

[
N

a

20 »

18 =
= E
& L G
E 16 A
L
244 »
2
z
8 12
e L ]
2 10f
3
T 8 .
ki ’
£
E s =

. J
&l o
A&
2 5
ol . L " . .
0 2 4 6 8 10 12 14 16 18 20 22
True density (g/cma) Energy (keV)

Fig. 5 a Effective density fitted to synthetic spectra (five per density) versus the true
density; the dashed line is the identity. b Self-shielding correction factor of Eq. 4 relative
to peat = 1 g cm™ for densities from 2 to 21 g cm™.

The spread of the fits is smaller than the reported uncertainty, by a factor of 1.5 to 4. This
is the expected effect of the 2% model term which is present in the weights but absent

from synthetic data drawn from the same surface.
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Limitations

The most important limitation is that all quantitative validation here uses synthetic
spectra generated from the efficiency surfaces themselves. The tests show that the code is
internally consistent, that the fit is unbiased and its uncertainties are realistic when the
model is right, and that the hybrid form tolerates a wrong detector model. They do not
show that the surface describes real dense samples. That requires measured spectra of
multi-gamma sources dispersed in matrices of known density in the modeled geometry,

and such measurements are the obvious next step.

The surface is for a carbon matrix (Z = 6). The effective density returned by SSEfT is
therefore the density of a carbon-equivalent sample of the same size and shape that would
produce the same energy dependence of attenuation. For low-Z materials such as
concrete, glass and soil this is a reasonable description above about 100 keV, where
Compton scattering dominates, but for matrices containing lead, iron or actinides the
photoelectric contribution and K-edges change the shape of the correction at low energy
[2]. For such samples the low-energy lines should be removed from the fit.
Inhomogeneous samples, such as a dense inclusion in a light matrix, are described by an

average density at best.

True-coincidence summing is not modeled in the surface or in the analysis. At 12 cm the
effect is small, but for cascade emitters such as °°Co, '*’Eu and '**Ba counted close to the
detector it would bias line ratios and therefore density, and it should be corrected before
the density fit. Dead-time and pile-up effects in high-activity samples are likewise outside
the model. Finally, the surface should not be extrapolated beyond 67.75-2754 keV or 1-
21 g cm™. Lines outside the energy range are excluded automatically and densities are

confined to the range.
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Conclusions

An MCNP efficiency surface, combined with line ratios of single nuclides that determine
sample density, provides a self-attenuation correction that needs no transmission
measurement and no knowledge of the activity. The method described here keeps the
laboratory's measured calibration and applies only the density dependence of the surface.
To achive this SSEff fits all lines of all identified multi-gamma nuclides at once and
propagates the uncertainties of the peak areas. Testing of this method showed that the

density was properly calculated within 0.3 g cm™

over a range of sample densities from
1.5 to 20 g cm™. Calculated corrected activities were within 1% of the modeled activity
in the demonstration case. Corrections due to self-shielding ranged from 16% to 32%.
The analysis of line pairs shows that wide energy spans with a low-energy line are the
most valuable for these calculations. Nuclides such as '>?Eu, '**Ba or '**Ta significantly
aid in the ability to calculate sample density. The MATLAB code, SSEff, carries out the
full analysis from a spectrum or peak list to a corrected efficiency curve and activities.

Validation with measured spectra of dense, characterized samples, and surfaces for

higher-Z matrices, are the work that remains.
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