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3DSolidFormer for high-resolution full-ѐeld prediction in
three-dimensional linear elasticity

David Guirguis
Mechanical Engineering Department, Southern Methodist University, Dallas, TX, USA

Abstract
Repeated ѐnite-element analysis becomes costly when displacement, strain, and stress must be
resolved throughout three-dimensional structures on meshes containing millions of elements. In
this study, 3DSolidFormer is developed for simultaneous prediction of these ѐelds from ma-
terial distributions, applied forces, and displacement constraints. Global structural dependen-
cies and ѐeld-speciѐc local interactions are learned through a transformer-enhanced architecture,
while prescribed zero-displacement constraints are satisѐed by construction. The accompany-
ing dataset contains 75,114 ѐnite-element solutions for three-dimensional domains discretized
into 2.05 to 3.07 million voxels, covering fully solid and topology-optimized structures under
small-strain linear elasticity. Across 7,488 high-resolution test cases, median case-level relative
root-mean-square errors are 0.1172 for displacement, 0.1475 for equivalent strain, and 0.1448
for von Mises stress. Mean Percentage Mean Absolute Error (PMAE) values are 2.62% for dis-
placement magnitude, 0.204% for equivalent strain, and 0.198% for von Mises stress. Direct
scalar-ѐeld prediction reduces median PMAE by 76.6% for strain and 76.9% for stress relative
to recovery from predicted displacement. All three ѐelds are returned at the high-resolution
mesh nodes in a single forward pass. The dataset provides reference solutions for benchmarking
full-ѐeld surrogates and developing learning-based structural optimization methods.

Keywords: surrogate modeling, three-dimensional linear elasticity, full-ѐeld stress prediction,
residual U-Net, self-attention, transformers, solid mechanics, topology optimization.

1. Introduction

Structural optimization repeatedly evaluates how material layout aяects deformation and
stress. Resolving these responses throughout a three-dimensional structure makes repeated ѐnite-
element analysis (FEA) costly. Surrogate models reduce this burden by learning the relationship
between inputs and responses [1]. Classical methods, including Gaussian-process regression,
polynomial response surfaces, and radial-basis-function interpolation, commonly predict scalar
quantities from design variables. These methods can be data-eђcient, although training be-
comes more costly as input dimension and dataset size increase [1].

Model-order reduction retains the governing equations while reducing the solution dimen-
sion. Proper orthogonal decomposition (POD) constructs a trial space from full-order snapshots
[2], whereas proper generalized decomposition (PGD) uses separated spatial, temporal, and para-
metric representations [3]. Their eђciency depends on how many modes or separated terms are
needed to represent the solution. Changing topology and strongly varying ѐelds can require
many modes [2]. Physics-informed neural networks incorporate governing-equation residuals
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into training [4], although balancing these residuals with data errors can make optimization dif-
ѐcult [5].

Deep-learning surrogates learn spatial representations directly from data. In solid mechan-
ics, Nie et al. used convolutional neural networks (CNNs) to predict two-dimensional stress
ѐelds [6], and StressGAN used conditional generative modeling across varying conѐgurations
[7]. MeshGraphNets represents interactions between mesh nodes through message passing [8].
Neural operators instead learn mappings between functions: DeepONet separates input-function
encoding from evaluation at output coordinates [9], including for elastoplastic stress prediction
under varied geometries and loads [10].

Attention-based operator models learn relationships between spatial locations. Cao intro-
duced Fourier- and Galerkin-type transformers for partial diяerential equations from an operator-
approximation perspective [11]. OFormer combines self-attention, cross-attention, and point-
wise multilayer perceptrons to separate input sampling locations from output query points [12].

Three-dimensional mechanics prediction must capture both overall deformation and local
strain and stress variations near loads, supports, and narrow members. Available datasets ad-
dress diяerent parts of this problem. Mechanical MNIST contains 70,000 two-dimensional sim-
ulations with displacement histories and energy-related quantities [13]. SimJEB provides 381
three-dimensional bracket designs with displacement and von Mises stress [14], while DeepJEB
extends this family to over 2,000 designs with high-resolution nodal ѐelds [15]. The MeshGraph-
Nets Deforming Plate dataset addresses dynamic hyperelastic deformation [8]. The present study
considers joint displacement, equivalent strain, and von Mises stress prediction for solid and
topology-optimized structures under small-strain linear elasticity.

These challenges motivate the development of multiresolution datasets alongside a system-
atic assessment of convolutional feature extraction, attention mechanisms, and ѐeld-speciѐc pre-
diction heads. Building on this motivation, this paper introduces 3DSolidFormer, a transformer-
enhanced architecture for full-ѐeld prediction in low and high-resolution three-dimensional solid
mechanics. The architecture combines a residual 3D U-Net backbone with global-context atten-
tion and task-speciѐc output mappings to predict nodal displacement, equivalent strain, and von
Mises stress from density ѐelds, applied loads, and displacement constraints. Training uses
ѐnite-element-generated labels and a multicomponent supervised objective, with exact enforce-
ment of prescribed zero-displacement constraints. Controlled architecture ablations examine the
contributions of network width, and output-head design, while matched low and high-resolution
datasets support investigation of resolution-dependent performance. The accompanying dataset
provides a benchmark for reproducible evaluation of three-dimensional mechanics surrogates.
Particular emphasis is placed on accuracy across diяerent response magnitudes and transfer to
ѐner spatial discretizations, providing a basis for future surrogate-assisted topology optimiza-
tion.

The rest of the paper is organized as follows. Section 2 describes the dataset, ѐnite-element
formulation, network architecture, and training objective. Section 3 presents the architecture
comparisons and high-resolution results, including spatial accuracy and computational perfor-
mance. Section 4 summarizes the ѐndings and directions for further study.

2. Methodology

2.1. Dataset construction
The dataset contains three-dimensional structures with diяerent domain shapes, material

layouts, loads, and displacement constraints. Each source design is analyzed as a topology-
optimized structure and, where available, as a fully solid counterpart under the same loads
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and supports. These matched cases permit comparison of material distributions under common
boundary conditions. Nodal displacement, equivalent strain, and von Mises stress are obtained
by ѐnite-element analysis for training and evaluation.

2.1.1. Domains, supports, and loads
The domain dimensions, support deѐnitions, load locations and directions, and optimized

density ѐelds were inherited from NITO-3D [16]. The source dataset contains 210 conѐgura-
tion families deѐned by seven domain grids, ѐve support-component patterns, and six support-
location patterns, with randomized realizations within each family. The high-resolution ele-
ment grids, in physical x-y-z order, are 480×80×80, 128×128×128, 240×160×80, 160×160×80,
480×160×40, 320×160×60, and 256×128×64. Each grid contains 2,048,000 to 3,072,000 voxel
elements, including solid and void regions. Diяerent domain aspect ratios, support arrange-
ments, volume fractions, and topologies are represented.

Each source realization has three to ѐve supports on prescribed boundary planes, constrain-
ing one to three Cartesian components, and one exterior-surface load with total magnitude 1 N.
The load acts along a principal axis with probability 0.10 per axis, a principal plane with proba-
bility 0.15 per plane, or all three axes with probability 0.25. Loads and supports occupy clipped
cubic patches of nodes. On the high-resolution mesh, the patch radius is four nodes, giving up
to 9 × 9 × 9 nodes per patch. A source identity speciѐes the domain, optimized topology, sup-
ports, and load. Its fully solid counterpart has material throughout the same domain. Available
counterparts are grouped by this identity when the data are partitioned. Domain and support
families recur across the partitions. Dataset composition and the spatial distributions of loads
and supports are shown in Figs. 1 and 2.

2.1.2. Finite-element formulation
The mechanical model uses small-strain, isotropic linear elasticity on a structured mesh of

trilinear hexahedral elements (Q1) [17]. For a displacement ѐeld D, the inѐnitesimal strain is

Y(u) = 1

2

[

∇u + (∇u)T]

(1)

The baseline constitutive stress and Lamé parameters are

f0 = 2`0Y + _0 tr(Y)I,

`0 =
�0

2(1 + a) , _0 =
�0a

(1 + a)(1 − 2a) .
(2)

The binary material distribution is represented by assigning a small residual stiяness to void
elements to regularize the ѐnite-element system:

C4 =

{

[C0, d4 = 0 (void),
(1 + [) C0, d4 = 1 (solid), f4 = C4 : Y4 (3)

Here, density indicator de ∈ {0,1} identiѐes void and solid elements, C₀ is the baseline
elasticity tensor associated with E₀ and a, and [ = 10⁻⁶. The binary voxel geometry is used
directly. The solid stiяness is (1 + [) times the baseline value, and stresses use the constitutive
tensor of each element.

The reference scales are E₀ = 1 Pa and a source-grid spacing of ℎ!' = 1<, with Poisson ratio
a = 0.30. Forces are expressed in N and the density indicator is dimensionless. The benchmark
is deѐned using these reference values, which do not represent a calibrated engineering material.
Each Q1 element is integrated using eight Gauss points (2 × 2 × 2). The weak void material is
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low-resolution (n = 76,901) high-resolution retained (n = 75,114)

Fig. 1. Dataset construction and composition. (a) The seven source-domain grids and 210 domain/support
families. High-resolution meshes subdivide each source element fourfold along every axis. (b) Representative
topology, applied load, and supports, with density shown at isovalue 0.5. (c) Displacement-RMS screening
retains 76,901 of 82,699 low-resolution candidates and 75,114 of 76,901 high-resolution candidates within
the interval 10⁻³ to 1. The source-aligned high-resolution split assigns the retained samples to 60,114 training,
7,512 validation, and 7,488 test cases. (d-f) Domain, support-pattern, and load-direction distributions of the
retained populations. Domain schematics are not drawn to a common physical scale.
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Fig. 2. Spatial distributions of source loading and supports in normalized domain coordinates. The projected
histograms use 48 × 48 bins. Color indicates relative frequency on the plotted logarithmic scale. These
distributions describe the retained high-resolution population. Regular white bands arise from binning discrete
nodal coordinates and do not represent unsampled spatial regions.

included in the ѐnite-element solution and training targets. The masks used in training and eval-
uation are deѐned in Section 2.3. For homogeneous displacement supports, the weak problem
is to ѐnd uh ∈ V₀ such that

∑

4

∫

Ω4

Y(vℎ) : C4 : Y(uℎ)3Ω = vTf,∀vℎ ∈ V0 (4)

Here V0 contains admissible Q1 displacement ѐelds with zero constrained components. E is
the corresponding nodal vector. Partitioning the discrete vector into free and constrained degrees
of freedom gives

K 5 5 (d)u 5 = f 5 , u2 = 0 (5)

The full vector  D − 5 contains support reactions on constrained components. The total
applied load is distributed uniformly over its clipped cubic patch of nodes. If P denotes the
patch and � its total applied force, the nodal assignment is

f0 =
F

|P | (0 ∈ P),
∑

0∈P
f0 = F (6)

Equivalent strain and von Mises stress are evaluated at quadrature points. The deviatoric
strain and stress tensors are deѐned as

Y34E = Y −
1

3
CA (Y) I, f34E = f − 1

3
CA (f) I (7)

The scalar invariants are
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Y4@ =

√

2

3
Y34E : Y34E =

√

2

3

[

Y2
34E,GG

+ Y2
34E,HH

+ Y2
34E,II

+ 2(Y2
34E,GH

+ Y2
34E,GI

+ Y2
34E,HI

)
]

(8)

fE< =

√

3

2
f34E : f34E ,

f2
E< =

(

fGG − fHH)2 + (fHH − fII)2 + (fII − fGG
)2

2
+ 3(f2

GH + f2
GI + f2

HI)
(9)

The shear entries in Eqs. (8) and (9) are tensor components. Each scalar is ѐrst averaged
over the eight quadrature points and then transferred to each node by averaging the scalar values
of its incident elements:

@4 =
1

8

8
∑

6=1

@4,6, @0 =
1

|� (0) |
∑

4∈� (0)
@4, @ ∈ {Y4@, fE<} (10)

where E(a) is the set of elements incident on node a. The scalar invariants are computed
before averaging, which generally diяers from computing an invariant from an averaged tensor.
Nodal density is obtained by averaging adjacent element densities. The support channels are
component-wise binary indicators. For homogeneous isotropic material, the quadrature-point
invariants satisfy fE< = 3`Y4@. For fully solid variants, all incident elements use the solid shear
modulus (1 + [)`0, so the recovered ѐelds satisfy fE< = 3(1 + [)`0Y4@ on the evaluation mask.
This relation deѐnes a constitutive-consistency condition for the scalar predictions in fully solid
cases. In topology-optimized cases, nodes near solid-void interfaces receive contributions from
elements with diяerent moduli, so a single conversion factor cannot relate the two recovered
scalar ѐelds throughout the structure. Both scalar ѐelds are predicted directly by separate output
heads and compared with recovery from predicted displacement in Section 3.6.

2.1.3. Mesh generation and Иnite-element solution
The high-resolution meshes are constructed by subdividing each source-grid element into 4

× 4 × 4 elements. The element count therefore increases by a factor of 64, and voxel spacing
decreases from ℎ!' = 1 to ℎ�' = 0.25 in the normalized coordinates. Each child element
inherits the material indicator of its parent, preserving the binary geometry. Load and support
patches are mapped to the new mesh with the same physical extent and total applied force. This
procedure provides a ѐner discretization of the same mechanical problem.

Coarse-grid solutions used to initialize the iterative solver were computed in single precision
using NVIDIA Warp on CUDA [18]. High-resolution analyses employed a matrix-free formu-
lation in double precision [17, 19]. Both solvers used the diagonally preconditioned conjugate-
gradient method with a maximum of 30,000 iterations per attempt. A conjugate-residual fallback
was available for the coarse-grid solves [20]. For the high-resolution solver, the correspond-
ing coarse-grid displacement ѐeld was trilinearly interpolated to initialize the iterative solution.
Convergence was assessed using the relative equilibrium residual over unconstrained degrees of
freedom:





P 5 (Ku − f)






2




P 5 f






2

≤ 10−4 (11)

where % 5 selects valid, unconstrained displacement components. Constrained degrees of
freedom and tensor padding are excluded. A nonzero free-load norm is required in Eq. (11).
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Samples were retained only after the ѐnite-element solution satisѐed Eq. (11). Equivalent strain
and von Mises stress targets were derived from the accepted displacement ѐelds. Recovered
strain and stress can remain sensitive to mesh spacing near loads and supports. The evaluation
mask in Section 2.3 excludes nodes carrying loads or constraints, but not their surrounding
neighborhoods.

2.1.4. Response Иltering and dataset partitioning
The displacement responses span several orders of magnitude. Absolute errors can there-

fore be dominated by large-amplitude responses, while relative errors become sensitive to small
absolute deviations as the FEM response approaches zero. Samples were screened by root-mean-
square (RMS) displacement to limit the response range:

'"(D,= =

√

√

√
[

1

3#=

#=
∑

8=1

3
∑

2=1

D2
=,8,2

]

(12)

where #= denotes the number of valid nodes in sample n, and un,i,c is displacement compo-
nent c at node i. Padded nodes were excluded. Samples satisfying 10−3 ≤ '"(D,= ≤ 1 were
retained to deѐne the response range of the study. These empirical bounds are independent of
the ѐnite-element convergence criterion in Eq. (11).

The high-resolution displacement-RMS screen retained 75,114 of 76,901 candidate samples
within the interval 10−3 to 1. The retained cases were divided into 60,114 training, 7,512 vali-
dation, and 7,488 test cases. No second RMS screen was applied after partitioning. Available
fully solid and topology-optimized variants were grouped by source identity. Each source was
assigned to the same partition at both resolutions, keeping training, validation, and test identities
separate.

2.2. Surrogate model architecture
2.2.1. Input representation and residual U-Net backbone

The channel-ѐrst input and target tensors are

X ∈ R#1×7×�×�×, ,Y ∈ R#1×5×�×�×, ,

- = (d, 5G , 5H, 5I, 2G , 2H, 2I), . = (DG , DH, DI, Y4@, fE<)
(13)

where #1 is the batch size and �×�×, is the padded spatial shape. Each spatial dimension
is extended to the next multiple of 16 by adding zeros after the last valid grid index. A valid-node
mask retains the original extent, and padded values are excluded from losses and metrics. The
backbone is a residual 3D U-Net with four encoder stages and a bottleneck [21, 22]. For base
width 1, the encoder widths are 1, 21, 41, and 81. The bottleneck width is 161, capped at 256.
The reference model uses 1 = 16 and the reduced-width variant uses 1 = 8. Each residual block
contains two 3 × 3 × 3 convolutions, Group Normalization with at most eight groups chosen
to divide the channel count [23], a dropout rate of 0.1 (0.2 at the bottleneck), and an identity
or 1 × 1 × 1 residual projection. Downsampling uses a stride-two convolution. Upsampling
uses trilinear interpolation, a channel projection, concatenation with the corresponding encoder
features, and a residual block:

ℎ1 = q0 (GN(,1 ∗ G)) , ℎ2 = GN (,2 ∗ Drop(ℎ1)) ,
'(G) = q0 (ℎ2 + % ∗ G) (14)
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Nodal inputs Encoder Decoder Task-specific
attention heads

Local-window attention

ρ

fx, fy, fz

cx, cy, cz

7 channels

S = (D, H, W)

16 16

S S

C

32 32

S/2 S/2

C

64 64

S/4 S/4

C

128 128

S/8 S/8

C

256
Bottleneck

Global attention
(residual addition)

S/16

1×1×1 Conv
16 → 32

32

Shared
features

Displacement û

Equivalent
strain ε̂eq

von Mises
stress σ̂vm

C: concatenation

Data flow Downsampling Upsampling Skip connection

Fig. 3. Architecture of 3DSolidFormer with task-speciѐc attention heads. Seven nodal channels represent
density, forces, and displacement constraints. A residual 3D U-Net combines features across spatial scales
through skip connections, with global attention at the bottleneck. The shared feature ѐeld feeds three indepen-
dent attention heads for displacement, equivalent strain, and von Mises stress. Each head includes a channel
adapter, local-window attention, and a ѐeld projection. The shared-attention variant instead uses one attention
block before the three ѐeld projections. Prescribed displacement components are set to zero, and Softplus en-
sures nonnegative scalar outputs. Encoder and decoder boxes denote residual Conv3D stages. Numbers give
their output channels, with spatial dimensions below each stage. S = (D,H,W) denotes the padded spatial
shape, and C denotes concatenation.

where the symbol ∗ denotes convolution. % is an identity or a channel-matching projection.
The residual blocks use GELU with a trainable slope [24, 25]. Each activation site has one
trainable scalar 0, initialized to one, and a ѐxed multiplier B0 = 1:

q0 (I) = GELU(B00I), B0 = 1, 00 = 1 (15)

The trainable activation slope is optimized without a slope-recovery regularizer. The task-
speciѐc-attention conѐguration used for high-resolution prediction is shown in Fig. 3. Global
attention connects bottleneck features across the domain, while local attention processes the
features used by the output heads.

2.2.2. Global context
The bottleneck of the reference model is adaptively average-pooled to at most eight cells

along each axis, converted to a sequence of feature tokens, and combined with a learned three-
dimensional positional embedding. The positional embedding is deѐned on an 8 × 8 × 8 grid
and trilinearly interpolated without corner alignment to the actual pooled token-grid shape. Two
pre-normalized Transformer encoder layers [26] use eight attention heads, an MLP expansion
ratio of four, no dropout in the attention or MLP sublayers, and ѐxed GELU in the feed-forward
sublayers [24]. For query, key, and value matrices &,  , and + , and head dimension 3ℎ, the
attention operation is
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Attention(&,  ,+) = softmax
(

& T
√
3ℎ

)

+ (16)

The normalized token ѐeld is reshaped, trilinearly interpolated to the bottleneck resolution,
passed through a zero-initialized 1×1×1 projection, and added to the original bottleneck features.

2.2.3. Output heads
In the shared-attention conѐguration, the U-Net output is projected to 32 feature channels.

Nonoverlapping 4× 4× 4 windows are processed by one local-window self-attention block with
four heads, an MLP expansion ratio of two, a dropout rate of 0.1, learned within-window posi-
tional embeddings, ѐnal Layer Normalization, and locally adaptive GELU [25]. Three 1× 1× 1

projections then produce the displacement and scalar outputs:

/A = TF (/), D0
= ΠD/A ,

Ŷ4@ = 6V (ΠY/A), f̂E< = 6V (Πf/A)
(17)

where TF denotes local-window attention followed by normalization, and

6V (I) =
1

V
log(1 + exp(VI)), V = 5 (18)

Softplus is evaluated by its numerically stable implementation. Scalar outputs are restricted
to nonnegative values, but the constitutive relation is not enforced by this activation.

In the task-speciѐc-attention conѐguration, the 32-channel U-Net features are retained, and a
separate channel adapter and local-window attention block are used for each ѐeld. Their window
size, depth, head count, MLP ratio, dropout, positional encoding, normalization, and activation
match the shared-attention conѐguration. The task-head outputs are denoted by H0

5
. For displace-

ment, H0
D = D0 is the raw ѐeld before support projection. The scalar outputs require no such

projection:

/
( 5 )
A = TF, 5 (� 5 /), H0

5 = k 5 (Π 5 /
( 5 )
A ),

kD (I) = I, kY (I) = kf (I) = 6V (I)
(19)

In the CNN output head conѐguration, the U-Net directly predicts three raw displacement
channels. Each scalar output head receives the seven inputs concatenated with a stop-gradient
copy of that displacement. The sequence consists of a 3×3×3 convolution from 10 to 32 channels,
ѐxed GELU, a second convolution with the same kernel size that reѐnes the 32-channel feature
representation while preserving its spatial dimensions, ѐxed GELU, and a 1 × 1 × 1 projection
to one scalar channel, followed by Softplus. For B ∈ {Y4@, fE<},

ℎB,1 = GELU
(

,
(3)
B,1

∗ [-, stopgrad(D0)]
)

,

ℎB,2 = GELU
(

,
(3)
B,2

∗ ℎB,1
)

, ĤB = 6V (, (1)
B,3

∗ ℎB,2)
(20)

The superscript gives the cubic kernel width. The scalar heads, their inputs, and their gradient
paths are changed in this variant, and local-window attention is removed from the displacement
output. The comparison therefore assesses the complete output-head design. The CNN output
head conѐguration retains the global-context self-attention encoder.
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2.3. Loss function and boundary-condition enforcement
2.3.1. Domain masking and treatment of constrained nodes

Displacement, equivalent strain, and von Mises stress in the loss functions and evaluation
metrics denote the nondimensional values D/!0, Y4@, fE</�0, respectively. The ѐxed reference
scales are !0 = 1 < and �0 = 1 %0. They leave the stored numerical values unchanged and
are distinct from the per-sample RMS normalization below. All loss terms, coeђcients, and
numerical ёoors in Eqs. (22) to (33) are dimensionless under this convention.

Let +=,8 be the binary indicator of a valid node and let �=,8 be one when any load or support
channel exceeds 10−12 in magnitude. The evaluation mask is �=,8 = +=,8 (1−�=,8). For component
2, deѐne the ѐxed mask �=,8,2 = +=,81(|2=,8,2 | > 10−12) and free mask &=,8,2 = +=,8 − �=,8,2. The
raw displacement is projected before ѐeld losses and metrics:

D̂=,8,2 = &=,8,2D
0
=,8,2, "

D
=,8,2 = &=,8,2�=,8, "

B
=,8 = �=,8 (21)

Scalar losses use the same evaluation mask without density reweighting. Because all support-
marker nodes are removed by the evaluation mask, the hard projection does not alter the reported
direct-ѐeld losses or metrics. The boundary-condition penalty regularizes raw values at ѐxed
components, while the prescribed zero displacements are enforced by projection at inference.
Values at loaded or supported nodes and support reactions are therefore not assessed by these
ѐeld errors. The raw prediction at ѐxed components is separately penalized by

L�� =

∑

=,8,2 �=,8,2 (D0
=,8,2

)2

max(∑=,8,2 �=,8,2, 1)
(22)

This penalty acts on D0, not the projected value, which is identically zero at ѐxed components.
Targets are normalized within the relative losses for each sample, without global standardization.
The BC penalty uses raw displacement divided by L₀ and is therefore dimensionless. Valid
evaluation nodes in the weak-material region are included in displacement training and in the
scalar losses and their normalization. Reported scalar metrics are restricted to nodes with density
at least 0.5, excluding the weak-void predictions that contribute to training.

2.3.2. Relative Иeld losses
Let 5 ∈ {D, Y4@, fE<} denote a ѐeld group, and let 9 enumerate its scalar entries (node-

component pairs for displacement, nodes for the scalar ѐelds). For each sample,

B=, 5 =

√

√

√

max

( ∑

9 "=, 9 , 5 H
2
=, 9 , 5

max(∑ 9 "=, 9 , 5 , 1)
, n2
A

)

, nA = 10−6 (23)

Target RMS is used only to calculate losses and errors. Only material, load, and constraint
ѐelds are supplied to the network. The mask is binary in these experiments.

Let A 5 be the samples with at least one active entry for ѐeld 5 . The displacement term
averages the normalized error equally over active samples:

LD =
1

|AD |
∑

=∈AD

∑

9 "=, 9 ,D

[

( Ĥ=, 9 ,D − H=, 9 ,D)/B=,D
]2

∑

9 "=, 9 ,D

(24)

For a transition threshold X > 0, the Huber penalty is [27]

�X (4) =
{

1
2
42, |4 | ≤ X,

X
(

|4 | − X
2

)

, |4 | > X (25)
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The scalar-ѐeld losses apply the Huber penalty with X = 1 to the RMS-normalized errors
and aggregate the contributions over all active nodes in the batch:

L 5 =

∑

=, 9 "=, 9 , 5�1

(

( Ĥ=, 9 , 5 − H=, 9 , 5 )/B=, 5
)

max(∑=, 9 "=, 9 , 5 , 1)
, 5 ∈ {Y4@, fE<} (26)

Equal weight is assigned to each sample in the displacement loss and to each included node
in the scalar losses within a batch. Samples are not resampled according to RMS amplitude.

2.3.3. Peak and amplitude penalties
High-response regions are emphasized using a bounded spatial weight. For 5 ∈

{D, Y4@, fE<}, the FEM nodal amplitude is 0=,8,D = ∥u=,8∥2 for displacement and 0=,8, 5 = |H=,8, 5 |
for a scalar ѐeld. Predicted amplitudes are denoted by 0̂=,8, 5 . Using the sample scale B=, 5 from
Section 2.3.2,

F=,8, 5 =

{

1 + (0=,8, 5 /B=, 5 )2, 0=,8, 5 ≤ 3B=, 5 ,

10, 0=,8, 5 > 3B=, 5
(27)

The set J=, 5 contains retained node-component pairs for displacement and retained nodes
for either scalar ѐeld. The weighted relative squared-error penalty is

L?40:, 5 =
1

�

�A 5

�

�

∑

=∈A 5

∑

9∈J=, 5
F=, 9 , 5 ( Ĥ=, 9 , 5 − H=, 9 , 5 )2

max
(

∑

9∈J=, 5
F=, 9 , 5 H

2
=, 9 , 5

, n2
A

) (28)

For displacement, the sample scale is the RMS over Cartesian components, whereas the
nodal amplitude is a vector norm. Consequently, the weight-saturation threshold of three
component-RMS units is

√
3 times the ѐeld-level vector RMS. The active set contains samples

with nonempty retained sets. nr = 10⁻⁶, and all displacement components at a node share the
same weight. The amplitude term uses adaptive pooling to at most 16 cells per axis. For each
nonempty cell, the index set I=,:, 5 contains nodes with at least one retained ѐeld component,
giving

0=,:, 5 =

∑

8∈I=,:, 5 0=,8, 5
�

�I=,:, 5
�

�

, 0̂=,:, 5 =

∑

8∈I=,:, 5 0̂=,8, 5
�

�I=,:, 5
�

�

(29)

Let @=, 5 and @̂=, 5 be the 95th percentiles of the FEM and predicted cell averages, using linear
interpolation between ordered values. Their logarithmic ratio is penalized by

L0<?, 5 =
1

�

�A 5

�

�

∑

=∈A 5

�0.1

[

log

(

@̂=, 5 + nA
@=, 5 + nA

)]

(30)

The quantile term constrains amplitude rather than peak location. Empty samples are omit-
ted, and a penalty is zero if none remains. Peak and amplitude penalties are evaluated every
fourth and eighth mini-batch, respectively. For zero-based mini-batch index C,

^? (C) =
{

4, C = 4:,

0, otherwise, ^0 (C) =
{

8, C = 8:,

0, otherwise, : = 0, 1, 2, . . . (31)

The multipliers preserve the mean coeђcients over a complete evaluation cycle. The result-
ing gradients nevertheless diяer from those obtained by evaluating every term in every mini-
batch. The training objective is
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L(⊔) = LD + L�� + 0.5LY4@ + 0.5LfE<

+0.25^? (C)
∑

5

L?40:, 5 + 0.05^0 (C)
∑

5

L0<?, 5
(32)

Validation and test losses evaluate every term with ^? = ^0 = 1. At inference, all ѐve
channels are predicted directly and prescribed zero-displacement constraints are imposed on the
displacement output.

3. Results and Discussion

3.1. Experimental design
Low-resolution models were evaluated against two attention-free volumetric CNNs, and four

conѐgurations of backbone width and output heads were compared. The low-resolution cases
retain the governing equations, geometries, loads, supports, and ѐeld deѐnitions. The reference
model uses 16 base channels, bottleneck global attention, and one local-window attention block
shared by the three ѐelds. The alternatives reduce the base width to eight channels, use CNN
scalar-output heads, or use separate local-window attention blocks for each ѐeld. These four
conѐgurations share 61,523 training and 7,690 validation samples.

Each of these four conѐgurations was trained for 5,000 epochs using AdamW, a peak learning
rate of 8 × 10⁻⁴, and weight decay of 10⁻⁴, with biases and normalization parameters exempt
from decay. Five warm-up epochs preceded cosine decay to 10⁻⁶ without restarts. Samples
were grouped by padded shape, without random cropping or spatial augmentation. All four
conѐgurations were evaluated after epoch 5,000 on the same test cases using the common settings
in Table 1. Throughout the results, benchmark coordinates and displacements are reported as
G/!0 and D/!0, strain is dimensionless, and stress is reported as f/�0. Because !0 = 1 < and
�0 = 1 %0, nondimensionalization leaves the stored numerical values unchanged.

Displacement error uses all valid nodes except load-marker and support-marker nodes. Strain
and stress errors additionally require nodal density d ≥ 0.5 to evaluate the material region.
Padding is excluded throughout. Let y=, 5 and ŷ=, 5 contain the retained entries J=, 5 of ѐeld 5 in
case =. The case-level relative RMSE and its test-set mean are

Table 1. Common training settings for the low-resolution architecture comparisons.

Parameter Setting

Training epochs 5,000
Optimizer and weight decay AdamW, 10⁻⁴
Learning-rate schedule 8 × 10⁻⁴ peak, 5-epoch warm-up, cosine to 10⁻⁶
Displacement response interval 10⁻³ ≤ valid-node displacement RMS ≤ 1
Target scaling Per-sample loss normalization
Evaluation epoch 5,000
Precision FP32
Batching Grouped by padded spatial shape
Spatial augmentation Disabled for architecture ablations
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A=, 5 =





ŷ=, 5 − y=, 5






2

max

(

∥y=, 5 ∥2, 10−12

√

�

�J=, 5
�

�

) , A 5 =
1

#C4BC

#C4BC
∑

==1

A=, 5 (33)

Displacement entries are the three Cartesian components, not displacement magnitudes. The
common entry-count factor cancels between RMSE and target RMS in Eq. (33). The main test
comparison averages case-level relative errors equally. Medians and upper quantiles describe
their distribution. Mean absolute error is calculated within each case and then averaged across
cases. Uncertainty in the test-set estimates was quantiѐed using a source-group bootstrap [28].
Each of 4,000 replicates samples the 5,120 source groups with replacement and retains all avail-
able variants of each selected group. The same resampling is used for every architecture, permit-
ting paired diяerences. The 2.5th and 97.5th percentiles provide 95% intervals. These intervals
quantify test-sampling uncertainty for the trained networks.

Percentage mean absolute error (PMAE) and percentage peak absolute error (PPAE) are
calculated per case [7]:

%"��=, 5 =

∑

8∈�=, 5
�

�H=, 5 ,8 − Ĥ=, 5 ,8
�

�

#=, 5 [max8∈�=, 5 H=, 5 ,8 − min8∈�=, 5 H=, 5 ,8]
× 100% (33a)

%%��=, 5 =

�

�max8∈�=, 5 H=, 5 ,8 − max8∈�=, 5 Ĥ=, 5 ,8
�

�

max8∈�=, 5 H=, 5 ,8
× 100% (33b)

where #=, 5 = |�=, 5 | is the number of retained entries for ѐeld 5 in case =. Cases with
zero reference range for PMAE or zero reference maximum for PPAE are undeѐned for the
corresponding metric. The same ѐeld-speciѐc masks used for relative RMSE are applied. Dis-
placement PMAE and PPAE use nodal displacement magnitude, whereas displacement relative
RMSE retains the three signed Cartesian components.

3.2. Benchmarking against volumetric CNN architectures
Predictive accuracy was compared with that of attention-free volumetric CNNs on the com-

mon low-resolution test set. A residual 3D U-Net, an encoder-only 3D ResNet dense regressor,
and the shared-attention and task-speciѐc-attention models were evaluated on 7,688 cases after
5,000 training epochs. The ѐeld masks, case-level relative RMSE, and source-group bootstrap
deѐned in Section 3.1 were used for all four architectures (Table 2).

The residual 3D U-Net gives lower mean relative RMSE than the encoder-only 3D ResNet:
0.2210 versus 0.2535 for displacement, 0.1837 versus 0.4647 for equivalent strain, and 0.1762
versus 0.4633 for von Mises stress. Compared with the residual 3D U-Net, the shared-attention
model decreases these errors by 13.6%, 25.6%, and 24.1%, respectively. The task-speciѐc-
attention model gives displacement error 0.1937 and the lowest strain and stress errors in this
comparison, 0.1337 and 0.1305. The shared- and task-speciѐc-attention models contain 7.807
and 7.831 million parameters, compared with 6.019 million for the residual 3D U-Net. The
comparison is between complete architectures, with diяerent parameter counts.

3.3. EЗect of backbone width and output heads
The eяects of backbone width and output-head design were examined using the same training

and evaluation protocol (Table 3 and Fig. 4).
The 16-channel shared-attention model gives mean relative RMSEs of 0.1910, 0.1367, and

0.1337 for displacement, equivalent strain, and von Mises stress. Reducing the base width to

13



Table 2. Comparison with attention-free volumetric CNN baselines on the common low-resolution test set
after 5,000 training epochs. Brackets give 95% source-group bootstrap intervals. The 3D ResNet is a ResNet-
18-style encoder-only dense regressor with trilinear output upsampling.

Architecture Parameters (M) Displacement
rRMSE ↓

Equivalent strain
rRMSE ↓

von Mises stress
rRMSE ↓

Encoder-only 3D
ResNet

2.076 0.2535
[0.2484, 0.2589]

0.4647
[0.4626, 0.4670]

0.4633
[0.4612, 0.4656]

Residual 3D U-Net 6.019 0.2210
[0.2145, 0.2277]

0.1837
[0.1810, 0.1866]

0.1762
[0.1698, 0.1871]

Shared-attention
3DSolidFormer

7.807 0.1910
[0.1849, 0.1973]

0.1367
[0.1345, 0.1391]

0.1337
[0.1316, 0.1360]

Task-speciѐc-attention
3DSolidFormer

7.831 0.1937
[0.1878, 0.1999]

0.1337
[0.1319, 0.1357]

0.1305
[0.1287, 0.1324]

Table 3. Mean case-level relative RMSE for the low-resolution ablation study with 95% source-group boot-
strap intervals. Lower errors are better. Intervals reёect resampling of held-out source groups.

Architecture Parameters (M) D Y4@ fE<

Shared attention, 16
channels

7.807 0.1910
[0.1849, 0.1973]

0.1367
[0.1345, 0.1391]

0.1337
[0.1316, 0.1360]

Shared attention, 8
channels

1.996 0.2466
[0.2384, 0.2555]

0.1915
[0.1880, 0.1954]

0.1883
[0.1849, 0.1922]

CNN output heads, 16
channels

7.868 0.2249
[0.2180, 0.2323]

0.1834
[0.1813, 0.1857]

0.1720
[0.1698, 0.1741]

Task-speciѐc attention,
16 channels

7.831 0.1937
[0.1878, 0.1999]

0.1337
[0.1319, 0.1357]

0.1305
[0.1287, 0.1324]
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Fig. 4. Mean case-level relative RMSE in the low-resolution ablation study for (a) displacement, (b) equivalent
strain, and (c) von Mises stress. Error bars show 95% percentile intervals from 4,000 paired source-group
bootstrap replicates. Displacement errors use valid evaluation nodes. Scalar errors additionally require nodal
density of at least 0.5.
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Fig. 5. Displacement validation histories for the low-resolution ablation study. (a) Shared local-window
attention models with 16 and eight base channels. (b) Shared-attention, CNN, and task-speciѐc-attention
output heads. Curves cover 5,000 epochs. Validation relative RMSE is pooled over ѐeld entries, whereas
Table 3 reports the mean of case-level test errors.

eight channels decreases the parameter count from 7.807 to 1.996 million and increases the corre-
sponding errors to 0.2466, 0.1915, and 0.1883. Relative to the 16-channel model, displacement,
strain, and stress errors increase by approximately 29.1%, 40.1%, and 40.9%, respectively.

The task-speciѐc-attention model gives mean relative RMSEs of 0.1937, 0.1337, and
0.1305 with 7.831 million parameters. Relative to the 16-channel shared-attention model, the
displacement-error diяerence is 0.0027, with a paired 95% interval of [-0.0014, 0.0066]. The
corresponding strain and stress diяerences are -0.0030 [-0.0042, -0.0019] and -0.0032 [-0.0045,
-0.0021]. The displacement interval includes zero, whereas both scalar-ѐeld intervals exclude
zero.

Independent CNN output heads increase mean displacement, strain, and stress errors to
0.2249, 0.1834, and 0.1720. Their parameter count, 7.868 million, is close to that of the 16-
channel shared-attention model. The original inputs and a stop-gradient displacement prediction
are supplied to the CNN branches. The comparison therefore reёects the complete output-head
design, including its inputs and gradient paths.

Displacement validation histories are compared in Fig. 5 for the shared-attention models with
8 and 16 base channels and for the three output-head designs. The 16-channel model has lower
displacement validation relative RMSE than the reduced-width model over most of training. The
ѐnal validation errors of the three output-head conѐgurations are similar, and validation error
decreases more slowly in later epochs. The plotted validation metric is the pooled RMSE divided
by the pooled FEM RMS, rather than the mean of case-level relative errors. Tables 2 and 3 report
the ѐxed-epoch test comparison after 5,000 epochs.

3.4. Dependence on response amplitude and geometry
A small proportion of cases have substantially larger errors, particularly for displacement

(Table 4). For the 16-channel shared-attention model, the median displacement relative RMSE
is 0.1166 and its 95th percentile is 0.5807. Equivalent strain and stress have medians of 0.1209
and 0.1188, with 95th percentiles of 0.2498 and 0.2396. All ѐnite test cases are included.

Grouping cases by displacement RMS reveals larger relative errors at small response am-
plitudes. In the RMS interval 10⁻³ to 10⁻², the median displacement relative RMSE for the 16-
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Table 4. Error distribution of the 16-channel shared-attention model over 7,688 low-resolution test cases.
MAE uses the same normalized units as the ѐgures: displacement divided by L₀, dimensionless equivalent
strain, and stress divided by E₀. An rRMSE above one exceeds the error of a zero prediction on the same
nonzero FEM ѐeld.

Field Mean MAE Median rRMSE 95th percentile
rRMSE

Maximum
rRMSE

Displacement 0.011877 0.1166 0.5807 5.840
Equivalent strain 0.00030521 0.1209 0.2498 3.106
von Mises stress 0.00033309 0.1188 0.2396 3.044

channel shared-attention model is 0.4488 across 126 cases, compared with 0.0969 across 2,763
cases in 0.1 to 0.5. The intermediate intervals 0.01 to 0.05 and 0.05 to 0.1 contain 1,796 and
2,992 cases, respectively. Only ten cases lie in 0.5 to 1. A single case falls below 10⁻³ under
the evaluation mask because dataset screening used all valid nodes, whereas evaluation excludes
loaded and constrained nodes.

Topology-optimized cases are also more diђcult on average. For the 16-channel shared-
attention model, mean displacement relative RMSE is 0.1630 on fully solid cases and 0.2374
on topology-optimized cases. The corresponding strain errors are 0.1289 and 0.1495, and stress
errors are 0.1288 and 0.1417. Geometry complexity and response amplitude vary together in
these groups, preventing their eяects from being separated in this comparison. Relative errors
remain larger at low response amplitudes despite per-sample loss normalization.

3.5. Spatial accuracy of the predicted Иelds
Agreement in response amplitude is not suђcient to establish agreement in ѐeld shape. For

each case, let U= = ∥û=∥2/∥u=∥2 and let 2= be the cosine between the retained predicted and
FEM displacement vectors. When the FEM norm and the product of the predicted and FEM
norms exceed their numerical ёoors,

A2
=,D = 1 + U2

= − 2U=2= (34)

The cosine calculation uses a ёoor of 10⁻²⁴ on the product of the two norms. For a zero
prediction and a nonzero FEM response above the denominator ёoor in Eq. (33), U= = 0, 2= =

0, A=,D = 1. The recorded zero cosine is a numerical convention and does not deѐne a direction
for the zero vector.

The 16-channel shared-attention model has a mean displacement RMS ratio of 0.9874 and
mean cosine similarity of 0.9723. The corresponding medians are 0.9983 and 0.9955. These
statistics indicate close average agreement in displacement amplitude and direction, although
large errors remain in individual cases. Equation (34) relates these quantities for each case, not
their separate test-set averages.

FEM and predicted equivalent strain and normalized von Mises stress are compared on or-
thogonal sections through a ribbed topology-optimized structure from the low-resolution test set
(Fig. 6). The same sections are used for the shared-attention, CNN, and task-speciѐc-attention
output heads. The main strain and stress concentrations are reproduced by all three designs.
Each model's checkpoint with the lowest validation displacement relative RMSE is used for the
spatial comparisons, whereas Table 3 uses the ѐxed epoch-5,000 checkpoints. To show lower-
amplitude variations alongside localized maxima, ѐeld colors are mapped as
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a
FEM reference
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Shared heads

c
CNN heads
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Task-specific decoders
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Fig. 6. Interior strain and stress comparison on ribbed source 37544. Equivalent strain is shown in panels
(a)-(d) and normalized von Mises stress in panels (e)-(h). Columns show FEM, local-window self-attention
heads, CNN heads, and task-speciѐc local-window self-attention heads. All columns use identical geometry,
orthogonal sections (z = 8, y = 16, x = 21), camera, and ѐeld-speciѐc color scales. Colors use the normalized
logarithmic mapping in Eq. (35), with @0 = 10−3@max determined separately for each ѐeld from the largest
displayed section value across FEM and all three models. The scales are @0 = 2.403 × 10−5 for Y4@
and @0 = 2.553 × 10−5 for fE</�0. Colorbar ticks show the original dimensionless ѐeld values, not the
transformed values.

2(@) =
log10(1 + @/@0)

log10(1 + @max/@0)
, with @0 = 10−3@max (35)

where @max is the shared upper color limit. This mapping is equivalent to Astropy's
LogStretch with 0 = 1000 [29]. Colorbar ticks show original dimensionless values.

For a second topology-optimized structure from the low-resolution test set, normalized von
Mises stress from FEM and the same three output-head designs is compared on two orthogonal
sections in Fig. 7, with signed prediction errors on a third section. The main high-stress regions
are reproduced by all three designs. Larger localized underprediction is visible with the CNN
heads in the signed-error section, despite the similar overall ѐeld distributions.

Structural similarity (SSIM) [30] complements amplitude-sensitive error by comparing local
means, variances, and covariance. For SSIM calculation at center 8, the Gaussian neighbor
weights F8 9 are renormalized over valid material nodes " 9 ,

U8 9 =
F8 9" 9

∑

: ∈ ,8
F8:":

, `C,8 =

∑

9 ∈ ,8

U8 9 C 9 (36)

Prediction means, population variances, and covariance use the same weights. The 11 ×
11 Gaussian window has a standard deviation of 1.5 nodes. At image boundaries, windows are
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truncated and the remaining weights are renormalized. With FEM target t and prediction p, the
local SSIM is

(8 =
(2`C,8`?,8 + �1)(2fC ?,8 + �2)

(`2
C,8

+ `2
?,8

+ �1)(f2
C,8

+ f2
?,8

+ �2)
(37)

where �1 = (0.01!)2 and �2 = (0.03!)2 [30], with ! equal to the FEM maximum mi-
nus minimum on the evaluated section and common to all compared models for each ѐeld.
SSIM is the arithmetic mean over valid centers. The quantity 1 − SSIM measures dissimilarity,
not a percentage accuracy. A center requires support of at least three nodes. Displacement-
magnitude SSIM cannot detect vector-direction errors and therefore complements rather than
replaces component-wise displacement evaluation.

Local ѐeld variation is evaluated using relative scalar L2 error ∥?− C∥2/∥C∥2 and an adjacent-
node gradient error on the same material support. If � contains adjacent valid node pairs within
the plane and X@8 9 = (@ 9 − @8)/ℎ, then

�∇ =
∥X? − XC∥2,�

∥XC∥2,�

(38)

Pairs crossing a void or an excluded node are omitted. Equation (38) requires at least one
eligible pair and a nonzero reference-gradient norm. The relative gradient error is undeѐned if
either condition is absent. Spatial variation in the plotted scalar ѐeld is measured by this quantity.

A common planar section through a third topology-optimized structure from the low-
resolution test set is used in Fig. 8 to compare FEM and predicted equivalent strain and
normalized von Mises stress. Field maps and signed errors are compared for the shared-
attention, CNN, and task-speciѐc-attention output heads. Among the three model predictions,
the highest SSIM values are obtained with task-speciѐc attention for both ѐelds. Larger localized
signed errors are visible with the CNN heads, particularly near the high-response region.

Figure 9 compares FEM and predicted strain and stress along the material-only proѐle
marked in Fig. 8. It also shows adjacent-node diяerences along the proѐle and cumulative
distributions over the entire selected plane. The proѐle spans 31 contiguous material nodes and
30 adjacent pairs. All three models reproduce the main variations in equivalent strain and von
Mises stress along the proѐle. The CNN heads show the largest departures from FEM, while
task-speciѐc attention generally remains closest. The cumulative distributions are calculated
using all 901 material nodes on the selected plane. The spatial comparisons show that all three
output-head designs reproduce the main ѐeld patterns, with larger localized departures for the
CNN heads.

3.6. High-resolution prediction
Task-speciѐc attention was selected for high-resolution training following the low-resolution

comparisons, in which the lowest equivalent-strain and von Mises stress errors were obtained
with comparable displacement accuracy. All parameters of the trained low-resolution model
were ѐne-tuned for 55 epochs using high-resolution inputs and FEM targets. The trained network
returns displacement, equivalent strain, and von Mises stress on the high-resolution mesh in a
single forward pass. Mesh spacing and boundary-condition patches follow Section 2.1.3. Fine-
tuning uses AdamW with weight decay 10⁻⁴, a learning rate of 5 × 10⁻⁵.

On the 7,488-case high-resolution test set, median relative RMSEs are 0.1172 for displace-
ment components, 0.1475 for equivalent strain, and 0.1448 for von Mises stress. The corre-
sponding 95th percentiles are 0.5800, 0.2770, and 0.2680. The lower median relative RMSE
of 0.0775 for displacement magnitude reёects the omission of directional diяerences from that
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Fig. 7. Orthogonal stress sections and signed errors for source 59272. Panels (a)-(h) show normalized stress
on two orthogonal sections, and panels (i)-(k) show signed stress errors on a third orthogonal section. Columns
compare FEM, local-window self-attention heads, CNN heads, and task-speciѐc local-window self-attention
heads where applicable. Field panels (a)-(h) use the normalized logarithmic mapping in Eq. (35), with @ =
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over both sections and all four columns. Colorbar ticks show original normalized stress values. Error panels
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Evaluated material nodes have nodal density d ≥ 0.5 and exclude padding and nodes carrying applied loads
or displacement constraints.
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Fig. 8. Strain and stress ѐelds and signed errors for topology-optimized source 38361 on the selected y-index
8 plane. Panels (a) to (g) show equivalent strain and its signed errors. Panels (h) to (n) show normalized
von Mises stress and its signed errors. Columns compare FEM, local-window self-attention heads, CNN
heads, and task-speciѐc local-window self-attention heads. Field rows share one scale and error rows share
one symmetric scale. The orange guide marks the z-index 16 proѐle evaluated in Fig. 9.
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Fig. 9. Strain and stress proѐles and distributions for source 38361. Equivalent strain is shown in panels (a),
(c), and (e), and normalized von Mises stress in panels (b), (d), and (f). The ѐrst row follows x on the selected
y-index 8 plane at z-index 16, the second shows adjacent-node diяerences, and the third shows empirical
cumulative distributions over all 901 material nodes. Identical nodes are used for FEM and all models.

metric. Median PMAE values are 1.329% for displacement magnitude, 0.153% for equivalent
strain, and 0.151% for von Mises stress. Median PPAE values are 7.588%, 7.695%, and 7.527%,
respectively (Table 5). Mean PMAE values are 2.62% for displacement magnitude, 0.204% for
equivalent strain, and 0.198% for von Mises stress.

Direct prediction gives lower strain and stress errors than recovery from predicted displace-
ment. Median PMAE decreases from 0.655% to 0.153% for equivalent strain and from 0.653%
to 0.151% for von Mises stress, reductions of 76.6% and 76.9%, respectively. Median PPAE
decreases from 27.40% to 7.70% for strain and from 27.41% to 7.53% for stress. Median rel-
ative RMSEs decrease from 0.5701 to 0.1475 for strain and from 0.5703 to 0.1448 for stress.
Applying the same recovery procedure to FEM displacement gives median relative RMSEs of
2.28 × 10⁻⁷ for both scalar ѐelds across the 7,488 test cases. Agreement with the stored scalar
targets supports the recovery implementation. The larger errors from predicted displacement are
consistent with ampliѐcation of local displacement errors by spatial diяerentiation.
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Table 5. High-resolution error distribution over all 7,488 held-out test cases. Medians are reported because
the case-level error distributions are right-skewed. The 95th percentile characterizes upper-tail performance.
PMAE and PPAE are medians of case-level percentages. Displacement relative RMSE uses the three signed
Cartesian components, whereas displacement PMAE and PPAE use nodal displacement magnitude. Scalar-
ѐeld metrics use the material-region evaluation mask.

Field Median rRMSE 95th percentile
rRMSE

Median PMAE
(%)

Median PPAE
(%)

Displacement 0.1172 0.5800 1.329 7.588
Equivalent strain 0.1475 0.2770 0.153 7.695
von Mises stress 0.1448 0.2680 0.151 7.527
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Fig. 10. High-resolution error distributions after ѐne-tuning. (a) Empirical cumulative distributions of case-
level relative RMSE for component-wise displacement, equivalent strain, and von Mises stress across 7,488
test cases. (b) Geometry-stratiѐed medians and 5th to 95th percentile ranges.

Inference and recovery were timed separately on one Tesla V100 GPU using 20 evenly spaced
test cases, two warm-up iterations, and ѐve timed repetitions per case. BF16 inference was used
for timing, while ѐne-tuning and ѐeld-error evaluation used FP32. The median evaluation time
for the ѐve output channels was 0.412 s per case. Recovery from predicted displacement required
an additional 0.075 s, with a combined median of 0.487 s. Data loading and host-to-device
transfer were excluded.

The high-resolution test set contains 2,709 topology-optimized and 4,779 fully solid cases.
Mean relative RMSEs for topology-optimized cases are 0.2339, 0.1755, and 0.1675 for displace-
ment, strain, and stress, compared with 0.1657, 0.1566, and 0.1558 for fully solid cases. Fig-
ure 10 shows the empirical error distributions and geometry-stratiѐed medians and 5th to 95th
percentile ranges.

Figure 11 compares surface ѐelds of displacement magnitude, equivalent strain, and nor-
malized von Mises stress from FEM and 3DSolidFormer for four topology-optimized structures
from the high-resolution test set. Strain and stress are concentrated near loading patches, while
lower values extend over most of the material surface.
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Fig. 11. Native high-resolution FEM and 3DSolidFormer surface ѐelds for four topology-optimized test ge-
ometries. Rows show dimensionless displacement magnitude, equivalent strain, and normalized von Mises
stress. Each ѐeld shares one scale across all cases and both columns. Colors use the normalized logarithmic
mapping in Eq. (35), with @0 = 10−3@max, as in Figs. 6 and 7. Here, @max is the upper color limit, giving
@0 = 3 × 10−3 for displacement and @0 = 8 × 10−4 for strain and stress. Ticks show original dimensionless
values. Orange arrows denote loads. Blue patches and x, y, z labels indicate constrained components.
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4. Conclusions

Joint prediction of displacement, equivalent strain, and von Mises stress was demonstrated
on three-dimensional domains using 3DSolidFormer. The 3DSolidFormer architecture com-
bines global bottleneck attention with ѐeld-speciѐc local-window attention, while prescribed
zero-displacement constraints are satisѐed by construction. After high-resolution ѐne-tuning,
median case-level relative RMSEs were 0.1172, 0.1475, and 0.1448 across 7,488 test cases. Me-
dian PMAE values were 1.33% for displacement magnitude, 0.153% for equivalent strain, and
0.151% for von Mises stress. Corresponding median PPAE values were 7.59%, 7.70%, and
7.53%. Relative to recovery from predicted displacement, direct scalar-ѐeld prediction reduced
median PMAE by 76.6% for strain and 76.9% for stress. These gains were obtained while re-
turning all three ѐelds in a single forward pass and enforcing prescribed zero displacements.

The accompanying dataset contains 75,114 ѐnite-element cases with material distributions,
loads, supports, and nodal response ѐelds for fully solid and topology-optimized structures. Each
computational domain contains 2.05 to 3.07 million voxel elements, including solid and void
regions. Source identities are aligned across low- and high-resolution partitions, permitting con-
sistent benchmarking and investigation of learning across mesh resolutions without regenerating
the ѐnite-element training data.

Lower ѐeld errors were obtained with the attention-based architectures than with the evalu-
ated attention-free volumetric CNNs. Within 3DSolidFormer, task-speciѐc attention gave mod-
est improvements in strain and stress relative to a shared local-window block, with comparable
displacement performance within the reported test-sampling uncertainty. Reducing the back-
bone width removed 74.4% of the parameters but increased errors in all three ѐelds. These
comparisons establish the performance of the tested architectures without isolating the eяect of
attention from other design diяerences.

The feasibility of joint full-ѐeld prediction across millions of voxels was demonstrated within
the evaluated range of small-strain linear-elastic problems. In future work, the approach will be
extended to multicomponent systems, and the prediction model will be integrated into the devel-
oped high-resolution multicriteria topology optimization frameworks. Mechanical consistency
and design-relevant quantities will be assessed within the optimization loops.
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