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Planar low-overhead quantum memories with only nearest-neighbour gates
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4 Institute of Mathematics, Johannes Gutenberg-Universitidt Mainz, Mainz, 55128, Germany
5 Helmholtz-Zentrum Berlin fiir Materialien und Energie, Berlin, 14109, Germany

High-performance quantum low-density parity-check codes promise substantial reductions in the overhead of
fault-tolerant quantum computation, but most constructions require long-range connectivity or qubit shuttling,
both of which are difficult to realise in superconducting architectures. Here we introduce a family of quantum
low-density parity-check codes that, for the first time, combines planar open-boundary layouts, finite-size ad-
vantages over surface codes, and syndrome extraction using only nearest-neighbour gates on a planar grid of
qubits with either square or hexagonal connectivity. The resulting circuits achieve optimal constant-depth sta-
biliser measurement, independent of code size, and naturally enable periodic leakage removal by exchanging
the roles of check and data qubits between syndrome-extraction rounds. We find finite-size instances such as
a [[323, 14, 15]] code, whose code-efficiency ratio is nearly an order of magnitude larger than that of rotated
surface-code patches. At around 40 circuit qubits per logical qubit, the best directional tile-code layouts reduce
the per-logical per-round logical error rate by a factor of 100 relative to rotated surface-code memories. These
results show that the advantages of quantum low-density parity-check codes can survive compilation into strictly
planar nearest-neighbour circuits, bringing low-overhead fault-tolerant memories closer to near-term hardware.
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I. INTRODUCTION

Quantum error correction is a central requirement for turn-
ing noisy quantum devices into reliable machines that can per-
form useful computations beyond what is feasible classically.
Indeed, fault-tolerant operations are expected to be essential
for implementing algorithms beyond logarithmic depth [1-5].
The core question is therefore not whether error correction is
needed, but which codes can deliver the required logical pro-
tection within the geometric and connectivity constraints of
real hardware.

The surface code has long been the leading answer, espe-
cially for superconducting processors where two-qubit gates
are typically restricted to nearest-neighbour interactions on a
two-dimensional grid [6—11]. Its appeal lies in its locality: sta-
bilisers are geometrically local and can be measured by short-
depth nearest-neighbour circuits. This hardware compatibil-
ity, however, comes at the cost of a low encoding rate. A ro-
tated surface-code patch with distance d encodes only one log-
ical qubit into d? data qubits, leading to substantial physical-
qubit overhead for large fault-tolerant computations.

Quantum low-density parity-check (QLDPC) codes offer a
route beyond this overhead [12—19]. By encoding many log-
ical qubits in a single block while retaining bounded-weight
stabilisers, qLDPC codes can in principle reduce the footprint
of fault-tolerant memories far below that of separate surface-
code patches. Recent constructions have made this promise in-
creasingly concrete, with improved asymptotic resource scal-
ing and striking finite-size reductions in physical-qubit over-
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s7 head [20-24]. The central obstacle is implementation: high-
33 performance qLDPC codes typically require check-data inter-
actions that are non-local in any planar embedding, and hence
a0 rely on qubit shuttling or reconfigurable connectivity [25-27].
In superconducting processors, one route to such connectiv-
ity is provided by flip-chip architectures, which can route sig-
nals vertically through the processor stack to couple qubits that
s are not nearest neighbours in the plane [17, 28-30]. This ap-
ss proach is in principle powerful, but it introduces additional
s three-dimensional integration and associated substantial fab-
rication complexity.

ss  This tension has a rigorous asymptotic origin. Stabiliser
codes with geometrically local checks on a two-dimensional
lattice obey strong restrictions on their parameters, including
bounds of the form kd*> = O(n) [31-33]. Such results rule
out simultaneously high rate and large distance in the large-
block-length limit under static two-dimensional locality. They
do not, however, settle the finite-size question most relevant
to early fault-tolerant devices [34]: can one obtain a substan-
tial overhead advantage over the surface code while retaining
s7 a strictly planar nearest-neighbour implementation?

ss  We answer this question affirmatively by introducing direc-
tional tile codes: planar gqLDPC memories whose syndrome-
extraction circuits are implemented on a square or hexagonal
grid layout using only nearest-neighbour iSWAP gates [38—
62 43], up to single-qubit Clifford rotations. The method lever-
s ages the iISWAP interaction as a spacetime routing primi-
e tive, extending ideas from dynamic surface codes [38, 43]
and toric directional codes [35]. During syndrome extrac-
tion, each iISWAP-based interaction both couples neighbour-
7 ing states and exchanges their position. Each stabiliser is there-
s fore measured as a nearest-neighbour walk on the hardware
0 graph, rather than through a static long-range coupling graph.
70 Due to this mechanism, directional tile codes are espe-
n cially promising with regard to leakage noise [44, 45], a crit-
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FIG. 1. Planar directional tile codes. A directional tile code can be viewed either as an open-boundary patch cut from a toric
directional code [35], or as a planar tessellation by connected-string tiles in the spirit of tile codes [36, 37]. (a) Toric directional
code. A toric directional code on a twisted torus, with data qubits on edges and X- and Z-type checks on vertices and plaquettes.
Each stabiliser follows the directional word © = N*>ESEN>. (b) Planar directional tile code (this work). The corresponding open-
boundary N’ESEN? directional tile code with parameters [[60, 4, 5]], embedded in a hardware-like square-grid layout. Dark grey
dots are data qubits, coloured squares are check qubits, and unfilled circles are routing sites for nearest-neighbour measurement
walks. Highlighted X- and Z-type stabilisers have the same connected-string shape and are measured by simultaneous CXSWAP
walks. The displayed layout is routing-optimised, with shifted and pruned boundary qubits; see Figure 7. Background colours
mark tile anchors. (c¢) Tile-code construction. Equivalent planar tessellation by directional X- and Z-tiles whose supports form

the same connected string on primal and dual lattices.

ical bottleneck for running quantum error correction proto-
cols on superconducting hardware. On the one hand, iSWAP
gates can naturally minimise leakage generation and trans-
port [38, 46, 47]. On the other hand, our dynamic syndrome
extraction circuits for directional tile codes exchange data and
check qubits after each round of syndrome extraction, similarly
to walking circuits for surface codes [43]. In this way, both
data and check qubits are naturally reset every other round,
which has been demonstrated to effectively remove the popu-
lation from higher excited states [38].

The relevant benchmark is twofold. At the code level, one
would like finite-size parameters that improve substantially
over rotated surface-code patches [48]; a convenient measure
is the code-efficiency ratio, kd?/n, which equals 1 for a ro-
tated surface-code patch with parameters [[d2, 1, d]]. At the
implementation level, this advantage must survive after com-
piling syndrome extraction into a local circuit, including all
data, check, and potential routing qubits required by the hard-
ware layout.

Directional tile codes perform strongly under both bench-
marks. On the square grid, our search identifies compact in-
stances such as the [[323, 14, 15]] code, whose code-efficiency
ratio is nearly an order of magnitude larger than that of a ro-
tated surface-code patch at the same distance; see Table II.
The construction further extends to a hexagonal layout with
only degree-3 connectivity (Fig. 3), yielding, for example, a
[[199, 10, 7]] code. At the implemented-circuit level, after ac-
counting for data, check, and routing qubits, circuit-level sim-
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ulations show that the resulting nearest-neighbour layouts can
outperform rotated surface-code memories at a realistic phys-
ical error rate p = 0.001. Across square- and hexagonal-grid
connectivity, the best directional tile-code layouts both achieve
up to two orders of magnitude lower per-logical per-round log-
ical error rates than square-grid rotated surface-code memories
at comparable footprints; see Figure 2.

II. PLANAR QLDPC MEMORIES FROM

DIRECTIONAL WORDS

The construction is organised around directional words. A
directional word is an ordered string of lattice steps. Geo-
metrically, it traces a bounded-size connected string on the
lattice; algebraically, this string defines the support of a sta-
biliser; operationally, the same ordering specifies the local
measurement schedule. The paired X- and Z-type checks are
obtained by placing the same string on primal and dual lat-
tices, respectively, so that one directional word defines both
the Calderbank—Shor—Steane (CSS) stabiliser structure and
the spacetime walk used to measure it. Figure | illustrates this
principle for the word © = N>ESEN?, while Figure 4 shows the
nearest-neighbour physical-action layers associated with the
four lattice directions.

We obtain open-boundary planar memories by using direc-
tional words as local tessellation rules. Earlier directional-
code constructions realised these rules as translationally in-
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s — square: WE'SEAN?, w = 9 Bunny [51] v x CP,iSWAP
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= Barbell [53] X v v CP

g Denser surface [34] v v X CP

g Tile [36, 37] x| v X CP

£ Toric directional [35] | v/ X v iISWAP

% . This work V| v v iSWAP

% e TABLE 1. Comparison of code families by nearest-
& neighbour (NN) implementability, planar open-boundary
= geometry, simulated logical-error-rate (LER) gain, and re-

15 40 70 100 130 160 . . . .
’ Physical qubits per logical qubit quired two-qubit gates. LER gains are relative to rotated

surface-code benchmarks at p > 1073 and comparable phys-
ical overhead, following each reference’s noise model and
qubit-counting conventions. ' denotes a gain of approxi-
mately 100X or more supported by directly simulated points;
X denotes that this criterion is not established by the reported
simulations.

FIG. 2. Implemented footprint advantage over rotated
surface-code memories on square and hexagonal grids.
Circuit-level logical error rate averaged over X and Z bases
per syndrome-extraction round per logical qubit at physical
error rate p = 0.001, obtained from simulations of d con-
secutive syndrome-extraction rounds. The average is calcu-
lated as in Eq. (E1). Directional tile codes on the square grid

[ 2 0 L ]

with w = 7,9,11 and on the hexagonal grid with w = 11 e 1

o—0—0—0—0—H—0 1 o B0 O 0 0000
are compared with two square-grid rotated surface-code im- . - | ) | X check
plementations, based on CX and CXSWAP gates, respectively. o b I:; I ! I I_T | B Zcheck
For comparison at a fixed encoded memory size of 140 logical b o b o 4 o 4 o L o R NP PR ® i
qubits, these families require 140 rotated surface-code patches; oo B o B o = .T . oo
35, 14, and 10 square-grid directional tile-code patches for oot m om0 oo o O routing
w = 7,9, 11, respectively; or 14 hexagonal-grid directional o OB O W O B O 0 0 0 000G
tile-code patches. The choice 140 is used as it is a com- oo O 00000

mon multiple of the logical dimensions of the codes consid-
ered. The horizontal axis gives the number of circuit qubits ~ FIG. 3. Directional tile codes on the hexagonal grid.
per logical qubit, including data, check, and routing qubits in AN ENES’WS’ENE directional tile code with parameters
the implemented nearest-neighbour syndrome-extraction cir- [[52, 10, 3]]. The layout is rotated by 90° for presentation.
cuits. Highlighted regions indicate hypotheses within a factor
of 1000 of the maximum likelihood hypothesis, given the sam-
pled data [49]. Representative directional tile-code instances
are shown in Table II, and the full set of simulated codes is
listed in Table VII.

12 For a directional word of weight w, one syndrome-extraction
round has depth w + 2, including check-qubit initialisation and
144 measurement, independent of the overall code size. Thus the
us same bounded object gives both bounded-weight stabilisers
and optimal-depth nearest-neighbour extraction circuits.

14

&

>

125 variant stabiliser patterns, with finite codes obtained by im-
126 posing periodic boundary conditions [35, 54]. Our approach 1z  Our construction shows that the finite-size advantages of
127 is different: we apply the same local directional prescription s qLDPC codes can be retained under the same square-grid
128 directly to a finite planar patch, yielding hardware layouts with 1.0 nearest-neighbour constraints that underpin the hardware com-
129 open boundaries rather than periodic ones. The key step is not 150 patibility of surface codes, while a hexagonal-grid architecture
130 merely to place paired connected-string X- and Z-tiles on an 1s: can further relax the required connectivity. After including the
131 open patch, in the spirit of tile codes [36, 37, 55], but to do so 152 routing overhead required for nearest-neighbour syndrome ex-
122 while preserving the ordered walk specified by the directional 153 traction, the implemented memories can still outperform ro-
133 word. This ensures that every bulk and boundary stabiliser 1s: tated surface-code footprint curves under a uniform circuit-
134 remains measurable by the same nearest-neighbour iSWAP- 155 level noise model. This demonstrates that JLDPC overhead re-
135 based dynamics. In the bulk, data qubits occupy lattice edges s ductions need not rely on long-range couplers, qubit shuttling,
16 and X- and Z-type check qubits occupy vertices and plaque- 157 or non-planar connectivity: the required check-data interac-
w7 ttes, respectively. Near the boundary, check and data positions 1ss tions can instead be generated dynamically in spacetime by na-
13s may be shifted along the directional words from the standard s tive iISWAP-based walks over an open-boundary plane. Direc-
130 locations as part of the routing optimisation. Routing qubits 1 tional tile codes therefore provide a route toward low-overhead
1o are inserted only where required to keep the ordered walk is fault-tolerant memories that preserve strict two-dimensional
11 nearest-neighbour on the physical square or hexagonal grid. 12 nearest-neighbour locality while moving beyond the low en-
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D, w |Grid| [[n.k.d]] |kd®/n|LER(p = 0.001)
[60,4,5]] | 1.67 | 4.54x107°
N2ESEN?, 7
[[180,4,9] | 1.80 -
162,10,6]] | 2.22 | 9.10x 1076
N’E?SE’N?, 9 | sq. I I
[[351,10,9]] | 2.31 -
241,14,12]| 837 | 1.37x107°
N2EZSESE2ZN?, 11 l I
[[323,14,15])| 9.75 -
[[52,10,3]] | 1.73 | 2.71x10™*
ENES?WSZENE, 11| hex. -
[[295,10,9] | 2.75 | 5.07 x 10

TABLE II. Small examples of directional tile codes and
their circuit-level performance. For each directional word
D, w denotes the stabiliser weight. “sq.” and “hex.” de-
note square- and hexagonal-grid connectivity of degree 4 and
3, respectively. All listed codes admit a nearest-neighbour
syndrome-extraction circuit of depth w, or w + 2 including
check- and routing-qubit initialisation and measurement. LER
denotes the logical error rate per logical qubit per syndrome-
extraction round at p = 0.001. Monte Carlo simulations were
restricted to at most 50 circuit qubits per logical qubit for
square-grid codes, with additional hexagonal-grid instances
simulated beyond this range; entries marked by “—" were not
simulated.
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N

FIG. 4. Nearest-neighbour directional layers [35]. Lo-
cal physical action associated with the four elementary
directions {N,E,S,W} in a directional word. = Coloured
check qubits move along the indicated direction by nearest-
neighbour exchange operations, while interacting with data
qubits via CX gates whenever the walk encounters a data
qubit. Specifically, we apply CXSWAP(X-check, data) and
CXSWAP(data, Z-check) respectively for different types of
check-data pairs.

163 coding rate of the surface code.

III. NEAREST-NEIGHBOUR SYNDROME EXTRACTION

164

s We now make the iISWAP-native syndrome-extraction cir-
166 cuit explicit. The input is a directional word

D=did> --dy,  d;e{NE,S,W},
167 together with a square- or hexagonal-grid hardware layout con-
s sisting of data qubits D, X- and Z-type check qubits Cx, Cz,
and routing qubits R. The word D specifies a sequence of

7o nearest-neighbour directions. During syndrome extraction,
each check qubit follows this sequence as a spacetime walk:

1

o

169

171

12 whenever the walk encounters a data qubit, the circuit accu-
173 mulates the corresponding stabiliser parity, and whenever it
174 encounters a routing site, the quantum state is moved to keep
the walk nearest-neighbour. Thus the ordered support of the
stabiliser also guides the local schedule used to measure it.

The circuit uses only nearest-neighbour iSWAP gates and
single-qubit Clifford rotations. We express each data-check
interaction in terms of a CXSWAP gate, locally equivalent to
an iSWAP gate [43, 56]

175
176
177
178
179

180

CXSWAP(qo,q1) = (HS" ® ST) iISWAP(q0, q1) (I ® H),
= SWAP(q0, 1) CX(q0, q1).

11 The CX part accumulates the stabiliser eigenvalue on the check
12 qubit, while the SWAP part advances the relative positions
13 of the check, data and routing qubits. For X-type checks the
184 check qubit acts as the control, whereas for Z-type checks the
orientation is reversed, after the usual basis change; see Fig-
ure 4.

One round of syndrome extraction is given in Algorithm 1.
The algorithm iterates through the directional word ® =
189 671 e JW, applying one nearest-neighbour directional layer for
100 each step c?, Consecutive rounds alternate between the word
11 D and the inverse word, so that the physical layout is restored
12 wWithout introducing long-range operations.

185

186

187

188

Algorithm 1 Nearest-neighbour syndrome extraction

Require: Directional word D = Jl cee cfw and a square or hexagonal
grid layout with data qubits D, check qubits Cx, Cz, and routing
qubits R

Ensure: One syndrome-extraction round using only nearest-
neighbour iSWAP-based operations

1: Initialise Cx in |+) and Cz in |0)
2: Prepare routing inputs in |0) or |+) before use

3: fori=1,...,wdo
4 forallg € Cx UCz do
5 if qdi € D then > neighbour in direction a?,
6: if ¢ € Cx then
7 Apply CXSWAP(q, g%)
8: else .
9: Apply CXSWAP(q%, q)
10: end if
11: else if ¢% € R and ¢% is prepared in |0) then
12: Apply CXSWAP(g, q)
13: else if g% < R then » prepared in |+)
14: Apply CXSWAP(q, ¢%)
15: end if
16: end for
17: for all ¢ € R do
18: if g% € D and g is prepared in |0) then
19: Apply CXSWAP(q, g%)
20: else if g% € D then > ¢ prepared in |+)
21: Apply CXSWAP(q% , q)
22: end if
23: end for
24: Update qubit locations after this layer
25: end for

26: Measure Cx in the X basis and Cz in the Z basis
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The routing moves in Algorithm | do not require bare SWAP
gates, which are less natural on many superconducting plat-
forms [40, 57, 58]. Instead, the orientation of each routing
CXSWAP is chosen according to the prescribed routing prepa-
ration: a |0) routing input acts as the control of the CX com-
ponent, whereas a |+) routing input acts as its target. The CX
component acts trivially on the ideal input, giving

CXSWAP(|0), , q) = SWAP(|0), , 9),
CXSWAP(q, |+),) = SWAP(q, |+),),

where r denotes the routing input, ¢ is a data or check qubit,
and the first argument of CXSWAP specifies the control of
its CX component. As such, both parity check-data interac-
tions and routing moves are compiled into the same nearest-
neighbour iISWAP-based gate family.

Faults on routing qubits, or faults occurring during routing
steps, can propagate to data or check qubits. This propagation
remains bounded: in one syndrome-extraction round, each
data or check qubit participates in at most w two-qubit interac-
tions, including those involving routing qubits; see Lemma 2
in Appendix A. Routing qubits also provide additional con-
trol points in the circuit. They may be reset after each routing
step, or measured so that non-trivial outcomes supply flag in-
formation for faults occurring along the routing path; see Ap-
pendix E. For a directional word of weight w, one syndrome-
extraction round has optimal depth w, or depth w +2 including
check-qubit initialisation and measurement.

This exchange-based formulation is also well aligned with
recent leakage-aware approaches to superconducting quantum
error correction. Time-dynamic surface-code circuits have
shown that swapping data and measurement roles can help
remove accumulated non-computational population, and re-
lated experiments have demonstrated surface-code cycles us-
ing iSWAP-family gates [38, 43]. Our circuits naturally sup-
port the same data-check exchange mechanism and, moreover,
allow routing qubits to be reset or measured during the walk,
providing built-in locations where leakage-mitigation or flag-
ging strategies could be incorporated. We do not model leak-
age below, so we use this point only to highlight compatibility
with existing leakage-mitigation strategies.

IV. DIRECTIONAL TILE CODES

A tile is a subset of edges of a B x B grid, excluding the
edges on the top row and the rightmost column. We identify
edges with physical data qubits, so that a tile specifies the sup-
port of an X-type or Z-type stabiliser check. To ensure that
the corresponding X- and Z-type stabilisers commute, the two
tiles are required to satisfy the mutual condition: for each hori-
zontal, respectively vertical, edge of the X-tile with coordinate
(a, b), the Z-tile contains the vertical, respectively horizontal,
edge with coordinate (B—1—-a,B —1-b) [36].

A pair of X- and Z-tiles is called directional if the sup-
port of one tile forms an ordered connected string, and the
other tile contains the same string on the dual lattice. Such
a pair is labelled by the corresponding sequence of lattice di-
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rections, the directional word, © = d 1 0,72 . jw. For example,
the N?ESEN?-tiles are shown in Figure 1 (c).

The mutual condition guarantees commutation of the static
stabiliser generators, but by itself it does not guarantee that the
syndrome-extraction circuit in Algorithm 1 is deterministic.
We therefore impose an additional parity condition, obtained
as a simplified form of Theorem 1 with Layout 1 of Ref. [35]:
every displacement vector of the ordered connected string with
odd vertical displacement must occur an even number of times.
Here, a displacement vector is the vector from one edge in the
ordered support of the connected string to a later edge, with
the ordering fixed by the directional word; see Figure 6.

Definition 1 (Directional tiles). A pair of X- and Z-tiles is
called directional if the tiles satisfy the mutual condition, one
tile forms an ordered connected string labelled by a directional

word ® = 571 572 cee Jw, and the other tile contains the same
string on the dual lattice. In addition, every displacement vec-
tor of the ordered connected string with odd vertical displace-
ment must occur with even multiplicity.

The directional tile codes are obtained by tessellating a pair
of directional tiles on an (M + B—1) X (N + B— 1) rectangular
grid, again with the edges on the top row and the rightmost col-
umn removed. Starting from the bottom-left vertex, we choose
the vertices of an M X N subgrid as anchors. In the bulk, both
the X- and Z-tiles are supported at each anchor. Along the
boundary, X- and Z-type tiles are placed separately, as shown
in Figure 1 (b) and (c), so that any X-boundary tile and Z-
boundary tile either have disjoint support or intersect only on
edges contained in the prescribed layout.

After tessellation, we prune unnecessary boundaries. Edges
that are contained in tiles of at most one type are removed, to-
gether with any stabiliser tiles whose support becomes empty
after this pruning step. The remaining edges define the data
qubits, while the remaining tile anchors define the positions of
the X- and Z-type check qubits. This gives a complete CSS
code.

To realise the resulting directional tile code on a planar grid
device using only nearest-neighbour iSWAP gates, we embed
the data and check qubits into the square or hexagonal-grid
hardware layout. Near the boundary, the tessellation can leave
gaps between check qubits and the data qubits with which
they must interact during the ordered walk. These gaps are
filled with routing qubits, shown as uncoloured circles in Fig-
ure 1 (b) and Figure 7, so that every step of the syndrome-
extraction circuit remains nearest-neighbour.

We observe that logical operators in directional tile codes
have a surface-code-like boundary-to-boundary structure;
see Figure 9. Consistently with this picture, the X- and Z-
type distances scale linearly with the two bulk dimensions and
are primarily controlled by M and N, respectively; see Ta-
ble IV. For uniform-distance instances, d dx dz,
this gives a natural way to compare the implemented cir-
cuit size ngy as a function of d; see Figure 8. For the
lower-weight directional words N>ESEN? and N?E2SE’N?, of
weights 7 and 9, respectively, the resulting circuit-qubit count
follows an exact quadratic dependence on d, as expected
from a two-dimensional patch whose two linear dimensions
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FIG. 5. Example of one round of nearest-neighbour syndrome extraction. Spacetime trajectory of the nearest-neighbour
CXSWAP syndrome-extraction circuit for a [[18, 2, dx = 3, dz = 2]] directional tile code on a square grid with directional word
® = NESEN. The top-left panel shows the initial layout, while the following panels show the five directional layers N, E, S, E,
and N. In each layer, check qubits are moved along the prescribed direction by parallel nearest-neighbour CXSWAP operations,
as described in Algorithm 1. The red and blue paths highlight representative X- and Z-type check trajectories during the same
extraction round. The circuit shown includes boundary scheduling optimisations: qubits whose first interaction occurs only in a
later layer are reset only immediately before use, and check qubits whose final interaction has already occurred are measured as
soon as possible. Consequently, some reset and measurement operations appear inside the directional sequence rather than only
at the beginning or end of the round; these scheduling choices reduce idle time without changing the stabilisers being measured.

Pt £ i

FIG. 6. Examples of displacement vectors. The connected
string of the X-tile of the directional word ©® = NESEN, with
data qubits highlighted by grey dots. Displacement vectors
are illustrated for each starting point. Green vectors have even
vertical displacement, while the different shades of yellow in-
dicate pairs of vectors with odd vertical displacement.

s both grow with distance. By contrast, for the weight-11
52 word N?EZSESE2N?, the same finite-size data are much bet-
03 ter described by an almost linear dependence of ng. on
s« d. This finite-size behaviour remains consistent with known
s two-dimensional locality bounds [31-33], while revealing a
30 favourable finite-distance regime relevant to near-term over-
307 head comparisons.

Beyond quantum memory, the tile-code structure provides
00 routes to logical Clifford operations. Using the canonical log-
a0 ical Pauli basis of tile codes [59], we analyse operations aris-
s ing from derived automorphisms and geometric code symme-
a2 tries. Derived automorphisms temporarily enlarge the patch

308

along one boundary and induce logical Clifford actions that
decompose into products of logical CNOT gates. For suit-
able palindromic directional words, reflection symmetries also
16 define code automorphisms whose logical actions decompose
s1i7 into products of SWAP and CNOT gates [60]. These mecha-
sis nisms offer candidates for intra-patch logical operations, com-
310 plementing inter-patch lattice surgery [61-64]. Appendix D
describes their logical action and additional symmetries iden-
tified through automated searches. Assessing their full fault-
tolerant implementation cost under planar nearest-neighbour
constraints remains an important direction for future work.
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V. ROUTING OVERHEAD AND OPTIMISATION

324

The routing overhead introduced by our scheme is boundary
dominated and scales linearly with the relevant code distances.
327 We first prove a general boundary-scaling bound in Lemma 3:
for any family of directional tile codes generated from a fixed
directional word D, the number of routing qubits required for
nearest-neighbour syndrome extraction satisfies
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This follows because routing qubits are introduced only near
the boundary of the planar layout, whose size grows with the
linear dimension of the code. More concretely, the logical op-
erators have a boundary-to-boundary structure, so the X- and
Z-type distances are controlled by the two bulk dimensions,
M and N, respectively; see Table IV. The same data show that
both the standard and optimised routing overheads are linear
functions of M and N. Thus, for a fixed directional word, the
routing overhead is naturally expressed as

n, = O(dx + dz),

and reduces to n,, = O(d) in balanced families where dx and
dz are comparable. This distance-linear behaviour is shown
explicitly in Figure 8 for the uniform-distance slice d, where
both the standard and optimised routing overheads grow ap-
proximately linearly with d, while the optimisation yields sub-
stantial constant-factor savings across all directional words.
This is analogous to the routing overhead recently proved for
colour-code constructions [56] and in correspondence with
circuit-qubit number scaling we observed.

Since the routing overhead comes primarily from bound-
ary routing qubits, we reduce it by removing routing sites that
are free during a syndrome-extraction round. Concretely, if
a routing qubit acts only as a terminal relay for a single data
or check qubit g, and is not required between two data-check
interactions involving g, we absorb this routing site by shift-
ing the corresponding start or end position of g to that site;
see Figure 1 (b), Figure 5, and Figure 7. We iterate this lo-
cal simplification until no further terminal routing sites can be
removed. The resulting circuit is accepted only after verify-
ing that the measured stabiliser supports, detectors, and logi-
cal observables are unchanged. A detailed description of the
optimisation procedure is given in Appendix C.

In multi-patch architectures, part of the routing overhead
may be shared with other auxiliary regions already required
for logical operations. Lattice-surgery protocols, for example,
typically use padding regions between neighbouring patches
as auxiliary degrees of freedom for patch merging and logical
Pauli measurements [61-63]. From this perspective, boundary
routing qubits need not always be viewed as a completely sepa-
rate overhead: in suitable layouts, they may also serve as inter-
patch padding for logical operations, or as auxiliary degrees of
freedom for intra-patch logical operations derived from auto-
morphisms [59]; see Appendix D. Since these routing qubits
can be periodically reset, the same layout is also compatible
with leakage-mitigation strategies used in time-dynamic and
iISWAP-based circuits [38, 43].

We also optimise the timing of auxiliary qubit preparation
and readout to reduce exposure to idle noise. Routing qubits
are reset as late as possible before they are required to interact
with a check or data qubit. Following a routing CXSWAP, the
outgoing auxiliary state is measured in the corresponding basis
at the earliest available time step, provided it is not required to
interact in an entangling gate in the following time step. Rout-
ing inputs that are needed again are reset immediately before
their next use. We apply a similar optimisation to boundary
checks with shorter interaction sequences: their accumulated
parities are measured as soon as the required interactions are
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complete, and the check inputs for the following syndrome-
extraction round are reset at its start. Preparation and readout
are scheduled alongside operations on disjoint qubits, without
adding circuit layers. These changes shorten the intervals dur-
ing which idle errors can propagate to the data or corrupt a
measurement.

VI. SUMMARY AND OUTLOOK

We have introduced directional tile codes: a family of planar
gLDPC memories whose stabilisers and syndrome-extraction
circuits are specified by the same directional word. Each word
defines a bounded-size connected string that serves both as
the support of a CSS stabiliser and as the ordered nearest-
neighbour walk used to measure it. By exploiting the exchange
character of the iSWAP gate, these walks generate the required
check-data connectivity dynamically in spacetime, rather than
requiring a static long-range coupling graph. For a directional
word of weight w, one syndrome-extraction round has depth
w +2, including check-qubit preparation and measurement, in-
dependent of the code size.

This construction weakens the usual dichotomy between
surface-code locality and qLDPC efficiency. The surface
code is naturally compatible with planar nearest-neighbour su-
perconducting hardware, but pays a large price in encoding
rate. Conversely, many high-performance qLDPC construc-
tions achieve much better finite-size parameters, but rely on
long-range connectivity or qubit shuttling. Directional tile
codes show that this trade-off is not absolute in the finite-size
regime relevant to early fault-tolerant devices. We find com-
pact open-boundary instances with high code efficiency. Af-
ter compiling syndrome extraction into strictly planar nearest-
neighbour circuits, this advantage persists at the implemented-
layout level: in circuit-level simulations, the best directional
tile-code layouts reduce the per-logical per-round logical er-
ror rate by around two orders of magnitude relative to rotated
surface-code memories at a comparable footprint of about 40
circuit qubits per logical qubit on a square grid. Moreover,
even when the directional tile codes are restricted to the lower-
degree connectivity of a hexagonal grid, they retain nearly a
two-order-of-magnitude reduction in logical error rate relative
to rotated surface-code memories implemented on the square
grid.

Although the implemented layouts already show substantial
advantages, further gains are likely possible through more ag-
gressive routing optimisations and a deeper co-design of di-
rectional words, planar layouts, syndrome-extraction sched-
ules, and decoders. Several limitations and open directions
remain. First, the present numerical evidence is finite-size
and based on particular families of directional words; a more
systematic search over words, layouts, schedules, and rout-
ing optimisations may reveal substantially better instances.
Since multiple directional words are allowed at a fixed sta-
biliser weight, and since these words can realise codes with
the same or different logical dimensions, it would also be in-
teresting to develop code-switching techniques between direc-
tional tile codes defined by different words. Such techniques
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could provide additional flexibility for logical operations, lay-
out deformation, or architecture-level compilation. Second,
our circuit-level simulations use a simplified noise model. It
will be important to optimise these circuits under biased noise,
coherent circuit noise, and hardware-calibrated error models.
Leakage is another natural direction [38, 43]: although the
resettable routing qubits provide possible locations for leak-
age removal and flag information, leakage has not been ex-
plicitly modelled here. Third, these memories should be inte-
grated with logical operations. Promising routes include lat-
tice surgery [61] between directional tile patches and intra-
patch operations derived from code automorphisms [59, 60],
but their full circuit-level cost in planar layouts remains to
be assessed. Finally, architecture-level compilation will be
needed to understand how directional tile memories perform
inside larger fault-tolerant layouts, where routing regions may
also serve as inter-patch workspace.

Taken together, these results suggest that JLDPC-like finite-
size advantages can survive the stringent locality constraints of
planar superconducting hardware when the code, native gates,
and syndrome-extraction dynamics are co-designed. Rather
than treating connectivity as a fixed hardware resource, di-
rectional tile codes use local exchange gates to generate the
required connectivity during the error-correction cycle itself.
This provides a route toward lower-overhead fault-tolerant
quantum memories on strictly planar nearest-neighbour de-
vices.
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Appendix A: Toric directional codes as bivariate-bicycle codes

Toric directional codes [35, 54] are obtained by tessellating
a generalised torus with directional tiles. This yields a transla-
tionally invariant CSS code whose X-type stabilisers are trans-
lates of the directional word D, while the Z-type stabilisers
are translates of the same string on the dual lattice. This
translational invariance reveals their algebraic nature: toric
directional codes form a distinguished subfamily of bivariate-
bicycle codes [17, 65].

Algebraically, an X-type stabiliser is specified by two fi-
nite bivariate polynomials f(x,y),g(x,y) € Fa[x,y]/(x! +
1,y™ + 1), which encode its support on the horizontal and
vertical edges, respectively, of an [ X m grid with periodic
boundary conditions. The corresponding Z-type stabiliser is
supported on the dual string and is encoded, on horizontal
and vertical edges respectively, by the reciprocal polynomi-

als g(x, y) and f(x,y), where for f(x,y) = Zi’j ﬁ,jxiyf we

define f(x,y) = X;; fijx 'y = X fix"ly™ I, with
exponents understood modulo / and m. The CSS parity-check
matrices can therefore be written as

Hx = [B(f(x,y)) | B(g(x,y)].
Hz = [B(g(x,y)) | B(f(x, )],

where B denotes the binary representation of the quotient ring,
defined by B(x) = S; ® I, and B(y) = I; ® S;,, with S; and [;
the cyclic-shift permutation matrix and the identity matrix of
order [, respectively [17, 66]. A consequence of using recipro-
cal polynomials for the Z-type parity checks is that the corre-
sponding Z-type stabilisers generally have the same geometric
shape as the X-type stabilisers, up to a 180° rotation. There-
fore, if the directional word traces an open, non-self-crossing
string, the word must be palindromic for the X- and Z-type
stabilisers to have identical geometry.

Lemma 2 ((w,w)-regularity). Consider a toric directional
code defined by a directional word D of weight w. Then every
stabiliser generator, corresponding to a row of Hx or Hz, has
weight w. Moreover, every data qubit participates in exactly w
stabiliser checks in total. Equivalently, the Tanner graph of the
code, including both X- and Z-type checks, is (w, w)-regular.

Proof. This follows directly from the bivariate-bicycle repre-
sentation. Let wy = [supp f| and w, = |supp g|, so that
w = wjs +w,. By construction, B(f) and B(f) are (wr,wy)-
regular, while B(g) and B(g) are (wg,w,)-regular. Hence
each row of Hy and Hz has weight ws + w, = w. Similarly,
for each data qubit, the total number of stabiliser checks it par-
ticipates in is the sum of the corresponding column weights
from Hx and Hz, which is againwy + wg, = w. O

Appendix B: Directional tile codes for biased noise

For a fixed directional word D, varying the aspect ratio of
the rectangular base grid changes the balance between the X-
and Z-type distances. Below, we list several directional tile
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Dow M N| (nkdedzll | n |Gkdxdz)in
NESEN, 5 (22 3| [[259,2,<37,4] |58 1.14
N?ESEN?, 7 |22 3| [[269,4,<28,5] |87 2.08
N2EZSEZNZ, 9 |19 4| [[365,10,< 31,4] |196]  3.40
N?E2SESE’N?, 11[12 13|[[537, 14, < 35,12]]|216| 10.94

TABLE III. Parameters of representative directional tile
codes with unbalanced distances. Here n, denotes the opti-
mised number of routing qubits required for nearest-neighbour
syndrome extraction. For each listed directional-word weight
w, we perform a brute-force search over all allowed directional
words D and base-grid sizes M X N with M + N < 25. The
table reports the instances with the largest unbalanced code-
efficiency ratio kdxdz /n within this search space, compared
with rectangular rotated surface-code patches. For distances
above 20, the integer-programming distance computation does
not terminate within a reasonable time; in these cases we use
the probabilistic algorithm QDistRnd [77] to obtain distance
upper bounds.

codes with strongly unbalanced distances, making them po-
tentially useful for biased-noise architectures [67-76].

Appendix C: Routing overhead of directional tile codes

In this section, we bound the routing overhead of directional
tile codes and describe the boundary optimisation used in the
implemented circuits. The key point is that routing qubits are
required only near the boundary of the planar layout. Con-
sequently, for a fixed directional word, the routing overhead
grows with the linear size of the patch rather than with its area.

Lemma 3 (y/n-scaling of the routing overhead). Consider a
family of directional tile codes obtained from a fixed direc-
tional word © with fixed tile size B x B. Let the bulk patch
have size M XN, with bounded aspect ratio, and let n denote the
number of data qubits. Then the number n, of routing qubits
required for nearest-neighbour syndrome extraction satisfies

nr = 0(\/%)
Proof. LetL, = M+2(B-1)and L, = N+2(B-1). Since B
isfixed, L, = M+O(1) and L, = N+O(1). The total number
of hardware locations on vertices, edges and plaquettes is
nhw = LpLy + (2LpLy — Ly — Ly) + (Lp = 1)(Ly = 1)
=4MN +O(M + N).
The bulk contains M N stabiliser anchors of each type. Thus

there are 2M N bulk check qubits, and since the corresponding
stabilisers are linearly independent,

n>2MN = O(MN).

Hence, data and check qubits together occupy at least 4M N
hardware locations. Therefore

ny < npw —4MN = O(M + N).
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FIG. 7. Routing optimisation. Example of the boundary-routing optimisation used to reduce the number of auxiliary qubits in
the implemented layout and circuit for the N?ESEN? directional tile code with parameters [[60, 4, 5]] as presented in Figure 1.
The left panel shows the standard layout before optimisation: empty circles denote routing sites, red crosses mark routing sites
that are removed, and blue arrows indicate shifts of data or check start positions. The right panel shows the optimised layout
after pruning routing sites that are free during the syndrome-extraction walk. The optimisation preserves the measured stabiliser
supports, detectors and logical observables, while reducing the total number of circuit qubits.

Under bounded aspect ratio, M + N = O(VMN), and hence
ny = O(\/E)
O

The boundary-scaling bound is naturally expressed in terms
of distance. The logical operators of these codes have a
boundary-to-boundary structure, so the X- and Z-type dis-
tances are controlled primarily by the two bulk dimensions M
and N, respectively. This is reflected in the empirical fits in Ta-
ble IV. The same table shows that both the standard routing
overhead 7, and the optimised routing overhead 7, are affine
functions of M and N. Thus, for a fixed directional word, the
routing overhead scales linearly with the relevant boundary-to-
boundary distance scale. In particular, for the balanced fami-
lies used in our main overhead comparisons, this gives

n, = 0(d).

This behaviour is shown explicitly in Figure 8 for uniform-
distance instances, d = dx = dz, where both the standard and
optimised routing overheads grow approximately linearly with
d. The optimisation gives substantial constant-factor savings
across all directional words.

We reduce the routing overhead by generating and testing
simplified routing layouts. We call the primary simplification
“route-window shortening”. For each boundary stabiliser, we
identify the first and last steps of the directional word at which
it interacts with surviving data qubits. Any prefix or suffix
outside this active window is not needed to measure the sta-
biliser support, so the check start position can be shifted and
the corresponding terminal routing sites can be removed, pro-
vided that no check-start collision or data-check overlap is in-
troduced. We then apply the same principle to terminal routing
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sites used only by a single data or check qubit g: if the site is
not required between two data-check interactions involving g,
it is absorbed into the trajectory of ¢ by moving the appropriate
start position to that site. For data qubits, this is implemented
as a data-start shift onto a former routing coordinate.

After each proposed removal, we try to greedily remove
more routing qubits, by iteratively deleting routing qubits near
the edges of the layout and shifting the remaining qubits to
fill the newly introduced hole. We then run the directional
syndrome extraction normally for two rounds (forwards and
backwards) and accept the move only if every stabiliser still
interacts with exactly the data qubits specified by the original
parity-check matrix. We call this method “trace pruning” as
it relies on the trace of the directional word on the grid fix-
ing future steps. The intuition for this is that even though in
the original layout some routing qubits might appear neces-
sary, through the displacement of early directional word steps,
their neighbour routing qubits can fill the gap instead when
near the middle of the schedule. Several candidate circuits
are generated in this way, including variants with and with-
out data-start shifts and with different combinations of greedy
deletions. The final candidate is accepted only if the measured
stabiliser supports, detectors, and logical observables are un-
changed, and if the detector error model remains determinis-
tic. Among all valid candidates, we choose the one with the
smallest number of physical qubits. We show the unoptimised
layout, together with the routing-site moves and deletions pro-
duced by the combined optimisation procedure, in Figure 7.

Example 4 (Routing optimisation of the [[323, 14, 15]] direc-
tional tile code). For the [[323, 14, 15]] directional tile code
generated by the weight-11 directional word N>E>SESE>N?, the
unoptimised layout contains 346 routing sites. By combin-
ing the two optimisation procedures and repeating them with
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b, w ﬁ; ny

dx dZ

N2ESENZ, 7 8M + 8N + 36 |3M + 2N + 15

~ 1.10M - 0.08N +2.25|~ 1.01N - 0.01M +2.07

N2E2SE2N2, 9 |18M + 8N +72|7M + 6N + 39

~ 1.51M —0.23N +2.54|~ 0.57TN — 0.05M + 1.68

N2E2SESEZN2, 11|24M + 8N +98|9M + 4N + 56

~2.30M - 0.12N +3.77|~ 0.87N — 0.03M + 0.74

TABLE IV. Routing overhead and distance scaling with bulk dimensions. For each directional word D, the table gives the
routing overhead before and after optimisation as functions of the bulk dimensions M and N. Here 1, denotes the routing overhead
of the standard layout, while 7, denotes the optimised routing overhead after removing unnecessary routing qubits. The last two
columns give empirical linear fits for the X- and Z-type distances, showing that dx is primarily controlled by M and dz by N.

different update orders, the routing overhead can be reduced
iteratively. Applying route-window shortening first reduces
the number of routing sites from 346 to 235. Subsequent
trace pruning of the remaining routing sites further reduces
this number to 165. Thus, the combined optimisation removes
181 routing sites in total, corresponding to a reduction of ap-
proximately 52% relative to the unoptimised layout.

Appendix D: Logical gates from automorphisms and derived
automorphisms

We briefly discuss possible mechanisms for implementing
logical operations in the directional tile-code families consid-
ered in this work. Since these codes are constructed as tile
codes, it is natural to use the structural description of logical
operators developed in Refs. [36, 59]. In particular, Ref. [59]
gives a canonical symplectic basis of logical Pauli operators
for tile codes, with representatives supported near the lattice
boundaries and generated by a finite cellular-automaton rule.
We use this basis to describe the logical Pauli operators of
our directional tile codes and to visualise representative logi-
cal operators on the physical qubit lattice; examples are shown
in Figure 9.

A first route to logical operations is provided by the derived-
automorphism [59]. In this approach, the tile-code patch is
temporarily enlarged along one boundary, implementing a
controlled deformation of the code. This deformation induces
a non-trivial Clifford action on the encoded qubits. When ex-
pressed in the canonical logical basis of Ref. [59], the result-
ing action decomposes into products of logical CNOT gates,
while remaining compatible with a low-overhead fault-tolerant
implementation.

Some of the directional words studied here have an addi-
tional geometric symmetry: they are palindromic about their
central step. For a directional tile code with directional word

D= d:d; .- ~Jw, the sequence satisfies

-

di = dyw+i-is
possibly after identifying directions under the corresponding
reflection of the tile. This symmetry induces a reflection of

the physical qubit layout,

P qi ™ qw+i-i,

350 N’ESEN? L =
—— NE2SEAN - ol

300 —— N’E’SESEAN? o e
----Unoptimised 7, /,'/ /,—"/

250{ —— Optimised n, L T

Routing qubits

N’ESEN? : i = (4d® + 9d + 1) /4
2507 —— WESEN’ : ngye = (82 + 25d — 1)/10
—e— N’E’SESE’N? : nire = (56.39d — 62.17)/14
B~ 200 —s— rotated surface (4-CX) : ngire = (242 — 1)/1
—e— rotated surface (4-CXSWAP) : ngipe = (2d% +2d — 3)/1

i
o
S

Neire Per logical qubit
~
S

ot
(=)
\

4 6 8 10 12 14
Uniform distance d = dxy = dyz

FIG. 8. Routing and circuit-qubit overheads as a function
of distance. Top: Routing-qubit overhead for representa-
tive directional tile-code families with uniform distance d.
Dashed curves show the standard-layout overhead 7,-, while
solid curves show the optimised overhead »n, after boundary-
routing simplification. Both scale approximately linearly with
d, with the optimisation yielding substantial savings across
all directional words. Bottom: Total circuit-qubit number
neire for the corresponding optimised nearest-neighbour lay-
outs. The w = 7 data follow the quadratic fit exactly over the
shown range, and the w = 9 data apart from the d = 3 instance,
whereas the w = 11 family is well described by approximately
linear fits over the finite-distance regime considered.

a0 on the tile-code lattice. Since the reflected directional word
ou defines the same local stabiliser constraints, the corresponding
o1z physical qubit permutation preserves the stabiliser group and
a3 therefore defines a code automorphism [60].

oia  This automorphism can in principle be realised as a permu-
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FIG. 9. Canonical logical Pauli bases for the N>ESEN? directional tile codes with stabiliser weight w = 7. We show two
representative codes from this directional-word family, with parameters [[60, 4, 5]] and [[112, 4, 7]]. Supports of X-type logical
operators are shown in red, while supports of Z-type logical operators are shown in blue. The displayed operators form canonical

logical Pauli bases constructed using the method of Ref. [59], su
commute.

a1s tation of physical qubits, or, equivalently, by relabelling phys-
a6 ical qubits. Although the reflected qubits generally lie on op-
a7 posite sides of the directional word, so the permutation is not
ais geometrically nearest-neighbour in the original planar layout,
a19 we do not need to realise it as an actual SWAP circuit. Instead,
each qubit is re-indexed by its reflected position, and the sta-
biliser generators, decoder information, and Pauli frame are
updated accordingly. Using the canonical logical Pauli basis,
we find that this reflection automorphism acts non-trivially on
the encoded qubits. The induced logical Clifford operation de-

920
921
922
923

924

ch that X; and Z; anti-commute if and only if i = j, and otherwise

o5 composes into a product of logical SWAP and CNOT gates.

We complement these analytic observations with an auto-
mated search for further code automorphisms. Following the
o8 framework of Ref. [60], one can represent a stabiliser code as
o290 a binary linear code, compute generators of its automorphism
30 group, impose the allowed Clifford constraints, and determine
oa1 the induced logical action of each physical symmetry. Ap-
92 plying this approach to our code families reveals multiple au-
o33 tomorphism generators and large symmetry groups, suggest-
ou ing that the palindromic reflection is only one instance of a

926

927

28
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[[n, k,d]|

[[24,4,3]] [[40,4,4]] [[60,4,5]] [[84.4,6] [[112,4,7]] [[144,4,8]] [[180,4,9]

29 213 217

|Aut|

221

224 223 233

TABLE V. Automorphism-group orders for selected N°’ESEN” directional tile codes. For each code instance [[n, k, d]], the
table gives the order of the physical-qubit permutation + single qubit Clifford gate group preserving the stabiliser code.

richer algebraic structure. These additional symmetries may
provide useful ingredients for fault-tolerant Clifford computa-
tion [78] or symmetry-assisted decoding [79]. Examples of
automorphism-group orders for the N?ESEN? directional tile
code family with stabiliser weight w = 7 are listed in Table V.

Appendix E: Circuit-level memory simulations with only
nearest-neighbour operations

Operation Error channel Probability

Two-qubit Cliffords two-qubit depolarising
One-qubit Clifford one-qubit depolarising
Reset in X (Z) basis phase (bit) flip
Measure in X (Z) basis phase (bit) flip

p
p
p
p
Idling qubits one-qubit depolarising p

TABLE VI. The uniform noise model. Operations, their as-
sociated error channels and probabilities for the uniform noise
model.

For our numerical evaluations, we perform circuit-level
memory simulations with the number of syndrome-extraction
rounds set equal to the code distance d for each code instance.
The circuits are compiled using CXSWAP gates and simulated
under the uniform depolarising noise model specified in Ta-
ble VI. In our main results, shown in Figure 2, we fix the phys-
ical noise parameter to p = 0.001.

All simulations are executed using Stim [49]. For each cir-
cuit, we sample up to 10 million shots, terminating early once
30 logical errors have been observed, except for the largest
weight 11 hex code, which spans 745 qubits across 9 rounds
and is simulated for up to 10 errors instead on each basis.
For the surface code patches, we use correlated pymatching
[80]. Decoding for the directional tile codes is performed with
VibeLsSD [81], which performs a parallel ensemble of serial
min-sum schedules. Here we use an ensemble of size of 16
for 5 iterations, for the unconverged shots we extend the en-
semble to 32 and subsequently to 64 and 128 paths progres-
sively. For shots that still do not converge on any path, we fall
back to LSD [82] order 0. Although the detector error models
for directional tile-code circuits are denser than those of stan-
dard surface-code circuits, due to the longer directional walks
and the presence of routing-qubit detectors, we find that this
generic BP-based decoder already gives strong circuit-level
performance. We have not attempted to optimise the decoder
for these circuits, and further improvements may be possible
with decoding methods tailored to the denser spacetime struc-
ture of directional tile codes.

From the simulated shots, we derive estimate py = Ex/Nx
and pz = Ez/Nz, where Ex, Nx and Ez, Nz are the logical
errors and total simulated shots of the X and Z basis experi-
ments respectively. We calculate the probability that at least

974

975

976

977

978

979

Code family  |No. patches| [[n,k,d]l |pr(p =0.001)
[[24,4,3]] | 9.00x 10~*
N2ESEN2, 7 35 [[40,4,4]] | 2.87x107*
(square) [[60,4,5]] | 4.54x1073
([84,4,6]] | 1.36x 107>
[[52,10,3]] | 5.30x10~*
N2E2SE2N2, 9 4 [[76,10,4]] | 1.65x107*
(square) [[115,10,5]] | 2.17x 1073
[[162,10,6]] | 9.10x 107©
[[74,14,5]] | 2.89x107*
N?EZSESE2N?, 11 10 ([104,14,6]] | 2.98x107°
(square) [[182,14,10])| 6.98 x 10~°
[[241,14,12])| 1.37x 1076
[[52,10,3]] | 2.71x107*
[[74,10,4]] | 5.45x 107>
ENE?;WSZENE)’ 1 14 | [[104,10,5] | 1.56% 105
exagon [[199,10,7] | 2.30x 1076
[[295,10,9]] | 5.07 x 1077
[19,1,3]] 1.24 %1073
Rotated surface codes 140 [(25,1,5] | 872x107°
(4-CX, square) [[49,1,7] | 5.44x107°
[[81,1,9] | 4.56x 1077
[[9,1,3]] 1.09x 1073
Rotated surface codes 140 [(25,1,5] | 9.33x107
(4-CXSWAP, square) 149,1,7]] 6.07 x 10~6
[[81,1,9]] | 4.56x1077

TABLE VII. All codes included in the circuit-level simula-
tions of Figure 2. Several patches of each code are used to
build a quantum memory of 140 logical qubits, which is the
least common multiple of the logical dimensions of the codes
listed, in order to make a fair comparison. The grid connec-
tivity is indicated below each directional word, and both ro-
tated surface-code implementations use the square grid. Here
pr(p = 0.001) denotes the circuit-level logical error rate av-
eraged over X and Z bases per-logical per-round at physical
error rate p = 0.001.

one of the 2k total observables across both bases fails across
the entire patch. We hence considerz = 1 — (1 -px)(1-p2),
and form N, = min(Nx, Nz), E, = round(N.u), and u
E./N., following the fusion rule [83]. The final estimate is

Sxz = 1= {[1+ Q1 -m"CO — )l (&1

equivalent to Sinter’s conversion with pieces=r and
values=2k [49].
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