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Abstract

Reservoir computing requires memory distributed over task-relevant timescales, not merely long mem-
ory. In most quantum reservoirs, however, the memory profile emerges from intrinsic dynamics and
cannot be engineered directly. Here we introduce a waveguide-QED quantum reservoir in which a
driven Kerr resonator couples to a one-dimensional waveguide at spatially separated points. The
unmeasured propagating field returns past-input information after a geometry-defined delay, forming
a coherent non-Markovian feedback channel without intermediate measurement or classical reinjec-
tion. Delay-resolved memory benchmarks reveal two complementary roles: propagation sets when
information returns, while Kerr dynamics convert the returned field into nonlinear temporal features
accessible to a linear readout. In NARMA-n tasks, the optimal delay shifts systematically with task
order, approximately tracking the explicit input-product lag. These results establish coherent delayed
feedback as a mechanism for engineering task-relevant memory in quantum reservoir computing.

Introduction

Reservoir computing (RC) processes temporal
information by embedding input histories into
the high-dimensional dynamical state of a com-
plex system, while training only a linear readout
layer [1-11]. Building on this framework, quan-
tum reservoir computing (QRC) exploits coher-
ence, intrinsic interactions, and large accessible

quantum state spaces to generate rich tempo-
ral features, motivating extensive theoretical pro-
posals and a growing number of experimental
demonstrations across photonic, superconducting-
circuit, trapped-ion, spin-based, and related plat-
forms [12-25]. Despite these advances, realizing
the full computational potential of QRC requires
not only rich quantum dynamics, but also the abil-
ity to retain and transform information from past
inputs.
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Memory is a central resource in RC: a reser-
voir must preserve task-relevant information from
past inputs while progressively discarding obsolete
history [26-30]. However, the usefulness of mem-
ory is not determined by duration alone. Stan-
dard temporal tasks, including short-term mem-
ory (STM) [31], delayed-product [29], delayed-
XOR [32] and NARMA-n prediction [30], require
information retained at specific past lags or over
characteristic temporal windows. The relevant
computational resource is therefore not simply
memory depth, but a delay-resolved memory pro-
file aligned with the temporal structure of the
task. In QRC, quantum coherence and intrinsic
interactions offer distinct physical mechanisms for
retaining past information and transforming it
into nonlinear temporal features accessible to the
readout [27-29].

This task-matching perspective has been
explored extensively in classical RC through task-
specific capacity analysis [33] and delay-based
architectures, where self-feedback loops or inter-
node propagation delays reshape lag-resolved
memory profiles and information-processing
capacities [10, 32, 34, 35]. The coherent quantum
counterpart, however, remains less developed. In
a time-delay quantum reservoir, past information
must be carried by an unmeasured propagating
field and returned coherently to the reservoir,
rather than being converted into a classical record
and subsequently reinjected.

Measurement-feedback QRC schemes offer an
explicit route to memory reinjection, but typically
rely on repeated measurements and the classical
processing of the outcomes [19, 24, 28, 36]. Non-
Markovian quantum reservoirs, by contrast, can
preserve coherent dynamics and enhance mem-
ory without intermediate measurement, yet their
temporal memory profiles are typically fixed by
the intrinsic reservoir dynamics rather than engi-
neered for specific task-relevant timescales [29, 37].
The central challenge is therefore to engineer the
temporal structure of quantum-reservoir memory
through coherent feedback, without intermediate
measurement or classical reinjection, and to match
the resulting memory profile to task-relevant tem-
poral dependencies.

In this work, we propose a non-Markovian
waveguide-QED reservoir consisting of a driven
giant Kerr-nonlinear resonator coupled nonlocally
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Fig. 1 Non-Markovian waveguide-QED reservoir. (a) A
driven Kerr resonator couples to a 1D waveguide at mul-
tiple points, generating coherent delayed feedback with
propagation times 7,,,. The drive Q(t) encodes the input,
while the measured reservoir features are mapped to g
through a trained linear readout. (b) Minimal single-delay
geometry, equivalently represented by a resonator coupled
to a semi-infinite waveguide, with coherent memory-return
delay 7. (c¢) Resonator dynamics following a short-pulse
excitation for representative delays I't € {0, 20,40}, illus-
trating the delay-controlled return of information to the
resonator.

to a one-dimensional (1D) waveguide at spa-
tially separated points (Fig. 1). The required
ingredients—mnonlocal coupling, finite propaga-
tion times, and nonlinear resonator dynamics—
are compatible with existing giant-atom and
waveguide-QED platforms [38-42]. The emitted
field carries information away from the resonator
and coherently returns it after a geometry-defined
delay, so that memory is encoded in the joint
resonator-waveguide dynamics rather than stored
solely in the local resonator. This architecture
realizes a quantum time-delay reservoir in which
the unmeasured propagating field serves as a
coherent memory carrier, returning information
about past inputs to the nonlinear resonator.
Waveguide propagation determines when infor-
mation about past inputs becomes dynamically
available again, whereas the Kerr interaction
mixes the returning field with the current res-
onator state and converts it into nonlinear tem-
poral features accessible through a linear readout.
Delay-resolved STM and delayed-product capac-
ities identify these two roles independently. We
further show that, in NARMA-n prediction, the
optimal feedback delay shifts systematically with
task order and tracks the explicit input-product
lag. These results establish waveguide-mediated
coherent feedback as a hardware-level mechanism
for engineering task-relevant memory in QRC.



Results

Waveguide-QED reservoir and
memory kernel

We consider the waveguide-QED reservoir illus-
trated in Fig. 1(a), consisting of a driven Kerr-
nonlinear resonator coupled to a 1D waveguide at
M spatially separated coupling points x1,...,Zas.
In a frame rotating at the drive frequency wy, and
in the interaction picture with respect to the free
waveguide Hamiltonian, the total Hamiltonian
reads

H(t):AaTa—Fg 12 a® +i[Q(t)a T—Q*(t)a]

/dw [guawe_iéwtaTba(w) + H.c.] ,
(1)

where ¢ annihilates an excitation of the resonator
and b,(w) annihilates a waveguide mode of fre-
quency w propagating in direction o« = L, R.
The parameters A = w, — wg and d, = w —
wgq denote the resonator and waveguide detun-
ings in the rotating frame, respectively, U is the
Kerr nonlinearity, and (t) is the input-dependent
coherent drive. For symmetric coupling to left-
and right-propagating modes, we take guaw =
\/’yu/47rei“"“w”’“/”9, with sg = +1 and s;, = —1,
so that ~, is the total radiative decay rate of
coupling point p.

Eliminating the waveguide degrees of freedom
yields a nonlocal Heisenberg—Langevin equation
for the resonator operator [43]. For resonant driv-
ing (A = 0), it takes the form

p=1la=L,R

where £(t) is the zero-mean vacuum input noise
and K (t) is the (effective) memory kernel gen-
erated by waveguide propagation. Within a local
Markov approximation at each coupling point,
while retaining the finite propagation delays
between spatially separated points [43-45], the

memory kernel can be written as

K(t) = 5b0) + 3 e st =), ()

w#Y

where I' = > 7, is the total radiative decay rate,
Tuw = € —x,|/vg is the propagation time between
coupling points, and ¢, ~ wq7yu, is the corre-
sponding propagation phase. The first, instanta-
neous term in Eq. (3) describes the local Marko-
vian decay, whereas each delayed term represents
a geometry-induced coherent feedback channel.
Through this channel, a field emitted by the res-
onator propagates through the waveguide and
coherently re-enters the resonator after a finite
propagation time 7,,, with feedback strength
VY /2, without intermediate measurement or
classical reinjection.

To isolate the elementary mechanism of
waveguide-mediated coherent memory, we focus
on the minimal nontrivial configuration consist-
ing of two coupling points separated by a single
propagation delay 7 = 712. Despite its simplic-
ity, this geometry already captures the complete
physical cycle underlying the proposed reservoir:
information carried by an unmeasured propagat-
ing field leaves the resonator, is temporarily stored
in the waveguide, returns after a finite propaga-
tion time, and is subsequently transformed by the
local Kerr nonlinearity into nonlinear temporal
features. It therefore provides the simplest setting
in which memory transport can be cleanly sepa-
rated from memory processing. The same effective
single-delay feedback channel can be implemented
experimentally by placing the resonator in front of
a mirror, or equivalently by coupling it to a semi-
infinite waveguide, as illustrated in Fig. 1(b). In
this representation, the feedback delay is simply
determined by the resonator—mirror distance. Fol-
lowing a short-pulse excitation, the returning field
produces a delayed echo in the resonator response
[Fig. 1(c)], providing a direct dynamical signa-
ture of the coherent memory channel. The multi-
point geometry considered in Eq. (3) extends this
minimal construction to multiple independently
programmable memory-return times.

The effective kernel in Eq. (3) naturally sep-
arates two physical ingredients of the reservoir.
Waveguide propagation determines when informa-
tion carried by the emitted field coherently returns



to the resonator, whereas the Kerr interaction
determines how this returning field is transformed
into nonlinear computational features. Relative to
the input update interval At, the ratio 7/At fixes
the temporal location of this coherent memory
return in discrete input steps. To distinguish these
two roles, we compare a time-delay linear refer-
ence reservoir (TDLRC, U = 0), which isolates
coherent memory transport, with a time-delay
Kerr quantum reservoir (TDQRC, U = 30T, in
which coherent memory transport and nonlinear
memory processing coexist. All remaining param-
eters are kept identical. The TDLRC is simulated
by solving the corresponding delay-differential
equation (DDE) [43], while the TDQRC is sim-
ulated using the time-bin matrix-product-state
(MPS) method [46-48], which explicitly represents
the propagating waveguide field responsible for
coherent delayed feedback. Implementation details
are provided in Methods, and system—field corre-
lations are discussed in Supplementary Section S1.
Unless stated otherwise, all results are obtained
for balanced couplings v; = 72 = I'/2 and con-
structive propagation phases ¢,, = 2mm. The
effects of propagation phase and coupling asym-
metry are discussed in Supplementary Sections S2
and S3, respectively.

Input encoding and readout

The reservoir is driven by a scalar input sequence
{ux}, encoded in the coherent drive via a zero-
order-hold protocol,
Qt) = euy, (k—1)At <t <kAt, (4)
where € sets the input amplitude and At is the
input update interval. Each input value is there-
fore held constant for one reservoir-evolution step,
while the waveguide-mediated dynamics retain
and process information from preceding steps.
The reservoir state is accessed through first-
order quadrature moments of both the local
resonator and the outgoing waveguide field,

T
r(t) = ((Xa(t)>> <Pa(t)>7 <X0ut(t)>> <Pout(t)>> (a)
5

where X, = a+a', P, =i(a’ — a), Xouws = bout +
bzut, Py = i(biut — bout), and boyy is the waveg-

uide output field operator. Because the readout

contains only first-order moments and is subse-
quently processed by a linear regression layer, any
nonlinear temporal features accessible to the out-
put must be generated by the intrinsic reservoir
dynamics.

In order to enrich the accessible dynamical fea-
tures without introducing an additional memory
channel, we adopt temporal multiplexing [3]. Dur-
ing each input interval k, the response is sampled
at tpm = kAt —mb (m=0,..., Ny, — 1), where 0
is the virtual-node spacing and N, is the number
of virtual nodes. The resulting feature vector is

X = (1, I‘T(tk’o),...7I‘T(tk’Nv,1))T, (6)

where the leading constant provides the readout
bias. We impose (N, —1)8 < At so that all virtual
nodes lie within a single input interval. Tempo-
ral multiplexing therefore resolves the intra-step
reservoir trajectory but does not explicitly embed
responses from earlier input intervals. Memory
extending beyond one input step must conse-
quently originate from the resonator-waveguide
dynamics. The predicted output is obtained from
the linear readout

Uk = WourXg. (7)

The weights Wy, are trained (and thus opti-
mized) via ridge regression [30] after discarding an
initial washout period, and are evaluated on inde-
pendent test data. The resonator is initially in its
ground state and the waveguide is in vacuum. The
decay of feature-level dependence on the initial
resonator state, and hence the echo-state property
in the operating regime considered here, is verified
in Supplementary Section S4.

Together, the geometry-induced memory ker-
nel, coherent input encoding, and linear readout
establish a reservoir in which coherent waveguide
propagation controls the temporal placement of
memory, while intrinsic Kerr dynamics govern its
nonlinear processing. The following sections quan-
tify these two roles independently using delay-
resolved memory benchmarks.

Linear and nonlinear memory

Having established the geometry-induced memory
kernel above, we now use delay-resolved bench-
mark tasks to identify the distinct roles of coherent



waveguide propagation and Kerr nonlinearity. The
short-term-memory task resolves when informa-
tion about a past input becomes accessible to the
readout, whereas the delayed-product task tests
whether this returned information is nonlinearly
combined with the current input.

The STM target is

d
yl(c%TM = Uk—d, (8)

where d is the input lag and the inputs are sampled
independently as uy ~ U(0,1). To probe nonlinear
delayed-memory processing, we use the delayed-
product target

d — _
D od = (ur — @) (ug—q — 1), )

where % is the input mean. This task requires both
the retention of ux_4 and its multiplicative mixing

with the current input u. For each task, the delay-
resolved capacity is defined as

Cl = NG
Var(yk,n)\/'ar(y

~(d d
Cov?(§2, ys™)

) (@)
k,n

n € {STM, prod},

(10)
with all quantities evaluated on held-out test data
after washout and training. The capacity satisfies
0 < C7 < 1, with unity corresponding to per-
fect linear reconstruction of the target from the
reservoir features.

The STM capacity directly resolves the tem-
poral memory structure induced by the memory
kernel in Eq. (3). In the absence of a finite
feedback delay, the instantaneous kernel contri-
bution produces a local fading-memory envelope,
as seen for 7/At = 0 in Fig. 2(a). In this
regime, the TDQRC exhibits a broader short-lag
response than the TDLRC, indicating that the
Kerr dynamics reshape the local reservoir relax-
ation even before a temporally separated return is
introduced.

For a finite propagation delay 7, the emitted
field coherently re-enters the resonator after a time
7. In units of the input update interval At, this
produces a primary memory revival near

T

dT:E'

(11)

At the shortest finite delay [Fig. 2(b)], the return-
ing field overlaps with the local fading-memory

<~ TDQRC 7/A¢ =0
—o— TDLRC

; ~o= TDQRC /At =0
0.5 ——TDLRC
(
0.0
3 T/At=2
0.5
()
0.01g==

STM

Fig. 2 Delay-resolved linear and nonlinear memory. The
left and right columns show the STM capacity C’STM
for reconstructing ug_4 and the delayed-product capacity

Cgmd for reconstructing (uy — @) (ug_q — ), respectively.
Rows correspond to feedback delays 7/At = 0,2,4,6,8;
vertical dashed lines mark d = 7/At¢. TDQRC denotes
the Kerr-nonlinear time-delay quantum reservoir, while
TDLRC denotes the linear reference reservoir with the
same feedback geometry. Parameters are At = 2, ¢ = 1,
v1 =72 =0.1 (' =0.2), Ny = 20, and 6§ = 0.1. Washout,
training, and test sequences contain 100, 600, and 200 input
steps, respectively. Shaded regions indicate one standard
deviation over independent input realizations.

response, resulting in a broadened low-lag profile.
As the delay increases [Fig. 2(c)—(e)], the returned
component separates from the local response and
forms a distinct STM revival. Its position fol-
lows Eq. (11) in both the TDLRC and TDQRC,
demonstrating that the timing of the primary
memory return is governed mainly by waveguide
propagation rather than by the local nonlinearity.

In addition, secondary revivals appear at later
lags as a consequence of repeated coherent rein-
teractions between the resonator and the delayed
field. In the parameter regime considered here,
these echoes are more pronounced in the TDLRC,
where the returning field evolves linearly and
can accumulate coherently over successive round
trips. In the TDQRC, Kerr nonlinearity mixes
such returning components with the instantaneous
resonator state, thereby reshaping the echo pro-
files and reducing the amount of information that
remains accessible as purely linear delayed recall.
This behavior reflects the familiar redistribution



of reservoir capacity between linear memory and
nonlinear processing [49-52]. Waveguide propaga-
tion therefore sets the temporal positions of the
coherent returns, whereas Kerr dynamics redis-
tribute their information content among linear
and nonlinear features.

Next, we use the delayed-product task to
determine whether the coherently returned infor-
mation is converted into nonlinear temporal fea-
tures. Despite its clear STM revivals, the TDLRC
exhibits negligible C’gmd under the present
first-order-moment and linear-readout protocol
[Fig. 2(f)—(j)]- A linear reservoir can retain uj_g4,
but it cannot efficiently generate the multiplica-
tive feature upur_q from the same first-order
observables. The TDQRC behaves qualitatively
differently. At the short finite delay [Fig. 2(g)], the
delayed-product response extends over neighbor-
ing lags because the coherent return overlaps with
the local nonlinear response. For larger delays,
the two contributions become temporally sep-
arated, and a distinct product-capacity feature
emerges near d ~ 7/At [Eq. (11)]. The coin-
cidence between the STM and delayed-product
revival positions shows that the waveguide first
transports information about up_4 back to the
resonator, after which the Kerr interaction com-
bines it with the current reservoir response and
renders the resulting nonlinear feature accessible
to a linear readout. The integer values of 7/At
used in Fig. 2 provide a transparent illustration of
delay-programmed memory. More generally, when
7/At is non-integer, the coherent memory return
is distributed across the nearest discrete input lags
rather than being localized at a single delay, as
discussed in Supplementary Section S5. Likewise,
extending the giant resonator to multiple cou-
pling points introduces several coherent feedback
paths and thus multiple programmable memory-
return times, whose resulting memory structure is
analyzed in Supplementary Section S6.

These benchmarks establish a two-stage mech-
anism for delay-based quantum reservoir pro-
cessing. Coherent waveguide propagation con-
trols when past-input information becomes avail-
able again, while the Kerr interaction deter-
mines whether that information remains accessible
as linear recall or is transformed into nonlin-
ear delayed features. This separation suggests

a direct task-matching principle: temporal pre-
diction should improve when a coherent mem-
ory return is positioned near a task-relevant lag
and is processed by sufficiently strong intrinsic
nonlinearity. We test this principle next using
NARMA-n prediction.

Task-matched time-series prediction

Now, we test whether the delay-resolved mem-
ory mechanism identified in the preceding memory
analysis can be translated into improved nonlinear
time-series prediction. In contrast to the STM and
delayed-product benchmarks, which probe specific
temporal features at a prescribed lag, nonlinear
forecasting tasks combine multiple delayed depen-
dencies and recurrent nonlinear transformations.
They therefore provide a more stringent test of
whether coherent memory return can be matched
to task-relevant temporal structure.

Prediction accuracy is quantified by the nor-
malized root-mean-square error (NRMSE):

o 2q1/2
NRMSE = {%’“:(yy’“k y;))g} , o (12)

where ¢ is the mean of the target outputs over the
test set.

We consider the NARMA-n benchmark, which
is widely used to assess the combined nonlinear-
processing and finite-memory capabilities of reser-
voir computers [3]. The target sequence obeys

n—1
Yht1 = 0.3yp+0.05yp Y yr—j+1.5 G fip—ng1+0.1,
j=0
(13)
with @ = wug/5 € [0,0.2]. The explicit prod-
uct Uplg—n4+1 couples the current input to a
past input at lag diask = n — 1. The recur-
rent terms involving the previous outputs yi
introduce additional, distributed temporal depen-
dencies, but the product term provides a clearly
identifiable nonlinear input—input correlation that
can be directly compared with the delay-induced
nonlinear memory characterized in the preceding
memory analysis.

According to Eq. (11), coherent delayed feed-
back returns past-input information to the res-
onator near d, ~ 7/At. The Kerr nonlinearity
can then mix this returned information with the
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Fig. 3 Task-matched prediction results on NARMA-n
sequences. (a)—(f) Test NRMSE as a function of pro-
grammed delay 7/At for n € {5,6,7,8,9,10}, compar-
ing TDQRC and TDLRC. Stars indicate the minimum
NRMSE for each curve. (g) Extracted optimal delay
Topt/At versus the explicit input-product lag n — 1. The
dashed identity line represents the matching condition in
Eq. (14). (h) NRMSE as a function of NARMA order for
the reservoir designs and baselines considered. All param-
eters are the same as in Fig. 2.

response to the current input. For the nonzero-
mean inputs used here, up = @ + dug, with
@ = 1/2, the expansion around the finite-
drive operating point g = eu admits quadratic
Volterra-type features proportional to dugdug_q. .
Matching these features to the explicit NARMA
input-product term suggests the task-matching
condition

Topt

At
Because NARMA-n also contains recurrent and
distributed memory terms, Eq. (14) should be
understood as a physically motivated design rule
rather than an exact identity.

As the NARMA order increases, the delay
yielding the minimum prediction error shifts sys-
tematically toward larger values [Fig. 3(a)—(f)].
The extracted optimal delays closely track the
explicit product lag n — 1 across the tested orders
[Fig. 3(g)], supporting the condition in Eq. (14).
This trend shows that the prediction improves
when the coherent memory return is positioned
near a temporal correlation explicitly required by
the target dynamics. Delays that are too short
return information before the relevant past input
is required, whereas excessively long delays shift

~ digsk =n — 1. (14)

the strongest memory revival beyond this task-
relevant lag. This interpretation is independently
supported by the delayed-product capacity eval-
uated at d = n — 1. Its delay dependence selects
the same feedback region as the NARMA error
minimum, as shown in Supplementary Section
S7. The agreement connects the task-level predic-
tion optimum directly to the nonlinear memory
feature identified by the delay-resolved memory
benchmarks.

Control comparisons separate the roles of
coherent memory placement and nonlinear pro-
cessing. The TDLRC retains a clear delay-
dependent error landscape, demonstrating that
the temporal placement of memory alone already
affects prediction. However, because its first-order
observables remain linear functions of the input
history, it cannot efficiently generate the non-
linear delayed features required by the NARMA
product term. At matched delay, the TDQRC
therefore achieves lower errors, with the advan-
tage becoming more pronounced as the NARMA
order increases. The zero-delay QRC represents
the complementary limit: it retains Kerr nonlin-
earity but lacks a temporally separated coherent
memory return. Its error increases rapidly with
NARMA order [Fig. 3(h)], showing that local non-
linear processing alone is insufficient when the task
requires longer-range temporal correlations. High-
order NARMA prediction thus benefits from the
coexistence of geometry-controlled memory return
and Kerr-induced nonlinear mixing.

Additional baselines test whether the observed
improvement can be attributed solely to generic
classical nonlinearity or reservoir size. Under the
same delayed-feedback kernel and readout proto-
col, a scalar classical nonlinear resonator (CRC)
does not reproduce the full nonlinear delayed-
memory response of the TDQRC; detailed com-
parisons are provided in Supplementary Section
S8. Standard echo-state networks (ESNs) [1]
remain competitive at low NARMA orders, but
their prediction errors increase more rapidly with
task order under the resource and parameter
settings considered here. Among the tested con-
figurations, the matched-delay TDQRC gives the
best high-order NARMA performance [Fig. 3(h)].

These results establish that NARMA predic-
tion performance is governed not by memory
depth alone, but by the alignment between the
temporal structure of the reservoir memory and



that of the target task. For NARMA-n, the
explicit input-product lag provides a transpar-
ent design target, and the optimal feedback delay
follows this lag closely. The broader Mackey—
Glass forecasting task, analyzed in Supplemen-
tary Section S9, contains distributed rather than
single-lag temporal correlations. Its delay depen-
dence is correspondingly less sharply localized,
but it likewise benefits from the combination of
coherent delayed feedback and Kerr nonlinear
processing.

Discussion

We have demonstrated that coherent delayed feed-
back in waveguide QED provides a direct physical
mechanism for engineering the temporal mem-
ory structure of a quantum reservoir. Information
about past inputs is carried away from the non-
linear resonator by an unmeasured propagating
field and coherently returned after a geometry-
controlled propagation time. The waveguide there-
fore determines when past information becomes
available again, while the local Kerr interaction
determines how this returned information is trans-
formed into nonlinear temporal features accessible
through a linear readout. Unlike measurement-
based feedback schemes, this memory channel
requires neither intermediate detection nor classi-
cal reinjection.

The delay-resolved STM and delayed-product
benchmarks directly reveal these complementary
roles. The primary linear-memory revival appears
near d, ~ 7/At, showing that the temporal posi-
tion of the returned information is controlled by
the propagation delay. The corresponding delayed-
product response shows that Kerr dynamics con-
vert this coherently returned information into
nonlinear features involving both past and current
inputs. These observations lead to a task-matching
principle: reservoir performance depends not only
on the total amount or depth of memory, but
also on whether the memory is available at lags
relevant to the target dynamics. The NARMA-n
results provide a direct demonstration of this prin-
ciple. The optimal feedback delay closely follows
the matching condition in Eq. (14). The agree-
ment between the task lag, the delayed-product-
capacity maximum, and the minimum prediction
error connects the computational optimum to a

specific physical feature of the reservoir mem-
ory kernel. The resulting improvement is therefore
not attributable to longer memory alone: it arises
from aligning a coherent memory return with a
task-relevant nonlinear temporal dependence.

The present study focuses on a minimal single-
delay geometry, first-order quadrature readout,
and a local Kerr nonlinearity. These choices make
it possible to isolate the elementary mechanisms of
coherent memory transport and nonlinear mem-
ory processing, but they do not exhaust the design
space of waveguide-QED reservoirs. Multi-point
coupling can generate several independently struc-
tured return times, while propagation phases and
coupling asymmetries provide additional control
over the amplitudes and interference of the corre-
sponding memory channels. Loss, dephasing, and
imperfect feedback will determine how much of
this coherent memory remains accessible in real-
istic devices. More generally, networks of coupled
non-Markovian nodes may support distributed
and hierarchical memory kernels that cannot be
realized with a single resonator.

Finally, waveguide-QED and giant-atom plat-
forms are particularly suited to this approach
because spatially separated coupling points, finite
propagation times, interference phases, and strong
local nonlinearities can be engineered within the
same architecture. In particular, superconducting
circuit-QED platforms [40, 53-55] provide a nat-
ural implementation route, where Josephson Kerr
resonators, giant artificial atoms, and microwave
waveguides can be integrated with high tunability
and high-fidelity quadrature readout. Our results
therefore establish geometry-programmed coher-
ent memory as a hardware-level design principle
for non-Markovian quantum information process-
ing, with QRC providing one concrete application.

Methods

Delay-differential equation for the
linear reservoir

To separate coherent memory transport from non-
linear memory processing, we employ two com-
plementary numerical descriptions for the linear
and nonlinear reservoirs introduced in the main
text. For the time-delay linear reference reservoir
(TDLRC), we replace the resonator operator in
Eq. (2) by a complex field amplitude a(t) — a(t)



and set the Kerr nonlinearity to zero. For the two-
point geometry with constructive feedback, the
resulting delay-differential equation is

alt) = Y2 0~y 1), (15)

a(t) = — ;

r
2

with the same memory-kernel convention as
in Eq. (3). This description retains the effect
of waveguide propagation through the delayed
amplitude a(t — 7), while eliminating the waveg-
uide degrees of freedom explicitly.

Time-bin matrix-product-state
simulation

For the time-delay Kerr quantum reservoir
(TDQRC), we simulate the joint resonator—
waveguide quantum dynamics using the time-bin
matrix-product-state (MPS) method of Ref. [46],
implemented with the MPS libraries of Refs. [47,
48]. Unlike the delay-differential description, the
time-bin MPS explicitly retains the propagating
waveguide degrees of freedom that carry the coher-
ent non-Markovian memory. The waveguide field
is discretized into temporal modes of duration
Atpin. A propagation delay is represented by an
integer number of time bins, 7, = £, Atpin, SO
that a field bin emitted at one coupling point
reinteracts with the resonator after £,,,, time steps.

In the time-bin representation, the waveguide
is mapped onto an ordered chain of field modes.
At each time step, the resonator interacts with
the bin, or bins, arriving at its coupling points.
The relevant field modes are then advanced along
the MPS chain, and the state is recompressed
by singular value decomposition. This construc-
tion explicitly retains the temporally separated
field modes that mediate coherent delayed feed-
back. Reservoir features are obtained from res-
onator observables and from outgoing time-bin
observables after their final interaction with the
resonator.

For the symmetric constructive-feedback
geometries considered in the main text, we use
an equivalent folded chiral representation to
reduce the numerical cost. In this construction,
the left- and right-propagating waveguide modes
are mapped onto a single effective chiral channel
while preserving the coherent delayed interaction.
For the two-point geometry, the resulting model

is equivalent to a unidirectional delay line, or
to a Kerr resonator coupled to a semi-infinite
waveguide terminated by a mirror [46].

Unless stated otherwise, the TDQRC simu-
lations use a time-bin duration Atp;, = 0.1, a
local time-bin cutoff dy;, = 4, a maximum MPS
bond dimension x = 24, and a resonator Hilbert-
space cutoff dyys = 12. Numerical convergence was
verified with respect to Atpin, dbin, X, and dgys.
The reported truncation parameters were chosen
such that further increases produce no appreciable
changes in the reservoir observables or benchmark
performance.
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