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Finite-copy optimal cloning of mixed qudit states:

exact optima, a closed-form cloner, and the structure of covariant sector channels

Hikaru Wakaural> *

YQIRI (Quantum Integrated Research Institute Inc.),
1-16-8 Akasaka, Minato-ku, Tokyo 107-0061, Japan
(Dated: October 23, 2026)

Copying is the most basic operation on information, and the no-cloning theorem is the sharpest
statement of how quantum information differs from classical. The best approximate copier of pure
states has been known for decades, and the asymptotic theory of cloning mixed states at fixed gain
~ = m/n was recently completed by Schur-Weyl methods, which give closed-form limiting fidelities
and an asymptotically optimal “Schur—Cartan” cloner. Whether those constructions are also good at
the finite copy numbers available in experiments, and what the finite-copy optimum is, was unknown.
We show that the finite-copy optimum is a concave program over Young-label transition rules and
extremal covariant maps between irreducible sectors, solve it exactly for qubits up to n = 40 and for
qutrits and ququarts at small n, and show that the asymptotically optimal cloners lose up to 0.11 in
root fidelity at n < 20, while purify—clone-trace fails at the degenerate spectrum. The loss is entirely
in the label rule: the Cartan sector channel is finite-copy optimal for qubits, and in higher dimension
it coincides with the lowest-Casimir (minimal Parthasarathy—Ranga Rao—Varadarajan) component,
which is within 1072 of optimal. A closed-form cloner, a Knothe-Rosenblatt coupling of the input
and target label laws followed by lowest-Casimir channels, is asymptotically optimal, improves
the Schur—Cartan cloner by up to 0.115, and comes with Karush—Kuhn—Tucker and Frank—Wolfe
certificates bracketing the true optimum to 10~ without semidefinite programming. The analysis
isolates a single representation-theoretic question, the pairwise optimality of the PRV channel at
intermediate spectral mixedness, settled here in the cold and hot limits and for single-copy inputs,
which governs how much coherent cloning advantage survives at the copy numbers of near-term

quantum networks.

I. INTRODUCTION

Every classical information technology rests on the
ability to copy data at will, and quantum theory for-
bids exactly that operation for unknown states [1, 2].
The no-cloning theorem is therefore the departure point
for quantum cryptography, quantum money, and the de-
sign of quantum networks, where one state must often be
shared among several parties. In all of these settings the
relevant question is quantitative rather than absolute:
how well can n copies of an unknown state be turned
into m > n approximate copies, and by which physi-
cal process? For pure states this question was answered
in the 1990s [3-6]: the optimal universal cloner projects
the input onto the symmetric subspace of the output,
its fidelity has a closed form, and for single-clone fidelity
the limit of many clones reduces to state estimation [7],
although for the joint fidelity used here optimal measure-
and-prepare outputs need not be independent copies of
an estimate [8].

Mixed states resisted a comparable treatment for two
decades [9, 10]. The difficulty is structural: n copies of
a mixed state p decompose under Schur—Weyl duality
into a classical Young label, which carries the spectrum,
and an irreducible sector, which carries the eigenbasis,
and a cloner must act on both. Recent work resolved
the asymptotic problem. Fei and Wang [11] determined
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the optimal global fidelity at fixed gain v > 1 for sim-
ple full-rank spectra, as a product of one-mode thermal
affinities, and attained it with a Schur—Cartan cloner
that processes the label classically and applies a covariant
Cartan-sector channel to the irreducible state. Fanizza et
al. [12] and Jeon et al. [13] showed, independently, that
purify—clone—trace (PCT), the Werner cloner applied to
a random purification [14], has the optimal sample com-
plexity n = ©((m—n)rd/e) for rank-r states, a worst-case
high-fidelity statement whose order of limits differs from
the fixed-gain one [11]. Together these results fix the lim-
iting constants and the scaling of mixed-state cloning.

However, the limiting constants say nothing about the
regime that matters for implementations, where n is a few
tens at most, the output is not divided among asymptot-
ically many clones, and the spectrum may be close to
degenerate; moreover, the asymptotically optimal con-
structions are not designed to be optimal at any finite n,
so neither the size of their finite-copy loss nor the shape
of the true finite-copy optimum was known. In this study,
we determine the exact finite-copy optimum over covari-
ant, permutation-symmetric cloners by reducing it to a
concave program whose variables are a transition rule on
Young labels and a mixture of extremal covariant maps
between irreducible sectors. We found that the Schur—
Cartan cloner of Ref. [11] is far from optimal at finite
n, by up to 0.11 in root fidelity for qubits at n = 20
and by up to 0.115 for ququarts at n = 3, and that the
whole loss sits in its label rule, because the output label
is sampled independently of the input label and incom-
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patible pairs fall back to a maximally mixed output. The
result shows that the sector channel is already optimal:
for qubits the Cartan coupling is used with weight ex-
actly one by the optimum at every size we solved, and in
higher dimension it is the component of lowest quadratic
Casimir in H}, ® H,, the minimal Parthasarathy—Ranga
Rao—Varadarajan (PRV) component [15, 16], which re-
mains optimal to within 1072. This identification yields
a closed-form cloner that is asymptotically optimal and
near-optimal at every finite size, together with certifi-
cates that bound its distance to the true optimum with-
out solving a semidefinite program.

II. SETTING AND REDUCTION
A. Global fidelity at fixed gain

Let p, = diag(p1,...,pq) with p1 > -+ > pg > 0 and
Pp.g = gppg’ for g € U(d). A cloner is a channel M from
(CH®m to (CH)®™, m > n, and its figure of merit is the
root Uhlmann fidelity [17] of the entire output with the
product target,

FM) = int |\ M3 o35 ]

exactly the global criterion of Ref. [11]. Schur—Weyl du-
ality gives (CH)®N =@,y Ha ® Sy, and

Is
p;?N = @ PN,p()‘) Pp, A & dimiS)\’ (2)
A

with Py ,(A) = dim Sy sx(p), where sy is the Schur poly-
nomial and pp x = ma(pp)/sa(p) is diagonal in a weight
basis of the irreducible U(d)-module . The Fei-Wang
cloners [11] measure the input label p, draw an output
label v from a transition rule K(v|u), and apply the
Cartan-sector channel

di "
= Oyt (X I Wy

Chuw(X) = dimH, *

w=v-—pu,

(3)
when w is a partition (the pair is compatible), with
Viw the isometry onto the highest-weight component
of H, ® H.; otherwise they output Tr(X)I/dim®H,.
The known-spectrum rule is K(v|p) = Pnp(v); the
spectrum-independent rule rounds vyu randomly. Their
fidelities converge to Forn(v,p) = [I,<; f7(p;j/pi) and
Funiv = FaFo, respectively, with f,(¢q) = (/7 +

q(y = 1+4q))/(v+ q) and Fo = (2y/7/(1 4 7))4-1/2
[11]. PCT applies Werner’s cloner [5] in dimension dr to
a random purification and traces the purifying registers;
its limit Fpcr lies strictly below Fyyiy for simple full-rank
spectra, while for pure states PCT and the Schur—Cartan
cloner coincide [11].

B. Exact finite-copy optimum as a concave
program

By covariantization and joint concavity of the fidelity,
the infimum over g in Eq. (1) is attained by U(d)-
covariant channels, and twirling the output over .S,
(which fixes the target) and the input over S,, costs noth-
ing (Appendix B, where every step of this subsection is
derived). The Choi operator of such a channel therefore
lies in the commutant of U(d) x S,, X S, and decomposes
as

J = @ J”V®Igﬁ®5,’,

pkn, vbEm

J" € End(H @M, )Y@,

(4)
with trace preservation ). Tr, J*” = I,. Each J*
is a positive element of the commutant, that is, a
positive-weighted sum over the irreducible components
A C Hj, ® H, of projectors (density matrices on the
multiplicity spaces when a component repeats). Writing
Ey =22, Pnp(p) @ (pp,u) for the unnormalized output
block and T, = dim S, m,(p,) for the target block, the
fidelity is

F=>> VTow Try/Zu, (5)

where w runs over the weight spaces of H,, (T, is scalar
on each, and =, is weight-block-diagonal by torus covari-
ance). Equation (5) is concave in the sub-channels, so
the finite-copy optimum is a concave program: for d = 2
every weight space is one-dimensional, the extremal co-
variant maps between spin j and spin J are indexed by
an intermediate spin L € {|J—j|,...,J+j} with explicit
Clebsch-Gordan kernels, and the program has ~ 10%
scalar variables at n = 20; for d > 3 we solve the semidef-
inite program over the J*¥ with U(d)-covariance imposed
through the Lie algebra, blocked by relative weight. We
validated the d = 2 program against a direct Choi-matrix
SDP (agreement 2 x 107°), the two d > 3 engines against
each other (agreement 107?), and all engines against
Werner’s pure-state value /(n + 1)/(m + 1). Irreducible
representations are built from Gelfand-Tsetlin matrix
elements [18, 19], so no tensor-power embedding is re-
quired.

IIT. FINITE-COPY RESULTS FOR QUBITS

Figure 1 compares, for d = 2, the exact optimum
with the Fei-Wang cloners and PCT for n < 20 and
v € {1.5,2,3}. Three features are common to all pan-
els. First, the optimum approaches Fy;;, from above and
slowly: for p = (0.6,0.4), v = 2 it is 0.982 at n = 20 and
0.970 at n = 40 against the limit 0.926, so the asymptotic
constant is not predictive for mildly mixed states at ex-
perimentally relevant sizes. Second, the known-spectrum
cloner C? converges from below and is strongly subopti-
mal: the worst case in our grid is p = (0.9,0.1), v = 1.5,
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FIG. 1. The finite-copy optimum lies well above the asymptotic constant while the Schur—Cartan cloner lies
well below it. Root fidelity versus input copies n at gain v = m/n for three qubit spectra (rows) and three gains (columns):
exact optimum (black), Fei-Wang known-spectrum cloner C% (blue), spectrum-independent cloner Ci™ (green), purify—clone—
trace (red), the constant channel (I/2)®™ (grey), and the limits Forb, Funiv, Fror (dotted). At v = 1.5, p = (0.9,0.1) the
known-spectrum cloner is beaten by its own spectrum-independent variant and by PCT.

n = 20, with 0.824 against the optimum 0.933. Decom-
posing its output shows why: the rule K(v|u) = P, p(v)
ignores the input label, so the fraction of probability mass
on incompatible pairs, which are sent to the maximally
mixed state, is 0.19 at n = 10 and still 0.09 at n = 100 for
p = (0.6,0.4), v = 2, and on compatible pairs the fluctua-
tion of the ratio (1 —p2)/(v1 —v2) around 1/ lowers the
mean sector fidelity to 0.913 at n = 100, against 0.943 for
a monotone coupling and the limit 0.926. Third, PCT is
the weakest of the quantum cloners for n > 3, with the
single exception of p = (0.9,0.1), v = 1.5 where it beats
C?, and converges to Fpcr from above.

Figure 2 quantifies the non-commutation of the degen-

erate and large-n limits anticipated in Ref. [11]. At fixed
n the optimum tends to one as ¢ — 1, because the state
becomes known, while Fo,(v,q) = 2,/7/(1 +7v) < 1; at
n = 20 the optimum is already 0.994 at ¢ = 0.8 against
the limit 0.934. The known-spectrum cloner is exact at
g = 1 (the Cartan channel maps I/dim to I/dim) and
agrees with the optimum to four digits for ¢ > 0.98. PCT
does not become trivial at the degenerate point: the ran-
dom purification of I/2 is maximally entangled and its
Werner clone is lossy, giving 0.84 at n = 20.

Figure 3 addresses the unknown-spectrum problem.
The finite-copy minimax over a spectral set K is the same
concave program with a max—min objective. For n < 20
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FIG. 2. Near a spectral degeneracy the finite-copy
optimum tends to one while the asymptotic constant
does not. Left: exact optimum (solid), C} (dashed) and
the convolution rule (dash-dotted) for v = 2 as functions of
q = p2/p1 at n = 2,4,10,20, against Fon(2,q) — 2v2/3.
Right: PCT (dash-dotted) saturates at 0.84 for n = 20 even
at ¢ = 1, where the constant channel (dotted) is exact.
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FIG. 3. The cost of not knowing the spectrum is absent
at n < 20. Worst-case root fidelity over the spectral set
K = {q € [0.3,0.8]} at v = 2: the exact minimax over K
(black) coincides with the minimum over K of the known-
spectrum optimum (grey, hidden) to five digits, whereas the
asymptotic values inf g Funiv = 0.861 and infx Fir, = 0.886

(dotted) differ by the classical factor Fg = 0.971.

it equals the worst-case known-spectrum optimum to five
digits, for a wide set and for sets of width oc n~/2 alike:
the channel designed for the hardest spectrum does at
least as well on the easier ones. The separation that the
asymptotic theory predicts, F.; = 0.971, begins to ap-
pear only at n = 30-40 (1 x 10~* and 4 x 10~%), so the
classical factor is a genuinely large-n effect.

IV. STRUCTURE OF THE OPTIMUM

A. The sector channel is the minimal PRV
component

Extracting the optimal sub-channels for d = 2 in eight
instances with 6 < n < 20 and v € {1.5,2,3} shows
that the optimum uses the Cartan coupling L = J — j

with weight at least 0.994, and typically 1.000; the whole
finite-copy gap is in the label rule. For d = 3,4 the same
statement holds up to a small, well-characterized admix-
ture. The following theorem explains which component
the Cartan channel is.

Theorem 1 (Cartan = lowest Casimir = minimal PRV).
For any labels p = n, v+ m, the irreducible component of
H;, ®H, with the smallest quadratic Casimir is the min-
imal PRV component, whose highest weight is the domi-
nant representative dom(v— ) of the Weyl orbit of v—p,
and it has multiplicity one. When v — u is a partition it
is the component of the Cartan channel (3).

Proof sketch. The lowest weight of HJ, is —u, so by the
theorem of Parthasarathy, Ranga Rao and Varadarajan
[15, 16] Hj, @ H, contains the module of highest weight
dom(v — p) with multiplicity one. Every component
has highest weight # > dom(r — p) in dominance or-
der: this follows from the Lidskii-Wielandt eigenvalue
inequality once the Littlewood—Richardson coefficient is
realized by a Hermitian triple (Klyachko, Knutson-Tao).
The Casimir C'(6) = (6, 0+2p) is strictly increasing along
dominance order. The full proof, with the Casimir com-
putation and the Hermitian-triple argument, is in Ap-

pendix C; for compatible pairs dom(r — p) = w and
the component is the one of the intertwiner V. (Ap-
pendix B 3). O

This suggests a single rule for every pair, compatible or
not: use the extremal covariant channel supported on the
lowest-Casimir component (we call it the lowest-Casimir
channel). On incompatible pairs the Fei-Wang fallback
to the maximally mixed state costs up to 0.03 in d = 3,
because the output blocks are no longer one-dimensional,
while the lowest-Casimir channel is the optimal choice:
restricting incompatible pairs to it and optimizing the
rule reproduces, to six digits in all 28 instances we solved
(d=3,n <3, m<6), the optimum in which incompati-
ble pairs carry arbitrary covariant maps and compatible
pairs the Cartan channel. The remaining difference from
the fully unrestricted optimum, at most 9 x 1074, is the
compatible-pair admixture analysed next.

B. An exact criterion for non-Cartan admixture

Let = be the optimum of the program restricted to
lowest-Casimir channels, with rule K, and define the
marginal gain of routing label p into block v through
component A with multiplicity density M,

g,uy)\(M; x) =
Pn,p(ﬁ') Z Tl/,w % ’I‘I'(Ell,w(frf)_l/2 (I))\J\/I (pp,u)|w); (6)

w

and gy, = maxy 9ur(M; ), the top eigenvalue of a
k x k matrix for a component of multiplicity k.



Theorem 2 (KKT criterion). Suppose E,.,(z) = 0 on
every block. (i) For each p the gains gy, (x) take
a common value 1, on all v used by K and are < 0,
elsewhere. (ii) x is the unrestricted optimum if and only
if groa(@) <y for all (p,v, N). (i) In general OPT <

F(l‘) + ZM (maXI/)\ g:u)\(x) - 77#)+'

Proof sketch. Tr+/- is differentiable at positive opera-
tors with £ Trv/X +tA]y = 3Tr(X~/2A), so the
directional derivative of F at z towards any feasi-
ble 2’ is >0 >\ wu (v, A M) guua(M; ). (i) is the
Karush-Kuhn—Tucker condition for the simplex con-
straint ), K(v|pn) = 1. For (iii), concavity gives F(z") <
F(z) + DF(x)[z’ — z]; since Tr+/- is positively homoge-
neous of degree 1, DF(z)[z] = F(z)/2 = > e by (1),
while DF(z)[2] <3~ max,» g, (i) follows from (iii)
and from the fact that a violated inequality gives a feasi-
ble direction of strictly positive derivative. Each step is
written out in Appendix D. O

Theorem 2 converts the structural question into a com-
putable certificate. On 14 instances in d = 3,4 the
set of violations predicted by (ii) coincided exactly with
the admixture observed in the unrestricted SDP (a fif-
teenth instance was settled by the certificate alone), and
the violating component was always the one that em-
beds H, into H, ® H, through the row-shaped ancilla
N = (Jw],0,...,0); no violation ever involved an incom-
patible pair or a higher component. The mechanism is
the concavity of Eq. (5) across weight blocks: the ad-
mixed component places weight where the Cartan out-
put is thin. When a block v is fed by a second in-
put label p/ with v — i/ row-shaped, that label already
supplies the missing pattern and no admixture occurs;
the admixture therefore appears only for blocks fed by
a single compatible label and with weight multiplicities
above one, in the examples (1,0,0) — (2,1,0) at (1,3),
(2,1,0)—(3,2,0) at (3,5) and (2,1,1)—(3,2,1) at (4,6),
with lowest-Casimir fractions 0.88, 0.94 and 0.91, and to-
tal fidelity gains below 9 x 10~*. The criterion is intrin-
sically spectrum-dependent: the pair (2,1,1) — (3,2,1)
at (n,m) = (4,6) mixes for p = (0.6,0.3,0.1) and not
for p = (0.7,0.2,0.1) with identical combinatorial data,
so no spectrum-free combinatorial rule can be complete.
A quantitative form of the single-feeder mechanism fol-
lows from operator monotonicity of z + z—1/2 (Propo-
sition 1 in Appendix D): if some p' feeds v with mass
k and its lowest-Casimir output Y dominates the ad-
mixture pattern, ®5(p,) < c¢Y blockwise, then Gwr <

3 Pap (/¢ (P (1)) 3y /T Tr /@ (1) -

V. A CLOSED-FORM CLONER AND ITS
CERTIFICATES

A. Any coupling of the label laws is asymptotically
optimal

Theorem 3. Let p have a simple full-rank spectrum,
my/n — v > 1, and let J, be any coupling of P,
and P, p. The lifted cloner with rule K,(v|p) =
In(p,v)/ Py p() and Cartan channels on compatible
pairs has fidelity converging to Fon(7y,p), uniformly for
p in compact subsets of the simple chamber and for all
ergenbases.

The proof uses two facts about the lifted cloners that
we prove here and two asymptotic inputs that we quote.
Write T (p) = {AF N : [|A/N = plloc < N71/3} for the
typical labels.

Lemma 1 (block form of the fidelity). For any rule
K and any covariant sub-channels E,,, the lifted cloner
Q[K] satisfies, for every g,

FQIKI(p55),p57) =Y A/ Pmp() F(Bo, ppo)s

with 2, = 3, Ppp(W)KW|p)Epw (pp,) and TrZ, =
> Pup (W) K (v|p).

Proof. Covariance of Q[K] and of the target under g®™
reduces to g = I. By construction Q[K](p5") = P, =, ®
Is,/dim S, while Eq. (2) gives p3™ = @, P p()ppy®
Is,/dimS,. The root fidelity is additive over orthogonal
blocks, multiplicative over tensor factors, equal to one on
ildentical normalized factors, and homogeneous of degree

5 in each argument. O

Lemma 2 (label concentration). Py ,(Tn(p)¢) < (N +
1)‘1(””1)/26*21\[1/3 for every N and every spectrum p.

Proof. By the large-deviation bound for the Young-
label law [20], Py,(\) < (N + 1)Ud=1/2e=NDO/Nlp)
with D the relative entropy. Pinsker’s inequality [21,
Lemma 11.6.1] gives D(A/N|p) > 2|[A/N — p||? >
2||A/N —p||%,, and there are at most (N +1)% labels. [J

The two quoted inputs are the uniform Cartan-sector
limit and the converse of Ref. [11]: (Q1) for every
compact K in the simple chamber there are ¢, — 0
such that, for all sufficiently large n, every p € K,
w € To(p) and v € T, (p) form a compatible pair
with F(Cu.u(ppu)s Pp) = Forn(v,p) — €n (Proposi-
tion 2.3 of Ref. [11]); (Q2) for every sequence of chan-
nels M,,, limsup,, inf, F(M,(p57), pga") < Forn(7,p)
(Theorem 1.1 of Ref. [11]). Both are statements about
the Cartan channel and about arbitrary channels respec-
tively; neither involves the label rule.

Proof of Theorem 3. Fix g = 1 by covariance. By

Lemma 1, F,, = Y \/Pmp(V)F(E,, ppy) with E, =



> (1, V) Ep(pp,p). Restrict the sum to typical in-
puts:

== Z In (V) Ep (Pp,) < B,
HET(p)
QYP(v) = TrE%P < P, p(v).

Since A — F(A,C) = Tr\/v/CAY/C is operator mono-
tone and concave, and homogeneous of degree %,

Foz Y 3 Pupr)Q(v)
VeTm(p)
In(p,v)
x Z Qe (v) F(Eu(ppu)s Pow)-
HeTn(p)

For n large, (Q1) makes every pair in the double sum
compatible, so E,,, = C},, and each inner fidelity is at

least Forb(’%p) — E&n. USiI’lg \/W > Qtyp’

Fy > (Fo(7,0) — 1) Ju (Tn(p) X Trn,, (p))
(Forb(v:p) — €n) (1 = Pap(T5) = Prny p(T5,))

where the last step uses only the marginals of the cou-
pling, and the two tail probabilities vanish uniformly in
p by Lemma 2. Hence liminf,, F,, > Fo(7, p) uniformly
on K; (Q2) gives the matching lim sup. O

AVARAY,

The independent coupling of Ref. [11] is one instance;
the finite-copy advantage of other couplings is therefore
a question of incompatible mass and of the variance of
the sector ratio. The natural multi-dimensional mono-
tone coupling is the Knothe-Rosenblatt (KR) coupling,
which matches the first rows of p and v by quantiles
and then each subsequent row conditionally. It has ex-
act marginals, hence is asymptotically optimal, and its
incompatible mass decays quickly (below 1073 at n = 40
ind=3and 2x 1073 in d = 4), whereas the independent
coupling leaves 21-33% (d = 3) and 42-56% (d = 4) of
the mass incompatible at n = 40. We call KR+min the
cloner with the KR rule and lowest-Casimir channels on
every pair.

Tables I and II summarize d = 3,4. KR+min im-
proves the Fei-Wang rule by up to 0.107 (d = 3) and
0.115 (d = 4) and is within 1.1 x 1072 of the exact or
lowest-Casimir optimum everywhere, with the gap grow-
ing slowly with n (1 x 1073 at (4,6), 7 x 1072 at (5, 10),
9x 1073 at (6,12)). When the spectrum is unknown, the
spectrum-independent rounding rule of Ref. [11] remains
the construction with a proven guarantee.

B. Certificates without semidefinite programming

Two consequences of Theorem 2 make the closed-form
cloner auditable. First, if the restricted optimum (a pro-
gram with one scalar per label pair) shows no violation,

TABLE I. Root fidelities in d = 3, p = (0.6,0.3,0.1) un-
less stated: Fei-Wang known-spectrum cloner, KR+min, op-
timum restricted to lowest-Casimir channels (rule optimized),
and unrestricted optimum. For (5,10) and (6,12) the unre-
stricted semidefinite program is out of reach and the last col-
umn is the primal-dual bracket of Sec. V B, which contains
the optimum.

nom FW KR+min  OPTpyin OPT
2 3P 0.9105 0.9721 0.9727 0.9727
2 4 0.9267 0.9486 0.9493 0.9493
3 4P 0.8718 0.9787 0.9799 0.9799
3 5 0.9117 0.9599 0.9607 0.9608
4 6 0.8850 0.9674 0.9684 0.9684
4 8 0.8509 0.9177 0.9228 0.9228
5 10 0.8103 0.9049 0.9123 [0.9117, 0.9130]
5 10  0.7808 0.8802 0.8932 [0.8922, 0.8940]
6 12 0.7886 0.8944 0.9029 [0.9022, 0.9035]

b =1(0.7,0.2,0.1).

TABLE II. Root fidelities in d = 4 for p = (0.4,0.3,0.2,0.1)
(upper block) and p = (0.55,0.25,0.15,0.05) (lower block).
The last column is the weight of the lowest-Casimir compo-
nent in the unrestricted optimum.

n m W KR+min OPTwuin OPT lowest
1 3 0.9598 0.9606 0.9606 0.9617 0.863
2 3 0.9570 0.9889 0.9889 0.9889 1.000
2 4 0.9538 0.9704 0.9715 0.9715 0.996
3 6 0.9226 0.9600 0.9615 0.9615°¢ —
2 3 0.8944 0.9685 0.9685 0.9685 1.000
2 4 0.8882 0.9228 0.9241 0.9241 0.977
3 4 0.8601 0.9746 0.9758 0.9758 1.000
¢ Certified equal to OPTmin by Theorem 2(ii) without

solving the unrestricted SDP.

then OPT equals it exactly; this certified the d = 4 in-
stance (3,6) in Table II, whose unrestricted SDP was
out of reach, and reproduced a 65-minute SDP value at
(4,8), d = 3, in nine minutes. Second, the variational
formula Tr VX = miny, o 2[Tr(XY 1)+ TrY] (Cauchy—
Schwarz and the arithmetic—geometric mean inequality,
with equality at Y = v/ X; Appendix A) gives, for every
block-diagonal Y > 0, the weak-duality bound

OPT < 1Y VT, TrY,
+) max 3P (1) > VT Tr (@ (o)WY ), (7)
I w

which coincides with the Frank-Wolfe linearization at
Y = /Z(z) and tightens along Frank-Wolfe iterations
[22] that use only eigendecompositions and a per-label
maximization (Appendix F). Starting from KR+min, 80
iterations bracket the optimum to 4 x 107° at (1,3) and



to 8 x 107% at (2,4), (3,5) in d = 3 and (2,4) in d = 4,
in seconds, against one-shot linearization gaps of 0.02—
0.08 on the same instances. At (5,10) in d = 3, where
the unrestricted program has 70 label pairs with sector
dimensions up to 2520, 150 iterations take two minutes
and bracket the optimum to 1.3 x 1072 and 1.8 x 1073
for the two spectra of Table I, and at (6,12), with 133
pairs and sector dimensions up to 5670, twelve minutes
give a bracket of width 1.3 x 1073; all three brackets
contain the lowest-Casimir optimum, so the closed-form
restriction loses at most 1073 there as well.

VI. PAIRWISE OPTIMALITY OF THE PRV
CHANNEL

The results above reduce the design of finite-copy clon-
ers to one representation-theoretic question: for a single
pair (u,v), which irreducible component A of Hj, ® H,
maximizes the pair fidelity Fy = F(®x(pp,u): Pp,v)?

Lemma 3 (compression representation). For every com-
ponent A with isometric intertwiner Vy : H, — H, Q@ Hax,
T (pp) = V; (7. (pp) ® mr(pp)) V. Hence, with Cx(o) =
Vi(ppu ® o)V, the channel output and the target are
the same compression of the input with a uniform and
with a thermal ancillae, ®x(pp,) x Ci(I/dimA) and
Pp.v X CA(mr(pp)/sx(p))-

The lemma holds because the intertwining relation is
polynomial in the group element and therefore extends
from U(d) to GL(d,C) 3 p, (Appendix E); the limiting
value Fy, = F(70),7) of Ref. [11] is its asymptotic form.
It yields the two limits, whose proofs are in Appendix E.

Theorem 4 (cold limit). For a compatible pair and p, x
e Ph with B — oo, F? — (dimH,/dimH,) ||((hw,| @
DVilhw,)|?, which equals dimH,,/dimH, for the PRV
component and is strictly smaller for every other compo-
nent.

Proof sketch. The blocks converge to highest-weight
projectors and F (X, [)(¥|)? = (|X|¢). Equality
[|((hwy| ® IVy|hw,)|| = 1 means Vy|hw,) = |hw,) @y
with ||y|| = 1, and applying the raising operators F ®
1+ 1 ® E, which annihilate Vy|hw,), forces y to be a
highest-weight vector of weight v — u; hence A = v — p
(Appendix E). O

Theorem 5 (hot limit). Forp = (14¢€h)/d with )", h; =
0 and Hy = w)(diagh),

1-F\= 8d 7 — Vit e H, VAHHS+O(€3)7 (8)
and (Q)|[H, 7 < Vil © HOWP <
dim 7, co( WhIZ/(d2 — 1) with ¢ = (Colv) +
Co(A) = Co(p))/(2Co(v)), where Co(f) = C(B) — |o\ /d

|
is the traceless (su(d)) Casimir and ||h|* = Y, h?
the PRV component is leakage-free, ®pry(H,) x H,

for all h, which holds whenever the adjoint repre-
sentation occurs once in End(H,) and in particular
for all d = 2, then the PRV component minimizes
the quadratic coefficient among all components provided
Co(N)+Co(PRV) > 2(Co (1) —Co(v)), which is automatic
for Co(v) > Co(u).

The identity uses H, = Vy| (H, ®I+1® Hy)V and the
second-order expansion of the fidelity around the maxi-
mally mixed state; the lower bound is the projection onto
the Lie-algebra copy of the adjoint representation, whose
coefficient follows from Schur’s lemma and the Casimir
identity 3, (X, ® 1)(1® X,) = L(Cit — ) — i)y,
and the upper bound from the invariance of the induced
bilinear form; Appendix E derives each step. For d = 2
the coefficient is the Landé form v, = (J(J+1) 4+ j(j +
1)=L(L+1))/(2J(J+1)) of the projection theorem [23],
and

1—Fr =77 +1)(1 - v)* + O(€) (9)
for p = (14 ¢€)/2,(1 —¢)/2): for J > j the Cartan
coupling L = J — j is optimal, while for J < j it is
not. This predicts, and numerics confirm, that the naive
conjecture “the PRV component maximizes F) for ev-
ery pair and spectrum” is false: for the depolarizing
pair p = (5,0) — v = (5,2) at ¢ = 0.6 the compo-
nent 2L = 4 beats the PRV component (0.9968 against
0.9956), whereas at ¢ < 0.3 the PRV component wins
again. All six failures among 240 qubit cases have J < j
and high temperature; in d = 3 the PRV component
was maximal in all 240 pairs tested, including 132 in-
compatible ones (in d = 4 the certificates of Theorem 2
never showed a violation on an incompatible pair), and
the hot-limit minimality held as a matrix inequality over
all spectral directions in 151 of 151 cases, with two exact
ties. We therefore state:

Conjecture 1. For compatible pairs the PRV compo-
nent maximizes the pair fidelity at every spectrum; for
all pairs it does so at sufficiently low temperature; for
depolarizing incompatible pairs at high temperature the
maximizer is determined by the transfer coefficient of
Theorem 5.

The failing pairs have J < j, an output label less po-
larized than the input, and so lie outside the typical sets
of Proposition 2.3 of Ref. [11]; no certificate ever showed
a violation on an incompatible pair, so the design rule
“lowest-Casimir channel on every pair” stands; its justi-
fication is pairwise optimality on typical pairs together
with Theorem 2.

For qubits the conjecture is a classical statement. By
Lemma 3 the output weight law q; and the target t are
the same Clebsch—Gordan kernel applied to a uniform
and to a thermal ancilla, and pairwise optimality for all
monotone divergences follows if there is a stochastic map
S with Sq;, = qr- and St = ¢, that is, if (qp«,t) is a
relative majorization [24-26] of (qr,t) (the existence of
S is equivalent to the ordering of the Lorenz curves of



the two pairs [27, Ch. 14]). Such an S exists in all 3240
cases with J > j that we solved by linear programming,
whereas for J < j it fails in 121 of 336 cases, consis-
tent with the region of the counterexamples; it is in gen-
eral neither covariant nor tridiagonal, and the inequality
it encodes splits into stochastic dominance qr, >« qr+,
which follows from a spectrum-free partial-sum inequal-
ity of Clebsch—Gordan squares that we verified in 288 of
288 cases, and a likelihood-ratio condition that fails for
j > 2. For a single input copy the whole statement is
elementary.

Theorem 6 (single-copy qubit input). For j = %, all
J and all ¢ € (0,1), the Cartan coupling L* = J — %
is a relative majorization of the only other component
L=J+ % with respect to the thermal target; hence it
maximizes every monotone divergence to the target, in
particular the pair fidelity.

Proof. With N = 2J, a = J — M and p = 1/(1 + q),
the Clebsch—Gordan squares are linear in M and give
qr-(a) o< pN — (2p — 1)a, qr(a) < (2p — a+p+ (1 -
p)(N + 1), t(a) x ¢* Both likelihood ratios g(a)/t(a)
are increasing in a ({r-(a + 1)/€r«(a) > 1 reduces to
a<p(N-1)/(2p—1), true for a < N —1), and q1, — qr~
is an increasing affine function of a with zero sum, so all
tail sums of q; dominate those of gr-. With identical
orderings the Lorenz curves of the two pairs have the
same breakpoints and the dominance of tail sums is the
Lorenz ordering; the Blackwell-Strassen theorem [24, 25]
supplies S. O

VII. CONCLUSION

We have determined the exact finite-copy optimum
of mixed-state cloning at fixed gain as a concave pro-
gram over Young-label rules and extremal covariant sec-
tor maps, solved it for qubits up to n = 40 and for
qutrits and ququarts at small n, and compared it with the
asymptotically optimal Schur—Cartan cloner of Ref. [11]
and with purify—clone—trace. This is the first exact solu-
tion of the finite-copy problem beyond pure states, and
the first identification of the optimal sector channel as
the minimal PRV component. The trends are:

e the optimum approaches the asymptotic constant
from above and slowly, so that at n = 20 the con-
stant underestimates the achievable fidelity by 0.05
for p = (0.6,0.4), v = 2;

e the Schur—Cartan cloner approaches it from below
and loses up to 0.11 (d = 2), 0.107 (d = 3) and
0.115 (d = 4), entirely through its label rule, while
PCT loses up to 0.26 and never reaches the trivial
optimum at a spectral degeneracy;

e the closed-form cloner KR+min, asymptotically
optimal by the coupling theorem, closes this gap
to at most 1.1 x 1072 and is certifiable to 1073

by Frank—Wolfe dual bounds without semidefinite
programming.

In the broader development of cloning theory these re-
sults connect the estimation-theoretic asymptotics of
mixed states [11, 20, 28] with the finite-copy optimal-
ity results for pure states [5, 6, 29], and they replace
the asymptotic “Cartan” prescription by the finite-copy
prescription “lowest-Casimir channel plus optimally cou-
pled labels”. If finite-copy cloners are instead built from
the asymptotic constructions, the coherent advantage of
quantum cloning over purify—clone-trace at n ~ 10—
20, of order 0.1 in fidelity, will be forfeited; conversely,
a security analysis that models an adversary by the
asymptotic fidelity underestimates the adversary by up
to 0.06 at these copy numbers. The remaining question is
the intermediate-temperature pairwise optimality of the
PRV channel, now reduced to a convex-order inequality
for Hahn-polynomial-tilted hypergeometric means, and
the hot-limit coefficient for outputs with adjoint multi-
plicity above one. The design rule does not depend on
its answer: Theorem 2(ii) certifies the lowest-Casimir re-
striction instance by instance, with or without Conjec-
ture 1, and Theorem 3 secures the asymptotic optimality
of the KR rule independently of the sector question.

DATA AVAILABILITY

The data that support the findings of this article,
namely the reference outputs behind Tables I and II and
Figs. 1-3, and the source code that generated them, the
Python package finite n_cloning repro version 1.0.0
with the scripts that regenerate every table and figure
and regression tests against every number quoted here,
are publicly available at Zenodo [30]. The same record
archives the manuscript source.

Appendix A: Fidelity: definitions and the facts used

For positive operators A,C on a finite-dimensional
space, the root fidelity is

F(A,C) = |[VAVC|, =Tr\/VCAVC, (A1)
the two expressions agreeing because || X||; = TrvXTX
with X = v/AV/C [17, 31]. We use the following proper-
ties.

(F1) Block additivity. If A = @,A; and C =
@, C; on the same orthogonal decomposition, then
VOAVC = @, VC;A;\/C;, the square root of a
block-diagonal operator is block-diagonal, and the
trace adds: F(A,C) =), F(A;, C).

(F2) Tensor multiplicativity. VO ®Ca(Ar ®
A2)\/ C1®Cy; = (\/ ChA1v Cl)®(\/072142\/ 02), the



square root of a tensor product is the tensor prod-

uct of the square roots, and the trace multiplies:
F(Al (%9 AQ, 1 ® CQ) = F(Al, Cl)F(AQ, CQ)

(F3) Homogeneity. F(cA,C) = F(A,cC) =+/cF(AC)
for ¢ > 0, and F(A,cl) = \/c Trv/A. In particular
F(I/k, I, /k) = 1 and F(I, I1./k) = Vk.

(F4) Monotonicity. If 0 < A < B then F(A,C) <
F(B,C): indeed VCAVC < +/CBV/C, the square
root is operator monotone [32, Prop. V.1.8], and
the trace preserves the order.

(F5) Concavity. A — F(A,C) is concave: A
VCAVC is linear and X — Tr+/X is concave on
positive operators, because the square root is op-
erator concave [32, Thm. V.2.5]. The fidelity is
moreover jointly concave in (4, C) [31, Thm. 3.26],
which is what the covariantization argument of Ap-
pendix B uses.

(F6) Derivative. For X > 0 and Hermitian A,

%Tr \/X+tAL .= TTr(X7Y24).  (A2)
This is the general rule £ Trf(X + tA)y =
Tr f/(X)A for a function f differentiable on
the spectrum [32, Thm. V.3.3]; in the trace
case it reduces to first-order perturbation theory,
L5 ) = S FOGIAl) with {Ji)} an
eigenbasis of X, continuity handling degenerate
eigenvalues.

(F7) Second order at the mazimally mized state. Let D
be the dimension and A, B Hermitian and traceless.

Then
I+eA I+¢€eB €2
F =1-— Tr(A-B)* oA
(5= —5—) = 1- 55 T(A-B)*+0(e). (A3)
Derivation. With (I + eB)Y/? = I + £B —

%BQ + O(e?), the operator under the square root
in Eq. (A1) is D=2[T+€¢(A+ B)+ S(AB+ BA) +
O(e?)]. Using VI+eX +2Y = I+ 5X +e2(3Y —
1X?)+O(e%) with X = A+ B, Y = 1(AB + BA),
and TrA = TrB = 0, the trace is D! [D +
(L Tr AB - L1 Tr(A+ B)?)] = 1— & Tr(A - B)2.

(F8) Variational form of Trv/X. For X = 0,

TrvVX =mind [Te(XY ) +TrY],  (A4)

Y0
with the minimum at Y = +X. Deriva-
tion. For any Y > 0, the Cauchy—Schwarz

inequality for the Hilbert-Schmidt inner prod-
uct gives TrvX = Tr[(Y~-V2XV2)Tyl/2] <
[YURXY2 V12, = JTR(XY DY <
[Tr(XY ') + TrY], the last step being the
arithmetic—geometric mean inequality; at Y = v/ X
both sides equal Tr v/ X.

Appendix B: Schur—Weyl reduction and covariant
channels

1. The block form of pf?N

Schur-Weyl  duality —decomposes (C%)®V =
Dirn, 1(0)<a HA®Sx as a U(d) x Sy-module, where
is the irreducible polynomial GL(d)-module of highest
weight A and S, the Specht module [33, §6.1]. For
g € GL(d) the operator g®V acts as @, mr(9) ® Is,, so
with g = pp,

pf?N = @W,\(ﬂp) ® Is, -
A

(B1)

The character of H is the Schur polynomial, Tr 7y (pp) =
sx(p1y---,pa) [33, §6.1][34, L.3], so normalizing each
block gives Eq. (2) with Py ,(A) = dim Sy sa(p), the
Young-label law of Keyl and Werner [20]. Since p, =
exp(}_, log p; E;;) lies in the diagonal torus, mx(pp) is di-
agonal in any weight basis, with entry p* =[], p;"" on a
vector of weight w; the Gelfand-Tsetlin basis is such a
basis [18, 19].

2. Covariant permutation-symmetric channels

Let ® be a channel from Hy, = (CH)®" to Houw =
(CH)®™ with Choi operator J = 3=, a)(b| @ ®(|a)(b]),
viewed as an operator on H};, ® Hout, Wwhere Hj; carries
the conjugate representation [31, Ch. 2]. Covariance,
O(u®n Xu®) = u®m®(X)uf®™ for all u € U(d), and
permutation symmetry on the input and on the output
are equivalent to J commuting with the representation
of U(d) x Sp x Sy on Hi, @ Houy = @m_nﬁy,_m(?-lz ®
H,) @ (S ®S,). The S, x Sp,-isotypic components are
indexed by the pairs (u,r), and inequivalent pairs are
inequivalent irreducible modules, so by Schur’s lemma J
has no cross terms between different pairs and acts as the
identity on each S; ® S,

J= @ S @ Is;es,, J" € End(H}, @ Hy)" .

8%

(B2)
Complete positivity is J > 0, that is, every
JH = 0. Trace preservation, Trou J = Ij,, reads
>, dimS, Try, J# = Iy, for every p.  Define

P(X) = dim S, Try; [J# (X' @ I)], a completely pos-
itive covariant map with ) Tr ®*(X) = Tr X; by co-
variance Tr ®*”(X) = K(v|p) Tr X with K(v|u) > 0,
>, K(v|p) =1, so o = K (v|p)E,,, with E,,, a covari-
ant channel. This is the lifted form used in Lemma 1.

Applying ® to the input (2), the output in the sector



v is

Ig=
> Pup(p) Tries; {(JW ® 1) Py, ® qimisy; © I)}
n

—_

d1m S,

®ls,, (B3)
with =2, = 37 Pup(0)®"(pp,u), while the target
in the same sector is T, ® Is,/dimS, with T, =

dim S, 7, (pp) = P p(V)pp,- By (F1)—(F3),

= Z (dlmS 3 )F<ISV7(1£;S%5U):ZF(EwT)

(B4)
using F(Is,Is/dimS) = vdim S and (F3). Both =, and
T, commute with the diagonal torus, hence are block-
diagonal over the weight spaces w of H,, and T, is the
scalar T, = dimS, p* on each; (F1) and (F3) then
give Eq. (5). Equation (B4) with T, = Py, ,(v)pp, is
Lemma 1.

Covariantization. For an arbitrary channel M and its
twirl M = [ duld), o Mol,, (and similarly over Sy, Sy,),
joint concavity (F5) and invariance of the target give
inf, F(M(pg3), p5at) > infg F(M(p5e), psy'), so the
optimum in Eq. (1) is attained on covariant permutation-
symmetric channels, for which the infimum over g is at-
tained at g = 1.

3. Extremal covariant maps and their
normalization

By Schur’s lemma the commutant End(H}, @ H, )V (D)
is @, End(C**), where X runs over the irreducible com-
ponents and k) is the multiplicity: choosing isome-
tries B) (a = 1,...,ky) onto the ky copies, generated
from orthonormal highest-weight vectors by one fixed
sequence of lowering operators so that H;}b = Bg‘B;‘ f
are intertwiners, every element is Y, >, MAIIY, and
positivity is M* > 0 for all \. The partial trace
Try, 112, is an intertwiner of the irreducible H;,, hence
a scalar, and its trace is TrII}, = du dimHy; thus
Try, I, = 6ap(dimHy/dimH,)I. A trace-preserving
covariant map supported on the component A therefore
has Choi operator

dim H,,
dim H 0

J,\,M = MabHaba M i 07 TI‘M = 1,
(B5)
and the extreme points of the set of covariant chan-
nels are the rank-one M. For a component of mul-
tiplicity one the covariant channel supported on it is
unique. The Cartan channel (3) is covariant, trace pre-
serving (Schur’s lemma applied to Try, Vu,wv;iw [11]),
and supported on the component of highest weight w,
which has multiplicity one (Appendix C); by unique-
ness it coincides with ®,. In the same way, the map
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X — (dimH,/dimH,)V, (X ® I»)Vy built from an iso-
metric intertwiner V) : 7-[ — H, @ H, is the covariant
channel of the component A whenever that component
has multiplicity one, and in general it is ® s for the M
determined by V).

4. Qubits: Clebsch—Gordan kernels and the Landé
coefficient

For d = 2 write H, = H; with 2j = py — po and
H, =2 Hy, 2J = v1 — 5. The components of HOH, =
H; ® Hy are the spins L € {|J —j|,...,J + j}, each
with multiplicity one, and V. |J,M) =" (j,m;L, M —

m|J, M) |j,m)|L, M — m). For a weight-diagonal input
X = mem|]7m><j7m|7
(J, M|®L(X)[J, M)
25 +1 . . ’
=571 ij<J,M|(|J,m><J,m| © 1) J, M)z
B 27 +1 . 2
faMM/QJHijl@,m,L,M mlJ, M), (B6)

because the ancilla states |L, M — m) and |L, M’ — m)
are orthogonal unless M = M’. Trace preservation fol-
lows from the orthogonality relation ) ,, |(j,m; L, M —
m|J, M)|*> = (2J +1)/(2j + 1) [23, Eq. (3.5.14)]. In the
lowering-number indexing a = J — M, a; = j —m this is
the kernel quoted in Appendix G.

The Landé coefficient is the projection theorem for vec-
tor operators [23, §5.4]: within the multiplet J embedded
in H; ® H,, the components of the ancilla spin L satisfy
VI(I® L)V, =agpJ. with a, = (L-J)/J(J +1). From
j=J-L,ji+1)=JJ+1)+L(L+1)—2(L-J), so

CJJ 4+ 1)+ LL+1) -4+ 1)
2J(J + 1) :

’}/L:1—CLL.

(B7)

ar =

Appendix C: Proof of Theorem 1
1. The quadratic Casimir and dominance order

Let E;; be the matrix units of gl(d) and C =
Z . E;;Ej; the quadratic Casimir; it is central and acts
on the irreducible module of highest weight 6 by a scalar
C(#). On a highest-weight vector v, E;;v = 0 for i < j

and E“‘U = 07;1}; using EijEji = E]’,’Ez‘j + Eii — Ejj for
1< ],
Cv= [Z 07 + Z }
1<J
= 0;(0; +d+1—2i)v=1(0,0+2p)v, (C1)

i



with p = $(d—1,d—3,...,1—d) and (-,-) the Euclidean
product. The traceless part Co(0) = C(0) — |0|?/d, 0] =
>, 0i, is the Casimir of su(d) on the same module.

For integral weights 6,6" with |#| = |0’|, dominance
order 0" = 6 means )., 0; > > ., 0; for all k, equiva-
lently 0'—60 =, 4 ci(ei—eiy1) withe; = >, (0—6;) >
0 [35, §13.2]. -

Lemma 4. If 0,0" are dominant, |0| = 0’| and ¢’ = 0,
then C(0") > C(0) + 2, ¢;, with equality in C(') =
C(0) only for 8" = 6.

Proof. From (C1), C(¢') — C(8) = {0/ — 0,0’ + 0+ 2p) =
Soiciei — eip1, 0+ 0+ 2p) =30, ¢i[(0; = 0;,,) + (6 —
0iv1) + 2} > 23", ¢, since dominance of 6,6 makes the
two differences nonnegative. O

2. The PRV component

The lowest weight of H7, is —u, and its highest weight
is p* = (—pd,...,—p1) = —wop. Parthasarathy, Ranga
Rao and Varadarajan proved that for dominant weights
o, B the tensor product H, ® Hg contains the irreducible
module of highest weight dom(« 4+ wo3) with multiplic-
ity exactly one [15]; Kumar proved the conjecture of the
same paper that dom(a + wf) occurs for every w [16].
With a = v, 8 = p* and wou* = —p, the component
of highest weight dom(v — p) occurs in H}, ® H, with
multiplicity one. For a compatible pair, v — u is already
dominant and the vector V), ,, of Eq. (3) identifies this
component with the Cartan channel (Appendix B 3).

3. Every component dominates the PRV
component

Lemma 5. Every irreducible component of H}, @ H, has
highest weight 6 = dom(v — ).

Proof. All components have |#] = m — n. By duality,
Hom(Hg, H}, ® H,) = Hom(H,, @ Hg,H,), and tensor-
ing with det, ¢t > max(0, —6;), turns 6 into a partition
0" = 6+ t1 and v into v/ = v + t1 without changing
the multiplicity. Thus the Littlewood—Richardson coeffi-
cient CZ:Q, is positive [33, §A.1]. By Klyachko’s theorem
and the saturation theorem of Knutson and Tao, posi-
tivity of CZ,G’ is equivalent to the existence of d x d Her-
mitian matrices A, B with spectra pu, 6’ and A + B with
spectrum v’ [36, 37][38, Thm. 11]. For such matrices the
Lidskii-Wielandt inequality [32, Thm. ITI.4.1] states that
for every k and every k-subset S C {1,...,d},

SusyueXs @
ics ics i<k
Taking the maximum over S, > ... 0; >

max|g|—x ;e (Vi — Hi) = Zigk dom(v' — p);, which is
0’ = dom(v — p) + t1, i.e. 6 = dom(v — p). O
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For compatible pairs an elementary argument suffices:
/g > 0 means that the skew shape v/p admits a
Littlewood—Richardson filling of content #’, in which ev-
ery entry in row r is at most r [34, 1.9]; hence the rows

.,k of v/, which contain ), . (v; — p1;) boxes, con-
tain only entries < k, of which there are > j<k 0 in total,
and 0’ = v — p follows.

4. Conclusion of the proof

By Lemma 5 every component 6 # dom(v — p) satis-
fies § = dom(v — pu) with some ¢; > 0, so by Lemma 4
C(0) > C(dom(v—p)). Hence the component of smallest
Casimir is the PRV component, it is unique, and it has
multiplicity one. Numerically, in all 1095 components of
the 240 pairs of d = 3 and the d = 4 pairs with n < 3,
m < 6 the lowest Casimir eigenspace had highest weight
dom(v—p) and dimension dim Hgom(v— ), as the theorem
requires. [

Appendix D: Proof of Theorem 2 and the
single-feeder bound

1. The program and its derivative

A point x of the program assigns to each in-
put label ;1 a probability distribution w, over triples
(v, A\, M) with M a density matrix on the multiplic-
ity space of A C H} ® H,; the output blocks are

HESED ) ’ ol >zﬁMwu<v A M><I>AM<pp, ), affine
in z, and F(x V w \/Ty w It \/_l, w(z). This covers
every covarlant permutatlon—symmetrlc channel by Ap-
pendix B 3; the restriction “lowest-Casimir channels” is
w,, supported on A = Amin(p,7), M = 1, in which case
wy, is the rule K(-|u).

If £,.,(x) = 0 on every block, (F6) gives the direc-
tional derivative of F' at x towards any feasible z’,

=22 v

wov, M

(v, A\, M) guur(M;x), (D1)

with ¢ as defined before Theorem 2; g is linear in M, so
g*yA = maxy ¢ = Amax([') for the & x k matrix I'y, =

gura (3 (|a) (Bl + [b){al); ).

2. Proof of (i)

At the optimum x of the restricted program, F' is a
concave function of the rules K (|u), each ranging over a
simplex. The Karush-Kuhn—Tucker conditions for max-
imizing a differentiable concave function over a product
of simplices [39, §5.5] state that for each p the partial
derivatives OF/OK (V|pt) = Guurm. (z) take a common
value 7, on the support of K(-|¢) and are at most 7,
off the support.



3. Proof of (iii)

By concavity, F(z') < F(z) + DF(x)[z' — x] for ev-
ery feasible /. The map z +— Z(x) is positively ho-
mogeneous of degree one and Tr+/- of degree one half,
so F(tx) VtF(z) and, differentiating at ¢t = 1,
DF(x)[x] = F(x)/2; by (i) and (D1), DF(x)[z]
Do 2 K(v Iu)m = T Also by (D1), DF(z)[x']
Z maxy,x g,,,5, since w is a probability distribution.
Hence F(z') < F(z )+Z (max,x gy, » — 7y); the maxi-
mum is at least 7, because the lowest-Casimir triples on
the support of K attain 7,, so the positive part changes
nothing.

I

4. Proof of (ii)

If g7,» < ny for all triples, (iii) gives OPT < F(x),
so x is optimal. Conversely, if g,,x(M;x) > 7, for some
triple, let 2’ replace w,, by the point mass at (v, A, M) and
leave the other labels unchanged; then DF(z)[z’ — z] =
Gun(M;z)=%" , K(V'|p)n, = g—nu > 0, so F increases
along the feasible segment from x to 2z’ and z is not
optimal. [

5. The single-feeder bound

Proposition 1. Suppose a label ' feeds the block v with
rule weight k = K(v|p') > 0 in z, with lowest-Casimir
output Y = @y . (pp,u), and that for some component
A of a label i and some ¢ > 0 the admizture pattern
satisfies O (pp,u)lw < Y|y on every weight block. Then

c
o (@) < 3Pap() | 5
“w )\( ) 2 P( ) Pn,p(/i/)"{
XZ\/HTT Px(ppyu)|w-  (D2)
w
Proof. Write A,, = ®x(pppu)lw- Since Z,,(xz) >

Pn7p(p’)/fY|w > sA, with s = P, ,(/)k/c, and t —

—1/2 i operator monotone decreasing on positive defi-
nite operators [32, Ch. V], we have Z,, 111,/ < *1/2A_1/2
on the support of A, (approximating a singular A,, by
Ay + 61 and letting § — 0). Hence Tr(S,4/2Ay,) =
Tr(A}U/zE;}U/QA}U/z) < s Y2Tr\/A,, and the claim fol-
lows from the definition of g (the multiplicity density only
changes the pattern A,,, to which the same argument ap-
plies). O

Appendix E: Proofs for Section VI
1. Lemma 3

The intertwiner V) satisfies m,(u) = V/\T (mu(u) ®
mA(u))Vy for all u € U(d). Both sides are polyno-
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mial functions of the matrix entries of u (the modules
are polynomial representations of GL(d)), and U(d) is
Zariski dense in GL(d,C), so the identity extends to all
g € GL(d,C) [33, §6.1], in particular to g = p,. Di-
viding by s, (p) = s,(p)sa(p) - [sv(p)/ (s, (p)sx(p))] gives

Py = HEOVI(p, @ p, )V, while Bx(p,,) =
W\/T(%# ® m)v,\. Both are the compres-

sion Cy of the input with an ancilla in the thermal state
Pp.» and in the maximally mixed state, respectively. [J

2. Theorem 4

As B — oo with p, o e PP hy < --. < hg, the nor-
malized blocks converge to the highest-weight projectors,
ppu — |hwy)(hw,| and p,, — |hw,)(hw,|, because

p?/p? — 0 for every weight w # 6 of a module with
hlghest weight 6. The fidelity is continuous, and for pure

targets (X, [¢)(¢]) = /(¢ X[¢), so

F)% = (hwy [ ([hwy,) (hw,|) [hw,)
_ dimH,
" dimH,

|((hw,| ® DValhw,)||®.  (E1)
The norm is at most one. It equals one iff Vy|hw,) =
|hw,) ® y with ||y]| = 1. Applying a raising operator
E = E; ;41 in the diagonal action, 0 = (F®1+1®
E)Vi|hw,) = |hw,) ® By, so y is a highest-weight vector
of Hy, of weight v — by weight counting; hence \ =
v — p and the component is the PRV (Cartan) one. For
every other component the norm is strictly smaller than
one. O

3. Theorem 5

Expansion of the blocks. With p = (1+e€h)/d, >, h; =
0, and Hy = my(diagh) (diagonal in the Gelfand-
Tsetlin basis, Tr Hy = 0 by Weyl-group symmetry of the
weights), mg(p,) = d 1% me(I +ediagh) = d’w'(I—ﬁ-eHg-i-
O( 2)), 50 pp.o = (I+eHp)/ dim Hg+O(e?). The channel
is covariant and ®x(I,) = (dim#,/dim#,)I, (Schur’s
lemma), and the intertwining property of V) for the Lie

algebra reads H, = V;(HM ® I+ 1® Hy)V\. Hence
[I + e(HV

(I)/\(p;lhu) = - T/\(h))] + 0(62)’ (E2)

1
dimH,,
T (h) (E3)

and (F7) with A = H, — T\(h), B = H, gives the dis-
played formula 1 — Fy = ﬁ”f\(h)ﬂﬂs + O(e?).
Lower bound. The map h — Ty (h) from the traceless
diagonal matrices extends to a linear map T) : su(d) —
End(H,), X — V/\T(I ® mA(X))Vy, which is equivariant
for the adjoint action of U(d) on su(d) and conjugation
on End(#,). The subspace A = {m,(X) : X € su(d)} C
End(#,) is an irreducible submodule isomorphic to the

= V(I ® H\)W,



adjoint representation, and the orthogonal projection P4
for the Hilbert—Schmidt product is equivariant; so P4oT)
is an equivariant map from the adjoint representation
to itself and by Schur’s lemma equals ¢) m, for a scalar
ch. Then [Tx(h)I> > [PATA(R)|I? = (c})?[|H. ||
compute ch, take an orthonormal basis {X,} of su(d)
for the trace form and sum: Y, Tr(m, (X,)T\(X,)) =
AN, Trm,(Xe)? = ) dimH, Cy(v). On the left, with
P = V,\V/\T the projector onto H, C H, ® Hx and
T (X)=VI(X@1+1® X)W,

> [P

=Tt {P(Z(Xa RD(1®X) +1® C(A))}, (E4)

a

Xe®1+10X,)(1®X,)]

and the Casimir identity Y, (X, ®1)(1®X,) = £ (C{*—
Cé”)®1—1®0(g)‘)) (expand CF°' = 3" (X, ®1+1®X,)?)
evaluates on the range of P to dim H, [ (Co(v) — Co(p) —
Co(A)) 4+ Co(N)]. Therefore

, Co(v) +Co(N) — Co(p)
cy = 2Co () . (E5)

Here the traceless Casimir Cp must be used; with
C in its place the coefficient is wrong whenever
|A| # 0 (we checked both against direct evaluation of
Tr(H, Tx(h))/ || H.[|?).

Upper bound.  |Th(R)|]> = Tx[Vi(I ® Hy)P(I &
H>\)V,\} < Tr[P(I@ Hi)] since P < I. The bilinear
form (X,Y) — Tr[P(I @ mx(X)ma(Y))] on su(d) is in-
variant under the adjoint action (because P commutes
with the diagonal action), hence a multiple m Tr(XY") of
the trace form, and summing over an orthonormal basis
gives m(d®> —1) = Tr[P(I®C(()’\))] = dimH, Cy(X). With
|h||? = Tr(diag h)? this is the stated bound ||Tx(h)|* <
dim#, Co(N)|[A]%/(d? — 1).

Leakage-free PRV component. If ®prv(H,) o

H, for all h, then Tpry(h) = H, -
(dimH,/dimH,)Pprv(H,) € A, so the lower
bound is attained: ||Tery(h)||?> = (chry)?lHoI?
For any other component, ||T\(h)|? (c\)2 Hy |2,

and (c})? > (chgy)? holds whenever ¢y — chgpy =
(Co(X)—Co(PRV))/2Co(v) > 0, which is Theorem 1 (the
traceless and full Casimirs differ by the same constant
on all components of a fixed pair), and ¢} + cpry > 0,
which is Co(A) + Co(PRV) > 2(Co(u) — Co(v)). This
condition is automatic when Cy(rv) > Coh(p). The
adjoint representation occurs once in End(#, ) whenever
v is a one-row or one-column shape (up to determinant
factors) and for every v when d = 2; in those cases
®pry(H,,), which is an equivariant image of the adjoint
representation, must lie in A, so the PRV component is
automatically leakage-free. O

Qubits. For d = 2, h = diag(1,—1) = 2j,, H\, = 2L,
and, by (B7), Tr(h) = 2arJ, with [|J,]|> = TrJ? =

JG+1) -
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$J(J +1)(2J +1); the formula gives

€2 J(J+1)(2J +1)
1-Fp=—S  .4a2.
L= 8@r+1) T 3
2

= 577+ D) + 0, (B6)
which we verified against the exact pair fidelity at € =
1072 to four digits for several (4, L, J). Since ~y;, decreases
strictly in L, for J > jonehasy;_; —1=—(J—j)/J <
0 and |y — 1| is smallest at L = J — j; for J < j,
Yj—g—1=(—J)/(J+1) >0 and 7, crosses one as L
grows, so the minimizer is the L with L(L+ 1) closest to
J(J + 1), which is not the PRV component in

+O(e)

general.

Appendix F: Weak duality and the Frank—Wolfe
certificate

By (F8) applied blockwise, for any x,

F(z) = min 52\/ ,,w

Y >~0

h‘l/u)

) —l—TrYl,w}

(F1)

the minimum over weight-block-diagonal Y.  Since

max, miny < miny max,, for every fixed Y,

OPT <1
+max 3> /1,0 Tr(E,w(2)Y, ). (F2)
v,w

TowTrY,

The second term is linear in x, and x ranges over a
product of simplices (one per p), so the maximum is at-
tained at a vertex: for each u the best triple (v, A\, M),
with M the top eigenvector of the k x k matrix ob-
tained by inserting ® ar(pp,.); this gives the bound dis-
played in Sec. VB. At Y = /Z(z) the first term is
F(z)/2 and the second is )  max, g7, (z) by (A2), so
the bound coincides with the Frank—Wolfe linearization
F(z) + DF(z)[2' — 2] maximized over ' (Appendix D).
The Frank—Wolfe iteration [22] moves = towards the max-
imizing vertex by a line search, which requires only the
objective (eigendecompositions of the weight blocks); by
concavity F(z;) < OPT < the bound at Y = /=Z(zy)
at every step, and the primal and dual sequences con-
verge to OPT at rate O(1/k), standard for Frank—Wolfe
on a compact convex domain. Strong duality in Eq. (A4)
holds because the objective is a minimum over Y of func-
tions linear in z and the domain of x is compact and
convex.

Appendix G: Numerical methods

Qubits. For d = 2, Eq. (5) with weight-diagonal blocks

reads F'= )" > +/E,[a|T,[a]. The extremal covariant



maps from spin j to spin J act on weight-diagonal inputs
as ©M(X)[a] = 37537, (G, ar; L,a — a1]J, @) P Xai]
(lowering-number indexing; derived in Appendix B4);
the squared Clebsch—Gordan coefficients are obtained by
diagonalizing .J? on each total-weight subspace. The op-
timum over rules and intermediate spins is a second-
order cone program in ~ 10% variables (Clarabel [40],
cross-checked with SCS to 107%); PCT is evaluated
in closed form through the Cauchy decomposition of
Sym™(C? ® C?) in exact rational arithmetic and vali-
dated against a direct 4™-dimensional computation.

Qudits.  Irreducible representations are generated
from the orthonormal Gelfand-Tsetlin matrix elements
[18, 19], checked against the gl(d) relations and Casimir
values. The lowest-Casimir channel of a pair is the
normalized projector onto the lowest eigenspace of the
quadratic Casimir on Hj, ® H,; for compatible pairs it
coincides with the Cartan channel built from an explicit
tensor-power realization (agreement 106 in the Choi ma-
trix). The unrestricted optimum imposes covariance of
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each J"¥ through the u(d) generators, blocks the vari-
able by relative weight, and represents Tr /- through the
SDP max{TrY : (Y)'(T )I/) = 0}. Isotypic components
with their intertwiners are obtained from the joint weight
decomposition of the highest-weight space.

Appendix H: Reproducibility

All engines, regression tests against the num-
bers quoted here, the scripts that regenerate every

table and figure, and the reference outputs are
collected in the package finite n_cloning repro
(Python;  numpy, scipy, cvxpy with Clarabel),

archived together with this manuscript at Zenodo
[30], doi:10.5281/zenodo.23588754. The quick verifica-
tion runs in under a minute; the full reproduction takes
several hours, dominated by the d = 3 (4, 8) unrestricted
SDP (65 minutes) and the d = 3 (5,10) restricted
program (80 minutes); the certificates of Sec. VB at
(5,10) and (6, 12) take two and twelve minutes.
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