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Abstract

Splitting a Gaussian into a Gaussian mixture is a common tactic for managing
the impact of a non-linear transformation on the Gaussian. To obtain a mix-
ture model that approximates the Gaussian accurately we minimise the squared
Euclidean norm between the two. For homoscedastic mixtures with fixed spacing
between mixands, we obtain asymptotic approximations for this statistical dis-
tance under various limits of the mixture parameters. Based on these expressions,
we derive an approximation for the mixand spacing that yields the minimal sta-
tistical distance. Extensive numerical investigations show our asymptotic results
have good predictive power on the behaviour of the splitting algorithm. We
further show the asymptotic results can be used to design and parameterize a
splitting algorithm with close to optimal accuracy.
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1 Introduction

Estimating the location and uncertainty of some object of interest by a Gaussian is a
ubiquitous strategy in the fields of signal processing, uncertainty quantification, and
machine learning, and used in applications as diverse as orbit determination, object
tracking, numerical weather forecasting and epidemiology [1-10]. In these application
domains, the estimate is sequentially and repeatedly transformed, either under the
action of a forecast model, or as new data become available. As the transform is often
non-linear, standard methods in this area transform the Gaussian when required via
linearisation, the unscented transform (UT) [1], or ensemble methods [4].

A common issue, and the main inspiration for the methods in this paper, is that
the Gaussian approximation may become insufficient to describe the quantity of inter-
est under a sufficiently nonlinear transformation. Our focus is on a set of methods,
complementary to the standard methods above, that ‘split’ the Gaussian into a sum of
weighted Gaussians with smaller variances (or covariance matrices), such that lineari-
sation or the UT perform better when applied to each narrow mixand. In non-linear
estimation contexts, splitting is integral to Gaussian Sum Filters (GSF) [11-14]. We
now summarise the decisions involved in implementing a splitting algorithm, as well
as what is known or recommended in the literature.

Selecting the number of components in a mixture model appropriately is critical.
GSFs often evaluate the identifiability of components to either further split mixands
with large uncertainty or merge those with similar features to reduce redundancy
[14-16]. In [17], it was found that fitting models with too many mixands deteriorates
convergence rates. The impact of over-fitted mixtures is also seen in [18, 19], but on
the posterior distribution’s asymptotic behaviour, finding that surplus components
attain asymptotically shrinking weights, negating their impact.

Another important parameter is the spacing between mixands. We generally
require mixands to be sufficiently spaced to cover the probability regions of the data
or distribution being approximated. Conditions on mixand separation for the conver-
gence of the Expectation-Maximisation (EM) algorithm [20], often used to fit mixture
models to data are proven in [21-23]. Alternatives to the EM algorithm are discussed
n [24, 25]. Overlapping mixands, a result of very small mixand spacing, is problem-
atic due to a loss of identifiability. In a GSF, one may quantify overlap to determine
when merging components is appropriate [5, 26].

Finally, we arrive at the specific problem addressed in this paper: how to find a
good splitting. To develop a splitting algorithm that will yield a mixture with optimal
parameterization, one usually considers some distance between it and the original
Gaussian. Distances include the squared Euclidean, or L?, norm [27-30] or Kullback-
Leibler (KL) divergence [31, 32]. The L? distance is usually preferred as it offers
symmetry and closed-form analytical solutions for Gaussian mixture models [30, 33,
34].

Proceeding along the paper, Section 2 constructs a Gaussian mixture with the
placement of M mixands at fixed spacing h (as done in [5, 35, 36]) and with identical
variances o2 (as done in [3, 36-38]), and solves for the minimal L? distance to a
reference Gaussian. We allow 02 to be set by the user, unlike the fixed values considered
in [3, 5, 35]. Then in Section 3 we obtain asymptotic expressions for very high number



of mixands M, small and large mixand spacing h, and a heuristic for large M at
moderate Mh. Numerics in Section 4 confirm that the asymptotic results are useful
predictions of the optimal behaviour of this splitting algorithm. In particular, we show
that one can construct an accurate splitting using only our asymptotic results; we
compare with the algorithm of [30] carefully and show that our approximation achieves
close to theoretically optimal accuracy across a broad range of parameters. We discuss
implications and extensions in Section 5, including the generalisation of our results
beyond a reference Gaussian measure.

2 The archetypal splitting problem

Consider a variable x, which is described by a standard Gaussian distribu-
tion p(x) ~N(0,1). Other univariate cases are covered by a linear change in coordi-
nate, i.e., offset and scaling. While practical scenarios generally involve multivariate
systems, many multivariate splitting algorithms take parameters from univariate
splitting libraries as input, [3, 39-41].

We wish to split the Gaussian into a best approximating sum of M Gaussians with

means fi,,, variances o2,, and weights w,y,,

M-1
N (:0,1) % Q) = 3 wnN (@ s 02). 1)
m=0

Here N (z;p,0?) is the probability density function (PDF) of a univariate normal
distribution with the mean u and variance o2.

The weights must be normalised as

M-1
m=0

because the right-hand side of Eq. (1) must be a valid PDF. We require that all weights
are positive, however, as long as the sum of terms in Eq. (1) is non-negative, negative
weights may be permitted.
To obtain the best approximation in Eq. (1), we minimise the squared L? norm of
the mismatch,
+oo o . 2
2= / [V (2:0.1) ~ S (2)] . 3)
— 00
We simplify the problem by assuming homoscedasticity, such that o2, = o2, deter-
mined by the user, and setting equidistant means p,, = mh + hjps, where h is the step
between the means, and hjs is the initial offset. From the desired symmetry of the

approximation we get
0 M is odd
hy = ’ 4
M {h/2 M is even. )



The conditions for the L? minimum through the partial derivatives are

2 L2
oL :O,formzo,...,M—l,and887:0. (5)

0w,

It follows from Eq. (3) that L? is quadratic in wy,, and therefore, the first M of
equations (5) form a linear system for the weights w,,. Solving the system allows
expressing the weights as functions of h. Then L? becomes a univariate function of h,
and the last of Eq. (5) becomes a univariate non-linear equation for h [30].

For M total components, we define

- {(M —1)/2, M is odd, ©)

M/2, M is even,

and renumber the weight indices so that they satisfy m € [—]\~4 , M ] if M is odd,
or m € [-M,M — 1] if M is even. The symmetric mixands have the same weights,
and one more weight is eliminated using normalisation via Eq. (2), leaving only the
‘independent’ weights with m € [1,M] if M is odd and m € [1,M — 1] if M is even.
Then differentiation over w,, produces a linear system of equations for the weights [30]

Aw =b, whereb=[bi,...,b;]", A = [amsl, (7)
while Eq. (3) simplifies to
L2 = |Fll, - 20Tb + w' Aw = |Fll, - w'b. (5)
From [30], for odd M,

1
[Fll, = (2v7)  —2do+ co,0,
b = 2(c0,0 — Co,m — do + dim),

Ak = 2(Cl,m + C—fg,m — 2¢0,m — 2¢0,k + 2¢0,0)-

For even M,

1
IFlly = 2vm) = 2dips + (erp,—1p + C1p112) /2,

bm = Q(dm+1/2 — d1/2) — C,l/z’erl/z — 61/2,m+1/2 + 671/2}1/2 + 61/2’1/2,
e = 2(Comttpo ot ifs + Cmrfo—k—1pp) — 2(Co1p ky1/o + Cot/pm1s)

- Q(Cl/z,k—i-l/z + 01/2,m+1/2) + 2(0_1/271/2 + C1/2,1/2).



In either case,

~ 1 a’h?
da = <N,Na> - me){p (_m),
1 — B)*h? 11
Ca,B = <Na7NB> = QO'ﬁ exp (_ (a 452) )7 ( )

valid for o, 8 € R.

This solution does not cover the special case of M = 2. However, the weights
for this corner case are immediately available from the symmetry of approximation:
w_1 = wp = /2. Then the mismatch norm equals | F||, from Eq. (10).

Remark 1 (Generalisation of minimisation problem) For the problem of minimising the L?
distance between some distribution ®(z) and a mixture model ®(z) with M weighted mixands
and constant periodicity h,
e if ®(z) is Gaussian and the family of ®(z) is Gaussian, we obtain the well-formed
theoretical framework from [30], restated above in Egs. (7) to (11),
® if ®(x) is not Gaussian and the family of ®(z) is Gaussian, A is still the same as above,
but b changes; it may be available in closed-form depending on the inner products
(®,Ny), k € [0, M], though quadratures are available for integration if this is not the
case, and,
* regardless of whether ®(z) is Gaussian, if the family of ®(x) is not Gaussian, both A
and b are affected, but we can still obtain a solution by appropriately replacing the base
norm || F||, and the inner products in Eq. (11).

Having established the problem of interest, we move to consider the behaviour of
L? and w under special circumstances of M and h, and how that impacts our ability
to solve for the optimal mixture.

3 Asymptotic solutions and analysis

We now derive asymptotic, closed-form results. Throughout this section, we make the
practical assumption that the user-chosen o2 is not close to 1. In Section 3.1, we
investigate the case of M — oo, the most notable as it well-approximates the optimal
L?. We then examine the case when M is large, but balanced by small h (Section 3.2);
the solution for such intermediate Mh values allows us to approximate the A that
yields the optimal L2. Then, in Section 3.3, we examine the case of A — 0 and in
Section 3.4, of h — oco. These cases are less relevant to finding the optimal L?, but still
yield useful approximations. Finally, in Section 3.5, we summarise the interactions of
these solutions and their potential.



3.1 Large M

The limit of M — oo corresponds to a case where excessive mixands entirely cover the
space of the original Gaussian. We find the following results for the weights and L2.

Theorem 1 As M — oo, the asymptotic weights take the Gaussian form:
N (0, (1 — 0?)/h?) M is odd,
Wy,
T\ Nin(=1/2,(1 = 02)/h%) M s even.

The asymptotic L? solution is:

2 2 2\2
. 2 1 _ 20%(1—0%) B 2(1—07)
thlooL ~ exp( 47 gz ) {1 —l—exp( 4m )| (13)

Proof First,! we observe that

Nz (mh, 02) =

(m—w/h)2:| :/\/'m(:r/h,UQ/hz). (14)

1
exp | —
V2mo? |: 2(c/h)? h
We seek the asymptotic expression for the weights in the form
wm ~ CNm (v, 7'2) (15)

for some C, ~, and 7 to be determined.
The product of the two Gaussians, now functions of m, is

CNy(~vh, 0% + T2h2) Non(me, 02) M is odd,

Wm = (16)
" CNz((y+1/)h, 0% + 72h2) Nim(me,02) M is even,
where the mean and variance in m are
-1
_ 2y  =h o (1 K2
Me = 04 (ﬁ+?> and UC_(ﬁ+P . v

We substitute Eq. (16) into Eq. (1) and apply the Euler-Maclaurin formula [42, p. 16] (without
the derivative terms) to replace the sum with an integral over the same variable m. Being a
PDF, Ny (me,o?) integrates to one, such that we obtain the parameters

0 M is odd,
C=1, 1=+v1-02%2/h, ~= %SO

—1/2 M is even,
and also validate our choice of the Gaussian expression for weights in Eq. (15). The expressions
(17) for the mean and variance simplify to
z(1 — o> 2 o2(1—o?
7( 5 )+7 and aczi(hz ).
Note that 02 is a constant, while m. is a linear function of x.

To compute the asymptotic value of L? as M — oo for odd M, we substitute Eq. (16)

into Eq. (3) and take the limit:

(18)

me =

~ 2
+00 M

lim L2 = / Na(0,1) = ONa(0,1) Tim S Nin(me,02) | de
_ oomz?l\?[

li
M—o00 0o M—

INote: for this section, we use the shorter subscript form to describe Gaussian distributions, i.e.,

N (s 0%) = N (@5 1, 02).



+o0 too 2
— NI(0,1)2[1— > /\/m(mc,ag):| dz. (19)

o0 m=—o00

For even M, the process is the same, however, the upper limit on the sum becomes M — 1,
which has no impact since M — 1 — oo as M — oo. The other difference is the value of me¢
by Eq. (18).

To find the infinite sum, consider the following result from [43, p. 481]:

T e (-0

n

—+oo
1+2 Z exp (77r2nm2) cos (27rmt):| . (20)
k=—o0 m=1
The left-hand side of Eq. (20) matches ./\/'m(mc,ag) for k = m, t = —me and n = 202. The
exponential term in each element decays rapidly as m — oo, while the cosine term is bounded
on [—1,1]. Thus, we approximate the series by its first element as:
+oo
Z Nm(mc,ag) ~1+2exp (727r202) cos (2mme) + O (exp (787r202)) .
m=-—o00
Substituting this expression into Eq. (19) and omitting the Big-O terms yields:
—+oo
lim L% = 4exp (—477202) / N (0,1)% cos? (2mrme) de. (21)
— 00

M —o0
Using the cosine double angle identity and applying [42, eq. 7.4.6], we take this integral and
obtain the asymptotic value of L? by Eq. (13).
We conclude that up to the next-order terms, the asymptotic L? errors for M — oo are
equal for odd and even M, which is intuitively expected. O

For large, but finite M, the approximation obtained in Theorem 1 is not applicable
for small h. Looking at the derivation details, M has to be large, but the product
Mh shall not be too small, otherwise, the mixands would fail to cover the original
distribution. This more restrictive assumption fails if h — 0. Let us now consider this
case.

3.2 Large M, small h heuristic

To address the case of intermediate Mh, consider the following heuristic approach.
For odd M, the highest-order mixand has mean M h. Having many mixands from
—M h to +M h, we can expect good approximation in that interval, so assume that its
contribution to L? is zero. On the other hand, for |x| > M h we only have the tails of
the mixands that, for 0 < 1, decay faster than the original Gaussian.

One option is to assume that these tails provide no approximation at all, and
the value of the Gaussian sum is zero. Under such assumption, we can express the
overall L? mismatch through erf, the Gauss error function [42, Sect. 7.1]. Possibly
more accurately, we can assume that the Gaussian sum beyond Mh is represented
by the single highest-order component with the weight w;. This way, for odd M, we
obtain a new minimisation target of a single variable w’ = w;:

~ 2
+oo [ / | [h)2
Lo =2 - _{e—Mh) : 22
heur /~ [ /;27_‘_0_2 eXp < 202 dx ( )




For even M, the highest-order mixand has mean (M —1/2)h. For large Mh, the factor
of —1/2 is negligible. There are many mixands from zero to (M — 1/2)h, so assume
that the contribution of this interval to L? is zero, while for |z > (M — 1/2)h assume
that the Gaussian sum is represented by the single highest-order component with the

weight w’ = wy; ;. This yields

- 2
400 ! 2
o _ oW (x = (M —1/2)h)
L = 2/(1\71—1/2)h l T s exp (— 552 dz. (23)

Theorem 2 The solution to Egs. (22) and (23) is

w = \/% exp (—772) [1—erf(on)], (24)
where n = (M + Yh/\/2(1 + 02) and
_Jo M s odd,
= {—1/2 M is even,

which matches the v from the proof of Theorem 1.
The L? solution is

Y L) R, S (=)Lt on)]. @)

PN N = =)

Proof Expand Eq. (22), assuming odd M:

w'? w’\/i

Liw = # [1 —erf (]\7[h)] + Sovm VIR exp (7772) [1— erf (on)], (26)

where 7 = Mh/+/2(1 + 02). Eq. (26) is a second-order polynomial in w’, and solving for its
minimum, we obtain Eq. (24).

For even M, we observe that the only difference between Eq. (22) and Eq. (23) is the
substitution of M with M — 1/2, that is, the value of 7. Therefore, we can reuse the proof by
applying this replacement in the final Egs. (24) and (25). O

We may further simplify the error function via the approximation

2
exp (—x )
1—erf (z) =erfc(z) 8 ———= 27
(@) = erfe () ~ “E U, (27)
Corollary 3 For moderate Mh, the simplified heuristic solution to the weights is
VZexp [-n*(1+ o) 2 _
W~ [ ] S exp (f(M +7)%h? /2). (28)
ny/m(1+ o2?) (M +~y)hy/7
The simplified heuristic solution for L? s
2 exp (— (I +7)?h?) 1 A 29)
hewr ™ 2(M + ~)hr o(M +~y)hyT )’



We see that as the product Mh increases, the leading term decreases rapidly due
to the exponent.

The preceding two results, concerning large M and a heuristic at large M with
moderate Mh, are the most practically relevant for the design of splitting methods.
The following two results, at small and large h respectively, allow us to complete the
asymptotic picture for the analysis of our algorithm.

3.3 Small A

The limit h — 0 represents high overlap of mixands, such that the central density area
is covered in excess, while outer tails are neglected. As the derivations for this scenario
are elaborate, we only present results for odd M, and refer to [44] for complete details.

Theorem 4 Let M be odd. The first two terms of the power series of the L? distance over

ZL% 2 (30)
are
u 2
L= 1F1 = 3 fonC3 ™", (31)
2(n 1)) (—2M) .
Z BanC: ﬂQ(M—H)CgM <p2(z\~4+1)’p21\~4>' (32)

The coefficients Cé:f(n_m)) form=1,... 7]\~4 and m = 0,1 are obtained by solving
Gsopy = T2m, (33)
where

(2(i+ .. 7
H 21(;]3))H fOTZL]:L"-vM;

{C« 21-m)) (-2(2-m)) ...,c<12<“7—m>>},
2M

:[ ,'~~762M]; (34)
ry — (_C<:2M>[ (001+2) ((T+3) (M +1)
2M 2,2(M+1)"  4,2(M+1) 2M ,2(M +1)

(kM +1) ~(—2K) _
[O""’O’ﬂz(ﬂﬂ - oL 2(M+1),21<:C2’C D<p2(1\~4+1)’p21\?>'

The coefficients Cé;%) in ro are already known from sg, the solution for m = 0. In Eq. (34)

\k kt+1/2 2k+1
Bopy = U (2 o 1>, (35)

kl22ka/m \ (1 + o2)k+!/2
por = [1,2%%, .. M?*], vk > 1, (36)
and
e (D" (20
@2j,2(n—35) ~ p 22n=1g /7 \ 25 )" (37)



Proof We seek the even terms L%j in the power series of L? as the odd terms are zero by
symmetry. To do so, we need the corresponding power series for w and b, and to obtain the
former, we need the power series of A. Differentiating the elements b, from Eq. (9) with
respect to hs« and evaluating at hx = 0, we obtain

b= 5 parhd, (38)
k=1

where

1 k 2k+1/2 2k+1
ﬂZk ( ) ( Z 5

= -1
k122kgy/m \ (14 o2)k+'/2

and the vectors are given by

por = [1,2%%, . M%), vE > 1.

Similarly, differentiation of a,y, j from Eq. (9) with respect to h« at hs = 0 yields the
power series for the matrix A:

o]
A=) Aghit, (39)
n=2
where the matrices Ao, are expressed as

n—1
2n
Aoy = Z a§j72)(n7j) (pzj ®p2(n7j)> ) (40)
j=1

the ® symbol denotes the outer product of vectors, and

a(2n) _ (_1)n (271)

27,2(n—j) n! 2277.710.\/7? 2j :
(2n)
2j,2(n—j)
the first lower and the upper indices. However, it makes for convenient notation relating the
indices of a with the indices of p in the outer product.

When h — 0, by Egs. (38) and (39) the matrix A decreases faster than the right-hand
side b, and therefore, the solution w must grow on the order of at least h~2. The sum of
these increasing weights equals one, hence, some of them must be negative and no all-positive
solution may exist for very small h.

The weights w may grow faster than hi 2 if they are orthogonal to b to make L? finite. In
[44], we demonstrate that the lowest power of h« is —2M . The power series of the weights is:

The second of the lower indices in « is not strictly necessary, as it is defined by

oo o ]\A/]
. 2m) ~
w= 3 wyh? = 3 13O0 py;. (41)
m=—M m=—M Jj=1
The complementary vectors poy,, m =1,... ,Z\7I are designed to be orthogonal to all py; for

Jj< M and j # m, and normalised such that (Pam,p2m) = 1, where angular brackets denote
the inner product. The pa,, vectors, like their pa,, counterparts, are independent, but not
mutually orthogonal; they are no longer orthogonal to p2; when j > M.

Substituting the series (38), (39) and (41) into the system Aw = b and equating the
terms with the same powers of h«, we obtain a linear system for C( ). Tts solution is intricate
because the lower-order matrices Aap are not full-rank: the rank is defined by the order n
and dimensionality M . For Ay, all rows are multiples of the first, and therefore, A4 has rank
one. Similarly, Ag has rank two, Ag has rank three (assuming M > 3), etc. For arbitrary n,
the rank of As, is min(n — 1,M).

10



To obtain all coefficients in L%t, t > 0, we decompose Eq. (8) into a power series and
equate the hiq terms of Aw = b for ¢ > —M + 2; the right-hand side is zero for ¢ < 1. The
equation of order hzq contains the coefficients Cz(?(q_j)) for j € 2,q+ M], 1 € [I,M]. To
solve for the unknown C.(,',“ ), we multiply the hzq equation by some po,, where n € [1,]\7[ ]
We consider the groups of these 2¢/2n equations with ¢ = —M +s+n for s > 1 and
n € [1, min (s,]\~4)] Progressively taking such groups for s = 1,2, ... ,]\7[ —1, we find each time

that the right-hand side is zero, and therefore, the coefficients 02(375—M+s—m))

,m € [1,s] are
zeros as well. Then for s = M and s = M + 1 we obtain Eq. (34) for m = 0, 1, respectively,

that define all the coefficients used in Eq. (31) for L and Eq. (32) for L3. O

The L2 is positive, as this is the limit of L2, a positive quantity, for h — 0. It is
natural to expect that L2 is negative, as having some spread of mixands must provide
a better approximation than having no spread at all. However, we currently do not
have a formal proof of this conjecture.

Remark 2 For even M, the explicit form of the power series of L? is more unwieldy than in
Eq. (34). The left-hand side is the same. However, in the right-hand side, we now have

+o0o k
b= h* > 85 b, (42)
k=1  j=1
where 1y o .
ng) — {1@2416%0\/;(23) J <k,
Bak Jj=k,
and

por = [(1+1/2)" = ()", (O +1/2)™ = (2)], VI > 1. (43)
The full set of vectors pg;, j = 1,...,k in Eq. (42) as compared to Eq. (38) results in
additional nested sums in 7, r2 of the even-case equivalent of Eq. (34). Thus, we omit these
equations here and refer to [44] for the details, as mentioned.

Remark 8 Eq. (33) holds for higher-order terms in the power series of L27 where the left-hand
side G'say, remains the same and only the right-hand side ro,, differs. Proof is given in [44].

Motivated by Remark 3, the matrix G is of interest as it remains constant with
respect to the index of the power series, and therefore, we can invert it once and re-use
the result to find higher-order terms. We will demonstrate invertibility of G to verify
that we can find all elements of the power series ng.

3.3.1 Analysis of the matrix G
Lemma 5 The matriz G from Eq. (34) is symmetric positive definite (SPD).

Proof Consider the elements of G from Eq. (37):

Q20+ _ (=)™ (26 +))!
24,25 (Z'+]‘)!221+2j—10—ﬁ (2i)!(2j)!

11



_ 2 (D) () (2+9) w
ovm 22(20)! 229(25)!  (i+j)!
The second and third terms of Eq. (44) depend either on the row index i or the column index
j, but not both. Therefore, the matrix G can be factorised as
2 T
G=——SHS . 45
o (45)
Here S is a diagonal matrix with non-zero elements
_ (=
5T 9% ()1 (46)
while H is a Hankel matrix with constant skew-diagonals made of quadruple factorial numbers
[45]

_ QG+ _ (2n)!

i = i1 7) =0 forn=2,...,2M. (47)
By its symmetry and Corollary 7, H is SPD. Therefore, G is SPD. O
Proposition 6 The matriz
1 v
H:.. = 4
full L}T H} , (48)

where H is from Eq. (47) and v; = (25)!/5! for j € [1,M], is symmetric positive definite.

Proof The matrix Hg,j has the same structure as H, just starting the indices 7, j at zero, and
the quadruple factorial numbers at n = 0. For this sequence of numbers there is a closed-form
expression [46] of its Hankel transform [47]:

n n
T{hn} =82 [ # T (26— D)1 (49)
k=1 k=1

By definition of the Hankel transform, Eq. (49) gives the determinant of Hy) for n = 2M .

The Sylvester’s criterion says that a matrix is positive definite if and only if the deter-
minants of all leading principal minors of a matrix are positive [48, Theorem 7.2.5]. We can
obtain the determinant of any sub-matrix of Hgy)) by the transformation in Eq. (49). For the
n'" sub-matrix Hgyy,,, T{hn_1} will give its determinant, for n € [1,M + 1]. Clearly, for
these values of n, T{h,—1} > 0, such that Hy,); must be positive definite. O

~ th
Corollary 7 From Proposition 6, since H is a sub-matriz of Hpy, specifically the M
reverse leading principal minor, H is also positive definite.

Corollary 8 From Lemma 5, the mizand variance o appears only as a constant multiplier
in the first term of Eq. (44). Therefore, we can take it out and move to the right-hand side
of Eq. (33). This way we would perform the matriz inversion once and apply the result for
arbitrary o.

By Lemma 5, Eq. (33) and higher-order elements of the series Eq. (30) are guar-
anteed to be solvable since G is constant with respect to the element of the power
series.

We now consider the final case, h — oco.
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3.4 Large h

The limit A — oo corresponds to highly dispersed mixands, which results in coverage
‘gaps’ for approximating the Gaussian.

Theorem 9 As h — oo, the weights have the asymptotic solution:

L (1—|— Al o ) M is odd, m =0,

14+2M V2(1+02)
_ 1 _ 20 .
Wy, = it (1 \/2(1+02)>, M is odd, m #0, (50)
L M is even, Vm.
2M
The asymptotic L? solution is
1 2 1 _ 1\7[0'ﬁ 2 .
L?x, _ ) aA T Jmarey + So/r T 14200 b5 M 1is odd, 51)
1

M is even,

1
2y + 4]\‘20\/;

where

1 20
T 0\/77(1_ 2(1+02))'

Proof For odd M, the c, g factors tend to zero unless o = 3, and the dq factors tend to zero
unless o = 0. Therefore, Egs. (9) simplify to:

1 20
b — 2 —d = 1- =:b
m (co,0 — do) Uﬁ( 2(1+02)) 00)
1
am,k = 2(CkmOk,m + 2c0,0) = ﬁ(z + 0k,m),

for all m and k; here 6y, ,, is the Kronecker delta symbol. Thus, we have

1
A ——(2J+1 d b boo ]
— Jﬁ( +I) an — boo],

where J is a matrix of all ones, I is the identity matrix, and j is a vector of all ones, all with
length M . From the normalisation of the weights, we have Jw = (1 — wg)j /2, and therefore,

1 1
Avr —2J+Hw=—F+
v Uﬁ( +Dw o

Solving this equation, the large-step approximation for the weights is

wr (wy— —22 5
T St od))

Substituting it back into the normalisation condition and solving for wg, we find wg and wm
satisfy the first two cases of Eq. (50).

All asymptotic weights are non-negative, as o < 1. Then the L? norm is found from
Eq. (7), yielding the odd case of Eq. (51).

For even M, recall that the lower subscripts a;, 8 in da, co,g are not just indices but
multipliers of h? per Eq. (11). The multipliers were integers in the odd case, but not here.

(1 = wo)j + w) = booj.
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Thus, in the limit of A — oo, we have c, g — 0 unless o = 3, da — 0 unless a = 0, and the
terms in Eq. (10) simplify to

1
bm — SYCRYS = W,
14+ 6m
Uk = 2emi1fo k1 2Omk + 2010 = ﬁ
or
A= (4D and b= —_j
N B 20\/?]'

Here, J, I, and j have length M — 1. From the normalisation condition, we have Jw =
(1/2—wop)J, and therefore, the equation for w reduces to Iw = wpj. Thus, all weights are the
same, as stated in the even case of Eq. (50). The L? norm is then the even case of Eq. (51). [

Intuitively, in the limit of h — oo, all the even-case mixands “move” to infinity and
do not overlap with the original distribution. The squared L? norm of the mismatch
is then the squared norm of the original distribution itself plus the squared norm of a
mixand multiplied by its weight (squared) and taken 2M times, yielding Eq. (51).

Corollary 10 From Theorem 9, as h — oo, all weights are non-negative, since o < 1.
Howewver, from Theorem 4, the weights are negative as h — 0. Therefore, for each M there
must be some minimal ‘cutoff’ value hcyt, such that a non-negative solution to the weights is
possible only for h > hcyt.

We will briefly investigate the cutoff values numerically in Section 4.
We now analyse the significance and interactions of the asymptotic solutions
obtained.

3.5 Summary of asymptotic solutions

We considered the four special cases of Sections 3.1 to 3.4 in isolation under different
assumptions. We do not know if their domains of applicability overlap. If so, we can
yield approximations not only for L?, but also for the hopt that yields L?pt-

For example, Eq. (13) from Theorem 1 suggests that the mismatch L? tends to
zero for h — 0. However, in Eq. (31) we found the actual limit is finite. We also know
that Eq. (13) is not applicable for very small h. Still, if we assume that the areas of
validity for the small-h and large-M approximations overlap, we can combine these
results to find an approximation for hepi. At small h we represent L? as the second-
order power series L3+ L3h?, which is expected to decrease with k. On the other hand,
the L? approximation by Eq. (13) tends to zero when h — 0, and then grows with
h. Therefore, as h increases the two functions must intersect, and their intersection
would yield an approximation to the exact optimal solution hgpy.

The solution is not possible in closed form, but can be approximated. Given that
the large-M prediction of L? is exponentially small, we can replace it with zero. Then
the hypothetical point of optimum becomes

Wl = —(L2/13)". (52)

opt T
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opt»

Having h we then can obtain the corresponding weights and L? either by
substituting hlpt into the exact form of L?(h) or using the large-M asymptotic
expressions.

Similarly, the heuristic approximation of L? by Eq. (25) from Theorem 2 starts at
a finite value for h = 0 and then decreases. Again, we can solve for the intersection
of this solution with the large-M expression (13) from Theorem 1, to find another
approximation hg s t0 hopt, although there is no closed-form solution or even approxi-
mation. Then we find the corresponding weights and L? from either the original L?(h)
equation or its large-M form.

Regarding h — oo, the large-h expression for L? in Eq. (51) from Theorem 9 has
no dependence on h, so it is less suitable for estimating hope and L20pt.

We now examine these asymptotic results and approximations numerically to

further analyse the interactions discussed.

4 Numerical analysis

We start by examining the behaviour of the L? mismatch on h and M in Figs. 1 to 3.
Throughout this section, the mixand standard deviation is ¢ = 0.2 unless specified
otherwise.

Fig. 1 reproduces [30, fig. 1] and demonstrates that for all considered values of
M, the functions L?(h) are unimodal with unique minima hept (dots). On top of that
figure, we superimpose the asymptotic result for large M from Eq. (13) (Theorem 1).
As we can see, this solution provides a very accurate approximation for the exact
L? for h > hopt. Compared to the large-h approximation, which only provides the
limit, not the dependency on h, the large-M curve is likely to be more suitable and
useful for approximating L2Opt for moderately large h. At the same time, the large- M
approximation is “one-sided”: it predicts ever decreasing values of L? as h gets smaller,
while the exact solution has a minimum at the optimal hop¢ and then increases again.

Fig. 2 also reproduces [30, fig. 1], now superimposing the two-term Maclaurin series
for small h, shown as thin, coloured dashed lines and a crosshair for L2 at h = 0. The
L? approximation by this series loses accuracy and drops to zero well to the left from
hopt, indicating that the small-h and large-M approximations cannot be combined
to estimate hopt. Instead, such an estimate is apparently achieved using the heuristic
solutions L2_  (h) (dashed lines in Fig. 3) that intersect the large-M curve very close to
the locations of the true minima. Despite the empirical nature of this approximation, it
is evidently quite accurate for moderate Mh. The L? values at the intersection points
are usually within one decimal order from the exact solutions. We solve numerically
for the intersections of the large-M and heuristic Mh curves, since we cannot obtain
them in closed form, as discussed previously, and plot them in Fig. 3. The intersection
points of the curves hg,, become closer to hopy for increasing M. We present two
approximations to the optimal L?: L%, = L*(w(h,,)) (circular outlines in Fig. 3)
computed from the exact function L?(h) and weights defined in [30], implemented here
without high-precision computing, and L5, = L*(w*(h},)) (diamonds in Fig. 3),
which computes L? using the large-M approximation for the weights from Theorem 1.
Both approximations are quite accurate for the presented range of M values. Solving
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for the weights requires an extra computational effort, but yields significantly superior
accuracy, with all calculations being done in standard precision.

107 ¥ 2 mixands -@- 15 mixands

3 mixands -@- 20 mixands

LZ

4 mixands -@- 21 mixands
5 mixands -@- 30 mixands
6 mixands -@- 31 mixands
7 mixands -@- 44 mixands
107 ®- 8 mixands -@- 45 mixands
®- 9 mixands -@- 63 mixands
®- 10 mixands -@- 64 mixands
-®- 11 mixands = = Large M
-@- 14 mixands

o "J 0'2 0'4 0'6 0'8 1
h
Fig. 1: The approximation mismatch L? as a function of the mean step h, part 1.
Solid lines: exact solutions for various M. Dots: points of optima. Thick dashed line:
large-M asymptotic solution from Theorem 1, which passes very close to the exact

solutions to the right of hgp starting with M > 8.

The overall layout of the mixand weights for various M is presented in Fig. 4a.
The values on the x axis are the corresponding positions of the mixand means. As
demonstrated in Section 3.1, for large M, the weights’ dependence on the off-centre
mixand index (and hence, the mean) approaches a Gaussian curve, which is confirmed
by the presented plot. Fig. 4b displays the absolute difference between the precise
weights and their large-M asymptotic approximations. The asymptotic solution is
most accurate when close to the centre of the original distribution, and, as expected,
becomes more precise as M increases.

In [30], we considered the error in normalised moment approximation at orders 2,
4, 6, 8, and 10, and KL divergence between the mixture and original Gaussian for
various M to assess the splitting at hopt. Replications of these figures with hg, were
remarkably similar, so we refer the reader to [30, figs. 5-7]. Instead, in Fig. 5, we
compute the moment errors and KL divergence, as well as L? (seen in Fig. 3), at hopt
and hg ., and plot the differences. In Fig. 5a, we solve for the weights exactly, using
Eq. (7) in standard precision, and in Fig. 5b, we use the large-M approximation for
the weights. Understandably, the errors are larger at i, than at hopt, especially for
higher-order moments, and generally decrease with M. Furthermore, Fig. 5b exhibits
larger differences than Fig. 5a, although as M increases, this disparity becomes less
noticeable.

Fig. 6 examines the dependence of the various special values of h on M. The
optimal mean step hopy (solid line) decreases with M, as expected. However, it is
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-®- 10 mixands= = Large M

t T T T T t

0.8 1

Fig. 2: The approximation mismatch L? as a function of the mean step h, part 2. Solid
lines, dots, and thick dashed line: as in Fig. 1. Thin dashed lines: small-h solutions
from Theorem 4, odd case only. Crosshairs: first element of the L? power series L.
The small-h solutions maintain a greater range of accuracy across h for smaller M,
though all eventually drop to zero well before reaching hopt.

-
mmmmmmmmE
-
-

~< << e . 5 mixands [Jl] 21 mixands
S~ [~ 6 mixands . 30 mixands
S " ~. M 7mixands [H 31 mixands
R . 8 mixands = = Heuristic
S hi . 9 mixands = = Large M
N N B 10 mixands % Intersection
~ RS B 11 mixands @ Lz

RS N . 14 mixands O L2*op

N N B 15 mixands ¢ L2
AN So . 20 mixands

2

N .6 0.7 0.8
Fig. 3: The approximation mismatch L? as a function of the mean step h, part 3.
Solid dots and thick dashed line: as in Fig. 1. Thin dashed lines: heuristic solutions

L2 from Theorem 2. Crosses: intersections of the curves at h* .. Circular outlines:

heur opt*
ngpt' Diamonds: ng;v Both results are close to the true Lgpt (dots), although the

former is understandably better, as it makes fewer approximations.

unknown whether it converges to zero or to some finite limit, which would be a function
of the mixand standard deviation o. This exact solution is closely followed by the
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(a) Dependence of the mixand weights on the position of their means.
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(b) The absolute error in the approximate weights from Eq. (15) as compared to the exact
solutions.

Fig. 4: The mixand weights (top) and the errors of the large-M weight approximation
(bottom). The weights are progressively more accurate with increasing M, supporting
the conclusions from Figs. 1 and 3.

heuristic approximation hj (dashed line); however, being just a heuristic, it does

not approach the true solution asymptotically. In fact, the difference between the two
exhibits a small increase closer to the right side of the plot. Still, the agreement is
good for the presented medium to large values of M. The small-h approximation h};pt,

in comparison, is nowhere near the exact solution (dash-dots). The dotted lines with
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(a) The differences computed with weights w found from Eq. (7); M = 9 achieves an inci-
dentally good error, likely an artefact related to the choice of o.
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(b) The differences computed with large-M weights w™.

Fig. 5: The absolute difference in L2, KL divergence, and normalised moment errors
when evaluated at hopy versus A, with weights w computed found from Eq. (7)
(top) and weights w* computed from the large-M approximation (bottom). The size
and colour of the dots correlates with the order of the moments. Both approximations
show unstable behaviour for M < 10, but then decrease consistently as M grows. The

differences are smaller when the exact weights are used (top plot), which is expected.

triangle markers show the cutoff limits h¢yt, defined in Corollary 10. Within the plot
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limits, they are strictly below the optimal steps. However, it is not clear if these lines
would intersect for very large M.

A}
'
08 4 |‘ — Exact optima
1 « -+ Cutoff (Odd)
\
- & - Cutoff (Even)
. +=+ Small h crosses zero (Odd)

= = Error heuristic crosses large M
0.6

0.4 4

0.2 4

04 A

T T y T T T
0 10 20 30 40 50 60

M, number of terms
Fig. 6: Relationship between h and M for the exact optima hep (solid line), cutoff
limits hcyt (dotted lines with different triangle symbols for the odd and even cases), the

intersection hgpt between the small-h approximation and zero (dash-dotted line), and

the intersection hg; between the heuristic solution and the large-M asymptotic curve
(dashed line). We only plot small-h up to M = 31 as the elements of the Hankel matrix
in Eq. (47) grow as a factorial, necessitating the use of higher numerical precision for
large M; we skip it given the poor performance of this method. k7, approaches hopt
very closely, even at M < 10, though it subtly changes from under- to over-estimating
the true optimum around M = 40. The cutoff and optima curves also become closer
together for large M, indicating that for sufficiently large M, we may start to see
optima with negative weights.

4.1 Summary of numerical analysis

The presented results demonstrate that an accurate splitting algorithm can be con-
structed with remarkably little effort. At any moderately large user-specified number
of mixands M,

¢ set the mixand spacing h = hg, as described in Section 3.5, and

® use this A to find the weights by solving Eq. (7).
For step values near the optima, sufficiently accurate solutions can be found using
regular double-precision floating-point for up to about M = 50; for more terms, it
is necessary to use an extended-precision implementation. Alternatively, it is possible
to use directly the large-M asymptotic weights from Theorem 1, essentially reducing
our algorithm to the method of [49]. However, the accuracy of the L? approximation
using such weights is at least an order of magnitude worse, as seen in Fig. 3.

20



Overall, this simplified algorithm avoids the need for high-precision arithmetic
(except for very high M) and optimisers that were employed in the exact solution
[30], while incurring only small additional errors, as examined in Fig. 5. The differ-
ences in L?, KL divergence, and normalised moment errors are particularly small for
M > 10, validating the quality of the splitting at the approximate optimal h with
either method for computing weights. Regarding the user-specified mixand variance
o2, we generally expect these mismatches to decrease with o (see [30, fig. 4]). How-
ever, as mentioned in the preface of Section 3, o shall not be close to 1, otherwise our
asymptotic approximations would become less reliable and a separate analysis would

be required.

5 Discussion

We derived asymptotic solutions and approximations to the optimal representation
of a Gaussian by a Gaussian mixture model, particularly motivated by the case of
applying a non-linear transformation to the Gaussian. Our analysis assumed symme-
try, homoscedasticity, and fixed mixand spacing, as employed in [3, 5, 29, 30, 36, 37].
Our results are based on the framework from [30], which minimises the L? distance
between the distributions to achieve an optimal mixture. The solution in [30], how-
ever, is purely numerical. This paper presents an in-depth analytic exploration of the
problem, and comparison to the original solution.

In particular, for the cases of very large number of mixands M, very small or large
mixand spacing h, and the moderately large combination Mh, we derived closed-form
expressions for the weights and L?. None of these expressions, in isolation, approximate
the optimal L? or its corresponding hopt. However, by solving for the intersection of the
large-M solution from Theorem 1 and the heuristic method of Theorem 2, we obtained
an accurate approximation to the mixand weights (Fig. 4), the exact minimum of
L? (Fig. 3), as well as the moments and the KL divergence (Fig. 5). We established
accuracy numerically for the broad range of M, but it cannot be guaranteed for an
arbitrary number of terms. In particular, this approach cannot be used to examine the
asymptotic behaviour of hopt for very large M, which remains unknown. However, for
moderate-to-large M, which are arguably most practically important, we introduced
and analysed a reliable splitting algorithm.

Let us pause to discuss some explicit connections to the literature. Previously, inter-
polation with Gaussian kernels was discussed in [49], who yielded a quasi-interpolation
formula to a prescribed order of error. The large-M asymptotic L? curve of Theorem 1
reproduces their quasi-interpolation formula with striking similarity. Our solution is
not valid for small h, and their quasi-interpolation does not converge for small h. Con-
vergence is demonstrated for some schemes [50] with variable o decreasing with h,
which for our case may indicate that very large values of M require correspondingly
smaller ¢ for the solution to be valid.

The parameterization and minimisation of the L? between distributions is not new:
what is new is the generality of the problem framing here and in the companion paper
[30]. For instance, L? minimisation was also done in [29], up to M = 39 mixands,
albeit only for three specific choices of mixand variance o2. The method of [40] uses the
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beta divergence to measure the distance between distributions, but with specific selec-
tions of parameters used in [40] that measure reduces to the L? distance. Meanwhile,
methods such as [12, 35, 36] do not necessarily minimise the L? but have compatible
fixed mixand spacing and homoscedastic variance, although they set mixand variance
based on the optimised weights and spacing as opposed to allowing the user to select
it, as done here. Limitations arise when methods are restricted to small numbers of
mixands, such as [35], which only uses M =2 or M = 3.

Consider now some avenues for future work. The asymptotic solution of the weights
and L? for small h in Theorem 4 was yielded as a power series decomposition. We pro-
vided the first two elements, and through Remark 3 and Corollary 8, we can solve for
all higher-order elements, independent of o. Furthermore, by Remark 1, only the right-
hand side is impacted by a change in the kernel of the original distribution, meaning
one could reuse the results for approximating any distribution by a Gaussian mixture
with the parameterization of [30] or others similar. While we did not confirm conver-
gence of the power series beyond second order, techniques such as Padé approximants
[61] can increase the radius of convergence significantly. These techniques would also
bolster the moderately limited use of the large-h asymptotic solutions in Theorem 9,
which, unlike the small-A solutions, are independent of h. For instance, one could
compute the small-h series to a higher order, take an [L / L] Padé form, and fix the
expression at both extremities: at zero (using small-h) and at infinity (large-h).

There are relationships between the L? and distances such as Hellinger and KL
divergence, and their bounds, discussed for instance in [52, Sect. 2.4]. For algorithms
that minimise one of these other distances but maintain the same parameterization,
such as [7, 53], it may be possible to convert the expressions or at the very least define
lower and upper bounds [54, Chapter 11].

As discussed in Remark 1, the framework established here is generalisable to min-
imising L? between non-Gaussian, well-behaved distributions and Gaussian mixtures
since only the right-hand side of many equations changes and we can keep the results
of the left-hand side. This was clear in Remarks 2 and 3 for small h, where we can
obtain power series for other special functions that describe the optimal fit to that
distribution. Based on the results of [49], which uses Gaussians to approximate arbi-
trary functions, the large-M solution can also plausibly generalise to non-Gaussians.
Then, the heuristic approach of Theorem 2 can at least be replicated, although we
believe some of the existing expressions may be directly usable.

The importance of other distributions notwithstanding, this paper is focused on
Gaussian distributions. We examined in depth the earlier proposed technique [30]
and found an approximate solution to the minimal L?, which was demonstrated to
preserve most of the favourable properties of the original exact solution. Combined
with the mentioned extensions, we have a versatile framework for deriving asymptotic
and approximate solutions to the Gaussian splitting problem.
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