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Abstract

In this paper we propose a new and effective meta-heuristic, named POST, that improves
the performance of multi-start improvement algorithms. It is a general follow-up (or post-
optimizing) procedure that attempts to find a better final solution than the best one found by
any multi-start approach. The additional required effort and run time is negligible.

The meta-heuristic is tested on the planar p-median multi-facility location problem which is
known to have many (perhaps millions for the instances tested in this paper) local optima. Forty-
eight well researched instances were tested, and the meta-heuristic improved the best known
solution for all of them, in about the same run time required by the multi-start approach.

Key Words: Meta-heuristic; Multi-start procedure; p-median.

1 Introduction

We propose a meta-heuristic, termed POST, that attempts to find a better solution for any math-

ematical model that is solved by multi-start approaches (for example, György and Kocsis, 2011;

Mart́ı et al., 2025, 2010, 2013). A multi-start approach is based on repeating an improvement

algorithm (IMP) many times, and selecting the best found outcome.

Examples of improvement algorithms include: a gradient-based algorithm (Chen, 1983; Murtagh

and Niwattisyawong, 1982), Simulated annealing (Kirkpatrick et al., 1983; Moran, 2003), Tabu

search (Glover and Laguna, 1997; Moreno-Perez et al., 1994), Variable neighborhood search (Drezner

et al., 2015a; Hansen et al., 2009; Hansen and Mladenović, 1997; Hansen and Mladenović, 2001).

One component of the POST procedure is generating offspring from pairs of “parents” (solutions

found by IMP), which is an essential component of designing genetic algorithms (Goldberg, 2006;

Holland, 1975; Katoch et al., 2021). Genetic algorithms are also improvement algorithms that can
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be used in a multi-start approach, but usually with fewer starting solutions because each application

of a genetic algorithm requires relatively long computational time.

The paper is organized as follows. Section 2 presents the POST procedure, and provide its

details. Section 3 details the implementation of POST for solving heuristically the p-median location

problem. Computational results on solving 48 large instances of the planar p-median problem are

presented and discussed in Section 4. Section 5 provides conclusions and some suggestions for

further research.

2 The POST Procedure

Multi-start heuristic algorithms generate N , for example N = 100, 000, starting solutions either

randomly or by design, and apply an improvement algorithm (IMP) on each. The best found

solution is the result of the multi-start approach. An equivalent approach is to repeat the process

L ≥ 1 times, each time form N
L

starting solutions, getting L “best found” solutions, and selecting

the best one. The outcome is the same as the best result of all N starting solutions. This structure

may be useful if the procedure is executed in parallel on L computers or different users.

In the proposed POST meta-heuristic it can be advantageous to apply the multi-start algorithm

L > 1 times from I ≈ N
L

starting solutions. As reported in the computational experiments in

Section 4, L > 1 provided better results, on average, than applying POST on the standard approach

(L = 1), and the performance tends to improve as L increases.

2.1 List of POST Parameters

N : The total number of times that the improvement algorithm is executed in the multi-start

approach. The average run time for a single exacution of the improvement algorithm (IMP)

is estimated, and a goal of the total run time can be used to determine N .

L ≥ 1: The total number of N executions of repeating IMP, is divided into L subsets of repeating

IMP in each.

I: The number of executions of IMP in each of the L subsets. I ≈ N
L
.
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K ≥ 2: The number of parents selected from I final solutions of IMP in a subset. In our experiments

we selected the K = 5 best different solutions. The number of pairs of solutions (pairs of

parents) is K(K−1)
2 .

E: The elite set is defined as the best K different solutions out of the I IMP solutions.

T ≥ 1: The number of offspring generated from each pair of parents. In some procedures of generating

offspring we may be able to generate only T = 1 offspring per pair of parents.

P : The total number of offspring generated for each subset of I IMP executions. P = K(K−1)
2 T .

2.2 The POST Algorithm

1. Set the counter ℓ = 1, and keep track on the best found solution.

2. A multi-start improvement algorithm (a heuristic) is repeated from I different starting solu-

tions, and the best K non-repeating solutions are selected to form an elite set E.

3. T ≥ 1 offspring for each of the K(K−1)
2 pairs of solutions from E are created for a total of

P = K(K−1)
2 T offspring.

4. The improvement algorithm is applied on each of the P offspring and the bestK non-repeating

solutions are selected and saved.

5. If the best found solution has been improved, update the best found solution, and return to

Step 3, applying the newly selected K solutions, (i.e., the current E).

6. Otherwise, set ℓ = ℓ+ 1. If ℓ ≤ L return to Step 2; else stop.

An optional extra step: Throughout the POST algorithm, the bestK results of the total number

IL ≈ N IMP executions (before applying steps 3 to 5) are retained, and steps 3 to 5 applied on

them. In our computational experiments, the optional extra step rarely found a better solution,

and thus is considered optional. However, it requires a negligible extra run time and hence we

applied it in the experiments.
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2.3 Discussion

The execution time of the improvement algorithm on an offspring starting solution (in the elite

set E), is usually much faster than applying it on random starting solutions because the starting

solutions in E are of higher quality and require fewer iterations of the improvement algorithm. The

number of extra applications of the improvement algorithm is about PL which is a fraction PL
N

≈ P
I

of the multi-start applications, which is usually small. In the compuational experiments we applied

I ≥ 1, 000, so we opted for P
L
not to exceed 20%, and selected P = 200 by K = 5 and T = 10. The

additional execution time for improving the offspring is relatively short, and the POST algorithm

does not require a significant longer run time unless L is large. So, for L = 80 we ran POST for

only L = 70 subsets.

Note that Path Relinking (Glover et al., 2000) is another procedure that employs an “elite set”

of solutions. However, this procedure is quite different from the crossover operation (performed in

GA) that we have adapted in POST. Path Relinking constructs a path of intermediate solutions

joining pairs of solutions in the elite set in a deterministic way. Only attributes that are different

between the selected pair are changed one at a time until the origin node in the pair is transformed

at the other end of the path to the second node (guide node) in the pair. The intention is to

intensify the search in neighborhoods close to the selected pair. POST, on the other hand, joins

pairs of solutions in the elite set in a random fashion to produce several offspring. The improvement

algorithm is applied to all of them. If improved solutions are found, new elite sets are formed and

more generations of offspring are created. The whole process is repeated L times resulting in a

highly diversified and extensive search through promising regions of the feasible set.

If the multi-start heuristic finds the optimal solution, then of course POST cannot improve

it. If the POST does not improve the multi-start heuristic result it is possible (but definitely not

certain) that the multi-start procedure identified the optimal solution or a solution very close to

optimality.

We tested the POST algorithm on the planar p-median problem (see Sections 3 and 4 for

details). It can be applied for solving models that are usually solved by a multi-start approach such

as the minimum sum of squares clustering problem (for example: Aloise, 2009; Aloise et al., 2012;
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Bagirov et al., 2015; Costa et al., 2017; Gribel and Vidal, 2019; Kalczynski et al., 2022; Ordin and

Bagirov, 2015; Pereira et al., 2018; Zhou et al., 2020, 2021), and the clique partitioning problem

(for example, Brimberg et al., 2017; Brusco and Köhn, 2009; Grötschel and Wakabayashi, 1989;

Kalczynski et al., 2023).

We anticipate that researchers who apply multi-start heuristic algorithms to solve any opti-

mization model, will recognize the effectiveness of the POST meta-heuristic, and will experiment

with POST in future research.

3 Applying POST for Solving the Planar p-Median Location Model

The planar p-median problem (Dantrakul et al., 2014; Drezner and Salhi, 2017), also known as the

multi-source Weber problem (Brimberg et al., 2000; Hansen et al., 1998; Kuenne and Soland, 1972),

or continuous location-allocation problem (Brimberg et al., 2008; Love et al., 1988), is an extension

of the single facility Weber problem (Church et al., 2025; Weber, 1909). It is defined as follows.

A given set of n demand points are located at Ai = (ai, bi), with associated weights wi > 0, for

i = 1, . . . n. We need to find the locations of p facilities, Xj = (xj , yj) for j = 1, . . . , p, that solve:

min
X

{

f(X) =
n
∑

i=1

wi min
1≤j≤p

{d(Xj , Ai)}

}

, (1)

where X = (X1, . . . , Xp) denotes the vector of 2p decision variables. The function d(Xj , Ai) is the

distance, typically Euclidean, between Xj and Ai. For Euclidean distances, investigated in this

paper: d(Xj , Ai) =
√

(xj − ai)2 + (yj − bi)2.

There are two main variants of the p-median problem. In the discrete version it is assumed that

there is a given finite set of possible locations of the facilities (Daskin, 1995; Daskin and Maass,

2015). A special discrete case is when demand points are located at the vertices of a network

with the distance measured along the links of the network. In the continuous version, tested in

this paper, it is assumed that facilities can be located anywhere in the plane, and thus there are

infinite possible locations for the facilities. In this paper, the term p-median refers to the continuous

version, with Euclidean distances applied in equation (1).

This planar p-median was originally proposed by Cooper (1963, 1964) who proposed the ALT
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algorithm as a heuristic solution approach. The problem was shown to be NP-hard by Megiddo

and Supowit (1984). Krau (1997) designed an algorithm for finding the optimal solution (within an

accuracy of ϵ > 0) for relatively small problems. The p-median problem is extremely non-convex.

Brimberg et al. (2010) and Brimberg and Drezner (2013) tested an instance with 50 demand points

introduced in Eilon et al. (1971). Using 10,000 random starts of the ALT algorithm, that is known

to terminate at a local minimum, they found for p = 10, 15, 20, and 25, the respective number

of different local minima of 4,701, 8,727, 9,164, 9,035. The actual number of local minima may

be much higher. Also note that a high variance in solution quality was observed. The problem

instances tested in this paper (with up to 10,000 demand points and 100 facilities) may have millions

of local optima. For further reviews of the p-median model see Brimberg et al. (2000); Brimberg

and Hodgson (2011); Brimberg and Salhi (2019); Drezner et al. (2015b, 2016, 2024).

We applied two recent improvement algorithms that performed very well for solving the p-

median problem. Drezner and Brimberg (2026a) proposed an effective procedure (SPL for split) to

generate “good” starting solutions. A new improvement algorithm, CLUST (Drezner and Brimberg,

2026b, also described in the Appendix for convenience), is applied on the SPL starting solution.

It produced better results than the ALT improvement algorithm and its extensions (Brimberg and

Drezner, 2013, 2021).

3.1 Generating Offspring for Solving the Planar p-Median Model

Two configurations (parents) are selected. An offspring is created by selecting several facility loca-

tions from one parent and the rest from the other one. We propose, similar to the H2M algorithm

(Drezner and Brimberg, 2026a), to draw lines through the center of gravity of the combined con-

figuration (of 2p facilities), and join the facilities from the first parent that are located on one side

of the line with facilities of the second parent on the other side. A similar idea to create offspring

in a genetic algorithm, with only one line, is proposed in Drezner et al. (2015b), and for a different

model (selecting one-way and two-way links in designing a network) in Drezner and Salhi (2002).

The two parents define 2p locations for facilities (some of them may coincide). Let (xc, yc) be

the center of gravity of the 2p facility locations. For an angle θ, we adjust the standard definition
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of the line passing through (xc, yc), y = yc + (x − xc) tan θ by multiplying it by cos θ to avoid an

infinity issue for θ = π
2 ,

3π
2 , and also to simplify Property 1 below. The equivalent line formula is:

(y − yc) cos θ − (x− xc) sin θ ≡ d(x, y) = 0 . (2)

The left hand side of (2) is defined as d(x, y) whose absolute value is the distance from the line as

shown in Property 1. Points with d(x, y) = 0 are on the line, points with d(x, y) > 0 are on one side

of the line, and points with d(x, y) < 0 are on the other side of the line. The following property is

a simplified version of a well known and widely used formula.

Property 1: The distance of point (x, y) from the line is |d(x, y)|.

Proof: The suggested distance formula (for example in Ballantine and Jerbert, 1952) is simplified

because sin2 θ + cos2 θ = 1. 2

The values of d(x, y) from one parent and −d(x, y) from the second parent (a total of 2p values)

are calculated. All the points with a positive value are either on one side of the line from one

parent or on the other side of the line from the second parent. It is expected to have about p

positive values and p negative values. The p points with the largest values are selected for the

offspring. If there is a point common to both parents, it will be selected only once because one will

be positive and one negative. It is possible, but very unlikely, to have duplicate locations when

there are fewer than p positive values. However, the improvement algorithm will remove one of the

facilities in the first iteration because the value of the objective function does not change if two

facilities are co-located, and one of them is removed. The other one can be located at a different

location attracting a subset of demand points thus improving the value of the objective function.

It is suggested to select θj =
j−1
T

2π for j = 1, . . . T , and create T (a parameter) offspring. Note

that θj+π generates the same line, but reverses which parent is on a specific side of the line. These

two values of θ are selected if T is an even number but the offspring are different. Therefore, there

is no need to consider a pair j2, j1 when pair j1, j2 is selected.
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Table 1: Results by POST for 24 uniform instances

Best I =1,000, L = 70 (POST1) I =10,000, L = 8 (POST10) I =80,000, L = 1 (POST80)
n p Known∗ Value+ † ‡ Value+ † ‡ Value+ † ‡

1000 50 71.8130 71.8014 -0.016% 84.19 71.8171 0.006% 83.52 71.8130 0.000% 81.28
1000 60 63.9879 63.9751 -0.020% 99.89 63.9736 -0.022% 98.98 63.9879 0.000% 96.53
1000 70 57.6391 57.5821 -0.099% 104.95 57.5969 -0.073% 105.73 57.6375 -0.003% 105.65
1000 80 52.8462 52.7813 -0.123% 110.46 52.8448 -0.003% 111.00 52.8236 -0.043% 110.66
1000 90 49.0128 48.9435 -0.141% 117.93 48.9341 -0.161% 119.56 49.0128 0.000% 117.77
1000 100 45.7834 45.6541 -0.282% 135.28 45.6437 -0.305% 131.11 45.7096 -0.161% 128.92
2000 50 150.7560 150.7339 -0.015% 213.45 150.7550 -0.001% 207.38 150.7560 0.000% 204.57
2000 60 135.8410 135.7747 -0.049% 246.13 135.7864 -0.040% 240.96 135.8410 0.000% 236.98
2000 70 123.8238 123.8204 -0.003% 268.77 123.8234 0.000% 265.46 123.8238 0.000% 260.94
2000 80 115.0461 114.9689 -0.067% 309.02 115.0027 -0.038% 299.79 115.0348 -0.010% 295.01
2000 90 107.6620 107.5079 -0.143% 349.61 107.5305 -0.122% 336.16 107.5451 -0.109% 330.92
2000 100 101.2800 101.1083 -0.170% 370.25 101.1014 -0.176% 355.55 101.1546 -0.124% 346.14
5000 50 391.6220 391.5846 -0.010% 659.39 391.5883 -0.009% 614.46 391.5921 -0.008% 600.10
5000 60 355.3980 355.3818 -0.005% 764.24 355.3876 -0.003% 732.49 355.3980 0.000% 721.33
5000 70 327.4487 327.3036 -0.044% 902.68 327.3438 -0.032% 858.74 327.3542 -0.029% 842.82
5000 80 304.4473 304.4081 -0.013% 978.07 304.3666 -0.027% 971.34 304.3823 -0.021% 958.57
5000 90 285.0280 284.8145 -0.075% 1111.19 284.8265 -0.071% 1038.70 284.7887 -0.084% 1021.56
5000 100 269.1664 268.7861 -0.141% 1249.82 268.8725 -0.109% 1179.29 269.0321 -0.050% 1145.84
10000 50 798.6799 798.6849 0.001% 1272.44 798.6839 0.001% 1192.12 798.6774 -0.000% 1167.11
10000 60 725.1684 725.1450 -0.003% 1361.03 725.1194 -0.007% 1311.06 725.2119 0.006% 1286.88
10000 70 669.9168 669.8753 -0.006% 1683.55 669.9191 0.000% 1560.92 669.8918 -0.004% 1548.95
10000 80 624.7508 624.6261 -0.020% 1891.94 624.6285 -0.020% 1800.11 624.6056 -0.023% 1783.51
10000 90 586.7665 586.7562 -0.002% 2188.11 586.6984 -0.012% 2084.30 586.7665 0.000% 2056.22
10000 100 554.7646 554.5849 -0.032% 2507.24 554.7152 -0.009% 2348.57 554.6667 -0.018% 2316.84
Average: -0.062% 790.82 -0.051% 751.97 -0.028% 740.21
∗Best known results from published papers.
+Negative values are the best improved best known results.
† Percent above the best known results. Negative percentages in boldface.
‡ Run times in minutes.

4 Computational Experiments

In this section we use a recent CLUST algorithm (short for Cluster; Drezner and Brimberg, 2026b,

see also the Appendix) which is the best heuristic algorithm so far for solving large p-median

instances. CLUST uses high quality starting solutions obtained by a constructive heuristic SPL

(Drezner and Brimberg, 2026a) with random components.

We tested the POST procedure on the 24 large uniform instances proposed in Drezner et al.

(2023), and the 24 non-uniformly generated instances created in Drezner and Brimberg (2026a).

We observed that new improved best known solutions are found for all 48 instances.
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Table 2: Results for 24 Uniform instances

n p Best∗ (1) (2) SPL$ CLUST† POST‡ (1) (2) SPL$ CLUST† POST‡

1000 50 71.8014 71.8715 71.8283 71.8263 71.8130 71.8014 0.098% 0.037% 0.035% 0.016% 0%
1000 60 63.9736 64.0382 64.0545 64.0664 63.9879 63.9751 0.101% 0.126% 0.145% 0.022% 0.002%
1000 70 57.5821 57.7542 57.7450 57.6551 57.6391 57.5821 0.299% 0.283% 0.127% 0.099% 0%
1000 80 52.7813 52.8959 53.0803 52.9381 52.8462 52.7813 0.217% 0.566% 0.297% 0.123% 0%
1000 90 48.9341 49.2098 49.3712 49.1478 49.0128 48.9435 0.563% 0.893% 0.437% 0.161% 0.019%
1000 100 45.6437 45.9906 45.9887 45.7834 45.7952 45.6541 0.760% 0.756% 0.306% 0.332% 0.023%
2000 50 150.7339 150.8145 150.7649 150.8344 150.7560 150.7339 0.053% 0.021% 0.067% 0.015% 0%
2000 60 135.7747 135.9403 136.0076 135.9773 135.8410 135.7747 0.122% 0.172% 0.149% 0.049% 0%
2000 70 123.8204 124.0276 124.1456 123.9656 123.8238 123.8204 0.167% 0.263% 0.117% 0.003% 0%
2000 80 114.9689 115.2226 115.2252 115.1419 115.0461 114.9689 0.221% 0.223% 0.150% 0.067% 0%
2000 90 107.5079 107.7817 108.0196 107.7556 107.6620 107.5079 0.255% 0.476% 0.230% 0.143% 0%
2000 100 101.1014 101.4669 101.6735 101.4110 101.2800 101.1083 0.362% 0.566% 0.306% 0.177% 0.007%
5000 50 391.5846 391.7090 391.6951 391.7029 391.6220 391.5846 0.032% 0.028% 0.030% 0.010% 0%
5000 60 355.3818 355.5684 355.6066 355.5968 355.3980 355.3818 0.053% 0.063% 0.060% 0.005% 0%
5000 70 327.3036 327.4698 327.4828 327.5939 327.4487 327.3036 0.051% 0.055% 0.089% 0.044% 0%
5000 80 304.3666 304.7394 304.6706 304.5045 304.4473 304.4081 0.122% 0.100% 0.045% 0.027% 0.014%
5000 90 284.7887 285.1334 285.6168 285.3026 285.0280 284.8145 0.121% 0.291% 0.180% 0.084% 0.009%
5000 100 268.7861 269.3923 269.6615 269.5282 269.1664 268.7861 0.226% 0.326% 0.276% 0.141% 0%
10000 50 798.6774 798.7444 798.6799 798.7432 798.6997 798.6849 0.008% 0.000% 0.008% 0.003% 0.001%
10000 60 725.1194 725.3001 725.1684 725.3322 725.2186 725.1450 0.025% 0.007% 0.029% 0.014% 0.004%
10000 70 669.8753 669.9331 669.9188 670.1747 669.9168 669.8753 0.009% 0.006% 0.045% 0.006% 0%
10000 80 624.6056 625.1549 625.2278 625.2775 624.7508 624.6261 0.088% 0.100% 0.108% 0.023% 0.003%
10000 90 586.6984 586.9920 587.3671 587.4666 586.7665 586.7562 0.050% 0.114% 0.131% 0.012% 0.010%
10000 100 554.5849 554.8952 555.1873 554.9741 554.7646 554.5849 0.056% 0.109% 0.070% 0.032% 0%
Average: 0.169% 0.233% 0.143% 0.067% 0.004%
One tail p-value compared with POST column: 6.7× 10−5 6.8× 10−5 1.0× 10−6 2.2× 10−4

∗ The best known solution in all papers including the best results found in this paper.
(1) Drezner et al. (2024) best of 42 parameter sets; total run time 145 days.
(2) Brimberg and Drezner (2025) best of 20 parameter sets; total run time 64 days.
$ best SPL (Drezner and Brimberg, 2026a) with one parameter set; total run time 13 days.
† CLUST (Drezner and Brimberg, 2026b) results with one parameter set; total run time 13 days.
‡ POST results from Table 1 for I = 1, 000, L = 70 (POST1); total run time 13 days.

4.1 Testing Uniform Instances

All 24 uniform solutions were improved in Drezner et al. (2024), nine of the 24 were further improved

in Brimberg and Drezner (2025), and 21 more instances were further improved by CLUST (Drezner

and Brimberg, 2026b). CLUST (Drezner and Brimberg, 2026b) improved 20 out of the 24 solutions

of the non-uniform instances found by the SPL algorithm (Drezner and Brimberg, 2026a).

In the following experiments, CLUST was repeated from N = 80, 000 starting solutions as was

tested in Drezner and Brimberg (2026b). We tested I=1,000; 10,000, and 80,000, and L = N
I
.

However, I=1,000 required a slightly longer run time. Therefore, to obtain a comparable run time,

we applied L = 70 for I = 1, 000.

The results by POST are reported in Table 1. The number after “POST” refers to the value

of I in thousands. The results for I = 1, 000, L = 70 (POST1) are best with the average deviation
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from the last known best solution of -0.062%, compared with -0.051% for I = 10, 000, L = 8

(POST10), and -0.028% for I = N = 80, 000 and L = 1 (POST80). Comparing each pair by the

paired t-test gave the following p-values: 0.041 between I = 1, 000 and I = 10, 000; 0.0005 between

I = 1, 000 and N = 80.000; and 0.012 between I = 10, 000 and I = 80.000. All differences are

statistically significant at the commonly used p = 0.05 level. The improvement between I = 1, 000

and I = 80, 000 is the most significant. Total run time for I = 1, 000 was less than 7% higher, at

about 13.2 days.

The results from all papers that tested the uniform instances are summarized in Table 2. Since

the results in Drezner et al. (2023) where inferior to all the results in published papers, we did not

include them in the table. Since POST is repeated for 3 sets of parameters, we selected, for a fair

comparison, the best one I = 1, 000, L = 70 (POST1), as a representative for POST so that the

run times are comparable, and are not a combined 39 days if all three versions are considered. The

results in the POST column are significantly better than each of the other methods with p-values

listed in the last row of the table.

In Table 1 the best values for each variant are boldfaced if they are the revised best known

solution. POST1 found the best known solution in all papers, including the three versions of

POST, in 14 of the 24 instances, POST10 found it in 7 instances, and POST80 found it in only

3 cases. The other papers combined obtained the revised best known solution zero times. Note

that if both POST1 and POST10 results are combined (it will require about 26 days to complete),

the new best known solution is found in 21 of the 24 instances. The results of the three POST

parameters combined found a new best known solution for all 24 instances.

Run times for POST1 are approximately 0.0006904n1.223p0.8356 minutes, with the regression

p-value of 6.9 · 10−23. These numbers mean that when n increased 10 times (for example, from

1,000 to 10,000) run times increased about 17 times. However, when p is doubled, it increases less

than twice at a ratio of about 1.8.
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Table 3: Results by POST for 24 non-uniform instances

Best I =1,000, L = 70 (POST1) I =10,000, L = 8 (POST10) I =80,000, L = 1 (POST80)
n p Known∗ Value+ † ‡ Value+ † ‡ Value+ † ‡

1000 50 63.3601 63.3058 -0.086% 82.37 63.3041 -0.088% 78.44 63.3412 -0.030% 76.93
1000 60 56.5553 56.5234 -0.056% 89.40 56.5370 -0.032% 86.95 56.5616 0.011% 85.36
1000 70 51.2058 51.1354 -0.137% 102.38 51.1409 -0.127% 97.99 51.2058 0.000% 96.81
1000 80 46.6700 46.5965 -0.157% 106.20 46.5920 -0.167% 105.95 46.5985 -0.153% 101.48
1000 90 43.1613 43.1038 -0.133% 116.81 43.1434 -0.041% 114.79 43.1610 -0.001% 109.46
1000 100 40.2536 40.1609 -0.230% 128.27 40.1414 -0.279% 124.76 40.2069 -0.116% 118.81
2000 50 132.2109 132.2102 -0.001% 196.97 132.2074 -0.003% 181.80 132.2109 0.000% 178.28
2000 60 119.3157 119.3135 -0.002% 207.39 119.3416 0.022% 205.10 119.3157 0.000% 200.87
2000 70 108.8951 108.8599 -0.032% 242.30 108.8420 -0.049% 236.68 108.8932 -0.002% 232.17
2000 80 100.6412 100.5925 -0.048% 246.73 100.4824 -0.158% 240.12 100.4830 -0.157% 234.94
2000 90 93.4773 93.3405 -0.146% 280.92 93.4242 -0.057% 272.26 93.4471 -0.032% 268.42
2000 100 87.5557 87.4042 -0.173% 305.94 87.4368 -0.136% 289.70 87.4587 -0.111% 284.11
5000 50 344.0196 343.9968 -0.007% 490.21 344.0096 -0.003% 451.84 344.0284 0.003% 439.31
5000 60 312.6244 312.6025 -0.007% 637.31 312.6107 -0.004% 618.21 312.6104 -0.004% 604.71
5000 70 287.1591 286.9828 -0.061% 747.20 287.0791 -0.028% 741.68 286.9840 -0.061% 729.40
5000 80 266.5877 266.4461 -0.053% 898.52 266.4726 -0.043% 844.66 266.4533 -0.050% 825.97
5000 90 249.8066 249.6422 -0.066% 1003.85 249.5525 -0.102% 950.06 249.5732 -0.093% 934.33
5000 100 235.2333 235.0865 -0.062% 1077.92 235.1862 -0.020% 1027.02 235.2333 0.000% 1014.26
10000 50 697.0866 697.0745 -0.002% 1074.84 697.0701 -0.002% 988.27 697.0753 -0.002% 975.70
10000 60 635.0829 635.0622 -0.003% 1177.34 635.0125 -0.011% 1146.35 635.0126 -0.011% 1130.25
10000 70 585.0021 584.9781 -0.004% 1366.35 584.9599 -0.007% 1335.82 584.9806 -0.004% 1322.49
10000 80 544.2333 543.9566 -0.051% 1600.14 544.0633 -0.031% 1571.26 544.0368 -0.036% 1477.58
10000 90 511.4076 511.3568 -0.010% 1902.86 511.3355 -0.014% 1820.10 511.4076 0.000% 1734.81
10000 100 482.6944 482.2426 -0.094% 2131.30 482.5196 -0.036% 2000.87 482.5624 -0.027% 1906.53
Average: -0.068% 675.56 -0.059% 647.11 -0.037% 628.46
∗Best known results from published papers.
+Negative values are the best improved best known results.
† Percent above the best known results. Negative percentages in boldface.
‡ Run times in minutes.

4.2 Testing Non-Uniform Instances

We repeated the experiments on the 24 non-uniform instances to assess the performance differences

between these two types of problems. These instances were tested in two papers (Drezner and

Brimberg, 2026a,b).

The results by POST are reported in Table 3. The results for POST1 are best with the average

deviation from the last known best solution of -0.068%, compared with -0.059% for POST10, and

-0.037% for POST80.

The results from all papers that tested the non-uniform instances, and the three variants of

POST (termed POST80, POST10 and POST1) are summarized in Table 4.
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Table 4: Results for 24 Non-uniform instances

n p Best∗ SPL CLUST POST80 POST10 POST1 SPL CLUSTPOST80 POST10 POST1
1000 50 63.3041 63.4197 63.3601 63.3412 63.3041 63.3058 0.183% 0.088% 0.059% 0% 0.003%
1000 60 56.5234 56.5553 56.5626 56.5616 56.5370 56.5234 0.056% 0.069% 0.068% 0.024% 0%
1000 70 51.1354 51.2116 51.2058 51.2058 51.1409 51.1354 0.149% 0.138% 0.138% 0.011% 0%
1000 80 46.5920 46.6700 46.6862 46.5985 46.5920 46.5965 0.167% 0.202% 0.014% 0% 0.010%
1000 90 43.1038 43.2668 43.1613 43.1610 43.1434 43.1038 0.378% 0.133% 0.133% 0.092% 0%
1000 100 40.1414 40.2536 40.2620 40.2069 40.1414 40.1609 0.280% 0.300% 0.163% 0% 0.049%
2000 50 132.2074 132.2899 132.2109 132.2109 132.2074 132.2102 0.062% 0.003% 0.003% 0% 0.002%
2000 60 119.3135 119.4298 119.3157 119.3157 119.3416 119.3135 0.097% 0.002% 0.002% 0.024% 0%
2000 70 108.8420 109.0226 108.8951 108.8932 108.8420 108.8599 0.166% 0.049% 0.047% 0% 0.016%
2000 80 100.4824 100.6802 100.6412 100.4830 100.4824 100.5925 0.197% 0.158% 0.001% 0% 0.110%
2000 90 93.3405 93.5995 93.4773 93.4471 93.4242 93.3405 0.277% 0.147% 0.114% 0.090% 0%
2000 100 87.4042 87.6522 87.5557 87.4587 87.4368 87.4042 0.284% 0.173% 0.062% 0.037% 0%
5000 50 343.9968 344.0196 344.0305 344.0284 344.0096 343.9968 0.007% 0.010% 0.009% 0.004% 0%
5000 60 312.6025 313.0611 312.6244 312.6104 312.6107 312.6025 0.147% 0.007% 0.003% 0.003% 0%
5000 70 286.9828 287.2732 287.1591 286.9840 287.0791 286.9828 0.101% 0.061% 0.000% 0.034% 0%
5000 80 266.4461 266.8620 266.5877 266.4533 266.4726 266.4461 0.156% 0.053% 0.003% 0.010% 0%
5000 90 249.5525 250.0819 249.8066 249.5732 249.5525 249.6422 0.212% 0.102% 0.008% 0% 0.036%
5000 100 235.0865 235.5951 235.2333 235.2333 235.1862 235.0865 0.216% 0.062% 0.062% 0.042% 0%
10000 50 697.0701 697.1170 697.0866 697.0753 697.0701 697.0745 0.007% 0.002% 0.001% 0% 0.001%
10000 60 635.0125 635.3547 635.0829 635.0126 635.0125 635.0622 0.054% 0.011% 0.000% 0% 0.008%
10000 70 584.9599 585.3349 585.0021 584.9806 584.9599 584.9781 0.064% 0.007% 0.004% 0% 0.003%
10000 80 543.9566 544.5050 544.2333 544.0368 544.0633 543.9566 0.101% 0.051% 0.015% 0.020% 0%
10000 90 511.3355 511.9304 511.4076 511.4076 511.3355 511.3568 0.116% 0.014% 0.014% 0% 0.004%
10000 100 482.2426 482.8746 482.6944 482.5624 482.5196 482.2426 0.131% 0.094% 0.066% 0.057% 0%
Average: 0.150% 0.081% 0.041% 0.019% 0.010%
∗The best known solution in all papers including the best results found in this paper.

The results of POST1 are better than each of the other methods. The best known results in all

experiments were found 11 times out of 24 by POST10, and 13 times by POST1. SPL, CLUST,

and POST80 found it zero times. Note that if both I = 1, 000 and I = 10, 000 results are combined

(it will require approximately 21 days to complete), new best known solutions are found in all 24

instances.

Run times for POST1 are approximately 0.0007797n1.177p0.8622 minutes, with the regression

p-value of 2.1 · 10−23. These numbers mean that when n increases 10 times (for example, from

1,000 to 10,000) run time increases about 15 times. However, when p is doubled, it increases less

than twice at a ratio of about 1.8. These numbers are similar to the uniform instances.
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Table 5: Summary of Results

SPL CLUST POST80 POST10 POST1

Average of 24 uniform instances: 0.143% 0.067% 0.037% 0.014% 0.004%

One tail p-value compared with POST1 column: 1.0 · 10−6 2.2 · 10−4 4.8 · 10−4 0.041

Average of 24 non-uniform instances: 0.150% 0.081% 0.041% 0.019% 0.010%

One tail p-value compared with POST1 column: 4.8 · 10−8 2.4 · 10−5 0.0064 0.163

Average of all 48 instances: 0.147% 0.074% 0.039% 0.016% 0.007%

One tail p-value compared with POST1 column: 2.9 · 10−13 2.8 · 10−8 2.3 · 10−5 0.035

4.3 Discussion of the Results

A summary of all the results are reported in Table 5. The results for 24 uniform instances, 24

non-uniform instances, and the combined results of all 48 instances show a similar pattern. The

percentages of the average results above the new updated best found solution decline from left to

right. The least significant difference is the decline from POST10 to POST1. In the non-uniform

instances it is the only non-significant difference at the p = 0.05 level.

The results confirm the “Less is More” principle (Costa et al., 2017; Mladenović et al., 2022;

Silva et al., 2018). In POST80, we select the five best found solutions from all N = 80, 000 runs. In

POST with I << N , the best found solutions from I starting solutions are found. These solutions

are not as good as the solutions selected after N starting solutions, but eventually they find much

better solutions by repeating the process L times, while the execution time remains about the same.

5 Conclusions and Suggestions for Future Research

This paper presents a new meta-heuristic algorithm (called POST) for improving the performance of

any general multi-start heuristic algorithm. Improvement algorithms typically begin with a random

feasible solution and move through a series of feasible improving solutions until a local optimum is

reached. The multi-start heuristic repeats this process from a given number (N) random starting

solutions. See Section 2 for details.

The POST procedure was tested on the planar p-median problem on 48 large instances with

up to 10,000 demand points and 100 facilities. Experimental tests were conducted for various

parameter settings. A new improvement algorithm CLUST (Drezner and Brimberg, 2026b, also
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detailed in the appendix) which performed best among improvement algorithms was applied. To

maintain reasonable execution times, the number of repetitions of CLUST in the initial multi-start

phase was set to N = 80,000. POST improved the best known solution reported in the literature

for all 48 tested instances.

Directions for future research include further investigations of POST with different parameter

settings. For example, it may be advantageous to increase the size K (detailed in Section 2) of

the elite sets. This, of course, comes at a cost of increased computing time. Different ways of

choosing the elite subset of solutions should also be investigated. It may be worthwhile to choose

the K solutions based on more than one criterion, for example not only the quality of the solutions

but also the distances between them. More dispersion in the elite solutions may be advantageous.

Applying POST to other models that are solved heuristically by multi-start procedures may result

in better solutions found for such models.
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Costa, L. R., Aloise, D., and Mladenović, N. (2017). Less is more: basic variable neighborhood
search heuristic for balanced minimum sum-of-squares clustering. Information Sciences, 415:247–
253.

Dantrakul, S., Likasiri, C., and Pongvuthithum, R. (2014). Applied p-median and p-center algo-
rithms for facility location problems. Expert Systems with Applications, 41:3596–3604.

Daskin, M. S. (1995). Network and Discrete Location: Models, Algorithms, and Applications. John
Wiley and Sons, New York.

15



Daskin, M. S. and Maass, K. L. (2015). The p-median problem. In Laporte, G., Nickel, S., and
da Gama, F. S., editors, Location Science, pages 21–45. Springer.

Drezner, Z. and Brimberg, J. (2026a). Generating appropriate starting configurations for continuous
multi-facility location models. IMA Journal of Management Mathematics. DOI: 10.1093/ima-
man/dpag038.

Drezner, Z. and Brimberg, J. (2026b). A new improvement algorithm for solving location-allocation
problems: the case of the planar p-median problem. In review. Also to be presented at the Annual
INFORMS Conference, November 2026, San Francisco.
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Appendix: The CLUST Algorithm (Drezner and Brimberg, 2026b)

There are two values caclulated for each subset 1 ≤ j ≤ p:

∆+
j The increase in the value of the objective function by removing the facility serving subset j.

∆−
j The decrease in the value of the objective function by replacing the facility serving subset j by

two facilities found by solving heuristicaly the 2-median problem in the subset. The heuristic
H2M algorithm (Drezner and Brimberg, 2026a) is applied for getting a “good” solution to
the 2-median problem.

18



The Algorithm

1. Select a starting solution Xj for j = 1, . . . , p by the SPL algorithm (Drezner and Brimberg,
2026a), followed by ALTR (ALT followed by RATIO, Brimberg and Drezner, 2021).

2. Store the values of Xj for j = 1, . . . , p, and the value of the objective function F .

3. Calculate ∆+
j and ∆−

j for 1 ≤ j ≤ p.

4. Create two lists of K (we applied K = 5) items each. The K smallest ∆+
j (no facility location

needed), and the K largest ∆−
j with the locations of the added two facilities.

5. Repeat the following for up to K2 pairs between the two lists. Index j1 is used for the ∆+
j

list, and j2 for the ∆−
j list. The order of the selected pairs is determined by the order of

∆+
j1

− ∆−
j2

(which is the change in the value of the objective function) from the smallest
(possibly negative) to the largest.

(a) If j1 = j2 skip this combination.

(b) Remove Xj1 and Xj2 from the list of facilities and add the two new facilities of j2 to the
list.

(c) Apply ALTR on the modified list of facilities.

(d) If the objective function is better than F , replace the “best known solution” with the
new set of locations of the p facilities, update F , and go to Step 3.

(e) Otherwise, select the next pair of j1, j2 (up to the 10 best pairs to save computer time)
and go to step 5a.

6. If no improvement is found for the first 10 pairs in Step 5, stop.
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