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Abstract

Large electro-optic coefficients make ferroelectric materials attractive for high-speed optical mod-

ulation in optical communication. However, in materials like barium titanate this coefficient de-

creases markedly with increasing modulation frequency. This decrease can limit the bandwidth

of electro-optic modulators, making it essential to understand the underlying attenuation mecha-

nism. In this paper, we find that it is the nonharmonic damping of the phonon modes, instead

of the phonon mode frequency itself, that plays an important role in determining both the ampli-

tude of the low-frequency electro-optic coefficient and its attenuation frequency. Furthermore, we

find that spatial correlations in atomic movements across many unit cells play an important role

in determining both the static electro-optic coefficient and its attenuation frequency. We tested

this hypothesis in tetragonal BaTiO3, where the electro-optic coefficient is experimentally well

determined. Molecular-dynamics simulations using a machine-learned HSE potential give a low-

frequency electro-optic coefficient of 590 pm/V and an attenuation frequency of approximately 137

GHz, both comparable to the experimental values.
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INTRODUCTION

Electro-optic (EO) coefficient is defined as the change of optical dielectric constant when

an electric field is applied to the bulk material. Large EO coefficient materials enable electri-

cal control of light transmission in optical communication using an electro-optic modulator

(also called Mach-Zehnder modulator) through interference between two branches of laser

light with one subjected to a transverse electric signal. Finding materials with large EO

coefficients and remaining constant at high electric signal frequency is thus an important

task for optical communication. Barium titanate (BaTiO3, BTO) combines large EO coef-

ficients with demonstrated capability to be integrated into silicon photonics [1, 2], makes it

an attractive material for high-speed optical communication. However, the measured EO

coefficient decreases from approximately 480 pm/V at low frequency to 191 pm/V at 330

GHz, and even smaller at higher frequencies. This dispersion was described by a Debye-

type relaxation model linked to the measured dielectric response, suggesting a connection

to slow polarization dynamics [3]. This attenuation limits the modulation frequency, hence

the optical communication band width. It is thus important to understand the underlying

mechanism of this frequency dependent attenuation.

Current first-principles method can calculate the static EO tensor. They usually distin-

guish electronic, ionic, and piezoelectric contributions, with the ionic contribution, due to

external electric field induced atomic displacements, often plays dominating roles in ferroelec-

tric materials [4]. The ionic response is commonly evaluated as a sum over phonon modes,

with each mode’s contribution determined by its Raman tensor, Born effective charges,

and frequency, while the entire calculation is based on the harmonic approximation [5, 6].

Previous calculations have linked large EO coefficients to soft polar phonon modes and fer-

roelectric instabilities [4, 7]. In tetragonal BTO, a low-frequency Raman-active mode has

been identified as a major source of the large ionic response and is associated with a lo-

cally symmetry-broken configurations [8]. However, such harmonic phonon picture cannot

describe the frequency attenuation behavior of EO coefficient. Even the soft optical phonon

frequency is at several THz, much higher than the observed attenuation frequency.

Furthermore, the energy landscape and the related phonon mode for BTO is much more

complicated. At 300K, BTO is a ferroelectric phase, with ferroelectric displacement defined

as the z direction. For EO coefficient, the applied external electric field is at x or y direction.
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In x and y direction, the experimental measured averaged atomic structure at 300K is at the

high symmetry point. Room-temperature neutron scattering measurements further reveal

strongly anisotropic soft-mode energies and damping in tetragonal BaTiO3, with the lowest

transverse optical branch along [110] reported to become overdamped near the Γ point [9].

However, harmonic DFT calculations at 0 K yield imaginary phonon frequencies for this

experimentally observed tetragonal structure. Previous molecular dynamics simulations

have revealed local Ti off-centering [10], motivating the construction of locally symmetry-

broken structures for harmonic EO calculations [11].

Beyond first-principles calculations, effective-Hamiltonian molecular dynamics, Landau-

type thermodynamic models, phase-field models and time-dependent Ginzburg–Landau

models have been used to investigate polarization dynamics and electro-optic responses, with

parameters obtained from first-principles calculations and experimental data. Effective-

Hamiltonian molecular dynamics [12] and phenomenological models have provided important

insights into polarization dynamics and EO responses in ferroelectrics. These approaches

have reproduced dielectric relaxation, examined enhanced responses near phase transitions

and domain walls, and modeled frequency-dependent EO behavior [13, 14]. However,

the microscopic relationship between atomic movement correlations, the EO magnitude,

and its attenuation frequency remains insufficiently understood. A Landau-type model

coupling lattice and electronic polarizations has related the static EO coefficient to the

lattice susceptibility [15]. Subsequent dynamical phase-field approaches have predicted

enhanced EO responses near domain walls and during polarization switching in BaTiO3

thin films [16]. However, the modulation-frequency dependence and characteristic relaxation

frequencies of these contributions were not determined. Frequency-dependent EO coeffi-

cients have also been modeled using first-principles-derived Landau–Devonshire parameters

combined with time-dependent Ginzburg–Landau dynamics [17]. However, this approach

relies on an empirically specified kinetic coefficient and does not directly reproduce the

modulation-frequency-dependent attenuation observed experimentally in BaTiO3 [3].

As discussed above, the frequency dependence of the EO coefficient is often studied in

connection with its ferroelectric behavior. In study the ferroelectricity of BTO, machine-

learning potentials have reproduced the ferroelectric phase sequence of BaTiO3 and enabled

atomistic studies of its thermodynamics and dielectric properties [18]. Related machine-

learned dipolar models have further enabled simulations of electric-field-driven nuclear dy-
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namics in ferroelectric solids [19]. However, these approaches have not yet been applied to

the EO coefficient or its frequency dependence.

In this study, we derive a theoretical relationship linking the low-frequency EO coefficient

amplitude to spatial polarization correlations and their attenuation frequency. We find these

EO property is highly related to the nonharmonic damping and the spatial atomic move-

ment correlation of the phonon modes. In the overdamped regime, stronger spatial correla-

tions produce a larger low-frequency EO coefficient and a lower attenuation frequency. To

demonstrate this relationship in tetragonal BTO at 300 K, we constructed machine-learning

potentials based on PBE and HSE DFT results and calculate the fixed-cell ionic EO coef-

ficient using Green–Kubo molecular dynamics. The Green–Kubo PBE low-frequency EO

coefficients agree with the Raman–Born mode sum evaluated using anharmonically renor-

malized phonon modes obtained from the stochastic self-consistent harmonic approximation

(SSCHA) auxiliary force constants at 300 K. The HSE potential yields a low-frequency

EO coefficient of approximately 590 pm/V and an attenuation frequency of approximately

137 GHz, close to the experimental values of 480 pm/V and 72.6 GHz respectively. Further

analysis shows that the attenuation of the EO coefficient is governed by the spatially corre-

lated dynamics of Ti ions, rather than by the dynamics of individual Ti ions, which has a

much faster frequency.

RESULTS

Green–Kubo formulation of the static and dynamic EO coefficient

We calculate the fixed-cell ionic EO coefficient using the Green–Kubo formalism applied

to molecular dynamics trajectories. Let Bij = (εopt)−1
ij denote the optical impermeability

tensor andMk the total dipole moment of the simulation cell. For classical nuclei, an external

electric field couples to the dipole through −EkMk. The static response is then given by the

equilibrium covariance [20]:

rionij,k(0) =
∂⟨Bij⟩
∂Ek

⃓

⃓

⃓

⃓

ion

=
⟨δBij δMk⟩

kBT
. (1)

Here δBij and δMk denote fluctuations on top of their equilibrium means, k subscript indi-

cates the applied external electric field direction index.
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To evaluate the optical and electrical observables, let uaα denote the displacement of

atom a from its equilibrium mean along Cartesian direction α. We retain the first-order

observable expansions

δBij =
∑

aα

Aij,aαuaα, δMk = e
∑

bβ

Z∗
k,bβubβ. (2)

Here a, b independently label all atoms in the simulation supercell, and α, β = x, y, z label

Cartesian displacement directions. The coefficient Aij,aα = (∂Bij/∂uaα)0 is the optical vertex

obtained from the Raman tensor, and Z∗
k,bβ = e−1(∂Mk/∂ubβ)0 is the dimensionless Born

effective charge, with e the elementary charge. The optical vertex is defined for the supercell-

averaged impermeability. The conversion from primitive-cell tensors and the system-size

normalization are detailed in SI Section S1A.

Substituting Eq. (2) into Eq. (1) gives the static ionic EO coefficient,

rionij,k(0) =
e

kBT

∑

aα,bβ

Aij,aαZ
∗
k,bβ⟨uaα(0)ubβ(0)⟩. (3)

The double sum includes both self correlations and cross correlations between different

atoms and displacement directions. The zero in r(ij, k)
ion(0) indicates the frequency, while

in uaα(0), ubβ(0) indicate the time. The frequency-dependent response follows from the

Green–Kubo relation,

rionij,k(ω) =
e

kBT

∑

aα,bβ

Aij,aαZ
∗
k,bβ

[

⟨uaα(0)ubβ(0)⟩

+ iω

∫ ∞

0

⟨uaα(t)ubβ(0)⟩eiωt dt
]

.

(4)

All frequency-dependent ionic EO coefficients reported below are calculated using Eq. (4). Its

zero-frequency limit recovers the static EO coefficient in Eq. (3), while the time evolution of

the correlation function determines the frequency dependence. Both quantities are obtained

directly from the MD trajectories, retaining anharmonic dynamics and all displacement cross

correlations.

Effective collective-mode description of the static and dynamic response

To interpret the relation between response magnitude and attenuation frequency, we

introduce an effective phonon-mode description. Let Qν denote an effective collective dis-

placement coordinate with autocorrelation Cν(t) = ⟨Qν(t)Qν(0)⟩, and let rν(ω) denote its
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contribution to the EO response. Each coordinate is modeled using a linear restoring force

and constant friction:

mνQ̈ν(t) + γνQ̇ν(t) +KνQν(t) = ην(t), (5)

Here mν is the effective coordinate mass, and ην(t) is an equilibrium thermal random force.

The effective friction γν describes dissipative coupling to other modes. Its effects are implic-

itly included in the MD correlations; here it serves as an interpretive parameter and is not

explicitly extracted from the trajectories. The effective stiffness Kν = kBT/⟨Q2
ν⟩ reproduces

the variance sampled from MD. Multiplying by Qν(0) and using ⟨ην(t)Qν(0)⟩ = 0 for t > 0

gives

mνC̈ν(t) + γνĊν(t) +KνCν(t) = 0. (6)

The equilibrium conditions are Cν(0) = ⟨Q2
ν⟩ and Ċν(0) = 0. Note, Qν is the effective

phonon mode, hence related to the atomic displacement uaα in the Green-Kubo formula.

Taking a one-sided Fourier transform of Eq. (6) and substituting the independent-mode

correlation sum into the Green–Kubo relation [Eq. (4)], as derived step by step in SI Sec-

tion S1C, gives the frequency-dependent contribution of Qν to the EO coefficient:

rν(ω) = rν(0)
ω2
0,ν

ω2
0,ν − ω2 − iΓνω

. (7)

Here rν(0) = Rij,νZk,νCν(0)/(kBT ), ω
2
0,ν = Kν/mν , and Γν = γν/mν . Note, Eq. (7) only

considered one effective quasi phonon mode and its dissipation. If we assume ⟨Qµ(t)Qν(0)⟩ =
0 for different quasi-phonon mode, then Within this effective independent-mode description,

the total EO coefficientresponse is

rionij,k(ω) =
∑

ν

rionij,k,ν(0)
ω2
0,ν

ω2
0,ν − ω2 − iΓνω

. (8)

For a given quasi-phonon mode, if at modulation frequencies |ω| ≪ Γν , Eq. (7) reduces

to the Debye form

rν(ω) ≃
rν(0)

1− iωτν
, (9)

where τν = γν/Kν .

This equation is the Debye formula used in the experimental fitting of Ref. [3], with a

characteristic attenuation frequency f ν
D = (2πτν)

−1; which is centered at 72.6 GHz. But

in the Debye fitting, only a single quasi-phonon mode is used. Using this Debye form, the
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static EO contribution and the characteristic relaxation frequency can both be expressed in

terms of the displacement variance Cν(0):

rν(0) =
Rij,νZk,νCν(0)

kBT
, f ν

D =
kBT

2πγνCν(0)
. (10)

Thus, for each independent coordinate in the overdamped limit,

rν(0)f
ν
D =

Rij,νZk,ν

2πγν
. (11)

In this equation, the Cν(0) has been cancelled, which means, for an overdamped mode, a

larger displacement variance(e.g, due to the phonon softness, or a stronger coupling to the

external electric field) increases the magnitude of its static EO amplitude, but it also lowers

its attenuation frequency.

While the above analysis is based on the quasi-phonon modes, our Green–Kubo calcula-

tion evaluates the full EO coefficient from MD directly without resolving individual modes.

The mode description above provides an interpretation of this response. In the following,

we extract an effective Debye frequency fD = (2πτD)
−1 by fitting the calculated response to

a Debye term and a constant background [Eq. (19)]. This fit separates the effective relaxing

contribution from the background and provides a characteristic frequency for comparison

with experiment, without assigning individual microscopic modes.

Intrinsic EO dispersion in BaTiO3

We first investigate the fixed-cell ionic EO coefficient of tetragonal BTO at 300 K using

static mode analysis, with reff = r42+ r13/2 used for comparison with experiment. The ideal

tetragonal P4mm reference structure exhibits imaginary soft phonon frequencies in 0 K

harmonic calculations [11]. We therefore train a machine-learning potential on PBE reference

data and use it to perform SSCHA calculations at 300 K [21, 22]. The phonon dispersion

obtained from the mass-weighted SSCHA auxiliary force constants is shown in Fig. 1(a),

with the modes characterized by their in-plane (xy) and out-of-plane (z) Ti displacement

components. At the Γ point, the three acoustic modes are followed by the two lowest optical

modes, ν = 4, 5, which are degenerate at 3.75 THz and have strong Ti xy displacement

character.

We then evaluate the contribution of each SSCHA mode to the static EO coefficient

[Fig. 1(b)] by projecting the SSCHA eigenvectors at the Gamma point onto the Raman and
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FIG. 1. PBE EO coefficient and transverse soft modes at 300 K. (a) Phonon dispersion from

auxiliary SSCHA force constants at 300 K, colored by the xy-plane and z-direction components

of the Ti displacement relative to its O6 cage. The two color weights are normalized separately

within this panel. (b) Grouped static ionic Raman–Born contributions to reff and r33 for the same

8× 8× 8 auxiliary reference. (c) Green–Kubo (GK) |reff(10 GHz)| for PBE 83 and 123 supercells,

compared with the static ionic SSCHA mode-sum value of 186.2 pm/V, electronic and strain-

mediated piezoelectric contributions are excluded. (d) Atomic displacement patterns of the two

lowest-frequency optical phonon modes at Γ obtained from SSCHA calculations. Both modes have

a frequency of 3.75 THz and are polarized in the xy plane, shown here in an x/y basis. Blue and

red arrows indicate Ti and equatorial O displacements, respectively; Ba and apical O are omitted

for clarity.

8



Born channels and combining these projections with the inverse restoring stiffnesses from the

SSCHA auxiliary force constants. The static Raman–Born mode sum is given in Eq. (18),

with its normalization derived in SI Section S1B. This gives an independent static reference

with approximate anharmonic renormalization. The two lowest-frequency optical branches

at Γ, with frequency 3.75 THz, together contribute 166.95 pm/V, accounting for 89.7% of

the static ionic reff . The dominant quasi-mode displacement pattern is the in-plane motion

in the xy plane of Ti relative to its O6 octahedral cage, with Ti and the neighboring oxygen

atoms moving in opposite directions. Within this degenerate pair, the modes can be chosen

as an x-polarized and a y-polarized partner, as illustrated in Fig. 1(d).

To make this microscopic connection explicit, we next explain how this in-plane mode

contributes to r42, i.e., how a field along y produces the yz component of the static EO

coefficient. For a field along y, the y-polarized partner contributes through r42 = ryz,y:

an applied Ey couples most strongly to this mode through its electrical projection Zy,ν ,

the mode displacement then changes the off-diagonal susceptibility element ϵyz through the

Raman derivative Ryz,ν , and this Raman–Born product builds the mode contribution to

ryz,y. By tetragonal symmetry, the same argument applies to the x-polarized partner for

r51 = rzx,x under exchange of x and y. Here rν(0) denotes an individual mode contribution,

while the numerical comparisons retain the full reff .

The PBE SSCHA finite-temperature phonons and Raman–Born mode sum provide a

static ionic reference of 186.2 pm/V. Figure 1(c) compares this value with the Green–Kubo

magnitudes at 10 GHz for 83 and 123 supercells: 177.0 and 212.7 pm/V, respectively. The

Green–Kubo values use 0.15 ns segment complex means. They sample the low-frequency

plateau rather than the exact zero-frequency limit. The two values bracket the SSCHA

reference and support agreement between the approaches at low frequency. The mode de-

composition identifies the transverse soft-mode sector as the dominant contribution to the

PBE response.

We next turn to the frequency dependence of the EO coefficient. Dynamic Green–Kubo

calculations with the PBE potential for 83 and 123 supercells show EO dispersion on the

THz scale [Fig. 2(a)]. These PBE spectra are compared directly; we do not assign them a

single-Debye frequency because this model does not adequately describe their complex THz

response over the tested intervals. We next use an HSE-based machine-learning interatomic

force field and calculate the modulation-frequency-dependent EO coefficient within the same
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FIG. 2. EO spectra and Ti displacement correlations at 300 K. (a,b) Complex-mean

EO magnitudes for PBE (83, 123) and HSE (203, 243). Red/blue dashes in (b): Debye fits,

fD = 158.67/137.15 GHz for 203/243. Purple curves show |r243eff (100)|
√

S(f)/S(100) using raw

100 GHz normalization. Scaling is for display only. Green circles: experimental 1
2(r13 +2r42) from

Ref. [3], with two-standard-error bars. (c,d) In-plane Ti displacement distributions relative to the

oxygen cage for PBE (123) and HSE (243), respectively. Each distribution is normalized by its

own maximum. (e,f) Normalized equal-time same-layer Cxy(R, 0) for PBE (123) and HSE (243),

on the same color scale.
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TABLE I. HSE EO coefficient magnitude at 10 GHz and attenuation frequency fD versus cubic

supercell size at 300 K.

Replication grid |reff(10 GHz)| (pm/V) fD (GHz)

83 471.3 240.11

123 704.1 169.81

163 706.9 148.82

203 606.2 158.67

243 590.2 137.15

dynamic Green–Kubo framework [Fig. 2(b)]. A comparison of HSE 83, 123, 163, 203, and

243 spectra using the same 0.15 ns segment duration is shown in SI Fig. S1. For the

HSE 123, 163, 203, and 243 cells, the values of |reff(10 GHz)| are 704.1, 706.9, 606.2, and

590.2 pm/V, respectively (Table I). Taken together, these results place the low-frequency

HSE EO coefficient at approximately 600 pm/V for the largest cells considered.

We extract fD from the HSE complex response over 25–5000 GHz with equal weights for

the real and imaginary residuals [Eq. (19)]. For the 123, 163, 203, and 243 cells, the fitted

fD values are 169.81, 148.82, 158.67, and 137.15 GHz, respectively (Table I). The largest-

cell result corresponds to τD = 1.16 ps. Although some finite-size dependence remains,

the largest-cell results establish a characteristic attenuation frequency of order 102 GHz,

comparable to the experimental relaxation scale [3]. A 243 BaTiO3 supercell contains 69,120

atoms, making further size and sampling tests computationally demanding even with the

NEP force field. The complex spectra and matching fits are shown in SI Section S7. It

is worth mentioning that the attenuation emerges in fixed-cell, single-domain simulations

without domain walls, demonstrating that collective lattice dynamics alone can produce

substantial EO dispersion.

To examine the EO attenuation from a phonon-mode perspective, we extract two domi-

nant collective displacement coordinates from the HSE 243 MD trajectories by diagonalizing

the mass-weighted displacement covariance, as the HSE SSCHA calculations did not con-

verge satisfactorily due to the strongly non-Gaussian Ti displacement distributions. Their

subspace closely matches the two lowest-frequency optical modes at Γ (modes 4 and 5) ob-

tained from the PBE SSCHA calculations, whose displacement patterns are illustrated in
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Fig. 1(d).

We then calculate the frequency spectra of the MD displacements projected onto these

two MD covariance coordinates. In the overdamped regime, the square root of the nor-

malized displacement spectrum has the same frequency dependence as the normalized EO

contribution of the corresponding mode [Eq. (9)]. Figure 2(b) compares the square root of

the normalized mean displacement spectrum with the full EO magnitude calculated using

the Green–Kubo formalism. Fitting the mean displacement spectrum to a Lorentzian re-

laxation term plus a constant background gives approximately 104 GHz, corresponding to

a relaxation time of 1.53 ps, compared with 137 GHz from the complex EO response (SI

Section S8). The close agreement between the normalized curves suggests that these two

modes dominate the EO attenuation in the HSE calculations and supports our phonon-mode

description of the frequency-dependent EO response.

It is worth noting that, in the overdamped regime, the frequency response reduces to the

Debye form in Eq. (9), whose frequency dependence is determined solely by the relaxation

time τν (or equivalently f ν
D). Therefore, the characteristic phonon frequency ω0,ν and friction

coefficient γν cannot be independently determined from the MD spectra in this regime.

To have a deeper understanding of the atomic dynamics of the system, we examine

the spatial correlation of the atomic displacements, focusing on the in-plane motion of Ti.

Figures 2(c) and 2(d) show the MD trajectory averaged xy-plane projection of the Ti off-

centering relative to its O6 octahedral cage for PBE and HSE, respectively. The PBE

distribution is concentrated around the center without significant off-centering, whereas

HSE clearly resolves four distinct off-centered regions. Consistent with this more strongly

localized anharmonic landscape, the free-energy surface extracted from the MD trajectories

exhibits significant barriers in HSE: the nearest-neighbor barrier is 5.40 meV in HSE, while

the through-center barrier is 12.1 meV.

Figures 2(e) and 2(f) show the same-layer xy-displacement correlations for PBE and

HSE in their respective MD trajectories. We use normalized displacement correlations to

compare the relative collective alignment of Ti displacements in PBE and HSE. The HSE

potential produces more pronounced Ti off-centering and substantially longer-ranged in-

plane displacement correlations than PBE. For example, along the in-plane lattice axis,

the normalized correlation at a separation of six unit cells is approximately 0.15 for HSE,

compared with 0.09 for PBE. The difference is even more pronounced along the diagonal,
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indicating that HSE stabilizes collective polarization fluctuations over a larger spatial range.

Besides the time correlation function in analysize the attenuation frequency, we also like

to study the spatial correlation function of the atomic movement. One of the reasons is that,

the BTO is a ferroelectric material, even in the x-y plane, the atomic energy potential sur-

face is highly nonharmonic, it has a negative curvature at the high symmetry point. There

are speculations that the large EO coefficient is related to its ferroelectric behavior and the

attenuation frequency might be related to the ferroelectric flipping. The atomic movement

behavior of a ferroelectric material is very different from the pure phonon mode behavior of

a harmonic system. The polarization of a ferroelectric material is a long range order which

does not decay with the distance. In the x-y plane, if the temperature further drop, it is

also a ferroelectric material. Room temperature is above this transition temperature, but

nevertheless, its atomic movement spatial correlation can have a much longer range than a

pure harmonic system. To study this, we examine the Ti–Ti force response to a displacement

of a neighboring Ti atom. We project the force response of the central Ti onto the Ti–Ti

separation direction, so that a positive βxy

∥ indicates a cooperative tendency for neighbor-

ing Ti displacements to align in the same direction. HSE systematically strengthens this

cooperative response relative to PBE over several coordination shells (SI Table S1). For the

nearest-neighbor [100] pair, βxy

∥ increases from 6.71 to 7.24 eV/Å2, corresponding to a 7.8%

enhancement from PBE to HSE. The enhancement becomes even more pronounced for more

distant neighbors: from 0.245 to 0.296 eV/Å2 for the [111] shell, from 0.107 to 0.147 eV/Å2

for [211], and from 0.0430 to 0.0700 eV/Å2 for [220]. All these βxy

∥ values are significantly

larger than the long-range interaction [23] described in the Methods section, which has

a characteristic magnitude of only ∼ 10−3 eV/Å2. This longer range interaction has been

attributed to the following fact: the Ti–O orbital hybridization gives rise to anomalously

large dynamical charges and enhances the dipole–dipole interaction that favors correlated

Ti displacements [4]. The usually longer correlation might have contributed to the large EO

coefficient.

Correlation-controlled EO coefficient magnitude and attenuation

To establish the role of collective displacement correlations, we perform two controlled

numerical tests. First, we vary the short-range interactions at fixed supercell geometry to
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modify the strength of polarization correlations. Second, we vary the lateral supercell size

at fixed interactions to constrain their spatial extent. Figure 3 compares the resulting EO

magnitude, attenuation frequency, and amplitude–frequency product.

We first vary the short-range interaction while keeping the supercell geometry fixed,

together with the same Born–LR term and fixed optical and electrical vertices:

Uλ = (1− λ)USR
PBE + λUSR

HSE + ULR. (12)

Here λ = 0 and 1 correspond to the PBE and HSE endpoints, whereas λ = 1.5 and 2

extrapolate the short-range difference beyond HSE. As λ increases from 0 to 1, 1.5, and 2,

the nearest-neighbor correlation rises from 0.406 to 0.500, 0.572, and 0.633 [Fig. 3(c)]. As

the correlation increases, the coherent 10 GHz effective EO coefficient increases from 196 to

509, 1056, and 1635 pm/V. For λ = 0, 1, 1.5, and 2, the common 25–5000 GHz fits give

attenuation frequencies of 1211.59, 220.05, 56.53, and 20.41 GHz, respectively [Fig. 3(a,b)].

The fitted fD for λ = 2 lies slightly below the fitting range and should therefore be regarded

as an extrapolated estimate. The PBE endpoint is summarized by an effective single-Debye

parameter; its complex spectrum and fit are shown alongside HSE in SI Fig. S3. The HSE-

to-λ = 2 comparison supports enhanced low-frequency response and slower attenuation as

the short-range cooperative interaction is strengthened. Methods and SI Table S2 document

the fitting protocol and data coverage.

In the second test, we keep the HSE interaction and Raman–Born vertices fixed and

progressively truncate the lateral dimensions from the largest-cell with Nz = 4 and Nx = Ny

reducing from 24 to 6. We keep Nz = 4 so that the layer-resolved correlation contributions

remain positive within the retained thickness; for largerNz, positive correlations near ∆z = 0

are partially cancelled by negative contributions from more distant layers (SI Fig. S2). The

lateral truncation therefore provides a controlled way to reduce the spatial extent of the

collective correlation field without introducing such sign cancellations, while leaving the

local cooperative interaction unchanged.

As the spatial constraint is relaxed from the smallest to the largest cell, the low-frequency

effective EO coefficient increases from 328 to 2465 pm/V, while fD decreases from 313.73 to

47.38 GHz [Fig. 3(a,b)]. Over the same sequence, the nearest-neighbor correlation remains

nearly unchanged, varying only from 0.498 to 0.505 [Fig. 3(c) and SI Table S3]. Despite

nearly unchanged nearest-neighbor correlations, increasing the lateral supercell size substan-
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FIG. 3. Effects of lateral size and short-range interactions on the EO coefficient. Red

circles use the lower axis: HSE cells with Nx = Ny and Nz = 4. Blue squares use the upper axis:

varying λ at fixed 8 × 8 × 4 geometry. (a) |reff | evaluated at 10 GHz for both series. The curves

use 0.15 ns segments where available; the 24× 24× 4, λ = 1.5, and λ = 2 points retain full-current

data (SI Section S7). (b) Attenuation frequency fD. The PBE endpoint (λ = 0) uses the same

fit interval and weighting. (c) Normalized same-layer nearest-neighbor correlation Cxy(ax̂, 0). (d)

Product of the amplitudes in (a) and frequencies in (b). The HSE 8× 8× 4 point (λ = 1) is shared

by both series and marked by an open black circle; it aligns the two horizontal axes. Point labels

identify the varying parameter.
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tially enhances the low-frequency EO coefficient and lowers its attenuation frequency. This

demonstrates that local alignment alone is insufficient to explain the response; the spatial

extent of collective correlations is also essential.

The amplitude–frequency products further distinguish the two controls. For the spatial-

truncation series, once Nx = Ny ≥ 12, the product remains within 1.17 × 105–1.31 ×
105 pmGHz/V [Fig. 3(d)]. This approximate compensation between the increase in EO co-

efficient magnitude and the decrease in fD is consistent with Eq. (11) when the dominant soft

contribution has fixed projected Raman and Born vertices and an approximately unchanged

displacement friction. Thus, when the interaction is fixed and only the spatial correlation is

constrained, the amplitude–frequency relation is close to the constant-parameter predicted

by Eq. (11).

The first test with changed short-range interaction behaves differently: the product de-

creases from 2.38 × 105 at λ = 0 to 1.12 × 105 at λ = 1, 5.97 × 104 at λ = 1.5, and

3.34 × 104 pmGHz/V at λ = 2 [Fig. 3(d)]. Unlike the spatial-truncation series, chang-

ing the interaction potential does not preserve the effective dynamical parameters entering

Eq. (11), so a constant amplitude–frequency product is not expected. Compared with PBE,

HSE exhibits more pronounced Ti off-centering in Fig. 2(c,d), indicating a more strongly

anharmonic effective free-energy landscape, together with a lower characteristic EO attenu-

ation frequency.

DISCUSSION

Ferroelectric order and the static EO coefficient

To connect spontaneous polarization in the ferroelectric phase with correlations between

collective atomic displacements, we can write the full polar coordinate at temperature T as

Qν(t;T ) = Qν(T ) +Qν(t;T ), ⟨Qν(t;T )⟩T = 0. (13)

Here Qν retains its definition from the preceding theory, and Qν(T ) is the mean distortion

relative to the chosen nonpolar reference. For a coordinate associated with spontaneous

polar order, Qν(T ) is nonzero below Tc in a selected ferroelectric domain and vanishes above

Tc in the paraelectric phase. Within the linear Born-charge approximation, its contribution
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to the spontaneous polarization is

P s
k,ν(T ) ≃

Zk,ν

V (T )
Qν(T ). (14)

The corresponding connected variance is

Cν(0;T ) =

⎧

⎪

⎨

⎪

⎩

⟨Q2
ν⟩T −Q 2

ν (T ), T < Tc,

⟨Q2
ν⟩T , T > Tc.

(15)

In an order–disorder picture, heating through Tc makes the average polar displacement

vanish, Qν(T > Tc) = 0, while individual atoms can still be displaced from their average

positions.

The temperature dependence of this variance can be illustrated by combining the equilib-

rium fluctuation–response relation with the susceptibility scaling near a continuous ordering

transition [24]. For the collective coordinate associated with the transition, approaching

from the disordered side,

⟨Q2
ν⟩T ∝ kBT

⃓

⃓

⃓

⃓

T − Tc

Tc

⃓

⃓

⃓

⃓

−γc

, (16)

where γc > 0 is the static susceptibility exponent. For a continuous ordering transition, the

connected polarization fluctuations can grow strongly on approaching the transition tem-

perature from above, as reflected in the critical scaling of the susceptibility. This illustrates

how large collective fluctuations can persist even in the absence of long-range polar order.

Tetragonal BTO illustrates how these conditions can coexist. At 300 K, ferroelectric order

along z breaks inversion symmetry and allows a nonzero Raman coupling Ryz,ν for the y-

polarized transverse mode. Meanwhile, the xy-plane Ti–O displacements remain disordered,

with zero mean but strong collective correlations in the xy plane. Retaining the dominant

transverse soft-mode pair gives the approximate static contribution

rion42 (0) ≃
1

kBT

∑

ν=4,5

Ryz,νZy,νCν(0). (17)

Thus, the large r42 combines two effects: ferroelectric order along z enables the Raman

coupling, while strong transverse displacement fluctuations provide a large Cν(0). This

microscopic picture is consistent with the thermodynamic interpretation of the enhanced

transverse EO coefficient by Ross et al. [15].
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Implications for EO materials design

Our calculation connects the ionic EO response magnitude and attenuation frequency to

atomic movement correlations and their relaxation. These results suggest three considera-

tions for EO materials design.

(1) Combining polar order with correlated transverse fluctuations.

Ferroelectric order can break symmetry and enable Raman coupling for polar modes [5, 6].

Meanwhile, strongly correlated transverse polarization fluctuations can persist without long-

range order, particularly near a ferroelectric phase transition. Tetragonal BTO combines

these features through polar order along z and correlated displacements in the xy plane. This

suggests seeking materials that combine polar order along one direction with soft, strongly

correlated fluctuations along the transverse directions.

(2) Reducing friction to extend the EO bandwidth.

In the overdamped regime, the attenuation frequency is given by f ν
D = Kν/(2πγν), indi-

cating that reducing the effective friction γν can increase f ν
D without sacrificing the static

EO coefficient. Defects and interfaces can introduce additional dissipation and relaxation

channels [25], suggesting that minimizing these extrinsic effects may help preserve the EO

response at higher frequencies.

(3) Balancing EO magnitude and attenuation frequency.

Stronger atomic movement correlation Cν(0), enhance the static EO coefficient but re-

duce the attenuation frequency f ν
D. This trade-off is reflected in the amplitude–bandwidth

product, |rν(0)|f ν
D = |Rij,νZk,ν |/(2πγν), which is independent of Cν(0). Tuning collective

polarization correlations through temperature or epitaxial strain may therefore provide a

practical route to optimize the balance between EO magnitude and attenuation frequency

for specific device requirements.

METHODS

First-principles calculations and molecular dynamics

Exchange and correlation are described using the Perdew–Burke–Ernzerhof (PBE)

generalized-gradient approximation [26] and the Heyd–Scuseria–Ernzerhof (HSE) screened

hybrid functional [27].
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The static Born effective-charge and Raman tensors defining the fixed reference vertices

were calculated with the plane-wave DFT code QUANTUM ESPRESSO [28, 29], orches-

trated by the AiiDA workflow manager [30, 31]. Polarization finite differences were evaluated

with AiiDA-vibroscopy [32], within the modern theory of polarization [33] and the electric-

enthalpy formalism [34, 35]. Norm-conserving SG15 pseudopotentials were used [36–38].

The common tetragonal reference has a = 3.98 Å, c = 4.11 Å, and volume 65.1 Å3. The

PBE/HSE tensor audits use 70 Ry and 280 Ry wave-function and charge-density cutoffs,

a Gamma-centered 4 × 4 × 4 mesh, electronic threshold 5 × 10−10, and a 0.010 Åcentral

displacement. HSE uses 25% exact exchange and screening parameter 0.106.

The finite-temperature PBE reference in Fig. 1(a–c) was obtained with the stochastic self-

consistent harmonic approximation (SSCHA), following the variational anharmonic frame-

work of Monacelli et al. [21]. The PBE-NEP potential with the Born–LR correction was

sampled at 300 K in an 8× 8× 8 supercell with 75 irreducible wave vectors. Each popula-

tion contained 40,000 configurations with positive–negative paired sampling; the auxiliary

second-order force constants converged in the third population. The frequencies and eigen-

vectors used here are those of these auxiliary force constants. Mode colors represent the

Ti displacement relative to the average displacement of its six nearest oxygen neighbors,

including the wave-vector-dependent phases for periodic images; the in-plane and out-of-

plane squared amplitudes are normalized separately. The EO mode sum instead uses the

zone-center frequencies and eigenvectors read directly from the auxiliary dynamical matrix.

The static ionic EO reference in Fig. 1(c) was evaluated from the Raman–Born mode sum

rion,SSCHA
ij,k (0) =

∑

ν∈Γopt

rionij,k,ν(0),

rionij,k,ν(0) = −e
∑

ab

Bia

[

∑

κα,κ′β

Rκα,abZ
∗
k,κ′βeκα,νeκ′β,ν√
MκMκ′ Ω2

ν

]

Bbj.

(18)

Here B = (εopt)−1, Rκα,ab = ∂εoptab /∂uκα is the atomic Raman tensor, Z∗
k,κα is the dimen-

sionless Born effective charge, and Mκ is the atomic mass. The indices κ, κ′ label primitive-

cell atoms, while a, b, α, β label Cartesian components; the prefactor e is the elementary

charge. The normalized eigenvectors eκα,ν and eigenvalues Ω2
ν are obtained from the mass-

weighted auxiliary SSCHA dynamical matrix at 300 K, with
∑

κα eκα,νeκα,µ = δνµ. The

fixed reference Raman and Born tensors are projected onto these modes, and the sum

runs over zone-center optical modes, excluding rigid translations. The plotted reference
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is rion,SSCHA
eff (0) = rion,SSCHA

yz,y (0) + 1
2
rion,SSCHA
xx,z (0), corresponding to r42 + r13/2. The coordi-

nate normalization and atomic-tensor projections are given in SI Section S1B. The restoring

stiffnesses in that projection are those of the SSCHA auxiliary force constants. Degenerate

optical modes within 10−4 THz are grouped in Fig. 1(b), retaining signed contributions.

Only the ionic contribution is plotted in Fig. 1(b,c): the electronic reff contribution of

1.6845 pm/V is excluded.

The PBE and HSE energies and forces used to construct the force data were evaluated

with the GPU-accelerated plane-wave pseudopotential code PWmat [39, 40], using the same

norm-conserving SG15 pseudopotentials. To construct efficient machine-learning potentials,

representative configurations were first selected from the PBE molecular-dynamics trajecto-

ries in 4×4×4 supercells (320 atoms) by feature-space reduction and stratified coverage [41].

This concentrates the expensive HSE-DFT calculations on a compact, representative train-

ing set; related MACE-assisted workflows have shown that system-specific potentials can be

developed with only a few hundred additional ab initio configurations [42]. A MACE-based

model was trained on 500 HSE-labelled configurations [43, 44]. This model was then used

to generate force data for 10,000 representative frames selected from these 4 × 4 × 4 PBE

trajectories using the same feature-space reduction and stratified coverage procedure. These

force data were used to train a neuroevolution potential (NEP) [45, 46]. In 4 × 4 × 4 su-

percells, the PBE and HSE Ti displacement distributions have similar spatial coverage (SI

Fig. S5). NEP was used for the long production trajectories because its inference is faster;

its accuracy is more sensitive to training-set size and configuration coverage, motivating the

MACE-generated expansion before production. The independent validation set contains 59

HSE-labelled 320-atom structures and is separate from the production trajectories. The

force-component RMSE is 21.86 meV/Å for the short-range model and 21.34 meV/Å with

Born–LR (SI Table S4).

The analytic Born–LR force uses fixed Born effective-charge tensors and the electronic

dielectric tensor ϵ∞ = diag(5.473401, 5.473401, 4.848706) of the tetragonal reference struc-

ture. This type of long-range electrostatic construction has been shown to reproduce the

LO–TO splitting and long-wavelength phonon dispersion of polar materials, including cubic

BaTiO3, from first-principles dielectric tensors and Born charges [23]. The k = 0 vector is

omitted. Training labels are Eshort = EDFT − ELR and Fshort = FDFT − FLR; production

adds the same Born–LR term once.
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The common protocol uses a 2 fs integration step, 100 ps Nose–Hoover-chain NVT equi-

libration with a thermostat coupling time of 100 fs, followed by NVE production under

three-dimensional periodic boundaries. Velocities are initialized at 300K, and stationary

momentum is removed. Correlations use trajectory-wise mean removal, overlapping-sample

normalization, a one-sided cosine taper, trapezoid integration, a retained equal-time contact

term, and zero padding sufficient to avoid circular convolution. For the retained amplitude

confidence intervals, independent trajectories were resampled with the archived trajectory-

bootstrap procedure; complex EO coefficients are averaged coherently before taking the

magnitude.

For both controls in Fig. 3, nearest-neighbor correlations are evaluated at R = ax̂,

with standard errors estimated across trajectories. The updated λ = 2 spectrum covers

10–5000 GHz and averages 16 full trajectories (3.0–3.4 ns) sampled every 50 fs.

Spectral analysis and relaxation fitting

To summarize attenuation, we fit the effective EO coefficient using the single-Debye form

reff(ω) ≃ reff,∞ +
reff,0 − reff,∞
1− iωτD

, fD = (2πτD)
−1, (19)

with ω = 2πf . Fast contributions satisfying |ωτν | ≪ 1 over the fit interval form an ap-

proximately constant background, while the slow response is summarized by one effective

relaxation time. Here reff,0 is the fitted zero-frequency value, and reff,∞ is the background

relative to this slow relaxation. The difference reff,0−reff,∞ is the fitted relaxation amplitude.

Complex EO coefficients were averaged within each trajectory and then equally across

trajectories before taking the magnitude. We fit Re reff and Im reff jointly by least squares

on the supplied logarithmic frequency grid, with real background and residue and fD > 0.

We use 0.15 ns segment complex means wherever available, from 12 trajectories per cell,

sampled every 2 fs. The fitted frequencies and products are shown as point estimates in

Fig. 3. SI Tables S2 and S3 give available amplitude confidence intervals.

We analyze the zone-center collective displacement fluctuations of the HSE 24× 24× 24

supercell at 300 K using twelve independent trajectories, each with 500 ps of analyzed

dynamics sampled every 2 fs. Mass-weighted displacements of the five atomic sublattices

define a 15-dimensional Cartesian coordinate space. We diagonalize the MD displacement

21



covariance and project the displacement trajectories onto its two leading orthogonal eigen-

vectors. These collective coordinates are obtained directly from MD, without selecting

SSCHA modes. The PBE SSCHA eigenvectors are used only for a subsequent comparison

of displacement subspaces, reported in SI Section S8.

For each projected coordinate, the displacement power spectral density is Sν(f) =

2Re
∫∞

0
Cν(t)e

i2πft dt, where Cν(t) = ⟨δQν(t)δQν(0)⟩. The spectra are estimated using

100 ps Hann-window Welch spectra and averaged across the twelve trajectories. We form

the arithmetic mean S = (S1 + S2)/2, which is invariant under orthogonal rotations within

this two-dimensional subspace. The overall positive-frequency PSD convention does not

affect normalized spectra or fitted relaxation frequencies.

We fit each coordinate spectrum and their mean to a Lorentzian relaxation term plus a

constant background,

Sfit(f) = B +
A

1 + (f/fD)2
, (20)

with free real parameters A and B and fD > 0. The effective relaxation time is obtained as

τ = (2πfD)
−1.
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tini, B. Santra, M. Schlipf, A. P. Seitsonen, A. Smogunov, I. Timrov, P. Umari, and R. M.

Wentzcovitch, Advanced capabilities for materials modelling with quantum espresso, Journal

of Physics: Condensed Matter 29, 465901 (2017).

[30] S. P. Huber, S. Zoupanos, M. Uhrin, L. Talirz, L. Kahle, et al., Aiida 1.0, a scalable compu-

tational infrastructure for automated reproducible workflows and data provenance, Scientific

Data 7, 300 (2020).

[31] M. Uhrin, S. P. Huber, J. Yu, N. Marzari, and G. Pizzi, Workflows in aiida: Engineering a

high-throughput, event-based engine for robust and modular computational workflows, Com-

putational Materials Science 187, 110086 (2021).

[32] L. Bastonero and N. Marzari, Automated all-functionals infrared and raman spectra, npj

Computational Materials 10, 55 (2024).

[33] R. Resta, Macroscopic polarization in crystalline dielectrics: the geometric phase approach,

Reviews of Modern Physics 66, 899 (1994).
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