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Abstract

Deeper network methods often encounter challenges such as overfitting, vanishing or exploding
gradient effect, and performance degradation. Existing network models proposed to tackle these
challenges have focused mostly on classification tasks. In this research, we propose three deeper net-
work methods for solving 3D American Heston-CIR model. These three network methods denoted
as SoftNet, LinNet, and AddNet, respectively are designed via multiplicative ensembling of sub-
network architectures. Moreover, SoftNet, LinNet, and AddNet involve feature reuse, aggregation
of linear units, and early exits, respectively. Importantly, the first sub-network architecture within
SoftNet, LinNet, and AddNet are designed with deeper structure via softmax blocks. The remain-
ing sub-network architectures are supportive networks with shallow configurations. Compared with
existing data, the predictions from SoftNet, LinNet, and AddNet are reasonable. Compared with
conventional network models with 13 hidden layers which give poor performance, the predictive
performances of SoftNet, LinNet, and AddNet are reasonable beyond 13 hidden layers. We envisage
that the trio circumvent the vanishing gradient effect to a reasonable extent. In particular, LinNet
presents the most efficiency and we use up to 100 hidden layers within the LinNet.

Keywords: American Heston-CIR model, SoftNet, LinNet, AddNet, Multiplicative ensembling,
Softmax block, Early exercise boundary, Value function, Greeks

1 Introduction

Neural network models involve many hidden layers (with interconnected nodes) between the input
and output layers which are sequentially stacked in compositional form to perform range of tasks with
the hope of more complex feature extraction during inference. Some of the common tasks include
regression and classification problems. Conventional neural network methods have the tendency of
presenting good predictive performance in general. When very high-dimensional or strongly nonlinear
model is considered, there could be a need to design a more efficient neural network algorithm that
will capture required features and extract necessary information during inference. It is expected that
deep neural network will present better predictive performance than shallow networks in more complex
task. However, deep learning methods still suffer challenges such as overfitting, vanishing or exploding
gradient effect, and performance degradation [3, 7, 8, 10]. Several remedies to these challenges has
been addressed in existing literature which include dropout [25], batch normalization [13], residual
connection [8], feature reuse via concatenation [11], and layer aggregation [29]. It is interesting to see
in existing literature how some of these remedies have led to the designed of network architecture with
a very deep structure mostly in convolutional neural network (CNN) for image classification [8, 11].

It is important to note that DenseNet [11] and ResNet [8] are two notable CNN architectures that
can train with very deep structures involving thousands of layers. Moreover, DenseNet architecture
implemented in convolution neural network (CNN) by Huang et al. [11] has its main application in
image processing where the complexity of the input feature is very high and involves redundant infor-
mation [12]. The convolution kernel enhances performance by reducing repetition among variable and
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extracting important information [12]. However, as mentioned in the Jiang et. al [12], CNN may lose
essential information from feature vector due to the local convolution kernels and thus may not be suit-
able for non-linear regression. It should be pointed out that the first sub-network architecture within
SoftNet is closely related to the work of Jiang et al. [12] where the authors reformulated DenseNet
[11] architecture and designed a neural network model for solving a non-linear regression problem.
The authors recorded the best performance on depth with 19 hidden layers and recommended depth
of 13-19 hidden layers.

The problem that we focus for this research is a three-dimensional American Heston-CIR model
and we solve it as a free boundary problem. Here, the free boundary known as the early exercise
boundary is simultaneously approximated or predicted (based on the solution method) with the value
function and Greeks. The Greeks are the derivatives of the value function. Our objective is to solve
three-dimensional American Heston-CIR model using a network architecture that trains with a deeper
structure. Based on the comments made by Jiang et al. [12] and Chen et al. [5] in their literature
and our best knowledge, the direct implementation of CNN based on DenseNet [11] or ResNet [8]
architectures might not be suitable. We hope to show in the experiment section that the predictive
performance of the conventional deep learning framework with softmax units is very poor beyond thir-
teen hidden layers. We envisage that this poor predictive performance could be as a result of vanishing
gradient effect. The implication is that the conventional DNN architecture with softmax units might
not be suitable for a more complex task that requires deeper network models beyond thirteen hidden
layers. To circumvent this poor predictive performance, we design a suite of multiplicative ensembled
network models which are formulated via feature reuse, aggregation of linear units, and early exits,
respectively. We hope that the design of SoftNet, LinNet, and AddNet, respectively. Hence, the design
of SoftNet, LinNet, and AddNet might have mitigate vanishing gradient effect which allowed us to
train with a deeper structure within the first sub-network architecture.

The rest of the manuscript is organized as follows: In Section 2, we describe the three-dimensional
American Heston-CIR model which we consider to be solved. In Section 3, we present the design of
SoftNet and its variant M-SoftNet. The design of the network model AddNet is described in Section 4.
In Section 5, we present of the network model LinNet. We describe sampling, grid refinement, and
optimization strategies in Section 6. Experiments are conducted in Section 7 and we conclude in
Section 8.

2 Three-Factor American Heston-CIR model

In this study, we consider a three-factor American Heston-CIR model as follows:
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= rV (t, S, υ, r), S > ŝf (t, υ, r), t ∈ [0, T ), υ, r > 0. (2.1)

We denote the value function and the early exercise boundary as V (t, S, υ, r) and ŝf (t, υ, r), respec-
tively. The parameters υt and rt are the variance and interest rate. The variable S is the underlying
asset price. The parameters κ and b represent the speeds of mean reversion for both the variance
and interest rate, respectively. The parameter θ and a are the long time means for the variance and
interest rate, respectively.

To solve the above three-factor American Heston-CIR model, we consider a fixed-free boundary prob-
lem and fix the early exercise boundary using the logarithm Landau transformation. For efficient
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implementation of our deep learning solution framework, we further normalize the value function and
time domain. Below, we give the descriptions of the considered transformation and normalization:

x := ln

(

S

ŝf (t, υ, r)

)

, τ :=
T − t

T
, U(τ, x, υ, r) :=

1

K
V (t, S, υ, r); (2.2)

sf (τ, υ, r) :=
ŝf (t, υ, r)

K
, χ(τ, υ, r) := ln

1

sf (t, υ, r)
. (2.3)

The transformed fixed-free boundary model is represented below:

1
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(2.4)

τ ∈ (0, T ], x > 0, υ > 0, r > 0,
(2.5)

where, for i = 1, . . . , 9, βi = βi(τ, υ, r) is defined as follows:
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(2.9)

β8(τ, υ, r) = b(a− r), β9(τ, υ, r) = κ(θ − υ). (2.10)

The subscripts on χ denote partial derivatives with respect to the corresponding variables. In addition,
we have

U(τ, 0, υ, r) = 1 − e−χ(τ,υ,r),
∂U

∂x
(τ, 0, υ, r) = −e−χ(τ,υ,r), τ > 0, υ > 0, r > 0, (2.11)

together with
U(0, x, υ, r) = max(1 − ex−χ(τ,υ,r), 0) = 0, sf (0, υ, r) = 1. (2.12)

3 Design of SoftNet and M-SoftNet

In this section, we present SoftNet and M-SoftNet, two network models designed via multiplicative
ensembling of two sub-network models and feature reuse and trained with deeper hidden layers. The
first sub-network model is designed with a deeper hidden layer while the second sub-network model
is strictly designed with two hidden layers. The outputs of these two sub-network models are then
ensembled multiplicatively from which SoftNet or M-SoftNet is formulated. To design the first sub-
network model, we borrow a reasonable insight from DenseNet [11]. However, unlike DenseNet [11]
that established connections between layers within a block, the first sub-architecture involves concate-
nated shortcut connections (feature reuse and couplings) between softmax blocks instead of layers.
In the work of Hess [9], the author asked an important question: To what extent is it necessary to
connect all the previous layers in order to reap the benefit of feature reuse? Here, we answer the
question to some extent by considering feature reuse and coupling after each softmax block. Softmax
block is a n hidden layer sub-architecture with softmax units (softmax activation function). If n = 1,
shortcut connection will be between layers.
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One can view the first sub-architecture for SoftNet as a train with rail vehicles and couplers. The first
sub-architecture involves softmax blocks and the input of each block (from the third block) involves
concatenation of the output of the previous softmax blocks. Softmax blocks represent rail vehicles
and coupling units of these vehicles are similar to the concatenating shortcut units where the initial
feature vector and the features obtained from softmax blocks are coupled. Feature reuse is achieved
between two softmax blocks and not within blocks. Moreover each individual softmax block might
have the tendency to present good predictive performance. However, by coupling these softmax blocks
from the lens of feature reuse, we intend to design an efficient and advanced DNN architecture that
has the capacity to train with deeper hidden layers. We note that M-SoftNet is a modularized SoftNet
and the configuration of its first sub-architecture differs from SoftNet.

3.1 Mixture of deep learning solution

SoftNet consists of sub-architectures which are ensembled multiplicatively. The hidden layers in the
first sub-architecture (main architecture) is deeper and varies across versions of SoftNet. The second
sub-architecture strictly involves two hidden layers and ensures that some of the terminal conditions
are satisfied when both sub-architectures are ensembled. In the following paragraphs, we present the
description of the DNN solution frameworks within SoftNet

Feature vector: Since the pricing model for performance validation is 3D American Heston-CIR
model as described in Section 2, the considered models is in three-dimensional space with time and
space of model parameter as

ϑ = (τ, x, υ, r), (3.1)

where the domain for the parameter is

ϑ ∈ ((0, 1], [0, xmax], [0, υmax], [0, rmax]). (3.2)

The design of SoftNet involves two sub-architectures with two different input features. For first sub-
architecture, we consider

z1 = (τ, x, υ, r). (3.3)

For the second sub-architecture, we consider

z2 = τ. (3.4)

DNN solution framework: The solution framework for SoftNet involving mixture of deep learning
solution is expressed as follows:

M(y; νM ) =
n
∑

i=1

gi,o(y; νi,o)e
−q̄i(y;γ), y = z1 = (τ, x, υ, r), n = 18; (3.5)

under the condition that
s̄f (τ, υ, r; νM ) = 1 −M(τ, 0, υ, r; νM ). (3.6)

Here, we define
go(y; νo) = [g1,o(y; ν1,o), g2,o(y; ν2,o), · · · gn,o(y; νn,o)]. (3.7)

Moreover, we enable optionality in the choice of qi(x) in the form of mixture of functions such that

q̄1(y; γ) = γopt
x2(υmax − υ)2

τ + ϵτ
, q̄1(y; γ) = γopt

x2(υmax − υ)2

υτ + ϵτ
; (3.8)

q̄3(y; γ) =
x2(γoptυmax − υ)2

τ + ϵτ
, q̄4(y; γ) =

x2(γoptυmax − υ)2

υτ + ϵτ
; (3.9)

q̄5(y; γ) = γopt
x2(r + υmax − υ)2

τ + ϵτ
, q̄6(y; γ) = γopt

x2(r + υmax − υ)2

υτ + ϵτ
; (3.10)
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q̄7(y; γ) = γopt
x2(υmax − υ)

τ + ϵτ
, q̄8(y; γ) = γopt

x2(υmax − υ)

υτ + ϵτ
; (3.11)

q̄9(y; γ) = γopt
x2

τ + ϵτ
, q̄10(y; γ) = γopt

x2

υτ + ϵτ
; (3.12)

q̄11(y; γ) = γopt
x2r2

τ + ϵτ
, q̄12(y; γ) = γopt

x2r2

υτ + ϵτ
; (3.13)

q̄13(y; γ) =
x2(γoptυmax − υ)

τ + ϵτ
, q̄14(y; γ) =

x2(γoptυmax − υ)

υτ + ϵτ
; (3.14)

q̄15(y; γ) = γopt
(x + r)2

τ + ϵτ
, q̄16(y; γ) = γopt

(x + r)2

υτ + ϵτ
; (3.15)

q̄17(y; γ) = γopt
(x + r)2(υmax − υ)2

τ + ϵτ
, q̄18(y; γ) = γopt

(x2 + r)2(υmax − υ)2

υτ + ϵτ
; (3.16)

ϵτ ∈ [10−13, 10−4]. (3.17)

We refer the reader to our previous work [18, 19] on the discussions regarding q̄i(y; γ).

Multiplicative ensembled layer: The multiplicative ensembled layer is involved in all the network
architectures presented in this study (with or without feature reuse). In this layer, the output of the
first sub-architecture R(y; νR) and second sub-architecture T (τ ; νT ) are multiplied as follows:

s(y; νs) = T (τ ; νT )R(y; νR), R(y; νR) ∈ R
1×n, T (τ ; νT ) ∈ R. (3.18)

We note that all the hidden and output layers are formulated without bias term. Moreover, the
second sub-architecture is designed with adjusted softmax activation function to ensure T (0; νT ) = 0.
Moreover, the main purpose of this layer is to ensure that some of the terminal conditions are satisfied
in exact form (after removing the bias term from the hidden and output layers). Here, we express the
layer’s output as follows:

gi,o =

mf
∑

j=1

(

A1(s(y; νs))j −
1

mf

)

wo
j,i, (3.19)

A1(s) = softmax(s) =

[

es1
∑mf

i=1 e
si
, · · · , e

smf

∑mf

i=1 e
si

]

, A1(s)j = softmax(s)j =
esj

∑mf

i=1 e
si

(3.20)

j = 1, 2, · · · ,mf . (3.21)

Output of the first sub-architecture: Here, we describe two network outputs for the first sub-
architecture. The first description involves feature reuse and coupling (SoftNet). The second descrip-
tion involves no feature reuse and coupling (standard DNN architecture). For the network involving
feature reuse and coupling (SoftNet), the output is as follows:

R(y; νR) = A1(g2 (zn1 ; ν2,n)) , A1(g2)j =
e(g2)j

∑m2,n

i=1 e(g2)i
. (3.22)

For the conventional DNN architecture without feature reuse and coupling, the neural network output
is expressed as follows:

R(y; νR) = A1(gn̂ (y; νn̂)) , A1(gn̂)j =
e(gn̂)j

∑mn̂

i=1 e
(gn̂)i

. (3.23)

The descriptions of g2 (zn1 ; ν2,n) and gn̂ (y; νn̂) are given in the coming subsections below when pre-
senting the design for network sub-architecture with or without feature reuse, respectively.



Training with deeper hidden layers 6

Output of the second sub-architecture: The second sub-architecture is strictly designed with
two hidden layers. The output of the second sub-architecture is expressed as follows:

T (τ ; νT ) =

m̂f
∑

i=1

(

A1(hf (τ ; ν̂f ))j −
1

m̂f

)

ŵo
j,i. (3.24)

The design is to ensure that some of the terminal conditions are satisfied in exact form. To further
illustrate this, when τ = 0, we formulate

hf (0; ν̂f ) = 0. (3.25)

The detailed description is given in Subsection 3.2. The implication is that

A1(hf (τ ; ν̂f )) − 1

m̂f

= 0, T (0; νT ) = 0; (3.26)

s(0, x, υ, r; νs) = 0, gi,o(0, x, υ, r; ν1,o) = 0, go(0, x, υ, r; νo) = 0; (3.27)

M(0, x, υ, r; νM ) = 0, s̄f (0, υ, r; νM ) = 1. (3.28)

Note that in exact form as presented in (2.12),

sf (0, υ, r) = 1, U(0, x, υ, r) = 0. (3.29)

Hence,
M(0, x, υ, r; νM ) = U(0, x, υ, r), s̄f (0, υ, r; νM ) = sf (0, υ, r). (3.30)

This is the main reason for the multiplicative ensembling layer. The multiplication of the second sub-
architectures T (τ ; νT ) to the first sub-architecture R(y; νR) ensures exact imposition of the terminal
condition on SoftNet.

3.2 Design of the second sub-architecture

Here, we further elaborate on h(τ ; ν̂f ) which we used in the design of the network output for the second
sub-architecture T (τ ; νT ). Here, f = 2 because of the considered two hidden layers. The description
of the architecture based on h(τ ; ν̂f ) is given below.

Second hidden layer: The second hidden layer is expressed as follows:

A2(hf ) = A1(hf ) − 1

m̂f

, hf (τ ; ν̂f ) = [h1,f (τ ; ν̂1,f ), h2,f (τ ; ν̂2,f ), · · · , hm̂f ,f (τ ; ν̂m̂f ,f )], (3.31)

with

hj,f =

m̂f−1
∑

k=1

A2(hf−1(τ ; ν̂f−1))kŵ
f
k,j . (3.32)

First hidden layer: The first hidden layer is described below

A2(hf−1) = A1(hf−1) −
1

m̂f−1
, hf−1 = [h1,f−1, h2,f−1, · · · , hm̂f−1,f−1], (3.33)

with
hj,f−1 = τŵ1

j . (3.34)

The description of the second sub-architecture is given in Figure 1.

Remark. The designed second sub-architecture in this section is the same in all the considered DNN
architectures across this research. In the following subsection, we focus on the design of the first
sub-architecture and the multiplicative ensembling of these two sub-architectures.
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Figure 1: DNN for the second sub-architecture. The second sub-architecture involves units that
decreases across hidden layers

3.3 Design of DNN architecture without feature reuse

Here, we present and describe the design of the first sub-architecture without feature reuse and coupling
and the multiplicative ensembling of these two sub-architectures. The feature vector for the first sub-
architecture is as follows:

z1 = y = (τ, x, υ, r). (3.35)

The network output for the hidden layers is described below.

First hidden layer: Let k̂ represent the k̂th hidden layer and n̂ represent the number of hidden
layers before the multiplicative ensembled layer. For the first hidden layer with k̂ = 1, the network is
expressed as follows:

g1(y; ν1) = [g1,1, g2,1, · · · , gm1,1]; (3.36)

gj,1 = −0.5

m0
∑

k=1

yk(w1
k,j)

2, A1(g1(y; ν1)) = softmax(g1(y; ν1)); (3.37)

where m0 is the number of units.

Remaining hidden layers before multiplicative ensembled layer: For k̂ = 2, 3, · · · n̂, the
description of the hidden layers is as follows:

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

], k̂ = 2, 3, · · · , n̂; (3.38)

g
j,k̂

= −0.5

m
k̂−1
∑

k=1

A1(gk̂−1)k(wk̂
k,j)

2, A1(gk̂(y; ν
k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 2, 3, · · · , n̂,

(3.39)
where m

k̂−1 is the number of units. Moreover,

R(y; νR) =





mn̂
∑

j=1

A1(gn̂(y; νn̂))jw1,j ,

mn̂
∑

j=1

A1(gn̂(y; νn̂))jw2,j , · · ·
mn̂
∑

j=1

A1(gn̂(y; νn̂))jwme,j



 , (3.40)

for the conventional DNN architecture.
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Figure 2: DNN architecture without feature reuse and coupling. The first sub-architecture could
involve units that decrease or increase across softmax blocks

3.4 Design of the first sub-architecture within SoftNet

We describe the formulation of feature coupling and softmax blocks as follows:

z11 = y = [τ, x, υ, r], g1(z
1
1; ν1,1) = [g1,1, g2,1, · · · , gm1,1,1]; (3.41)

gj,1 = −0.5

m0,1
∑

k=1

(z11)k(w1,1
k,j)

2, A1(g1(z
1
1; ν1,1)) = softmax(g1(z

1
1; ν1,1)); (3.42)

gi(z
1
1; νi,1) = [g1,i, g2,i, · · · , gmi,1,i]; (3.43)

gj,i = −0.5

mi−1,1
∑

k=1

A1(gi−1)k(wi,1
k,j)

2, A1(gi(z
1
1; νi,1)) = softmax(gi(z

1
1; νi,1)), i = 2. (3.44)

The description above represents the first feature vector and first softmax block. The second feature
vector is the coupling (concatenating) of the first feature vector and the output of the first softmax
block as given below:

z21 = A1(g2(z
1
1; ν2,1)). (3.45)

With the new feature vector, we formulate another softmax block as given in (3.41)-(3.44). The
process of coupling features and generating softmax block continue until we reach n − 1 number of
softmax blocks such that

zn1 = concat[A1(g2(z
1
1; ν2,1)), · · · ,A1(g2(z

n−1
1 ; ν2,n−1))] = concat[zn−1

1 ,A1(g2(z
n−1
1 ; ν2,n−1))],

(3.46)
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g1(z
n
1 ; ν1,n) = [g1,1, g2,1, · · · , gm1,n,1]; (3.47)

gj,1 = −0.5

m0,n
∑

k=1

(zn1 )k(w1,n
k,j )2, A1(g1(z

n
1 ; ν1,n)) = softmax(g1(z

n
1 ; ν1,n)); (3.48)

gi(z
n
1 ; νi,n) = [g1,i, g2,i, · · · , gmi,n,i]; (3.49)

gj,i = −0.5

mi−1,n
∑

k=1

A1(gi−1)k(wi,n
k,j)

2, A1(gi(z
n
1 ; νi,n)) = softmax(gi(z

n
1 ; νi,n)), i = 2; (3.50)

for which we implement the multiplicative ensembling layer and formulate the DNN solution framework
as described in (3.5)-(3.19) and Figure 3. Here

R(y; νR) =





m2,n
∑

j=1

A1(g2(z
n
1 ; ν2,n))jw1,j ,

m2,n
∑

j=1

A1(g2(z
n
1 ; ν2,n))jw2,j , · · ·

m2,n
∑

j=1

A1(g2(z
n
1 ; ν2,n))jwme,j



 .

(3.51)

Figure 3: SoftNet architecture. For brevity, only four softmax blocks are considered in the diagram
for the first sub-architecture.

3.5 Short note on the design of feature coupling unit via concatenation shortcut

It is important to observe that we avoid feature reuse after the first softmax block in the SoftNet
architecture as described in Figure 3. This is intentional as we observe stable predictive performance
when there is no feature reuse via concatenation shortcut after the first softmax block.

In this research, we are very judicious in terms of the considered number of sample points as we focus
on training with small training dataset and concentrating most of the samples in the locality of the
left corner point where irregularities and spikes resides. We will describe this further in one of the fol-
lowing sections. Moreover, we strictly design each softmax block with two hidden layers that involves
small units and that decreases across blocks as described in the experiment section. We think that it
makes the network more efficient in terms of training runtime while achieving reasonable predictive
performance.
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Our configuration entails that hidden layers far away from the input layer will have very small units
(we consider up to 4 hidden units). Including the main input feature during feature concatenation
might reduce the predictive performance of SoftNet if we consider feature concatenation as an ensemble
of input feature and shallow and deep layers. Hence, we drop the main input feature and consider
feature reuse via concatenation shortcut after two softmax blocks with reasonable number of units in
the first softmax blocks. Finally, we mention that only the output of the final softmax block is used
in the multiplicative ensembled layer as the input feature for that layer.

3.6 Modular SoftNet

In this section, we present M-SoftNet-10 and express it as SoftNet with modular configuration based
on different response in terms of gradient flow. It has three pathways that lead to three different layers
outputs. These three layer outputs are concatenated as one layer before the multiplicative ensembled
layer as follows:

R(y, νR) = concat [R1(y, νR1),R2(y, νR2),R3(y, νR3)] . (3.52)

Figure 4: M-SoftNet-10 with six softmax blocks. Each softmax block involves three hidden layers with
softmax units. All the softmax blocks have the same representation in terms of number of units and
hidden layers.

For M-SoftNet-10, we consider six softmax blocks for this configuration as described in Figure 4.
Each softmax block involves three hidden layers with softmax units. The M-SoftNet-10 has some
flexibility due to the presence of three different pathways. Here, we elaborate on this flexibility. The
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first pathway represents the SoftNet with complete (dense) feature reuse with the output R1(y, νR1)
which is the same as (3.51) except that we did not skip feature reuse after the first softmax block.
The configuration is as follows:

z11 = y = [τ, x, υ, r], g1(z
1
1; ν1,1) = [g1,1, g2,1, · · · , gm1,1,1]; (3.53)

gj,1 = −0.5

m0,1
∑

k=1

(z11)k(w1,1
k,j)

2, A1(g1(z
1
1; ν1,1)) = softmax(g1(z

1
1; ν1,1)); (3.54)

gi(z
1
1; νi,1) = [g1,i, g2,i, · · · , gmi,1,i]; (3.55)

gj,i = −0.5

mi−1,1
∑

k=1

(z11)k(wi,1
k,j)

2, A1(gi(z
1
1; νi,1)) = softmax(gi(z

1
1; νi,1)), i = 2, 3. (3.56)

The description above represents the first feature vector and first softmax block. The second feature
vector is the coupling (concatenating) of the first feature vector and the output of the first softmax
block as given below:

z21 = concat[z11,A1(g3(z
1
1; ν3,1))] = concat[τ, x, υ, r,A1(g3(z

1
1; ν3,1))]. (3.57)

With the new feature vector, we formulate another softmax block as given in (3.53)-(3.56). We generate
the final input feature and network output as follows:

z31 = concat[z11,A1(g3(z
1
1; ν3,1)),A1(g3(z

2
1; ν3,2))] = concat[z21,A1(g3(z

2
1; ν3,2))], (3.58)

g1(z
3
1; ν1,3) = [g1,1, g2,1, · · · , gm1,3,1]; (3.59)

gj,1 = −0.5

m0,3
∑

k=1

(z31)k(w1,3
k,j)

2, A1(g1(z
3
1; ν1,3)) = softmax(g1(z

3
1; ν1,3)); (3.60)

gi(z
3
1; νi,3) = [g1,i, g2,i, · · · , gmi,3,i], A1(gi(z

3
1; νi,3)) = softmax(gi(z

3
1; νi,3)), i = 2, 3, (3.61)

gj,i = −0.5

mi−1,3
∑

k=1

A1(gi)k(wi,3
k,j)

2, A1(gi(z
3
1; νi,3)) = softmax(gi(z

3
1; νi,3)), i = 2, 3; (3.62)

for which we obtain

R1(y; νR1) =





m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jw

1
1,j1,

m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jw

1
2,j , · · ·

m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jwm1

e,j



 .

(3.63)
The second pathway involves partial feature reuse with the output given as

R2(y; νR2) =





m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jw

2
1,j ,

m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jw

2
2,j , · · ·

m3,3
∑

j=1

A1(g3(z
3
1; νi,3))jwm2

e,j



 ,

(3.64)
which is similar to (3.51) as we skip feature reuse after the first softmax block. The last pathway is
simply a conventional deep learning architecture with softmax units as follows:

R3(y, νR3) =





m9
∑

j=1

A1(g9(y; ν9))jw
3
1,j ,

m9
∑

j=1

A1(g9(y; ν9))jw
3
2,j , · · ·

m9
∑

j=1

A1(g9(y; ν9))jwm3
e,j



 , (3.65)

which is similar to (3.40). All the three outputs obtained from these pathways share the same initial
feature vector y but will have different responses in terms of gradient propagation. Direct addition,
weighting, or concatenation of the three layers’ outputs obtained from these three pathways can be
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seen as another form of feature coupling. Here, we consider it as ensembles of layer’s outputs involv-
ing the same initial feature vector but with different response in terms of feature reuse and gradient
flow. Our choice is concatenation of these three layers’ outputs and we allow the network to make
decision on the importance placed on these three layers’ outputs by multiplying each component with
an appropriate trainable weight. We further refer the reader to the work of Li et al. [15] where the
authors implemented some sort of varying feature reuse strategies.

Finally, we note that in this study, we strictly consider only M-SoftNet-10 which involves modularized
nine hidden layers in the first sub-architecture (has more softmax blocks in the first sub-architecture
than the non-modularized SoftNet with nine hidden layers). Further increase in depth will increase
the width and number of pathways which is nice but will impact on the last pathway involving no
feature reuse due to the vanishing gradient effect. The possible way to alleviate such challenge to some
extent is to consider less hidden layers in the softmax block. For instance, one can design M-SoftNet-7
that has six pathways and 21 softmax blocks and each block formulated with one hidden layer. One
can also design M-SoftNet-9 that has four pathways and 10 softmax blocks and each block formulated
with two hidden layers.

4 Design of AddNet

Here, the research question we seek to address is how to design a resource efficient neural network
architecture that trains with a reasonable deeper hidden layer thereby reducing vanishing gradient
effect and saving computational cost. For instance, the feature reuse via concatenation in DenseNet
architecture can increases computational cost. In a more resources constrain devices, this sort of chal-
lenge might hamper the deployment of such deep neural network architecture [14]. In this section, we
present AddNet, a neural network model with reasonable deeper hidden layers. We formulate AddNet
via ensembling of single-mixture of deep learning solutions obtained from local (early) exit and final
hidden layers. The network model AddNet is designed with three sub-architectures and trained with
deeper hidden layers within the first sub-network architecture. Neural network methods with early
exits have been considered in existing literature mostly in the design of convolution neural network for
image classification problems [22, 27, 28]. They have also been applied in natural language processing
[26] and edge computing [21].

In the design of AddNet, the second and third sub-architecture are configured with two hidden layers
and one hidden layer, respectively. The first sub-network architectures is designed with deeper hidden
layers, which is the main sub-architecture. It comprises a conventional DNN architecture with softmax
units as a backbone network. From this backbone network, n network outputs are systematically
obtained from intermediate layers which we denote as ”local exit layers” and the final hidden layer.
These n network outputs are used to formulate n single mixture of deep learning solutions. Each single
mixture of deep learning solutions is formulated via multiplicative ensembling of one of the outputs
of the first sub-architecture (from either local exit layers or final hidden layer), and the outputs of the
second and third sub-architectures. These single mixture of deep learning solutions are then additively
ensembled with systematic importance (weight) attached to each solution to obtain a multi-mixture of
deep learning solution. Our formulation is also known as joint training strategy in training strategies
for early-exit deep neural network method [23]

4.1 Multi-mixture of deep learning solutions

The design of AddNet involves multi mixture of deep learning solution strategy formulated via early
exits and final network output from the first sub-architecture. The early exists are early outputs from
the first sub-architecture, which are systematically selected from some of the intermediate hidden
layers as shown in Figure 2. This is to possibly, enhance regularization [23, 24, 27] via modularization
of deep learning solutions from the outputs of the early exits and final hidden layer. Another reason
is to reduce vanishing gradient effect [23] which allows us to train with deeper hidden layer in the
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first sub-architecture. The solution framework for AddNet with multi mixture of solution strategy is
expressed as follows:

M(y; νM ) =

n
∑

j=1

π̂jMj(z1; νM,j) =

n
∑

j=1

π̂j

m
∑

i=1

gi|j,o(z1; νi|j,o)e
− x2

τq̄i(z3;νq)+ϵ , (4.1)

n
∑

j=1

π̂j = 1, z1 = (τ, x, υ, r), z3 = (υ, r); (4.2)

under the condition that
s̄f (τ, υ, r; νM ) = 1 −M(τ, 0, υ, r; νM ). (4.3)

Here, Mj(y; νM,j) represents a single mixture of deep learning solution. By generating n components
of single mixture of deep learning solution and ensembling them, we hope to further enhance the
predictive performance of AddNet. Here

gj|o(y; νj|o) = [g1|j,o(y; ν1|j,o), g2|j,o(y; ν2|j,o), · · · gm|j,o(y; νm|j,o)], (4.4)

which is presented in (4.36) for a given j. It is worth noting again from (4.35) that when τ = 0

sj(0, x, υ, r; νs,j) = 0, ∀j. (4.5)

It implies that

gi|j,o(0, x, υ, r; νi|j,o) = 0, ∀j; (4.6)

M(0, x, υ, r; νM ) = 0, s̄f (0, υ, r; νM ) = 1. (4.7)

In exact form as presented in (2.12),

sf (0, υ, r) = 1, U(0, x, υ, r) = 0. (4.8)

Hence,
M(0, x, υ, r; νM ) = U(0, x, υ, r), s̄f (0, υ, r; νM ) = sf (0, υ, r). (4.9)

In the following subsection, we present the designs of AddNet via multi-mixture of deep learning
solutions. We further present the design of a conventional DNN architecture for comparison purpose
in the experimental section.

4.2 Feature vector

The pricing model is three-factor American Heston-CIR model as described in Section 2. The consid-
ered model is in three-dimensional space with the space and time of model parameter given as

ϑ = (τ, x, υ, r). (4.10)

The domain for the parameter is

ϑ ∈ ((0, 1], [0, xmax], [0, υmax], [0, rmax]). (4.11)

AddNet involves three network sub-architectures with two different input features. The feature vector
for the first sub-architecture is as follows:

z1 = (τ, x, υ, r). (4.12)

For the second sub-architecture, we consider

z2 = τ. (4.13)

For the third sub-architecture, we consider the following feature vector

z3 = (υ, r). (4.14)



Training with deeper hidden layers 14

4.3 Design of the third sub-architecture

The output of the third architecture is as follows:

e
− x2

τq(z2;νq)+ϵ , z3 = (υ, r). (4.15)

The design of qi(y; νq) involves only one hidden layer which is described below:

q = [q1(z3; νq1), q2(z3; νq2), · · · qm(z3; νqm)] = ȟsoftplus(Ŵo), Ŵo ∈ R
nf×m; (4.16)

ȟ = [ȟ1,f , ȟ2,f · · · ȟnf ,f ], ȟj,f = υ
1

1 + (ŵf
1,j)

2
+ r

1

1 + (ŵf
2,j)

2
. (4.17)

Figure 5: Shallow network for the third sub-architecture.

4.4 Design of the second sub-architecture

We design the second sub-architecture with only two hidden layers and present the network output as
given below:

T (τ ; νT ) =

m̂f
∑

i=1

(

A1(hf (τ ; ν̂f ))j −
1

m̂f

)

ŵo
j,i. (4.18)

All the hidden and output layers are formulated without bias term and the choice of the network
output for the second sub-architecture is to ensure exact imposition of the terminal conditions. When
τ = 0,

hf (0; ν̂f ) = 0, (4.19)

which we describe in (4.21) and (4.24). Furthermore, we define

A1(hf (0; ν̂f )) − 1

m̂f

= 0, T (0; νT ) = 0. (4.20)

We further elaborate on h(τ ; ν̂f ) which we use in the design of the network output for the second
sub-architecture T (τ ; νT ). Here, f = 2 because of the considered two hidden layers. The description
of the architecture based on h(τ ; ν̂f ) is given below.

Second hidden layer: The second hidden layer is expressed as follows:

A2(hf ) = A1(hf ) − 1

m̂f

, hf (τ ; ν̂f ) = [h1,f (τ ; ν̂1,f ), h2,f (τ ; ν̂2,f ), · · · , hm̂f ,f (τ ; ν̂m̂f ,f )], (4.21)

with

hj,f =

m̂f−1
∑

k=1

A2(hf−1(τ ; ν̂f−1))kŵ
f
k,j . (4.22)
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Figure 6: DNN for the second sub-architecture. The second sub-architecture involves units that
decrease across hidden layers.

First hidden layer: The first hidden layer is described below:

A2(hf−1) = A1(hf−1) −
1

m̂f−1
, hf−1 = [h1,f−1, h2,f−1, · · · , hm̂f−1,f−1], (4.23)

with
hj,f−1 = τŵ1

j . (4.24)

Figure 6 shows the description of the second sub-architecture.

4.5 Design of the first sub-architecture for conventional DNN architecture and

AddNet

The first sub-architecture for AddNet with deeper hidden layer and softmax blocks involves no feature
reuse. First, we consider a conventional DNN architecture before the multiplicative ensembled layer
as follows:

Input Layer: The input layer for AddNet is as follows:

z1 = y = (τ, x, υ, r). (4.25)

Hidden Layers and Local Exits: The n̂ hidden layer for AddNet architecture is given below:

g1(y; ν1) = [g1,1, g2,1, · · · , gm1,1]; (4.26)

gj,1 = −0.5

m0
∑

j=1

yj(w
1
j )2, A1(g1(y; ν1)) = softmax(g1(y; ν1)); (4.27)

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

], k̂ = 2, 3, n̂; (4.28)

g
j,k̂

= −0.5

m
k̂−1
∑

j=1

A1(gk̂−1)j(w
k̂
j )2, A1(gk̂(y; ν

k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 2, 3, n̂. (4.29)

Instead of considering only A1(gn̂(y; νn̂)) as the feature for the multiplicative ensembled layer as shown
in Figure 7 for the conventional DNN architecture, we systematically select n− 1 intermediate layers
which we denote as “local exit layers”:

{A1(glā(y; νlā)), l = 1, 2, · · ·n− 1} ⊂ {A1(gk̂(y; ν
k̂
)), k̂ = 1, 2, · · · n̂}. (4.30)
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We note that

Rā
l (y; νR,lā) =





m
k̂

∑

j=1

A1(glā(y; νlā))jw
el
1,j ,

m
k̂

∑

j=1

A1(glā(y; νlā))jw
el
2,j , · · ·

m
k̂

∑

j=1

A1(glā(y; νlā))jw
el
me,j



 ;

(4.31)
l = 1, 2, · · ·n− 1;

Rā
n(y; νR,nā) =





m
k̂

∑

j=1

A1(gn̂(y; νn̂))jw
en
1,j ,

m
k̂

∑

j=1

A1(gn̂(y; νn̂))jw
en
2,j , · · · ,

m
k̂

∑

j=1

A1(gn̂(y; νn̂))jw
en
me,j



 ;

(4.32)

ā ∈ {2, 3, 4}, nā = n̂. (4.33)

With the outputs of these n − 1 local exit and final hidden layers from the first sub-architecture, we
formulate n multiplicative ensembled layers, as shown in Figure 8 for further description.

Figure 7: Conventional DNN architecture.

4.6 Design of n multiplicative ensembled layers for multi mixture of solutions

strategy

AddNet involves n multiplicative ensembled layers due to the considered outputs of local exit and final
hidden layers. The feature for each multiplicative ensembled layer is as follows:

sj(y; νs,j) = T (τ ; νT )Rā
j (y; νR,jā), Rā

j (y; νR,jā) ∈ R
1×me , T (τ ; νT ) ∈ R, j = 1, 2, · · ·n− 1.

(4.34)
We have mentioned earlier that all the hidden and output layers are formulated without bias term and
the second sub-architecture is designed with adjusted softmax activation function to ensure T (0; νT ) =
0 which implies that

sj(0, x, υ, r; νs,j) = 0, ∀j. (4.35)

Moreover, for i|j, the multiplicative ensembled layer is as follows:

gi|j,o =

me
∑

k=1

(

A1(sj(y; νs,j))k −
1

me

)

wo
k,j,i, (4.36)
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A1(sj) = softmax(sj) =

[

e(sj)1
∑me

i=1 e
(sj)i

, · · · e(sj)me

∑me

i=1 e
(sj)i

]

, (4.37)

A1(sj)k = softmax(sj)k =
e(sj)k

∑me

i=1 e
(sj)i

. (4.38)

Figure 8: AddNet architecture.

4.7 Short note on the selection of local exit layers

The selection of local exit layers in this research is somewhat systematic. Staying some hidden layers
away from the input layer in the choice of earlier outputs based on local exit layers might be crucial.
Shallow layers might not be able to extract more complex feature. This scenario might reduce or even
deteriorate predictive performance if local exit layers from shallower hidden layers are selected. In
this regard, we refer the reader to the work of Sarti et al. [24] where the authors described similar
scenario in the experiment section of their literature.
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If we consider averaging of these single-mixture of deep learning solutions, equal contribution could
have been given to each single mixture of deep learning solutions. If we have selected shallow hid-
den layer in this instance, AddNet might present poor predictive performance. We hope to further
investigate this phenomenon in the experiment section. We mention that we will consider couple of
weighting strategies in the experiment section.

We assume that an architecture with three to five hidden layers (including the multiplicative ensem-
bling layer which is present in our network design before the output layer) is reasonably deep to extract
reasonable complex feature and information. In this regard, we consider

Rā
1(y; νR,ā) ⊂ Rā

2(y; νR,2ā) ⊂ · · · ⊂ Rā
n(y; νR,nā) ā ∈ {2, 3, 4}, nā = n̂. (4.39)

Here, Rā
1(y; νR,ā) is the first local exit layer and we neither want it to be too shallow to lack the

capacity of extracting complex features nor too deep to be impacted by the vanishing gradient effect.
It is important to note that Rā

j (y; νR,ā) which represents the output of the jth local exit layer is the

jā hidden layer. For instance, if j = 2 and ā = 4, then R4
2(y; νR,ā) is the output of the eight hidden

layers.

5 Design of LinNet

The design of LinNet solution involves three sub-architectures which we ensemble multiplicatively.
The first sub-architecture which is the main architecture is designed via softmax blocks and trained
with deeper hidden layers. The second sub-architecture is designed with adjusted softmax units,
strictly involves two hidden layers and is configured to ensure exact imposition of some of the terminal
conditions. The third sub-network is designed with one hidden layer.

Though LinNet has three sub-architectures, its deeper structure is from the first sub-architecture
which is formulated via softmax blocks and systematic aggregation of linear units before each softmax
block. Furthermore, we present the design of the conventional DNN architecture without aggregation
of linear units. The design of these two deep learning solution frameworks is described in the following
subsections for this section.

5.1 Feature vector

The three-factor American Heston-CIR model with free boundary feature as described in Section 2 is
in three-dimensional space which the model parameters denoted as

ϑu = (τ, x, υ, r). (5.1)

for the value function and its derivatives (Greeks). Moreover, the time and space of model parameters
for the early exercise boundary are denoted as follows:

ϑs = (τ, υ, r). (5.2)

The domains for these parameters are given below:

ϑu ∈ ((0, 1], [0, xmax], [0, υmax], [0, rmax]), ϑs ∈ ((0, 1], [0, υmax], [0, rmax]). (5.3)

The network model LinNet involves three sub-architectures with different input features. The feature
vector for the first sub-architecture is denoted as:

y = (τ, x, υ, r). (5.4)

For the second sub-architecture, the input feature we consider is simply τ . For the third sub-
architecture, we consider the following feature vector as

z = (υ, r). (5.5)



Training with deeper hidden layers 19

5.2 Mixture of deep learning solution

We note that both the conventional DNN architecture (without aggregation of linear units) and LinNet
have the same solution framework. The difference of LinNet from the conventional DNN architecture
(without aggregation of linear units) lies in the design of the first sub-architecture. The general
solution framework is formulated via a mixture of deep learning solutions and is expressed as given
below:

M(y; νM ) =
n
∑

i=1

gi,o(y; νi,o) exp

(

[x− τ q̄i(z; νq̄,i)]
2

τqi(z; νq,i) + ϵ

)

, z = (υ, r), y = (τ, x, υ, r); (5.6)

q ∈ R
1×n
+ , q̄ ∈ R

1×n, (5.7)

under the condition
s̄f (τ, υ, r; νM ) = 1 −M(τ, 0, υ, r; νM ). (5.8)

From (5.6), n components of deep learning solutions are ensembled additively to obtain LinNet. Here,
we define

go(y; νo) = [g1,o(y; ν1,o), g2,o(y; ν2,o), · · · , gn,o(y; νn,o)]. (5.9)

We give further details on the designs of q and q̄ in one of the subsequent subsections. In the next
subsection, we discuss the design of the multiplicative ensembled layer with the output is given as
go(y; νo).

5.3 Multiplicative ensembled layer

From the mixture of solution framework given in (5.6), we define

go(y; νo) = [g1,o(y; ν1,o), g2,o(y; ν2,o), · · · gn,o(y; νn,o)], (5.10)

which represents the output of the multiplicative ensembled layer. We note that the multiplicative en-
sembled layer is involved in both LinNet and the conventional DNN architecture (without aggregation
of linear units). Here,

gi,o =

mf
∑

j=1

(

A1(s(y; νs))j −
1

mf

)

wo
j,i; (5.11)

A1(s) = softmax(s) =

[

es1
∑mf

i=1 e
si
, · · · , e

smf

∑mf

i=1 e
si

]

, A1(s)j = softmax(s)j =
esj

∑mf

i=1 e
si

; (5.12)

j = 1, 2, · · · ,mf , (5.13)

with
s(y; νs) = T (τ ; νT )R(y; νR), R(y; νR) ∈ R

1×n, T (τ ; νT ) ∈ R. (5.14)

In this layer as given in (5.14), the output of the first sub-architecture is denoted as R(y; νR) and the
second sub-architecture given as T (τ ; νT ) are ensembled multiplicatively as s(y; νs). We note that all
the hidden and output layers are formulated without bias term. Moreover, the second sub-architecture
is designed with adjusted softmax activation function to ensure that when τ = 0,

T (0; νT ) = 0, s(0, x, υ, r; νs) = 0, go(0, x, υ, r; νo) = 0; (5.15)

M(0, x, υ, r; νM ) = 0, s̄f (τ, υ, r; νM ) = 1. (5.16)

This is the main purpose of the multiplicative ensembled layer which is to ensure that some of the
terminal conditions are satisfied in exact form (after removing the bias term from the hidden and
output layers). It is worth noting that in the exact form as presented in (2.12),

sf (0, υ, r) = 1, U(0, x, υ, r) = 0. (5.17)

It implies that

M(0, x, υ, r; νM ) = U(0, x, υ, r), s̄f (0, υ, r; νM ) = sf (0, υ, r). (5.18)

We further discuss the design of R(y; νR) (for LinNet and the conventional DNN architecture) and
T (τ ; νT ) in the subsequent subsections.
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5.4 Suite of designs for the third sub-architecture

Here, we consider suite of designs for the third sub-architecture. In our earlier works, we have consid-
ered several formulations for the exponential terms which multiply to the network output to obtain our
DNN solution framework. Moreover, in one of our previous works [20], we furnished the exponential
term with a network output as given below:

exp

(

− x2

τq + ϵ

)

, z = (υ, r). (5.19)

In such scenario, q̄ = 0. The design of q involves only one hidden layer which is described below:

q = [q1(z; νq1), q2(z; νq2), · · · qm(z; νqm)] = ȟsoftplus(Ŵo), Ŵo ∈ R
nf×m; (5.20)

ȟ = [ȟ1,f , ȟ2,f · · · ȟnf ,f ], ȟj,f = υ
1

1 + (ŵf
1,j)

2
+ r

1

1 + (ŵf
2,j)

2
. (5.21)

In this research, we consider couple of options. The first option is similar to the one in (5.19) except
that the design of q(z; νq) has n different network structure as given below:

q = [q1(z; νq1), q2(z; νq2), · · · qm(z; νqm)] = concat
[

arctan(0.3z), ȟ
]

softplus(Ŵo), Ŵo ∈ R
(2+nf )×m.

(5.22)

Please see Figure 9 The second option differs entirely from the first option in both network output
and structure as follows:

exp

(

− [x− τ q̄]2

τq + ϵ

)

, z = (υ, r), (5.23)

with

q̄ = [q̄1(z; νq̄1), q̄2(z; νq̄2), · · · q̄m(z; νq̄m)] = ȟ + ȟ
W̄ 1

o

1 +
(

W̄ 1
o

)2 , W̄ 1
o ∈ R

nf×m; (5.24)

q = [q1(z; νq1), q2(z; νq2), · · · qm(z; νqm)] = ȟ + ȟsoftplus(W̄ 2
o ), W̄ 2

o ∈ R
nf×m; (5.25)

ȟ = [ȟ1,f , ȟ2,f · · · ȟnf ,f ], ȟj,f = υ
1

1 + (ŵf
1,j)

2
+ r

1

1 + (ŵf
2,j)

2
. (5.26)

Figure 9: DNN for the third sub-architecture (first option). We note that the output of the network
architecture is given in (5.19)
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The second option for the third sub-architecture as presented in (5.23)-(5.26) includes a network output
q̄ in the numerator of the exponential term. We envisage that it could be an important addition in
the numerator. It will always act on x to either increase or decrease the value in the numerator (force
the exponential term to tend to either zero or one rapidly or slowly). The consideration could be very
important because of the far boundary behaviours. For instance, increasing in υ increases the value
function while the value function vanishes as x increases. There is a tendency that q̄ and q might shift
and scale the input variable x appropriately to control how the exponential term vanishes or grow.
Here, we ensure that the q̄ does not grows rapidly by acting a nonlinear function to the weight values
which vanishes as the weight values move away from zero value.

Remark. It is worth noting that the considered two designs for the third sub-architecture is not final. It
is still an ongoing research for us and we seek to develop a more unified framework for the exponential
term that can address wider range of options pricing models especially in a very high-dimensional
setting that could involve more variables and parameters. We further mention that the major criteria
that the exponential term might need to satisfy is the indeterminate condition when x = 0 and τ = 0
The introduction of ϵ is to regulate and control this response.

5.5 Design of the second sub-architecture

The second sub-architecture for LinNet is designed with only two hidden layers. The network is given
below:

T (τ ; νT ) =

m̂f
∑

i=1

(

A1(hf (τ ; ν̂f ))j −
1

m̂f

)

ŵo
j,i. (5.27)

For the second sub-architecture, the configuration of the network design and its output ensures exact
imposition of the terminal conditions such that when τ = 0,

hf (0; ν̂f ) = 0, (5.28)

which we described in (3.31) and (5.35). It implies that

A1(hf (0; ν̂f )) − 1

m̂f

=
1

m̂f

− 1

m̂f

= 0, T (0; νT ) = 0; (5.29)

T (0; νT ) = 0, s(0, x, υ, r; νs) = 0, go(0, x, υ, r; νo) = 0; (5.30)

M(0, x, υ, r; νM ) = 0, s̄f (τ, υ, r; νM ) = 1. (5.31)

Below, we give further description on the design of h(τ ; ν̂f ) used in the formulation of T (τ ; νT ). Here,
f = 2 because of the considered two hidden layers.

Second hidden layer: The second hidden layer is expressed as follows:

A2(hf ) = A1(hf ) − 1

m̂f

, hf (τ ; ν̂f ) = [h1,f (τ ; ν̂1,f ), h2,f (τ ; ν̂2,f ), · · · , hm̂f ,f (τ ; ν̂m̂f ,f )], (5.32)

with

hj,f =

m̂f−1
∑

k=1

A2(hf−1(τ ; ν̂f−1))kŵ
f
k,j . (5.33)
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Figure 10: DNN for the second sub-architecture. The second sub-architecture involves units that
decrease across hidden layers. The output “T (τ, νT )” is given in (5.27).

First hidden layer: The first hidden layer is described below:

A2(hf−1) = A1(hf−1) −
1

m̂f−1
, hf−1 = [h1,f−1, h2,f−1, · · · , hm̂f−1,f−1], (5.34)

with
hj,f−1 = τŵ1

j . (5.35)

The description of the second sub-architecture is given in Figure 10. It is important to observe from
(5.35) that when τ = 0, hj,f−1 = 0. It implies that hf−1 = 0, A2(hf−1) = 0, hj,f = 0, and
A2(hf ) = 0.

5.6 Design of first sub-architecture without aggregation of linear units

In this subsection, we give the description of the first sub-architecture without aggregation of linear
units. First, we present the feature vector for the first sub-architecture as follows:

y = (τ, x, υ, r). (5.36)

The configuration of the hidden layers is described below.

First hidden layer: Let k̂ represent the k̂th hidden layer and n̂ represent the number of hidden
layers before the multiplicative ensembled layer. For the first hidden layer with k̂ = 1, the network is
expressed as follows:

g1(y; ν1) = [g1,1, g2,1, · · · , gm1,1]; (5.37)

gj,1 = −0.5

m0
∑

k=1

yk(w1
k,j)

2, A1(g1(y; ν1)) = softmax(g1(y; ν1)); (5.38)

where m0 is the number of units.

Remaining hidden layers before multiplicative ensembled layer: For k̂ = 2, 3, · · · n̂, the
description of the hidden layers is as follows:

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

], k̂ = 2, 3, · · · n̂; (5.39)

g
j,k̂

= −0.5

m
k̂−1
∑

k=1

A1(gk̂−1)k(wk̂
k,j)

2, A1(gk̂(y; ν
k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 2, 3, · · · n̂, (5.40)
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where m
k̂−1 is the number of units. Here,

Rj(y; νR) =

mn̂
∑

k=1

A1(gn̂)kw
n̂+1
k,j , j = 1, 2, · · ·mn̂+1, (5.41)

which represents the output for the final hidden layer in the first sub-architecture for the conventional
DNN architecture without aggregation of linear units, as shown in Figure 11. Here, mn̂+1 is the
number of units.

Figure 11: Conventional DNN architecture.

We note that “T (τ, νT )” is given in (5.27), “R(y, νR)” in (5.60), and “s(y, νs)” in (5.14). The final
output “M(y, νM)” which represents the solution framework is described in (5.6).

5.7 LinNet: Design of the first sub-architecture via aggregation of linear units

In this subsection, we present the design of the first sub-architecture for LinNet which involves softmax
blocks and systematic aggregation of linear units. We mention that all softmax blocks are designed
with two hidden layers and each layer is designed with softmax unit. The description for the design
of the first sub-architecture within LinNet is given below.

First aggregating unit: The first aggregating unit is simply the first hidden layer which is more
like an initializer and is given below:

y = (τ, x, υ, r). (5.42)

g1(y; ν1) = [g1,1, g2,1, · · · , gm1,1]; (5.43)

gj,1 = −0.5

m0
∑

k=1

yk(w1
k,j)

2, A1(g1(y; ν1)) = softmax(g1(y; ν1)). (5.44)

First softmax block: The design of the first softmax block is as follows:

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

]; (5.45)

g
j,k̂

= −0.5

m
k̂−1
∑

j=1

A1(gk̂−1)k(wk̂
k,j)

2, A1(gk̂(y; ν
k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 2, 3. (5.46)
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Second aggregating unit: The second aggregating units is as follows:

g4(y; ν4) = [ā1,2, ā2,2, · · · , ām4,2]; (5.47)

ā1,2 = ā1,1 + g1,4, ā2,2 = ā2,1 + g2,4, · · · , ām4,2 = ām4,1 + gm4,4; (5.48)

gj,4 = −0.5

m3
∑

k=1

A1(g3)k(w4
k,j)

2, āj,1 = −0.5

m1
∑

k=1

A1(g1)k(w̄2
k,j)

2; (5.49)

A1(g4(y; ν4)) = softmax(g4(y; ν4)). (5.50)

We note that the first and second aggregating units are slightly different from the rest of aggregating
units. For the second aggregating unit, from (5.43), we could have directly considered

[g1,1, g2,1, · · · , gm1,1] = [ā1,1, ā2,1, · · · , ām1,1]. (5.51)

However, we want to stay a hidden layer away from the input feature as we do not want the contri-
bution of the linear unit from the first hidden layer. This choice is with regards to our experimental
observation based on predictive performance and minimization of the loss minimizes when the input
feature is directly involved. Moreover, all the layers in the aggregating units must have the same out-
put dimension and we want to have more neurons in the shallow layers. Hence, it is a need to bypass
the linear units from the first hidden layer and to formulate another linear units with the output of
the first hidden layer whose weight value w̄2

k,j is different from w2
k,j as shown in (5.49).

Second softmax block: For the second softmax block, we obtain as follows:

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

]; (5.52)

g
j,k̂

= −0.5

m
k̂−1
∑

k=1

A1(gk̂−1)k(wk̂
k,j)

2, A1(gk̂(y; ν
k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 5, 6. (5.53)

The n̄th aggregating unit: The unit is described as follows:

g3n̄−2(y; ν3n̄−2) = [ā1,n̄, ā2,n̄, · · · , ām3n̄−2,n̄]; (5.54)

ā1,n̄ = ā1,n̄−1 + g1,3n̄−2, ā2,n̄ = ā2,n̄−1 + g2,3n̄−2, · · · , ām3n̄−2,n̄ = ām3(n̄−1)−2,n̄−1 + gm3n̄−2,3n̄−2;
(5.55)

m3n̄−2 = m3(n̄−1)−2; (5.56)

gj,3n̄−2 = −0.5

m3(n̄−1)
∑

k=1

A1(g3(n̄−1))k(w3n̄−2
k,j )2, A1(g3n̄−2(y; ν3n̄−2)) = softmax(g3n̄−2(y; ν3n̄−2)).

(5.57)

The n̄th softmax block: We note that the n̄th softmax block is the final softmax block before the
multiplicative ensembled layer. The output of the n̄th softmax block represents the feature vector in
the multiplicative ensembled layer. The design of the n̄th softmax block is as follows:

g
k̂
(y; ν

k̂
) = [g1,k̂, g2,k̂, · · · , gm

k̂
,k̂

]; (5.58)

g
j,k̂

= −0.5

m
k̂−1
∑

k=1

A1(gk̂−1)k(wk̂
k,j)

2, A1(gk̂(y; ν
k̂
)) = softmax(g

k̂
(y; ν

k̂
)), k̂ = 3n̄− 1, 3n̄. (5.59)

Here,

Rj(y; νRj
) =

mm̄+1
∑

k=1

A1(gm̄)kw
m̄+1
k,j , j = 1, 2, · · · m̄ + 1, (5.60)
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which represents the m̄th hidden layer with m̄ = 3n̄. We note that the m̄th hidden layer is the final
hidden layer in the first sub-architecture within LinNet.

Figure 12: LinNet architecture. For brevity, only three aggregating units and softmax blocks are
considered.

The LinNet architecture is shown in Figure 12. In Figure 12, the symbol “
∑

” represents a linear
unit (output of a given hidden layer with no activation function) as described in (5.44), (5.49), and
(5.57). The symbol “+” represents addition of linear units as described in (5.48) and (5.55). The
symbol “A1(·)” represents the softmax unit described in (5.11). Furthermore, “T (τ, νT )” is given in
(5.27), “R(y, νR)” in (5.60), and “s(y, νs)” in (5.14). The final output “M(y, νM)” which represents
the solution framework is described in (5.6).

5.8 Short note on the aggregation of the linear units for LinNet

Here, we elaborate further on the aggregation of linear units in the first sub-architecture within Lin-
Net. One might ask, why aggregation of the linear units? As more linear units are combined, how
does it impact on the output value (before been passed to the softmax unit) for a given aggregation
unit. What if the output of the combined linear units grows? What are the chances that numerical
instability might occur when this output is passed to a softmax unit in a given aggregation unit.

Before proceeding further, we mention that in this research, we did not consider any regularization
method(s) in the form of lasso regression, ridge regression, combination of ridge and lasso regression,
dropout, batch normalization. From observation, we understand that the implementation of softmax
activation across hidden layers plays a very crucial role in ensuring the stability of LinNet design. We
envisage that considering unbounded activation function, even a bounded activation function might
escalate a growth of the combined linear units. To elaborate further, let us observe how these linear
units are combined. The n̄th aggregating unit is described as follows:

g3n̄−2(y; ν3n̄−2) = [ā1,n̄, ā2,n̄, · · · , ām3n̄−2,n̄]. (5.61)
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āj,n̄ = āj,n̄−1 + gj,3n̄−2 = āj,1 +

n
∑

i=2

gj,3i−2, j = 1, 2, · · ·m3n̄−2, (5.62)

with

gj,3i−2 = −0.5

m3(i−1)
∑

k=1

A1(g3(i−1))k(w3i−2
k,j )2, (5.63)

and

āj,1 = −0.5

m1
∑

k=1

A1(g1)k(w̄2
k,j)

2. (5.64)

Because of the softmax activation unit A1(·), one can consider each sum gj,3i−2 for a given j as
classification on the given weights. For extreme classification, it is possible that most of the weight
values will be deactivated by the zero or near zero values from entries of A1(·). Another interesting
observation is that in a nice extreme scenario, high and very high weight values could be deactivated
by the zero or near zero entries of A1(·) and weight(s) with the small value(s) could be retained for a
given gj,3i−2. The reverse could also be the case. However, in any of this scenarios, we envisage that
this classification mechanism present in gj,3i−2 could control growth of the combined linear units and
ensure stability during training. Moreover, note that

āj,1 ∈ R−, gj,3i−2 ∈ R−, ∀i, j. (5.65)

Even though we square the weight values to ensure non-positivity which might reduce the numerical
instability that arises due to the exponential in the softmax unit, we mention that other possibility
exists. One can choose any function that enforces positivity on the weight. For instance, one can
choose functions that have a linear or close to a linear growth such as:

f(x) = xtan(x), f(x) =
√

x2 + á−
√
á, 0 < á ≤ 1. (5.66)

One could also choose a function that deactivates most of the negative weight values and forces the
rest of the weights to be positive. Such functions include softplus [6] and squareplus [2] activation
functions. We further mention that acting a nonlinear function to enforce non-negativity on the
weights was considered in the work of Dugas et al. [6] where the authors applied a neural network
method for solving call options.

6 Training: Sampling, Grid Refinement, and Optimization

In this section, we first present the sampling for the transformed asset price normalized time to ma-
turity, variance, and interest rate. Our sampling strategy involves generating an equidistant sample
points for the transformed asset price normalized time to maturity, variance, and interest rate with
further implementation of grid stretching to concentrate most of these sampling points in the neigh-
bourhood of the left corner point. Our grid stretching method is formulated with the sinh function as
given below:

τs = s1 sinh

[

arcsinh

(

τmax

s1

)

τ

τmax

]

, xs = s2 sinh

[

arcsinh

(

xmax

s2

)

x

xmax

]

; (6.1)

υs = s3 sinh

[

arcsinh

(

υmax

s3

)

υ

υmax

]

, rs = s4 sinh

[

arcsinh

(

rmax

s4

)

r

rmax

]

. (6.2)
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(a) Stretched grid sampling in τ , x, and υ directions. (b) Uniform grid sampling in τ , x, and υ directions.

Figure 13: Input sampling and sample strategies in 3D representation.

Here, the critical point is at (τmin, xmin, υmin, rmin) = (0, 0, 0, 0). Figure 13 describes a 3D representa-
tion of the grid sampling based on uniform and uniformly stretched samplings.

For the loss function, we consider mean square error. Moreover, the global loss function is formulated to
incorporate the Robin boundary term which couples the value matching and smooth pasting conditions
and the PDE loss functions as given below:

Lf (νM ) =
1

N

N
∑

i=1

[LiM(τi, xi, υi, ri; νM )]2

+
1

Nb

Nb
∑

j=1

[

M(τj , 0, υj , rj ; νM ) − ∂M(τj , 0, υj , rj ; νM )

∂x
− 1

]2

, (6.3)

where

Li =
∂

∂τ
+ β1(τi, υi, ri; νs)

∂2

∂x2
+ β2(τi, υi, ri; νs)

∂2

∂r2
+ β3(τi, υi, ri; νs)

∂2

∂υ2
+ β4(τi, υi, ri; νs)

∂

∂x∂r

+ β5(τi, υi, ri; νs)
∂

∂x∂r
+ β6(τi, υi, ri; νs)

∂

∂x∂υ
+ β7(τi, υi, ri; νs)

∂

∂x

+ β8(τi, υi, ri; νs)
∂

∂r
+ ri = 0, (6.4)

and the coefficients βi are given in (2.6)-(2.10). The weights represented as νM are optimized by
solving the minimization problem as given below:

arg min
νM

Lf (νM ) subject to s̄f (τi, υi, ri; νs) = 1 −M(τi, 0, υi, ri; νM ). (6.5)

The designed three network models and their derivatives will predict the surfaces of the early exercise
boundary, value function and the first and second order Greeks after training.
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7 Numerical Experiment

In this experimental section, we carry out experiments to better understand the predictive perfor-
mances of AddNet, SoftNet, and LinNet for solving the three-dimensional American Heston-CIR model
with deeper hidden layers. The options parameters for the three-dimensional American Heston-CIR
model are listed in Table 1.

Table 1: Options parameters for the 3D American Heston-CIR model.

Parameters Values

K 90, 100, 110
S0 100
T 1

12 ,
1
4 ,

1
2

(υmin, υmax), (rmin, rmax) (0.0, 0.5), (0.0, 0.2)
(xmin, xmax), (τmin, τmax) (0.0, 3.5), (0.0, 1.0)
σ1, σ2 0.20, 0.08
ρ1,2, ρ1,3, ρ2,3 -0.26, -0.26 , 0
κ, θ 1.58, 0.03
b, a 0.26, 0.04

Our experiments were conducted on a computer with a 12th Gen Intel Core i7-12700H processor
running at 2.30 GHz on a 64-bit Windows 11 operating system. Our codes were written in Python

with Tensorflow [1]. For clarity, we describe the considered architectures as follows:

� SoftNet-i: SoftNet with i hidden layers (including the multiplicative ensembling layer)

� C-DNN-(s, i): Conventional DNN architecture for comparison with SoftNet.

� AddNet-(i, j): AddNet involving i hidden layers in the first sub-architecture, j − 1 local exit
layers, and i

j
softmax blocks.

� C-DNN-(a, i): Conventional DNN architecture for comparison with AddNet.

� LinNet-(i, j): LinNet with i hidden layers (including the multiplicative ensembling layer) and
jth options with respect to the design of the third sub-architecture.

� C-DNN-(l, i): Conventional DNN architecture for comparison with LinNet network model.

Across experiments, we hope to test the predictive performance of SoftNet, AddNet, and LinNet
network models by comparing with existing results over different deeper structures. We hope to
further validate the importance of the three network models in mitigating vanishing gradient effect
over C-DNN-(s, i), C-DNN-(a, i), and C-DNN-(l, i).

7.1 Limitation of C-DNNs

For brevity, we represent the three conventional DNN architectures as

C-DNN − (m, i), m ∈ [a, s, l].

Here, we show the limitation of C-DNN-(m, 6) by considering C-DNN-(m, 6) and C-DNN-(m, 13)
involving six and thirteen hidden layers, respectively, as described in Figure 14 and Tables 2. For the
predicted results in Tables 2, we observe good predictive performance with C-DNN-(m, 6) and poor
predictive performance with C-DNN-(m, 13). We envisage that this poor performance with C-DNN-
(m, 13) could be attributed to vanishing gradient effect. Moreover, the predicted plots of the early
exercise boundary with C-DNN-(m, 13) are poor. However, the predicted results and plots of the
early exercise boundary with AddNet-(12,6), SoftNet-13, and LinNet-(13,1) are reasonably consistent
with the one obtained from C-DNN-(m, 6) (with good predictive performance). Hence, we can affirm
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that AddNet, SoftNet, and LinNet present better predictive performance than C-DNN-(m, i) beyond
twelve hidden layers in the first sub-architecture. When a more complex task is given, the indication
is that C-DNN-(m, 13) with deeper structure may not be suitable.

(a) Early exercise boundary with C-DNN-(a, 13). (b) Early exercise boundary with AddNet-(12,3).

(c) Early exercise boundary with C-DNN-(s, 13). (d) Early exercise boundary with SoftNet-13.

(e) Early exercise boundary with C-DNN-(l, 13). (f) Early exercise boundary with LinNet-(13,1).

Figure 14: Early exercise boundary with different DNN architectures and depths.
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Table 2: Solutions of the value function and the early exercise boundary with the DNN architecture
involving no feature reuse. Here T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

C-DNN-(a, 6)

Value function 1.407 4.590 10.940
Early exercise boundary 74.976 83.307 91.638

C-DNN-(s, 6)

Value function 1.313 4.570 10.948
Early exercise boundary 74.909 83.232 91.556

C-DNN-(l, 6)

Value function 1.366 4.609 10.969
Early exercise boundary 74.994 83.327 91.659

C-DNN-(a, 13)

Value function 9.673 12.275 15.162
Early exercise boundary 15.238 16.931 18.624

C-DNN-(s, 13)

Value function 9.584 12.971 16.852
Early exercise boundary 62.612 69.569 76.526

C-DNN-(l, 13)

Value function 4.341 6.039 8.099
Early exercise boundary 12.985 14.428 15.871

SoftNet-13

Value function 1.338 4.609 10.970
Early exercise boundary 74.883 83.203 91.523

AddNet-(12,3)

Value function 1.363 4.624 10.963
Early exercise boundary 74.875 83.195 91.514

LinNet-(13,1)

Value function 1.352 4.574 10.927
Early exercise boundary 75.116 83.463 91.809

7.2 Numerical experiment for AddNet

In this subsection, we conduct experiments to test and better understand the predictive performance of
AddNet for solving the three-dimensional American Heston-CIR model. Across experiments, we hope
to validate the predictive performance of AddNet with different number of hidden layers and number
of local exit layers by comparing the predicted results with those obtained from existing methods.

7.2.1 Experiment with small number of local exit layers

In this subsection, we consider an experiment involving few local exit layers for AddNet. Here, we
consider a maximum of twelve hidden layers in the first sub-architecture with fixed two-hidden layers
in the second sub-architecture and one hidden layer in the third sub-architecture. In the previous
experiment, we showed that C-DNN-(m, 13) fails to present good predictive performance. In Table 3,
we present the hyperparameters for AddNet. In Tables 4-5, we present the predicted results of the value
function and the early exercise boundary obtained from AddNet-(6,2), AddNet-(9,3), and AddNet-
(12,3) which involve six, nine, and twelve hidden layers in the first sub-architecture, respectively. Our
observation is a reasonable predictive performance when compared with existing results.



Training with deeper hidden layers 31

Table 3: Hyperparameters for AddNet.

Hyperparameters Values

Training steps/Learning rate decay 12000/ Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

(s1, s2, s3, s4) for AddNet (0.03, 0.02, 0.03, 0.03)
Starter learning rate, Decay step, Decay rate 0.1, 2000, 0.80
Ensemble of single mixture of solutions Arithmetic mean

AddNet-(6,2)

Softmax block/Number of local exit layers 3/1 hidden layers

AddNet-(9,3)

Softmax block/Number of local exit layers 3/2 hidden layers

AddNet-(12,3)

Softmax block/Number of local exit layers 4/2 hidden layers

Table 4: Solutions of the value function and the early exercise boundary with AddNet, 12000 training
steps, and (10×10×10×10) stretched dataset. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

AddNet-(6,2)

Value function 1.328 4.589 10.967
Early exercise boundary 74.854 83.171 91.488

AddNet-(9,3)

Value function 1.381 4.602 10.953
Early exercise boundary 74.946 83.273 91.600

AddNet-(12,3)

Value function 1.363 4.624 10.963
Early exercise boundary 74.875 83.195 91.514

Table 5: Solutions of the value function and the early exercise boundary with AddNet, 12000 training
steps, and (10 × 10 × 10 × 10) stretched dataset. Here, T = 1

2 and r0 = 0.04 are considered.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

AddNet-(6,2)

Value function 2.842 6.693 12.776 4.611 8.870 14.816
Early exercise boundary 67.247 74.719 82.191 60.136 66.818 73.499

AddNet-(9,3)

Value function 2.844 6.693 12.758 4.610 8.883 14.836
Early exercise boundary 67.311 74.790 82.269 60.015 66.683 73.351

AddNet-(12,3)

Value function 2.869 6.738 12.792 4.644 8.944 14.902
Early exercise boundary 67.658 75.176 82.694 60.412 67.124 73.836
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7.2.2 Effect of varying the number of mixtures m in the multi-mixture of DNN solutions
for AddNet

The deep learning solution framework for AddNet is given as follows:

M(y; νM ) =
n
∑

j=1

π̂jMj(y; νM,j) =
n
∑

j=1

π̂j

m
∑

i=1

gi|j,o(z1; νj|o)e
− x2

τq̄i(z3;νq)+ϵ , (7.1)

n
∑

j=1

π̂j = 1, y = (τ, x, υ, r), z3 = (υ, r) (7.2)

Table 6: Solutions of the value function and the early exercise boundary with AddNet-(8,2), varying
m parameter, and 12000 training steps. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(10 × 10 × 10 × 10) stretched dataset

m = 6

Value function 1.359 4.580 10.938
Early exercise boundary 75.089 83.432 91.775

m = 12

Value function 1.327 4.594 10.953
Early exercise boundary 74.931 83.257 91.583

m = 18

Value function 1.369 4.653 10.987
Early exercise boundary 74.935 83.261 91.587

Table 7: Solutions of the value function and the early exercise boundary with AddNet-(8,2), varying
m parameter, and 12000 training steps. Here, T = 1

2 and r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(10 × 10 × 10 × 10) stretched dataset

m = 6

Value function 2.885 6.751 12.813 4.624 8.916 14.888
Early exercise boundary 67.118 74.576 82.033 60.117 66.796 73.476

m = 12

Value function 2.835 6.700 12.762 4.583 8.863 14.831
Early exercise boundary 67.367 74.853 82.338 60.264 66.960 73.656

m = 18

Value function 2.885 6.738 12.784 4.638 8.918 14.885
Early exercise boundary 67.516 75.017 82.519 60.119 66.799 73.479

The parameter n represents the number of single mixtures of deep learning solution based on the local
exit and final output layer. The parameter m represents the number of mixtures for each given single
mixture of deep learning solution. Here, we want to investigate the effect of varying the parameter m
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on the predictive performance of AddNet. We consider AddNet-(8,2) and present a solution profiles
of the value function and the early exercise boundary. From the predicted results in Tables 6 and
7, m = 12 generalizes well across varying υ which is the number of mixtures we used across other
experiments.

7.2.3 Experimenting with high number of local exit layers and adaptive weighting

In this subsection, we consider an experiment with five local exit layers in AddNet. In the previous
subsection, we considered maximum of two local exit layers in AddNet and limited our experiment only
to twelve hidden layers in the first sub-architecture. Here, we carry out investigation with high number
of local exit layers, resulting in AddNet version with deeper hidden layers in the first sub-architecture
as described in Table 8.

Table 8: Hyperparameters for AddNet.

Hyperparameters Values

Training steps 12000
Learning rate decay Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

Stretching Yes
(s1, s2, s3, s4) (0.03, 0.015, 0.03, 0.03)
Starter learning rate 0.1
Decay step, Decay rate 2000, 0.80
Ensemble of single mixture of solutions Adaptive

AddNet-(12,6)

Softmax block 2 hidden layers
Number of local exit layers 5

AddNet-(18,6)

Softmax block 3 hidden layers
Number of local exit layers 5

AddNet-(24,6)

Softmax block 4 hidden layers
Number of local exit layers 5

As presented in (4.2) and (7.2), we consider

n
∑

j=1

π̂j = 1, (7.3)

where the parameter n represents the number of single mixtures of deep learning solution based on
the local exit and final output layers. We note that the output of the jth local exit layer is given the
jth weight value π̂j while the output of the final hidden layer is given the last weight value π̂n. In one
of the previous experiment where we implemented small number of local exit layers, we considered
averaging as the weighting strategy with

π̂j =
1

n
, ∀j. (7.4)

Because we train with deeper hidden layers in this subsection due to high number of local exist layers,
we seek an adaptive alternative in terms of weighting strategy with the hope of enhancing predictive
performance.

We have already demonstrated in the first experiment for this section that the conventional DNN
architecture without early exits has poor predictive performance with twelve hidden layers in the first
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sub-architecture and we envisage that it could be as a result of vanishing gradient effect. Here, our
weighting strategy is to decrease the weight across the outputs obtained from local exit and final
hidden layers in an increasing order. For some 0 < ϖ < B ∈ R+, we design the weighting function as

π̂j =
e

−j

0.5+ϖ

∑n
i=1 e

−i
0.5+ϖ

(7.5)

such that

i < j ⇒ π̂i < π̂j ,

n
∑

j=1

π̂j = 1. (7.6)

We note that ϖ is a single trainable weight. The reason for this weighting strategy is that we assume
that the predictive performance could deteriorate as the number of hidden layers increases due to
vanishing gradient effect. Hence, we hope to attach more importance to the shallower local exits while
reserving the contribution of the output from the deeper local exit and final hidden layer. We also
mention that if ϖ → ∞,

π̂j →
1

n
, ∀j, (7.7)

which resembles the considered averaging in the previous experiment. Moreover for 0 < ϖ < B ∈ R+,
we obtain some sort of weightings that attach more importance to the shallower local exit layers.

In this experiment, we consider up to 24 hidden layers in the first sub-architecture as described in
Table 8. We list the predicted results in Tables 9 and 10. We observe a reasonable prediction accuracy
with AddNet-(12,6), AddNet-(18,6), and AddNet-(24,6) involving twelve, eighteen, and twenty-four
hidden layers in the first sub-architecture, respectively. Moreover, we track the values of ϖ for AddNet-
(12,6), AddNet-(18,6), and AddNet-(24,6) and list the weights attached to each output from local exits
and final hidden layers below.

For AddNet-(12,6), ϖ = 2.2702 and

π̂1 = 0.3423, π̂2 = 0.2385, π̂3 = 0.1663; (7.8)

π̂4 = 0.1159, π̂5 = 0.0808, π̂6 = 0.0563. (7.9)

For AddNet-(18,6), ϖ = 0.3572 and

π̂1 = 0.6892, π̂2 = 0.2146, π̂3 = 0.0669; (7.10)

π̂4 = 0.0208, π̂5 = 0.0065, π̂6 = 0.0020 (7.11)

For AddNet-(24,6), ϖ = 0.1006 and

π̂1 = 0.8110, π̂2 = 0.1534, π̂3 = 0.0290; (7.12)

π̂4 = 0.0055, π̂5 = 0.0010, π̂6 = 0.0002 (7.13)

The observation is that ϖ gets smaller as the number of hidden layers increases for a fixed number of
softmax blocks and local exit layers. Moreover, it is observable that as the number of hidden layers in
softmax block increases, more importance is attached to the single mixture of solution from the first
local exit layer and less importance is attached to the solution from the final hidden layers. For further
illustration, when the solution from the first local exit layer is obtained from ā = 2, i.e., from AddNet-
(12,6), such solution is not obtained from a very deep network (can be seen as an architecture with
three hidden layers including the multiplicative ensembling layer) and might not be able to extract
complex features. Hence, the system attached smaller weight (π̂1 = 0.3423) to the single-mixture of
solution obtained from the first local exit layer. However, when ā = 4, i.e., from AddNet-(24,6), the
solution from the first local exit layer is obtained from a reasonably deep neural network and it can
be observed that the network attached a reasonable importance (π̂1 = 0.8110) to such solution.
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Table 9: Solutions of the value function and the early exercise boundary with AddNet and 12000
training steps. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(10 × 10 × 10 × 10) stretched dataset

AddNet-(12,6)

Value function 1.350 4.602 10.968
Early exercise boundary 74.962 83.291 91.620

(12 × 12 × 12 × 12) stretched dataset

AddNet-(18,6)

Value function 1.317 4.537 10.914
Early exercise boundary 75.124 83.471 91.818

AddNet-(24,6)

Value function 1.359 4.593 10.933
Early exercise boundary 75.138 83.486 91.835

Table 10: Solutions of the value function and the early exercise boundary with AddNet and 12000
training steps. Here, T = 1

2 and r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(10 × 10 × 10 × 10) stretched dataset

AddNet-(12,6)

Value function 2.863 6.725 12.789 4.581 8.900 14.880
Early exercise boundary 67.466 74.963 82.459 59.975 66.639 73.303

(12 × 12 × 12 × 12) stretched dataset

AddNet-(18,6)

Value function 2.781 6.609 12.688 4.582 8.860 14.841
Early exercise boundary 67.710 75.234 82.757 60.139 66.822 73.504

AddNet-(24,6)

Value function 2.901 6.732 12.777 4.638 8.916 14.879
Early exercise boundary 67.609 75.121 82.633 60.154 66.838 73.522

Moreover, it is understandable that as the number of hidden layers increases, less importance might be
attached to the solution obtained from the final hidden layer. However, it is interesting to observe that
though the conventional DNN architecture has very poor predictive performance with twelve hidden
layers, AddNet-(12,6) presents a reasonable predictive performance and still attaches reasonable weight
(π̂n) to the solution from the final hidden layer.

7.3 Numerical experiment for SoftNet and M-SoftNet

In this section, we conduct some experiments to test the predictive performance of SoftNet for solving
three-dimensional American Heston-CIR model with deeper hidden layers. In the following subsec-
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tions, we hope to test the predictive performance of SoftNet by comparing with existing methods.

7.3.1 Comparing predictions

In this subsection, we compare the predictive performances of SoftNet and M-SoftNet-10 with existing
results. For SoftNet, we consider SoftNet-13 and SoftNet-25. The hyperparameters for M-SoftNet-10,
SoftNet-13, and SoftNet-25 are listed in Table 11.

Table 11: Hyperparameters for SoftNet and M-SoftNet-10.

Hyperparameters Values

Training steps 12000
Learning rate decay Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

Stretching Yes
(s1, s2, s3, s4) (0.04, 0.02, 0.04, 0.04)

M-SoftNet-10

Starter learning rate 0.04
Decay step, Decay rate 2500, 0.85
Softmax block 3 hidden layers
Number of softmax blocks (1,2,3)
Units: Softmax blocks [(32,16,8); (32,16,8),(32,16,8);

(32,16,8),(32,16,8),(32,16,8)]
Units: Multiplicative ensembled layer 24

SoftNet-13 (see Figure 14)

Starter learning rate 0.04
Decay step, Decay rate 2000, 0.80
Softmax block 2 hidden layers
Number of softmax block 6
Units: Softmax blocks [(48,32), (24,16), (16,12), (12,12), (8,8), (24,12)]
Units: Multiplicative ensembled layer 8

SoftNet-25 (see Figures 15-18)

Starter learning rate 0.03
Decay step, Decay rate 2000, 0.70
Softmax block 2 hidden layers
Number of softmax block 12
Units: Softmax blocks [(48,32), (24,16), (12,12), (12,12), (8,8), (8,8).

(8,8), (8,6), (6, 6), (6,6), (4,4), (16,8)]
Units: Multiplicative ensembled layer 12

It is interesting to observe from Tables 12-13 that even with small stretched training dataset, predicted
results from M-SoftNet-10 and SoftNet-25 when compared with the one from the existing methods
are very reasonable. Though not presented, we observed that finding an optimal learning rate as the
number of hidden layers increases helps to stabilize minimization of the loss function and improve
predictive performance. Too small or too high learning rate proves to be unhelpful. That is why the
learning rate varies in some of the considered SoftNet and M-SoftNet-10 as presented in Table 11.

Furthermore, we present the surface plot profiles of the early exercise boundary, the value function,
and some of the first and second-order Greeks by slicing their predictions. The predictions of the
surfaces are done with SoftNet-25 and the plot profiles are displayed in Figures 15-18. It is interesting
to see that the plots obtained from SoftNet-25 are reasonably smooth. The value function vanishes as
we move out of the money, and the Delta sensitivity is reasonably in the interval of [-1,0]. Moreover,
Gamma and Vega are reasonably in the positive domain and Rho is reasonably in the negative domain
(for put options).



Training with deeper hidden layers 37

(a) Early exercise boundary for a fixed interest
rate.

(b) Value function for fixed variance and interest
rate.

(c) Early exercise boundary for a fixed variance. (d) Value function for fixed time and interest rate.

(e) Early exercise boundary for a fixed time. (f) Value function for a fixed time and variance.

Figure 15: Early exercise boundary and value function surfaces for the Heston-CIR model with
SoftNet-25, (12 × 12 × 12 × 12) stretched dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04),
and T = 1

2 .
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(a) Vega surface for fixed variance and interest
rate.

(b) Delta surface for fixed variance and interest
rate.

(c) Vega surface for fixed time and interest rate. (d) Delta surface for fixed time and interest rate.

(e) Vega surface for fixed time and interest rate. (f) Delta surface for a fixed time and variance.

Figure 16: Vega and Delta for the Heston-CIR model with SoftNet-25, (12 × 12 × 12 × 12) stretched
dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04), and T = 1

2 .
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(a) Rho surface for fixed variance and interest rate. (b) Gamma surface for fixed variance and interest
rate.

(c) Rho surface for fixed variance and interest rate. (d) Gamma surface for fixed time and interest
rate.

(e) Rho surface for fixed variance and interest rate. (f) Gamma surface for a fixed time and variance.

Figure 17: Rho and Gamma for the Heston-CIR model with SoftNet-25, (12× 12× 12× 12) stretched
dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04), and T = 1

2 .
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(a) Vanna for a fixed variance and interest rate. (b) Vomma for a fixed variance and interest rate.

(c) Rhova (Vera) for a fixed variance and interest
rate.

Figure 18: Vanna, Vomma, and Rhova for the Heston-CIR model with SoftNet-25, (12× 12× 12× 12)
stretched dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04), and T = 1

2 .

Table 12: Solutions of the value function and the early exercise boundary with 12000 training steps.
Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

M-SoftNet-10

Value function 1.365 4.634 10.979
Early exercise boundary 75.069 83.441 91.784

SoftNet-25

Value function 1.343 4.598 10.966
Early exercise boundary 74.809 83.121 91.433

Remark. In Tables 12-13, we trained the model three different times and average predictions after
each training.
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Table 13: Solutions of the value function and the early exercise boundary with (10 × 10 × 10 × 10)
stretched dataset, and 12000 training steps. Here, T = 1

2 and r0 = 0.04 are considered.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

M-SoftNet-10

Value function 2.859 6.737 12.795 4.606 8.903 14.859
Early exercise boundary 67.581 75.080 82.599 60.286 66.965 73.661

SoftNet-25

Value function 2.835 6.699 12.766 4.548 8.845 14.821
Early exercise boundary 67.507 75.008 82.509 60.489 67.211 73.931

7.3.2 Increasing training dataset for SoftNet-25 and M-SoftNet-10

In this subsection, we consider further experiment to investigate the impact of increasing training
dataset on the predictive performance of SoftNet-25 and M-SoftNet-10. We consider the hyperparam-
eters in Table 11 and present the predicted results with varying training datasets in Tables 14-17.

Table 14: Solutions of the value function and the early exercise boundary with SoftNet-25 and 12000
training steps. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(12 × 12 × 12 × 12) stretched dataset
Average (see Table 12)

Value function 1.343 4.598 10.966
Early exercise boundary 74.809 83.121 91.433

(14 × 14 × 14 × 14) stretched dataset

Value function 1.337 4.592 10.973
Early exercise boundary 74.831 83.146 91.460

Table 15: Solutions of the value function and the early exercise boundary with SoftNet-25 and 12000
training steps. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(12 × 12 × 12 × 12) stretched dataset
Average (see Table 13)

Value function 2.835 6.699 12.766 4.548 8.845 14.821
Early exercise boundary 67.507 75.008 82.509 60.489 67.211 73.931

(14 × 14 × 14 × 14) stretched dataset

Value function 2.838 6.699 12.764 4.612 8.889 14.851
Early exercise boundary 67.735 75.261 82.787 60.708 67.453 74.199



Training with deeper hidden layers 42

Table 16: Solutions of the value function and the early exercise boundary with M-SoftNet-10 and
12000 training steps. Here, T = 1

2 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(10 × 10 × 10 × 10) stretched dataset
Average (see Table 12)

Value function 1.365 4.634 10.979
Early exercise boundary 75.069 83.441 91.784

(12 × 12 × 12 × 12) stretched dataset

Value function 1.396 4.638 10.954
Early exercise boundary 74.930 83.256 91.581

(14 × 14 × 14 × 14) stretched dataset

Value function 1.342 4.587 10.972
Early exercise boundary 74.911 83.235 91.558

Table 17: Solutions of the value function and the early exercise boundary with M-SoftNet-10 and
12000 training steps. Here, T = 1

2 and r0 = 0.04 are considered.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(10 × 10 × 10 × 10) stretched dataset
Average (see Table 13)

Value function 2.859 6.737 12.795 4.606 8.903 14.859
Early exercise boundary 67.581 75.080 82.599 60.286 66.965 73.661

(12 × 12 × 12 × 12) stretched dataset

Value function 2.779 6.633 12.717 4.591 8.872 14.845
Early exercise boundary 67.589 75.099 82.609 60.011 66.679 73.347

(14 × 14 × 14 × 14) stretched dataset

Value function 2.851 6.691 12.758 4.564 8.823 14.809
Early exercise boundary 67.524 75.027 82.530 60.462 67.180 73.898

For SoftNet-25, we observe from Tables 10 and 15 that there is not much changes between the average
of predictions obtained with (12 × 12 × 12 × 12) stretched dataset when compared with the single
prediction obtained from (14 × 14 × 14 × 14) stretched dataset. For M-SoftNet-10, we trained with
(10×10×10×10), (12×12×12×12), and (14×14×14×14) stretched datasets. From Tables 16 and
17, one can observe that the predicted results from M-SoftNet-10 improve with (14 × 14 × 14 × 14)
stretched dataset when compared with ones obtained with smaller training dataset. It signifies that
there is a tendency that more training samples might improve performance.

7.3.3 SoftNet: More on depth

Here, we make some comments regarding the depth of the first sub-architecture for SoftNet. In the
previous experiment, we considered only SoftNet-25 with 24 hidden layer in the first sub-architecture.
Here, we want to emphasis that SoftNet with deeper hidden layer in the first sub-architecture could still
be considered. We show this by considering SoftNet with 34 hidden layer in the first sub-architecture.
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It is observable that the predicted results from SoftNet-35 which is listed in Tables 19 and 20 are reason-
able. Even though we consider reasonable depth (up to 34 hidden layer in the first sub-architecture),
an important question to ask is how deeper we could go in the first sub-architecture for SoftNet? Is it
possible to train with hundreds of layers. One of the important challenge to observe is overfitting. We
emphasis that making the network complex needs to be balanced with the given task. Increasing train-
ing dataset is also very important. Moreover, regularization methods could further enhance predictive
performance. Here, no regularization in the form of lasso regression, ridge regression, combination of
ridge and lasso regressions, dropout, batch normalization is implemented in the design of SoftNet.

Table 18: Hyperparameters for SoftNet-35.

Hyperparameters Values

Training steps 12000
Learning rate decay Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

Stretching Yes
(s1, s2, s3, s4) (0.03, 0.02, 0.03, 0.03)

SoftNet-35

Starter learning rate 0.02
Decay step, Decay rate 2000, 0.68
Softmax block 2 hidden layers
Number of softmax block 12
Units: Softmax blocks [(48,32), (24,16), (16,12), (12,12), (8,8), (8,8),

(8,8), (8,8), (6,6), (6,6), (6,6), (6,6),
(4,4), (4,4), (4,4), (4,4), (16,12)]

Units: Multiplicative ensembled layer 12

Table 19: Solutions of the value function and the early exercise boundary with SoftNet-35 and (14 ×
14 × 14 × 14) stretched dataset. Here, T = 1

2 , υ0 = 0.04, and r0 = 0.04 are considered.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

6490 training steps

Value function 1.333 4.578 10.896
Early exercise boundary 74.930 83.737 92.110

12000 training steps

Value function 1.341 4.589 10.963
Early exercise boundary 74.998 83.331 91.664

Moreover, we consider training dataset that is around 40000 samples. Also, there is a multiplicative
ensembled layer that multiplies the first and second sub-architectures which could further increase the
complexness of SoftNet. For the given task with the considered maximum training dataset which is
around 40000 samples, we think that the implemented depths in this research for SoftNet is reasonable
and hope to investigate on deeper network in our future work for more complex task.

Remark. It is important to observe that we have presented several predictions from different trainings
across datasets and depths. Here, we note an important finding. For the considered SoftNets, we
observed no degradation in predictive performance as depth increases (up to SoftNet-35). We hope to
further observe this trend in our future work when we consider more complex tasks involving SoftNet
with deeper structure.
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Table 20: Solutions of the value function and the early exercise boundary with SoftNet-35 and (14 ×
14 × 14 × 14) stretched dataset. Here, T = 1

2 and r0 = 0.04 are considered.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

6490 training steps

Value function 2.816 6.707 12.773 4.538 8.903 14.802
Early exercise boundary 67.946 75.495 83.044 61.073 67.858 74.644

12000 training steps

Value function 2.826 6.680 12.740 4.558 8.828 14.787
Early exercise boundary 67.485 74.984 82.482 60.327 67.030 73.733

7.4 Numerical experiment for LinNet

In this subsection, we test the predictive performance of LinNet for solving the three-dimensional
American Heston-CIR model.

Table 21: Hyperparameters for LinNet-(13,j), LinNet-(25,j), and LinNet-(52,j).

Hyperparameters Values

Training steps 12000
Learning rate decay Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

Stretching Yes
(s1, s2, s3, s4) (0.04, 0.02, 0.04, 0.04), (0.03, 0.02, 0.03, 0.03)
Starter learning rate, Decay step, Decay rate 0.1, 2000, 0.80

LinNet-(13,j) (see Figure 14)

Number of softmax blocks/aggregating units 4/4
Units: Softmax blocks and aggregating units [(48)/(16),(32,24),(16),(12,8),(16),

(12,8),(16),(24,12)]
Units: Second/third sub-architecture (48,24)/24
Units: Multiplicative ensembled layer 8

LinNet-(25,j)

Number of softmax blocks/aggregating units 8/8
Units: Softmax blocks and aggregating units [(48)/(16),(32,24),(16),(8,6),(16),

(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(24,12)]

Units: Second/third sub-architecture (48,24)/24
Units: Multiplicative ensembled layer 8

LinNet-(52,j)

Number of softmax blocks/aggregating units 17/17
Units: Softmax blocks and aggregating units [(48)/(16),(32,24),(16),(8,6),(16),

(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(24,16)]

Units: Second/third sub-architecture (48,24)/24
Units: Multiplicative ensembled layer 12
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We hope to carry out extensive experiments in the following subsection to better understand the
predictive performance of LinNet using different depths and training steps and datasets. We also
hope to validate the performance of LinNet by comparing its predicted results with the ones obtained
from existing methods.

7.4.1 Testing the performance of LinNet

Here, we conduct an experiment to test the predictive performance of LinNet in training with deeper
hidden layers. The considered hyperparameters are listed in Table 21.

Table 22: Solutions of the value function and the early exercise boundary with LinNet-(13,1) and
12000 training steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(10 × 10 × 10 × 10) stretched dataset

Value function 1.352 4.574 10.927
Early exercise boundary 75.116 83.463 91.809

(14 × 14 × 14 × 14) stretched dataset

Value function 1.379 4.602 10.965
Early exercise boundary 74.889 83.210 91.530

Table 23: Solutions of the value function and the early exercise boundary with LinNet-(13,1) and
12000 training steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(10 × 10 × 10 × 10) stretched dataset

Value function 2.816 6.657 12.712 4.585 8.855 14.812
Early exercise boundary 67.605 75.116 82.628 60.304 67.004 73.705

(14 × 14 × 14 × 14) stretched dataset

Value function 2.843 6.706 12.786 4.592 8.870 14.850
Early exercise boundary 67.408 74.898 82.388 60.239 66.932 73.626

We seek to understand what extent LinNet holds importance in terms of good predictive performance
when deeper hidden layer is considered in the first sub-architecture which is the main architecture.
Here, we compare predicted results from LinNet with other existing results obtained from the analytical
approach of Medvedev and Scaillet [17], the Wiener-Hopf factorization method of Boyarchenko and
LevendorskĭI [4], and the LSM algorithm of Longstaff and Schwartz[16]. We consider LinNet-(13,1),
LinNet-(25,1), and LinNet-(52,1). The predicted results are listed in Tables 23-27. Our observation
is a reasonable predictive performance in comparison with the existing methods.
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(a) Early exercise boundary for a fixed interest
rate.

(b) Value function for fixed variance and interest
rate.

(c) Early exercise boundary for a fixed variance. (d) Value function for fixed time and interest
rate.

(e) Early exercise boundary for a fixed time. (f) Value function for fixed time and variance.

Figure 19: Early exercise boundary and value function surfaces for the Heston-CIR model with LinNet-
(52,1), (14 × 14 × 14 × 14) stretched dataset (s1 = 0.03, s2 = 0.02, s3 = 0.03, s4 = 0.03), and T = 1

2 .
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(a) Vega surface for fixed variance and interest
rate.

(b) Delta surface for fixed variance and interest
rate.

(c) Vega surface for fixed time and interest rate. (d) Delta surface for fixed time and interest rate.

(e) Vega surface for fixed time and interest rate. (f) Delta surface for fixed time and variance.

Figure 20: Vega and Delta for the Heston-CIR model with LinNet-(52,1), (14×14×14×14) stretched
dataset (s1 = 0.03, s2 = 0.02, s3 = 0.03, s4 = 0.03), and T = 1

2 .
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(a) Rho surface for fixed variance and interest rate. (b) Gamma surface for fixed variance and interest
rate.

(c) Rho surface for fixed variance and interest rate. (d) Gamma surface for fixed time and interest
rate.

(e) Rho surface for fixed variance and interest rate. (f) Gamma surface for fixed time and variance.

Figure 21: Rho and Gamma for the Heston-CIR model with LinNet-(52,1), (14×14×14×14) stretched
dataset (s1 = 0.03, s2 = 0.02, s3 = 0.03, s4 = 0.03), and T = 1

2 .
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(a) Vanna for a fixed variance and interest rate. (b) Vomma for fixed variance and interest rate.

(c) Rhova (Vera) for fixed variance and interest
rate.

Figure 22: Vanna, Vomma, and Rhova for the Heston-CIR model with LinNet-(52,1), (14×14×14×14)
stretched dataset (s1 = 0.03, s2 = 0.02, s3 = 0.03, s4 = 0.03), and T = 1

2 .

Table 24: Solutions of the value function and the early exercise boundary with LinNet-(25,1), varying
training dataset, and 12000 training steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(12 × 12 × 12 × 12) stretched dataset

Value function 1.339 4.582 10.943
Early exercise boundary 75.007 83.341 91.675

(14 × 14 × 14 × 14) stretched dataset

Value function 1.387 4.604 10.949
Early exercise boundary 74.994 83.327 91.659

(16 × 16 × 16 × 16) stretched dataset

Value function 1.370 4.597 10.953
Early exercise boundary 75.028 83.365 91.701
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Table 25: Solutions of the value function and the early exercise boundary with LinNet-(25,1) and
12000 training steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(12 × 12 × 12 × 12) stretched dataset

Value function 2.816 6.661 12.721 4.553 8.818 14.780
Early exercise boundary 67.657 75.175 82.692 60.252 66.947 73.642

(14 × 14 × 14 × 14) stretched dataset

Value function 2.861 6.701 12.757 4.575 8.843 14.814
Early exercise boundary 67.552 75.057 82.563 60.055 66.727 73.400

(16 × 16 × 16 × 16) stretched dataset

Value function 2.853 6.705 12.769 4.619 8.898 14.865
Early exercise boundary 67.387 74.875 82.362 59.877 66.530 73.182

Table 26: Solutions of the value function and the early exercise boundary with LinNet-(52,1) and
varying training dataset and steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

(14 × 14 × 14 × 14) stretched dataset
7336 training steps

Value function 1.333 4.588 10.936
Early exercise boundary 75.109 83.454 91.800

(16 × 16 × 16 × 16) stretched dataset
12000 training steps

Value function 1.330 4.558 10.927
Early exercise boundary 75.070 83.411 91.752

Moreover, we present the predicted plot profiles of the early exercise boundary, the value function, and
some of the first and second-order Greeks by slicing their predictions with LinNet-(52,1) as displayed
in Figures 27-28. It is interesting to see that the plots obtained from LinNet-(52,1) are reasonably
smooth. The value function vanishes as we move out of the money, and the Delta sensitivity is rea-
sonably in the interval of [-1,0]. Moreover Gamma and Vega are reasonably in the positive domain
and Rho is reasonably in the negative domain (for put options).

Furthermore, we increase the units across hidden layers in the first sub-architecture within LinNet-
(25,1) as shown in Table 28 and observe if the increase in units across hidden layer might further
enhance predictive performance for relatively deep structure. From Tables 29-30, we observe not
much difference from the predicted results obtained with varying units in the first sub-architecture
with LinNet-(25,1).



Training with deeper hidden layers 51

Table 27: Solutions of the value function and the early exercise boundary with LinNet-(52,1) and
varying training datasets and steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

(14 × 14 × 14 × 14) stretched dataset
7336 training steps

Value function 2.798 6.656 12.746 4.540 8.812 14.794
Early exercise boundary 67.543 75.048 82.553 60.248 66.942 73.636

(16 × 16 × 16 × 16) stretched dataset
12000 training steps

Value function 2.805 6.655 12.727 4.530 8.815 14.791
Early exercise boundary 67.735 75.261 82.787 60.497 67.219 73.941

Table 28: Varying units for the first sub-architecture within LinNet-(25,1).

Case-1 (also see Table 21)

Units: Softmax blocks and aggregating units [(48)/(16),(32,24),(16),(8,6),(16),
(8,6),(16),(8,6),(16),(8,6),(16)
(8,6),(16),(8,6),(16),(24,12)]

Units: Multiplicative ensembled layer 8

Case-2

Units: Softmax blocks and aggregating units [(64)/(16),(48,32),(16),(12,8),(16),
(12,8),(16),(12,8),(16),(12,8),(16)

(12,8),(16),(12,8),(16),(24,12)]
Units: Multiplicative ensembled layer 12

Table 29: Solutions of the value function and the early exercise boundary with varying units in the
first sub-architecture within LinNet-(25,1), (14 × 14 × 14 × 14) stretched dataset and 12000 training
steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

Case-1

Value function 1.370 4.597 10.953
Early exercise boundary 75.028 83.365 91.701

Case-2

Value function 1.315 4.552 10.908
Early exercise boundary 75.291 83.657 92.023
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Table 30: Solutions of the value function and the early exercise boundary with varying units in the
first sub-architecture within LinNet-(25,1), (14 × 14 × 14 × 14) stretched dataset and 12000 training
steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

Case-1

Value function 2.853 6.705 12.769 4.619 8.898 14.865
Early exercise boundary 67.387 74.875 82.362 59.877 66.530 73.182

Case-2

Value function 2.793 6.653 12.717 4.565 8.850 14.827
Early exercise boundary 67.591 75.101 82.611 60.099 66.777 73.455

7.4.2 Experiment on the suite of design for the third sub-architecture

For the third sub-architecture, we present two different options in terms of its design. Here, our
intention is to observe the predictive performance of LinNet with these two designs.

Table 31: Solutions of the value function and the early exercise boundary with LinNet-(13,j), (10 ×
10 × 10 × 10) stretched dataset and 12000 training steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

j = 1

Value function 1.352 4.574 10.927
Early exercise boundary 75.116 83.463 91.809

j = 2

Value function 1.345 4.553 10.907
Early exercise boundary 75.160 83.511 91.862

Table 32: Solutions of the value function and the early exercise boundary with LinNet-(13,j) and
varying training datasets and steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

j = 1

Value function 2.816 6.657 12.712 4.585 8.855 14.812
Early exercise boundary 67.605 75.116 82.628 60.304 67.004 73.705

j = 2

Value function 2.850 6.698 12.759 4.580 8.863 14.835
Early exercise boundary 68.320 75.911 83.502 60.582 67.313 74.044

Though it is not main the objective of this research, it is important to understand if any of these
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implementation holds further importance. We list the predicted results in Tables 31-32. The predicted
results for the value function is reasonable. We hope to further observe the performance of the second
option for the third sub-architecture in our future work for solving wider range of high-dimensional
American options as it appears more unifying than the first options.

7.4.3 Training with 100 hidden layers

It will be important to understand if one can train with hundreds of layers in the first sub-architecture
within LinNet. Even though our consideration in the previous experiment is up to 52 hidden layers,
does it worth increasing the depth further? At what point is it necessary? These are important
questions that will depend on several factors and challenges.

Table 33: Hyperparameters for LinNet-(100,1).

Hyperparameters Values

Training steps 10000
Learning rate decay Yes (exponential)
Optimizer, β1, β2, ϵadam Adam, 0.994, 0.999, 10−8

Stretching Yes
(s1, s2, s3, s4) (0.04, 0.02, 0.04, 0.04)
Starter learning rate, Decay step, Decay rate 0.1, 2000, 0.80
Number of softmax blocks/aggregating units 33/33
Units: Softmax blocks and aggregating units [(64)/(8),(32,24),(8),(8,8),(8),

(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),
(8,8),(8),(8,8),(8),(8,8),(8),

(8,8),(8),(8,8),(8),(8,8),(8),(24,16)]
Units: Second/third sub-architecture (32,16)/24
Units: Multiplicative ensembled layer 8

One of such challenge is overfitting [8, 11]. If a simple task is considered, it might not be ideal to
consider a very complex and deeper structure. Regularization methods could also present a very
important remedy for overfitting. We mention that no regularization in the form of lasso regression,
ridge regression, combination of ridge and lasso regression, dropout, batch normalization is imple-
mented in the design of LinNet. Moreover, it is also important to observe that we consider three
sub-architectures in the design of LinNet which we ensembled multiplicatively. Such implementation
could further increase the complexness of the LinNet.

In this subsection, we experiment more with deeper structure. We consider LinNet-(100,1) which
involves 100 hidden layers. Here, we stretch the performance of LinNet to observe if it has the
tendency to perform well on reasonably deeper structure. Our strategy for LinNet-(100,1) is to train
with deeper depth and thinner width and thereby reasonably reduce the units across hidden layers in
the first and second sub-architectures as described in Table 33.
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(a) Early exercise boundary for a fixed interest
rate.

(b) Value function for fixed variance and interest
rate.

(c) Early exercise boundary for a fixed variance. (d) Value function for fixed time and interest rate.

(e) Early exercise boundary for a fixed time. (f) Value function for a fixed time and variance.

Figure 23: Early exercise boundary and value function surfaces for the Heston-CIR model with LinNet-
(100,1), (14 × 14 × 14 × 14) stretched dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04).
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(a) Vega surface for fixed variance and interest
rate.

(b) Delta surface for fixed variance and interest
rate.

(c) Vega surface for fixed time and interest rate. (d) Delta surface for fixed time and interest rate.

(e) Vega surface for fixed time and interest rate. (f) Delta surface for a fixed time and variance.

Figure 24: Vega and Delta for the Heston-CIR model with LinNet-(100,1), (14×14×14×14) stretched
dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04).
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(a) Rho surface for fixed variance and interest rate. (b) Gamma surface for fixed variance and interest
rate.

(c) Rho surface for fixed variance and interest rate. (d) Gamma surface for fixed time and interest
rate.

(e) Rho surface for fixed variance and interest rate. (f) Gamma surface for a fixed time and variance.

Figure 25: Rho and Gamma for the Heston-CIR model with LinNet-(100,1), (14 × 14 × 14 × 14)
stretched dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04).
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(a) Vanna for fixed variance and interest rate. (b) Vomma for fixed variance and interest rate.

(c) Rhova for fixed variance and interest rate.

Figure 26: Vanna, Vomma, and Rhova for the Heston-CIR model with LinNet-(100,1), (14×14×14×
14) stretched dataset (s1 = 0.04, s2 = 0.02, s3 = 0.04, s4 = 0.04).

Table 34: Solutions of the value function and the early exercise boundary with LinNet-(100,1), (14 ×
14 × 14 × 14) dataset and 10000 training steps. Here, υ0 = 0.04 and r0 = 0.04.

Methods K = 90 K = 100 K = 110

Boyarchenko and LevendorskĭI [4] 1.362 4.574 10.896
Medvedev and Scaillet [17] 1.357 4.559 10.789
Longstaff and Schwartz [16] 1.351 4.578 10.912

LinNet-(100,1)

Value function 1.315 4.615 10.952
Early exercise boundary 75.159 83.510 91.861

In Tables 34-35, we list the predicted results obtained from LinNet-(100,1) and further observe a
reasonable predictive performance for the value function when compared with the existing results.
Moreover, the plot profiles of the early exercise boundary, the value function, and Greeks obtained
from LinNet-(100,1) which are presented in Figures 23-26 are also reasonable. Though not presented,
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we observed that further reduction in units across layers in the first sub-architecture (as listed in
Table 33) might reduce performance of LinNet-(100,1). It is possible that slight increase in units across
hidden layers in the first and second sub-architecture might further enhance predictive performance
of LinNet-(100,1). However, drastic increase in the number of units across layers might result in
overfitting because we consider reasonable small training dataset with no regularization in the form
of lasso regression, ridge regression, combination of ridge and lasso regression, dropout, and batch
normalization. Moreover, though not presented, the performance of LinNet-(100,1) could be enhanced
further by increasing training datasets and steps.

Table 35: Solutions of the value function and the early exercise boundary with LinNet-(100,1) and
varying training datasets and steps. Here, r0 = 0.04.

υ = 0.09 υ = 0.16

Methods/K 90 100 110 90 100 110

Boyarchenko and LevendorskĭI [4] 2.852 6.717 12.773 4.667 8.986 14.972
Medvedev and Scaillet [17] 2.822 6.654 12.680 4.575 8.840 14.781
Longstaff and Schwartz [16] 2.819 6.678 12.678 4.573 8.843 14.785

LinNet-(100,1)

Value function 2.828 6.721 12.781 4.598 8.887 14.852
Early exercise boundary 67.427 74.918 82.410 60.220 66.911 73.602

We note that we are very judicious in terms of considered training datasets and units across hidden
layers. To a large extent, we reduce the units across the hidden layers for LinNet-(100,1). It is in-
teresting to see that we still obtain reasonable prediction with LinNet-(100,1) using relatively small
training dataset.

Moreover, we consider several predictions from different trainings across datasets, depths, and training
steps and observe no degradation in predictive performance across depths. We hope to further increase
the depth of the first sub-architecture within LinNet and observe the performance in our future work
for more complex tasks. We further note that making the network more complex with the necessary
regularization method(s) for a very complex task might further unlock the importance of LinNet
especially in training with hundreds of layers. Finally, we note that the challenging nature of our
problem makes its ideal to train with LinNet-(100,1). The piecewise nature of the value function, the
discontinuity in delta (though we are focusing on the positive real line), The spike and singularity
in Gamma, and also in some of the second-order Greeks. Moreover, it is also important to mention
the singularity in the first-order derivatives of the early exercise boundary. These irregularities reside
in the lower left corner point (τ, x, υ, r) = (0, 0, 0, 0). By implementing grid stretching strategy, we
concentrate most of the sample points in the locality of (τ, x, υ, r) = (0, 0, 0, 0). We envisage that such
stretching strategy could further increase the complexness of the given task and make it reasonable
to consider a network model with deeper structure. In our future work, we hope to consider deeper
structure for similar or more complex task, especially in higher-dimensional setting, and when full
parametrization of parameters and variables are considered which could involve the parametrization
of correlation matrix or Cholesky factor.

7.5 Discussion on computational runtime and loss function

In this subsection, we compare AddNet, SoftNet, and LinNet. Already, we have some knowledge
a priori that feature reuse via concatenating mechanism will impact on the computational cost for
SoftNet. Though its predictive performance is very reasonable, training with very deep structure will
drastically increase the number of neurons in the coupling unit. This effect will further increase the
computational cost and might hamper the deployment of SoftNet in a resource efficient technology like
mobile devices. AddNet presents another important choice when efficiently implemented. However,
it might not be ideal for a very deep structure because of vanishing gradient effect that will impact
on the single-mixture of network solutions obtained from the final hidden layers and local exit very
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far from the input layer. LinNet is a very important network model for us due to its flexibility and
efficiency. As the network structure gets deeper, its additive attributes avoid growth of number of
neurons in the aggregating units, thereby reducing computational cost to a reasonable extent. This
is why we consider up to 100 hidden layers for LinNet. Moreover, layer reuse via aggregation allows
training with very deep structure similar to SoftNet. Hence, the performance of LinNet can be seen as
combination of the performances of AddNet and SoftNet with respect to mitigating vanishing gradient
effect and reducing computational cost.

Table 36: Comparison of the computational runtime.

Prediction time Training time

AddNet-(12,6) LinNet-(13,1) SoftNet-13 AddNet-(12,6) LinNet-(13,1) SoftNet-13

0.241s 0.148s 0.287s 4050s 2919s 3314s

To elucidate further, we briefly compare the training and prediction runtimes for the three proposed
network models and list the values in Table 36. One can observe that LinNet has the least value for
the training and prediction runtimes in seconds. AddNet has less prediction time when compared with
SoftNet. Though not presented, we expect that increase in the number of early exits will increase
training runtime. Here, we consider 5 early exits. In addition, we examine the loss function (training)
for the three proposed network models and display their plot profiles in Figure 27. We observe less
variation in the three plots of the loss function for the three proposed network models.

Figure 27: Loss function against training steps involving 13 hidden layers.

8 Conclusion

We have exploited the design of advanced deeper learning architectures for solving 3D American
Heston-CIR model and thereby, have proposed AddNet, LinNet, and SoftNet. The proposed network
models AddNet, LinNet, and SoftNet are generally formulated via softmax blocks and multiplica-
tive ensembling of sub-network models. Moreover, network models AddNet, LinNet, and SoftNet are
uniquely designed via early exits, aggregation of linear units, and feature reuse.

To better understand the importance of the proposed network models and test their performances,
we have compared predictions with existing results. In addition, we compared AddNet, LinNet, and
SoftNet with conventional DNN architectures. We confirm that the conventional DNN architecture
has a very poor predictive performance with thirteen hidden layers. However, AddNet, LinNet, and
SoftNet have a reasonable predictive performance beyond thirteen hidden layers. Furthermore, we
have considered up to hundred hidden layers within LinNet and observed reasonable predictive per-
formance. These three proposed network models predict the surfaces of the early exercise boundary
(and partial derivatives), the value function, and Greeks after training.
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Furthermore, no regularization in the form of lasso regression, ridge regression, combination of ridge
and lasso regression, dropout, batch normalization was implemented in the design of these three pro-
posed network models. It could be possible that considering some of these regularization methods
might further enhance the predictive performance (generalization) of the proposed network models
for deeper architectures. In our future work, we hope to further enhance our deeper network models
for solving higher-dimensional American pricing models. We also hope to consider full parametriza-
tion of two and three-dimensional American pricing models. In such scenario, the complexity of the
input feature will substantially increase due to parametrization of the correlation matrix and other
parameters like volatility of volatility, volatility of interest rate, market price of risk, etc. It could be
pertinent to consider an advanced architecture for training such models.
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