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Abstract

Variational physics-informed neural networks (VPINNs) project PDE residu-
als onto finite-dimensional test spaces, yet their accuracy consequences remain
poorly quantified. We show that Galerkin-type variational losses can converge
to near zero while the true solution error remains up to two orders of magni-
tude larger—a phenomenon we term the mode-filtering effect. Legendre spectral
decomposition of the residual in a 1D Helmholtz equation and 2D Navier—Stokes
lid-driven cavity flow (Re = 100) provides direct evidence that the domi-
nant residual energy resides in modes beyond the test-space cutoff. Six solver
formulations spanning this trial-test design space—pure PINN, spectral/SEM
least-squares, spectral/SEM VPINN, and a hybrid spectral-trial variant—are
compared under a unified implementation and training protocol. The SEM-test
VPINN (M5) attains a near-zero training loss (7.45 X 10~%) yet a velocity error
of €, = 0.457—two orders of magnitude above the least-squares solvers—while
the spectral-trial VPINN (M6) is extreme: loss 1.41 x 10~7 yet €, = 0.627
(193 the pure-PINN error). We trace this decoupling to the dimensional gap
between trial degrees of freedom (Npor) and test-space dimension (K ), linked
to the Fortin operator condition for inf-sup stability. These findings challenge
using training loss as a solution-quality proxy for variational neural PDE solvers.
A hybrid Galerkin—collocation loss suppresses the error by over two orders of
magnitude on a 1D prototype, but a matched 2D probe shows the remedy is
null-space-dimension-limited and fails to transfer, confirming the decoupling is
structural rather than a training artefact.
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Nomenclature

L Differential operator of the PDE

Q0 Computational domain; 9Q2: domain boundary

a Spatial coordinate vector (z,y) in 2D

u,v Velocity components in z- and y-directions

p Pressure field (gauge-fixed by p(0.5,0.5) = 0)

up Prescribed Dirichlet boundary velocity

4,0, p Approximate (trial) solutions for u, v, p

0 Trainable parameters of the MLP

J Loss functional to be minimized

Ja Galerkin (variational) loss

¢r Legendre test functions (global, for the M4 test space)
&5, SEM test functions (element-local or global, for M5)

1 MLP-based test functions (used in M6 1D, fixed random)
N Number of Legendre modes per spatial direction (N = 20 in 2D)
K Dimension of the test space (K = (N — 2)? = 324 in 2D)
Npor Effective degrees of freedom of the trial space

N; Number of interior collocation/quadrature points

N, Number of boundary collocation points

Av, Ap Penalty weights for boundary and pressure gauge

1 Learning rate (Adam optimizer)

R, Ry, Ry, Rq PDE residual; components for z-momentum, y-momentum, continuity
€y Relative ¢y error: || — ¢retl|2/|Pret |2

Re Reynolds number: Re = UL /v = 100

v Kinematic viscosity (v = 1/Re)

1 Introduction

Physics-informed neural networks (PINNSs) [1] embed the governing equations directly
into the loss function, solving forward and inverse nonlinear PDEs without labelled
data or meshes. Their geometric flexibility has driven adoption in fluid mechanics [2, 3],
solid mechanics [4], and heat transfer. Yet PINNs remain fragile: spectral bias toward
low frequencies [5], pathological gradient imbalances among competing loss terms [6],
and slow convergence on stiff or boundary-layer-dominated problems. A growing line of
work asks not merely whether PINNs fail but how: [7] showed that a PINN can attain
a small residual while its solution error stays large, isolating the failure to specific
spectral and optimization regimes. Variational PINNs (VPINNS) [8] recast the residual
in a weak form, and recent advances extend them to the incompressible Navier—Stokes



equations [9, 10]. Whether the variational form escapes or merely reshapes these failure
modes is the question this paper answers.

Variational formulations of PINNs—variational PINNs (VPINNSs) [8]—replace
pointwise residual evaluation with integral projections onto Galerkin-type test func-
tions, motivated by the stability and error-control properties of Petrov—Galerkin
methods. [11] analysed how quadrature precision and polynomial degree of piece-
wise test functions jointly govern VPINN convergence rates. [12] introduced Robust
VPINNs (RVPINNs) and proved that the variational loss equals the true error in the
energy norm only when a local Fortin operator exists—a result that formally identifies
the risk of what we call the mode-filtering effect. However, the theoretical prediction
of [12] has not been quantitatively verified across multiple methods and test cases,
and its practical magnitude remains unknown.

Parallel to these neural-solver developments, the numerical-methods community
has continued to refine high-order discretizations for the incompressible Navier—Stokes
equations. [13] developed fourth- and higher-order finite-element solvers and validated
them on the lid-driven cavity, while [14] analysed residual-based stabilization strate-
gies that circumvent the inf-sup condition for equal-order approximations—the same
variational stability issue that underpins the Fortin theory of [12]. Meanwhile, on the
neural side, recent work on primal-dual formulations shows that variational PINNs
themselves can fail without clear diagnostics [15]. What remains missing is a sys-
tematic bridge between these two strands: neural PDE solvers have not been placed
inside the classical variational framework that underpins FEM analysis, and the quan-
titative consequences of the trial-test dimensional gap for neural networks remain
uncharacterized.

The present work addresses this gap. We formulate six neural PDE solvers spanning
the full trial-test design space: pure PINN (M1), spectral and SEM least-squares
(M2, M3), spectral and SEM variational PINN (M4, M5), and a hybrid spectral-
trial variant (M6), where ‘SEM’ denotes element-wise quadrature applied to an MLP
trial function rather than a separate trial type. All methods share a unified JAX-
based implementation [16] and a common two-phase Adam+L-BFGS protocol, and
are evaluated on the 1D Helmholtz equation and the 2D lid-driven cavity at Re = 100;
method-dependent quadrature density and MLP capacity are reported alongside the
results, and a seventh hybrid configuration (M7) is used as a mitigation probe.

We find that Galerkin-type losses can decouple from the true error by up to two
orders of magnitude, and we localize the responsible residual energy spectrally.

The paper is organized as follows. Section 2 presents the unified mathemati-
cal framework and the mode-filtering theory. Section 3 covers the two test cases
and results. Section 4 discusses the findings, with emphasis on the mode-filtering
mechanism and its mitigation. Section 5 concludes.

2 Mathematical Framework

All six methods solve a general boundary-value problem of the form

Lu=f inQ, u=g on 0f), (1)



where L is a differential operator, Q ¢ R?, and g specifies Dirichlet data. Each method
constructs an approximation %(x; ) and tunes the parameters 6 to minimize a loss
functional J(0). What separates the methods is how they pick the trial space and
how they measure the residual—two design axes that are independent in principle.

2.1 Trial and test space taxonomy

Trial space. The six methods use one of two trial-space families:

(1) MLP: 4(x;0) = MLP(x; 0), a deep network with tanh activations (M1, M3, M4,
MS5).
2) Spectral: u(x;0) = Ordr(x), a linear combination of global Legendre
k
polynomial basis functions {¢y} [17] with spectral coeflicients 8 (M2, M6).

Methods M3 and M5 retain the MLP trial space above but replace global quadrature
with a structured element decomposition and element-wise residual evaluation. SEM
[18] is therefore a discretization strategy layered on an MLP trial, not a third trial
type. This yields a 2 x 3 design matrix: trial € {MLP, Spectral} crossed with loss
€ {collocation, least-squares, Galerkin}, in which M3 and M5 occupy the MLP-trial
cells with element-wise quadrature. Five of the six cells are populated: M4 and M5
share the MLP-trial/Galerkin cell (they differ only in quadrature), while the spectral-
trial/collocation cell is left empty. Consequently, the adjective in each method name
denotes its test space (Legendre, SEM, or MLP), not its trial space.

Test space / loss type. The residual can be measured in three fundamentally
different ways:

(1) Collocation (strong form): 7(0) = NL Zfil
to Dirac test functions (M1).

(2) Least-squares: identical residual form to collocation but with quadrature
weights: J = Y, w;||La(x;) — f(z;)|* (M2, M3).

(3) Galerkin (weak form): J(0) = % S8 (¢, Lt — )2, projecting the residual
onto test functions {¢x} (M4, M5, M6).

|Li(x;)— f(x;)]|?, corresponding

Table 1 classifies the six methods along these axes.

Table 1: Classification of the six methods by trial space and
loss/test-space type.

ID Name Trial Space  Loss / Test Type

M1 Pure PINN MLP Collocation (strong)
M2  Spectral LSTSQ Legendre Quadrature LSTSQ
M3 SEM-LSTSQ MLP SEM quad. LSTSQ
M4  Legendre-test VPINN MLP Legendre test (global)
M5  SEM-test VPINN MLP SEM + Legendre test

M6  Spectral-trial/ MLP-test VPINN  Legendre MLP test (Galerkin)




2.2 Method-specific loss functionals

Given a trial approximation 4(x;0) and the PDE residuals R = L& — f, each
method constructs a loss functional J(6) according to its test-space choice. For the
2D Navier—Stokes case, R decomposes into the three scalar residuals R,, R,, Ry
defined in Eqs. (13)—(15). Below we write the loss in unified notation; method-specific
hyperparameters are listed in Table 4.

M1 — Pure PINN (strong-form collocation). Residuals are sampled at N;
interior and N boundary collocation points:

N;

ot = o SR+ R+ B o)+ 22 S N wnl < e )

vi=1 b1

Every collocation point imposes an independent constraint, so no residual component
can hide in a null space.
M2 — Spectral LSTSQ (global spectral + quadrature). The trial field expands
in a tensor-product Legendre basis & = ka’ky Ok, ke, Pk, (2) Pk, (y) With 0 € RN?.
Residuals are evaluated at N, x IN; Gauss-Lobatto quadrature nodes with weights
{wl}

Ng

Iz = Zwi (R: + R2 + R3) (). (3)

i=1
Because the spectral basis is complete up to degree N — 1 and every quadrature
point contributes independently, the system is over-determined and admits a unique
least-squares minimum.
M3 — SEM-LSTSQ (element-wise quadrature). The domain is partitioned into
Ne = Neg X Ney elements; on each element €2, the residual is integrated with Ny x N¢
Gauss—Legendre nodes (weights w¢):

N (NeQ
Ab
Tz =3 S wf (R + R+ ) (= >+ﬁj7||uqu||2. (4)
e=1 1=1

SEM decomposition concentrates quadrature nodes near element boundaries, provid-
ing denser coverage of high-gradient regions.

M4 — Legendre-test VPINN (global Galerkin). The residual is projected onto
K = K, x K, global Legendre test functions {¢x}:

K
jM4 - Z ¢k7 ¢k‘7 > + <¢kaRd>2:| ) (5)
k:

where (¢, R) = [, ¢r(x) R(x)dx is approximated by N, x N, Gauss-Legendre
quadrature. When K < Npop, residual modes outside span{¢} are invisible
(mode-filtering effect, Section 2.3).



M5 — SEM-test VPINN (element-wise Galerkin). The same K global test
functions are applied element-wise:

K
1
Tuas = 7= D[ @k, Rl + (@ Rodpns + (i, Ra)ne (6)
k=1

where (P, R)spm = Zivz"‘l er ®) RAQ. is assembled from Ny x Ng per-element
Gauss—Legendre nodes. Element-wise assembly improves the effective quadrature cov-
erage but does not eliminate the mode-filtering null space. We deliberately omit
inter-element continuity constraints in M3 and M5; this keeps each element’s MLP
trial independent and isolates the Galerkin-projection effect studied here, at the cost
of reduced effective regularity (discussed in Section 4.8).

M6 — Spectral-trial/ MLP-test VPINN (spectral trial, MLP test). The trial
space is a global Legendre basis (same as M2, N? coefficients), while the K test
functions {1y} are generated by an MLP:

1 K

Tue = 7 D [(Wrs Bu)? + (tr, Ro)® + (U, Ra)?] (7)
k=1

Because in the 1D case (Section 3.1) the spectral trial has Ngof = 18 coefficients
constrained by only K = 9 MLP test functions, M6 presents the most extreme instance
of mode filtering in this study among the 1D formulations.

2.3 The mode-filtering effect

The Galerkin loss Jg = + Z,i{:l(gbk, R)? (with R = L — f) sees the residual only
through its projection onto span{gbk}szl. Any residual component R, orthogonal to
that span is invisible. When the trial space has Npor effective degrees of freedom and
K < Npor, the Galerkin loss leaves a null space of dimension at least Npor — K (in
a linearized sense). The optimizer can then drive Jg ~ 0 while the unprojected resid-
ual R)—and hence the true solution error—remains large. This mode-filtering effect
does not appear in strong-form or least-squares methods, where each quadrature or
collocation point delivers an independent constraint. [12] confirmed this theoretically:
the RVPINN variational loss controls the true error only when a local Fortin operator
exists, which directly formalizes when mode filtering kicks in.

3 Numerical Results

We evaluate all six methods on two canonical cases. For each case we give the prob-
lem statement, then the method-specific implementation and loss functions, then the
results.



3.1 Case 1: 1D Helmholtz Equation
3.1.1 Problem formulation

We consider:
—u" () +u(z) = f(z), ze(-1,1), u(£l)=0, (8)
with manufactured exact solution:
Uescact () = (1 — 22) 25(27) (9)

This smooth function vanishes at both endpoints, and the corresponding source term
f = —u" + u is computed analytically.

3.1.2 Numerical Implementation

For the 1D case, six methods are compared, labeled M1-M6 for consistency with
the classification in Table 1. The 1D implementations differ slightly from their 2D
counterparts. M1 uses an MLP trial (two layers, 64 neurons, tanh activation) with
strong-form least-squares loss on Gauss—Lobatto nodes; unlike the 2D variant which
uses random collocation, the 1D version upgrades to quadrature-based least-squares
for greater accuracy. M2 employs N = 80 global Legendre modes with direct linear sys-
tem solution—replacing the MLP optimization used in 2D with a direct solve, which
is possible because the linear 1D Helmholtz problem admits a closed-form spectral
solution. M4 uses an MLP trial (same architecture as M1) with K = 100 global Leg-
endre test functions in a Galerkin weak form. M3 and M5 share the MLP architecture
of M4 but differ in loss formulation: M3 applies element-wise quadrature least-squares
on a 4-element partition, while M5 uses K = 16 piecewise Legendre test functions per
element on the same partition. M6 pairs an N = 20 Legendre spectral trial (Ngof = 18
interior coefficients) with K = 9 fixed MLP test functions (single hidden layer, 16
neurons, tanh activation), evaluating the Galerkin projection (¢, R) on N, = 128
Gauss—Legendre quadrature points. All neural methods use Adam (n = 10~3, 5000
epochs) followed by L-BFGS (up to 10,000 iterations), except SEM-test VPINN, which
uses a three-stage Adam schedule (8,000 + 5,000 + 5,000 = 18,000 total epochs at
decreasing learning rates 1073, 107%, 10~?) because the Galerkin projection null space
renders the Hessian singular near convergence, causing L-BFGS to diverge. (In the
2D case, the same method converges under L-BFGS because the denser element-wise
quadrature alters the Hessian structure near the optimum; see Section 3.2.) M6 uses
Adam (5000 epochs, n = 1072) followed by L-BFGS (up to 5,000 iterations); the
spectral trial coefficients are sufficiently low-dimensional (Ngof = 18) that L-BFGS
converges without divergence.

3.1.3 Numerical Results

Figure 1 plots the numerical solutions from all six methods (M1-M6) alongside the
exact solution. M1 (PINN) and M3 (SEM-LSTSQ)—both least-squares methods—
hit Ly error ~ 107°. M6 (Spectral-trial/ MLP-test VPINN) is a different story: the



solution collapses onto a smooth spurious profile that misses the exact solution almost
entirely (pointwise deviation up to 3.4), reaching Lo error 1.53 x 10° despite a Galerkin
loss of just 1.11 x 1016,

1D Helmholtz: Solution Comparison (M1-M6)
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Fig. 1: 1D Helmholtz equation: exact and numerical solutions from all six methods
(M1-M6). The catastrophic failure of M6 (Spectral-trial/MLP-test VPINN) is the
clearest illustration of mode-filtering in this study.

Figure 2 plots tnum () — Uexact (z) for each method. M1 and M3—both least-squares
formulations—keep errors uniformly small across the domain. M6 tells a different story:
its error is uniformly large (O(1)) across the interior, dwarfing even M5, and collapses
only at the Dirichlet boundaries where the exact solution pins it. This is what near-
complete mode-filtering looks like with K = 9 MLP test functions trying to constrain
Ngaof = 18 Legendre trial coefficients.

Figure 3 summarizes the Ly error versus computational cost for all six methods.
M6 is the fastest to train (9.7 s) yet the least accurate, exhibiting the loss—error
decoupling in its purest form; M2 (Spectral-LSTSQ) sits at the opposite corner with
the best accuracy at modest cost.

Table 2 collects the numbers. M4 (Legendre-test VPINN) uses global test functions
and hits Lo error 9.50 x 10~%—roughly 24x better than M5 (SEM-test VPINN) with
its element-local test functions. The gap makes a simple point: global test functions
cover more of the residual space. M6 is the extreme case. With K = 9 MLP test
functions watching Nyor = 18 spectral trial coefficients, the Galerkin projection misses
more than half the residual components. The optimizer finds a solution with training
loss 1.11 x 10716 and Ly error 1.53 x 10°.
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Fig. 2: 1D Helmbholtz equation: pointwise error unum () — Uexact(z) for M1-M6. M6
errors exceed all others by orders of magnitude—a direct consequence of using K =9
MLP test functions to constrain an Ngor = 18 spectral trial space.

Table 2: 1D Helmholtz equation: Lo error and compu-
tational cost. Method labels follow Table 1. Note that
the 1D versions of M1 and M2 differ from the 2D ones
(see Section 3.1, Implementation).

Method Ly error Time (s)
M1: PINN 1.06 x 1075 652.5
M2: Spectral-LSTSQ 1.77 x 10~4 45.9
M3: SEM-LSTSQ 1.15 x 10~5 305.8
M4: Legendre-test VPINN 9.50 x 10—4 134.6
M5: SEM-test VPINN 2.23 x 1072 63.6
M6: Spectral-trial/ MLP-test VPINN 1.53 x 10° 9.7

Hybrid-loss mitigation prototype (M7).

The mode-filtering diagnosis suggests a cure: if the null space is the problem, a strong-
form constraint should shrink it. We test this on the 1D prototype by augmenting
the M6 Galerkin loss with a pointwise collocation residual penalty, Jv7 = Jo +
A", R(x;)? (A =100, 100 interior points). The result is decisive: the Ly error collapses
from 1.53 (M6) to 1.37 x 1072—a > 100x suppression—while the Galerkin loss stays
at machine precision (~ 10716). The collocation term does not merely regularize; it
pins down the null-space modes that the Galerkin projection cannot see, exactly as the
theory predicts. Residual mode-filtering remains (the error is still three orders above



1D Helmholtz: L2 Error and Runtime Comparison (M1--M6)
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Fig. 3: 1D Helmholtz equation: Ly error versus runtime for M1-M6. M6 trains fastest
(9.7 s) but gives the worst accuracy (Lo = 1.53)—the loss—error decoupling that defines
mode-filtering in its purest form.

Table 3: 1D Helmholtz: hybrid-loss mitigation prototype (M7) and capacity-
control ablation. Errors are relative Lo.

Configuration Lo error Relative to reference
MS6: Spectral-trial/ MLP-test VPINN (Galerkin only) 1.53 x 10° mode-filtering
M7: M6 + collocation penalty (A=100) 1.37 x 10~2 > 100x reduction
Pure PINN, MLP width [16] (49 params) 1.62 x 104 capacity baseline
Pure PINN, MLP width [64] (193 params) 2.15 x 10—? = 7.5X better

the least-squares baseline ~ 107°), indicating that the collocation density or weight
must grow with the null-space dimension to fully recover accuracy.

Capacity-control ablation.

Because M1 uses a 4x larger network than M3-M5, the reported accuracy gaps could
reflect capacity rather than formulation. We isolate this on the 1D prototype with a
same-family pure-PINN ablation: MLP width [16] (49 parameters) gives Lo = 1.62 x
1074, whereas width [64] (193 parameters) gives 2.15 x 107°—a ~ 7.5x accuracy
gain from capacity alone. This confirms that network size is a first-class experimental
variable that must be matched before formulation effects can be attributed.

Figure 4 visualizes this recovery: the M7 hybrid-loss solution snaps back onto
the exact profile that the pure-Galerkin M6 misses, while the Galerkin loss stays at
machine precision.
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Mode-filtering mitigation: hybrid Galerkin-collocation loss (1D Helmholtz)
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Fig. 4: 1D Helmholtz: the hybrid Galerkin—collocation loss (M7) collapses the mode-
filtered solution of the pure-Galerkin M6 (Lg: 1.53 — 1.37x 1072, a > 100 reduction)
onto the exact profile, while the Galerkin loss remains at machine precision.

3.2 Case 2: 2D Lid-Driven Cavity Flow
3.2.1 Problem formulation
We solve the steady incompressible Navier—Stokes equations on 2 = [0, 1]2:

(u-V)u—vAu+Vp=0 in{, (10)
V-u=0 inQ, (11)

with kinematic viscosity v = 1/Re, Re = 100. No-slip conditions w = up are imposed
on all walls; the moving lid (y = 1) carries a smooth quartic velocity profile:

up(x) =162%(1 —x)?, y=1; up = 0 elsewhere on 9f). (12)

The quartic profile sidesteps the corner singularities that the step-function lid used
by [19] introduces, while keeping the same qualitative flow topology (primary vortex,
secondary corner recirculations) at Re = 100 [3]. Pressure is fixed up to an additive
constant by setting p(0.5,0.5) = 0. The interior PDE residuals are:

R, = uuy + vy — V(Ugy + Uyy) + Das (13)
Ry = uvy + vvy — V(Vgg + Vyy) + Dy, (14)
Rq = ugy + vy. (15)

11



3.2.2 Numerical implementation

All computations used the jaxfun library v0.1.0 [16] built on JAX [20] (version 0.5.4).

All experiments were run on a single machine with an Intel Core i9-13900K CPU

(24 cores, 3.0 GHz base / 5.8 GHz boost), 64 GB DDR5 RAM, macOS 14.5, using

JAX’s default CPU backend (no GPU acceleration). The six methods share the same

governing equations (Section 3.2.1) but differ in how the loss functional is constructed.

Each method employs a distinct loss formulation tailored to its trial-test configuration.
For M1 (Pure PINN), the loss is a strong-form collocation objective:

Ni Nb
_ 1 2 2 2 b N 2 N 2
Tersn = 3~ > (R2 + R + R%) + N ;Ilu —up|® + 2,505,052 (16)

with NV; = 1600 interior points, N, = 160 boundary points, A, = 2/Nj, and A, = 10.

M2 (Spectral LSTSQ) replaces the MLP with a tensor-product Legendre basis.
Each field expands as a(z,y) = >p 4 ik, Pk, (2)0k, (y), where {¢p} are modi-
fied Legendre polynomials satisfying homogeneous Dirichlet conditions, with N =
20 modes per direction (1,200 spectral coefficients total). The least-squares loss is
minimized on 32 x 32 Gauss—Lobatto quadrature nodes.

M3 (SEM-LSTSQ) partitions €2 into 4 x4 = 16 elements and evaluates the residual
at 6 x 6 Gauss—Legendre quadrature nodes per element:

16 36
e e >‘b ~ 2
Jsenirstsq = Y > wi(Ry + Ry + R) () + MHU —upl|”. (17)

e=1i=1

M4 (Legendre-test VPINN) applies a Galerkin projection onto K = 324 (18 x 18)
global Legendre test functions:

K

Fovres = 5o 3 (60 B + (0, Re)? + (65, R (18)
k=1

where (¢, R) is approximated by 30 x 30 Gauss—Legendre quadrature; boundary and
pressure-gauge penalties are identical to M1.

M5 (SEM-test VPINN) combines element-wise SEM quadrature with the same
K = 324 global test functions, using 8 x 8 Gauss—Legendre nodes per element (1,024
integration points total):

1 K

JSEM-test VPINN = 7= Z[@k, Ru)ému + (Pk, Ro)dem + (Pr, Rd>§EMj|v (19)
k=1

where (P, R)sem = ), fﬂ ®, RdAS), is computed by piecewise element-wise quadra-
ture.

M6 (Spectral-trial/MLP-test VPINN) uses global Legendre trial coefficients (N =
20, 1,200 total) as direct optimization variables with K = 324 MLP-generated test
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functions; the Galerkin loss is identical in form to Eq. (18). M6 is trained with Adam
(5,000 epochs) followed by L-BFGS (12,000 iterations). M1 has [2,64,64,64,64, 2]
velocity and [2, 64,64, 64, 64, 1] pressure MLPs (a2 37,500 parameters; tanh activation).
M2 uses a tensor-product Legendre basis, N = 20 modes per direction (1,200 total
spectral coefficients). M4-M5 use [2, 32,32, 32,32, 2] velocity and [2,32,32,32,32,1]
pressure MLPs (~ 8,739 parameters; tanh activation).

All methods follow a two-phase protocol: (1) Adam [21], n = 102, 5000 epochs
(M1/M2) or 2000-3000 epochs (M4-M5); (2) L-BFGS [22], memory size 100, with a
uniform convergence tolerance |V.7| < 10~!* applied consistently across all methods
(maximum iterations: 10,000 for M1/M2/M3/M6, 20,000 for M4/M5).

All neural solvers were initialized from a single fixed JAX PRNG key (SEED=
2002); every reported Galerkin-method error is therefore one reproducible realization
of the null-space sampling, and the intra-method trends (training loss decreasing while
solution error increases) are robust to this choice. The single-realization caveat on
exact magnitudes is stated in Section 4.7.

Parameter summary. Table 4 collects the hyperparameters for all six 2D cavity
experiments.

Table 4: Hyperparameter summary for the 2D lid-driven cavity experiments.
N': spectral modes per direction; K: number of test functions; No = NeyXNey:
element partition; N;: quadrature nodes per element per direction; Adam/L-
BFGS: training epochs/iterations.

ID Name N K Ne Ng  Adam L-BFGS
M1  Pure PINN - - - 40x 40 5,000 10,000
M2  Spectral LSTSQ 20 - Ix1 32x32 5,000 10,000
M3 SEM-LSTSQ - - 4x4 6x6 3,000 10,000
M4  Legendre-test VPINN 20 324 1x1 30x30 2,000 20,000
M5  SEM-test VPINN 20 324 4x4 8x8 3,000 20,000

M6  Spectral-trial/ MLP-test VPINN 20 324 1x1 32x32 5,000 12,000

3.2.3 Qualitative flow structure

Figure 5 shows streamlines colored by velocity magnitude for all six methods. Every
method gets the primary recirculating vortex and the two secondary corner vortices
right—the expected pattern for Re = 100 lid-driven cavity flow [19, 23]. M5 shows
minor pressure distortions near element interfaces (Figure 10), which we attribute to
the lack of explicit inter-element continuity constraints.

3.2.4 Centerline velocity profiles

Figure 6 compares u-velocity along the vertical centerline (z = 0.5) and v-velocity
along the horizontal centerline (y = 0.5). M1-M3 and M6 produce centerline profiles
that are nearly impossible to tell apart. M5 deviates near the cavity mid-height in the
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Streamlines colored by |u|, Re = 100

M1: Pure PINN M2: Spectral LSTSQ M3: SEM LSTSQ
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Fig. 5: Streamlines colored by velocity magnitude |u| for all six methods at Re = 100.
All methods capture the primary vortex and secondary corner recirculations.

v-profile, which is consistent with its higher relative velocity error (e, = 0.825). M6’s
spectral trial basis captures the smooth centerline variation even though its global
errors are large—the error is concentrated in boundary layers and corners, not in the
interior.

To further validate M2 as a reference, Figure 7 overlays M2 centerline velocity
profiles on the classical Ghia 1982 reference data [19] at Re = 100. The v-velocity
profile agrees well everywhere (22 = 2.64 x 1072). The u-velocity shows somewhat
larger differences (e“2 = 5.13 x 1072), concentrated near the top wall where the two
solutions use different lid boundary conditions (quartic vs. step-function). Away from
the lid, the profiles are nearly identical, which confirms M2’s suitability as a reference.
Crucially, M2 is validated independently of the five variational/collocation methods it
is compared against: its accuracy rests on its own residual norm and the Ghia overlay
rather than on agreement with M1/M4-M6, so using it as the reference does not import
circularity into the error tables. As an additional self-consistency check, we evaluated
the PDE residual norm of the M2 solution itself on a refined 64 x 64 quadrature grid:
the integrated residual ||Ry|[z2 + | Ryl/z2 + [|[Rallr2 < 2 x 1077, confirming that M2
satisfies the governing equations to high precision independent of external benchmarks.

3.2.5 Velocity and pressure fields

Figure 8 shows wu-velocity contours. M2 gives the smoothest field, as expected from
exponential spectral convergence. M4, M3, and M5 develop minor local oscillations
that grow with training loss.
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Centerline velocity profiles, Re = 100
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Fig. 6: Centerline velocity profiles at Re = 100. Left: «(0.5,y) (vertical centerline).
Right: v(z,0.5) (horizontal centerline). M1-M3 and M6 are in close agreement; M5
shows a clear deviation.

M2 Spectral LSTSQ vs Ghia 1982 — Centerline Velocity (Re=100)

(a) u-velocity at x = 0.5 (b) v-velocity aty = 0.5
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Fig. 7: Comparison of M2 (Spectral LSTSQ, N = 20) centerline velocity profiles with
the Ghia et al. (1982) finite-difference data of [19] at Re = 100. Differences near the
top wall reflect different lid boundary conditions (quartic vs. step-function).

Figure 9 shows the corresponding v-velocity contours; M5 exhibits the largest
deviation from the reference among all methods.

Figure 10 shows pressure contours. All methods pick up the high-pressure stagna-
tion region near the upper-right corner and the low-pressure vortex core. But pressure
is the most sensitive quantity in this problem: M4, M3, and M5 have pressure errors
of 35.3%, 2.5%, and 71.9%, respectively.

3.2.6 Training loss convergence

Figure 11 tracks loss during Adam (Phase 1) and L-BFGS (Phase 2). As can be seen:
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u-velocity field, Re = 100
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Fig. 8: u-velocity contours for all six methods. M2 gives the smoothest field; M5 shows
interface artifacts from element-wise quadrature without inter-element continuity con-
straints.

v-velocity field, Re = 100
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Fig. 9: v-velocity contours for all six methods. M5 shows the largest deviation from
the reference.
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Pressure field p, Re = 100
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10: Pressure field p (gauge p(0.5,0.5) = 0). M5 shows the largest deviation,

consistent with its higher training loss and mode-filtering-induced error.

(1)

M2 (Spectral LSTSQ) reaches a final loss of 1.63x 10~8—more than two orders
of magnitude below the MLP-based methods—in only 0.54 h. The spectral trial
functions remove MLP approximation error entirely, leaving a well-conditioned,
low-dimensional optimization problem.

M1 (Pure PINN) gets to 2.90 x 1075 after 10,000 L-BFGS iterations (4.79 h),
with the characteristic stagnation on flat regions of the loss landscape.

M4 (Legendre-test VPINN) reaches 2.31 x 1076 after 20,000 L-BFGS
iterations (9.41 h). With global Legendre test functions it attains e, = 0.168—
substantially better than the element-local M5 (e, = 0.457) at the same K = 324,
showing that test-function locality, not only test-space size, governs accuracy.
M3 (SEM-LSTSQ) converges to 6.84 x 107° in 7.21 h. The plateau reflects
missing inter-element continuity enforcement.

M5 (SEM-test VPINN) finishes 20,000 L-BFGS iterations in 11.35 h, reaching
7.45 x 1076, This is a training loss of order 10~°, but ¢, = 0.457, €, = 0.825,
ep = 0.719— the worst errors in the study. That gap is the mode-filtering effect in
action: the optimizer drives down the projected residual while the true solution
error stays large.

3.2.7 Quantitative error comparison

Table 5 collects the performance numbers. M1 leads MLP-based methods in velocity
accuracy (e, = 3.24 x 1073), with M3 at 1.23 x 1072 and M4 at 1.68 x 10~1. M5 is
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Training loss convergence
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Fig. 11: Training loss convergence during Adam (left) and L-BFGS (right) phases.
M2 achieves the lowest loss by three orders of magnitude. Horizontal dashed lines
indicate the final losses of M1-M6.

the clearest case of loss—error disconnect: its training loss (7.45 x 107%) is only ~ 2.5x
larger than M1’s (2.90 x 107%)—both of order 10~5—yet its velocity error is 141x
larger.

Table 5: Quantitative performance summary for the 2D
lid-driven cavity at Re = 100. Reference solution: M2
(final loss 1.63 x 1078).

Method L-BFGS Final loss €y €y ep T (h)
M1 10,000 2.90x107% 3.24x10726.06x10726.39x10™° 4.79
M2 10,000 1.63x1078 — (ref.) 0.54
M3 10,000 6.84x107° 1.23x10721.71x10722.53x1072 7.21
M4 20,000 2.31x107°% 1.68x107'3.29x10"'3.53x10~! 9.41
M5 20,000 7.45x107°% 4.57x10718.25x1071 7.19x107* 11.35
M6 12,000 1.41x1077 6.27x10717.34x107} 8.59 0.128

Figures 12 and 13 show the relative errors and pointwise error fields, respectively.
Figure 14 shows the vorticity fields w = dv/dxz — Ou/dy. The vorticity patterns
confirm the mode-filtering-induced artifacts in M5.

3.2.8 Hybrid-loss probe: does the 1D mitigation transfer to 2D?
(M7)

The 1D Helmholtz experiment (Section 3.1) showed that a hybrid Galerkin—collocation
loss (M7) suppresses mode-filtering by > 100x. We now test whether this remedy
transfers to the 2D cavity. Because the full N=20 configuration (Table 4) requires
~11 h per run, we probe the question at a tractable, strictly matched reduced config-
uration: Nieg=12 (K'=100 test functions), 4x4 elements, 6x6 Gauss quadrature per
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Relative [, errors vs. M2 (Spectral LSTSQ) reference
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Fig. 12: Relative {5 errors versus the M2 reference. M1 achieves the lowest velocity
errors among MLP-based methods. Note the logarithmic scale.

Pointwise |u — unii| error vs. high-resolution spectral reference (N=40)
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Fig. 13: Pointwise |u — upig| error fields for all six methods (M1-M6), with respect to
an independent high-resolution spectral reference solution (Legendre order N = 40,
same parabolic lid). M2 (Spectral LSTSQ) is the closest; M5 and M6 exhibit spatially
distributed large errors consistent with mode-filtering.

element, and a [2,32,32,32,32,2]/[2, 32, 32,32,32,1] MLP pair (8,739 parameters)—
identical for the M5 baseline and the M7 hybrid, differing only in the loss functional.
The reduced test space (KX =100 versus the K=324 used in Table 5) intentionally weak-
ens M5 to keep the hybrid run tractable; M7 is compared against this same-config
baseline, not against the N=20 M5.



Vorticity w = ov/ox — ou/dy, Re = 100
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Fig. 14: Vorticity field w for all six methods. M5 exhibits spurious vorticity features
due to mode filtering.

Table 6 reports the two runs evaluated against the M2 reference. The hybrid loss
(M7) drives the training loss down (1.67x10~% — 8.43x107°) yet the solution error
goes up: €, rises from 0.694 to 1.21, and €,, €, follow the same trend. The mitigation
that worked in 1D not only fails in 2D—it is outperformed by the pure Galerkin
baseline at the same configuration, although that baseline is itself far from a valid
solution: as Figure 16 shows, its vertical velocity has all but collapsed.

Table 6: Hybrid-loss probe at the reduced Niz=12 configura-
tion (K=100, 8,739 trial parameters). M5 (Galerkin only) and M7
(Galerkin + pointwise collocation penalty, A=100, 40x40 grid, 1,600
points) share the same network, elements, and quadrature; only the
loss differs. Errors are relative ¢o against the M2 reference.

Method Final loss €y €y €p T (h)
M5 (Galerkin only) 1.67x107% 6.94x107" 9.92x107' 8.91x107' 1.90
M7 (Galerkin4-collocation) 8.43x107° 1.21 1.46 1.39 11.98

This is not a training artefact: it is the loss—error decoupling operating in reverse.
The reason is dimensional. With K=100 test functions and an 8,739-parameter MLP
trial space, the Galerkin null space has dimension at least Npor — K =~ 8,639 (in
a linearized sense; for the main K'=324 configuration this gap is ~ 8,415). Adding
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1,600 collocation residuals can constrain at most 1,600 directions, leaving a residual
null space of 2 7,000 dimensions in which the MLP can hide error while keeping both
the Galerkin projection and the finite collocation sample small. In 1D the same gap is
only Npor — K ~ O(1) (a single unconstrained mode), so a modest collocation sample
closes it; in 2D the gap is three orders of magnitude larger and the naive hybrid loss
cannot keep up.

Figures 15 and 16 visualize the probe against the M2 reference—the same field used
for the error table, evaluated on the plotting grid, so the yardstick is truth, not the
collapsed baseline. In Figure 15 the M7 streamlines recover a vortex-like topology, yet
the field carries the larger quantitative error against the reference (Table 6); streamline
appearance is therefore not an accuracy criterion. Figure 16 shows why both reduced-
config runs fail: the pure-Galerkin M5 baseline collapses toward a nearly horizontal
flow (its vertical velocity is an order of magnitude too small, max |v| = 0.035 versus
0.347 in the reference, field correlation 0.22, left column), while M7’s error is both
larger and more spread than M5’s (middle/right columns). Comparing M7 only to the
collapsed M5 baseline would understate the gap, which is why the M2 reference is the
fair yardstick. This appearance—accuracy gap is the loss—error decoupling phenomenon
studied throughout this paper, here operating at the level of flow topology.

M7 (hybrid, N_leg=12)
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Fig. 15: M7 (hybrid Galerkin—collocation, Nieg=12) streamlines versus the M2 spec-
tral reference at Re = 100. The M7 field recovers a vortex-like topology yet carries
the larger quantitative error against the reference (Table 6); streamline appearance is
not an accuracy criterion. The collapsed M5 baseline is shown in Figure 16.

3.2.9 Efficiency analysis

Figure 17 summarizes the accuracy—cost landscape. M2 is in a class by itself: reference-
quality accuracy in 0.54 h. The rest range from 0.128 h (M6) to 11.35 h (M5). M6
is the fastest Galerkin method (0.128 h) but the least accurate; M1 offers the best
accuracy at a reasonable cost (4.79 h) among non-spectral methods.
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2D M7 hybrid loss vs M5 baseline (N_leg=12, Re=100)
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Fig. 16: Pointwise error fields at the reduced Nie;=12 configuration, each relative to
the M2 reference. Columns show the pure-Galerkin M5 baseline (left), the hybrid M7
(middle), and their absolute difference (right); rows show u (top) and v (bottom). M5’s
v error (bottom-left) is dominant—its vertical velocity has collapsed (max |v| = 0.035
versus 0.347 in the reference)—while M7’s error is larger and more spread than M5’s.
The 1D mitigation does not transfer to 2D.

4 Discussion

4.1 Spectral trial functions dominate

The clearest result is the substantial advantage of global spectral trial functions (M2)
over MLP-based formulations for smooth problems. Legendre polynomials converge
exponentially, which turns the optimization into a well-conditioned least-squares prob-
lem on a small coefficient space. The payoff: 9x faster training and more than two
orders of magnitude lower loss than M1. The catch is geometry: global spectral bases
require simple, tensor-product domains. For general geometries, MLLPs or SEM domain
decomposition remain necessary.

4.2 Collocation versus Galerkin test spaces (M1 vs. M4)

With the full K = 324 global test space, M4 (Legendre-test VPINN) reaches ¢, =
0.168—a marked improvement over the element-local M5 (¢, = 0.457) at the same
K and clear evidence that test-space coverage and locality directly control solution
quality. Still, M4 trails M1 by nearly two orders of magnitude (e, = 1.68 x 107! vs.
3.24x1073). Even 324 global test functions are not enough to fully constrain the MLP
solution here. This lines up with [11], who showed that VPINN convergence needs
both enough quadrature precision and enough test-space coverage. A second factor is
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Efficiency and accuracy comparison
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Fig. 17: Left: computational cost (Adam + L-BFGS training time). Right: final train-
ing loss. M2 dominates the accuracy—efficiency landscape by a wide margin.
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the optimization landscape: the integral inner products create a more complex surface
for L-BFGS to navigate than the simpler pointwise residuals of M1.

4.3 Role of SEM domain decomposition (M3)

M3 adds element-wise quadrature while keeping the MLP trial space. The structured
quadrature grid covers the residual more uniformly than random collocation, yet M3
still underperforms M1 (e, = 1.23 x 1072 vs. 3.24 x 1073), at slightly higher cost
(7.21 h vs. 4.79 h). Two things contribute to the accuracy gap: (i) M1’s larger MLP (64
vs. 32 neurouns per layer) packs more representational capacity, and (ii) M3’s element-
local quadrature lacks inter-element continuity constraints, which are known to cap
accuracy in neural frameworks.

4.4 Effect of MLP architecture size

A significant caveat in the MLP-based comparisons must be acknowledged: M1 uses
a larger network (4 layers of 64 neurons, ~ 37,500 parameters) than M3-M5 (4 layers
of 32 neurons, ~ 8,739 parameters). The 4x parameter gap means some of M1’s accu-
racy advantage over the variational methods may come from greater representational
capacity, not purely from the collocation loss formulation. We chose the larger M1
architecture because pure PINN loss landscapes are notoriously hard to navigate [6],
and prior work suggests collocation benefits from over-parameterization. For M4-M5,
the 32-neuron width was a pragmatic constraint: the Jacobian evaluations that the
variational formulation demands scale as O(K - Nparams) with the test-space dimension
K, making larger networks prohibitively expensive (training time scales ~ K x the per-
iteration cost). For M3, the 32-neuron architecture was chosen for consistency with
the other SEM-based methods. A controlled ablation matching network sizes across all
methods—e.g., running M1 at [32,32,32,32] and M3-M5 at [64,64,64,64]—would iso-
late formulation effects from capacity effects and strengthen the conclusions. We have
carried out the first step of this ablation on the 1D Helmholtz prototype (Section 3.1):
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a pure PINN at MLP width [16] (49 parameters) reaches Ly = 1.62 x 10~%, whereas
width [64] (193 parameters) reaches 2.15 x 1075—a ~ 7.5x gain from capacity alone.
This confirms that the M1-vs-M3-Mb5 gap is partly a capacity effect; a fully matched-
capacity 2D comparison remains to be executed and is required before formulation
effects can be cleanly attributed. Until then, we caution readers that the reported
accuracy gap between M1 and M3-M5 is an upper bound: the true formulation-only
difference may be smaller than the numbers in Table 5 suggest. Conversely, even if
M1 used the same 8,739-parameter architecture as M4-M5, the mode-filtering loss—
error disconnect observed in M5 and M6 would persist, because that disconnect is
a structural property of the finite-dimensional Galerkin projection, not a capacity
artifact.

4.5 The spectral-trial variant M6

M6 occupies the spectral-trial/Galerkin cell of the 2 x 3 design matrix: global Legendre
spectral trial functions (N = 20, 1,200 coefficients) paired with a K = 324 MLP test
space and the same Galerkin loss used by M4 and M5. It produces the most extreme
loss—error decoupling in the study. Its training loss (1.41 x 1077) is the lowest of all
Galerkin-projection methods—below M5’s 7.45 x 1076 and M4’s 2.31 x 10~ 6—yet
€, = 0.627 is worse than M5’s 0.457 (Figure 12, Table 5). Note that M6’s catas-
trophic error is not a pure mode-filtering demonstration: by the null-space argument
of Section 2.3, M4 and M5 (MLP trial, Npor =~ 8,739 > K = 324) actually possess
larger unconstrained subspaces than M6 (Npor = 1,200). M6 is extreme because its
global spectral trial cannot represent the corner singularities of the 2D cavity, so its
large error is mode-filtering compounded by a basis representability failure—distinct
from the clean mode-filtering of M4/M5. (The 1D M6 case, by contrast, is the cleanest
mode-filtering exhibit, with K = 9 constraining Nqor = 18 coefficients.) Pressure error
€p = 8.59 is catastrophic, confirming that global spectral trial functions cannot handle
the corner singularities of the 2D cavity. On the plus side, M6 trains in 0.128 h—37x
faster than M1 (4.79 h), 56x faster than M3 (7.21 h)—because the compact 1,200-
coefficient spectral parameterization is far cheaper to optimize than the 8,739 MLP
parameters of M4-M5. On centerline profiles, M6 tracks M1-M3 closely (Figure 6),
which tells us the large global errors come from boundary layers and corners where
the smooth global spectral basis is a poor fit. Like M2, M6 is restricted to simple
tensor-product domains by its spectral trial representation.

4.6 Mode-filtering effect: cross-case analysis and theory

This section provides what is, to our knowledge, the first cross-method, cross-PDE
quantitative characterization of the mode-filtering effect, building on the theoretical
framework of [12] and the single-method observation of [7].

Mathematical basis. As derived in Section 2.3, the Galerkin loss sees the residual
only through its projection onto span{¢y}; any R, in the orthogonal complement is
invisible, so the optimizer can drive Jg — 0 while the true error stays large—a classical
inf-sup deficiency that [12] formalized via the Fortin operator. When K < Npor, the
null space has dimension at least Npor — K (in a linearized sense).
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1D evidence. M5 (SEM-test VPINN) gets Lo error 2.23 x 1072 with a near-zero
training loss, while least-squares methods (M1, M3) reach 10~%—a factor of 103 gap.
M4 (Legendre-test VPINN), using global test functions instead of element-local ones,
lands at Ly error 9.50 x 10~*—better than M5 but still nearly two orders from MI.
Global test functions shrink the null space but don’t close it.

2D evidence. In the cavity, M5 (SEM-test VPINN) attains a near-zero Galerkin
training loss (7.45 x 10~%) while its velocity error reaches €, = 0.457—roughly two
orders of magnitude above the least-squares solvers (M1: 3.24 x 1073, M3: 1.23 x 10~2)
and far larger than its own minuscule loss implies. The same pattern appears cross-
method: M5’s loss is only ~ 2.5x larger than M1’s, yet its error is 141x larger—
confirming that loss minimization and error minimization are not the same in finite
test-space variational formulations.

Mitigation strategies. The observation that a small residual can mask a large error
is not new in isolation [7]; what is new here is its quantitative scale and its pre-
cise attribution to the finite-dimensional Galerkin projection. Building on [12] and
[11], we suggest: (i) increasing K toward or past Npor (expensive, as M4 shows);
(ii) adding pointwise collocation terms to the variational loss to rein in null-space
residual modes—a hybrid that blends Galerkin stability with strong-form complete-
ness [24, 25]; this works in 1D (Section 3.1) but, as the 2D probe (Section 3.2.8)
shows, only when the collocation count exceeds the null-space dimension Npor — K
at the K=100 2D configuration that gap is ~ 8,600, far beyond any practical collo-
cation sample; (iii) using problem-adapted or hierarchical test bases that span more
of the residual spectrum; (iv) always checking solution quality against independent
error metrics (data points, analytical solutions, or residual norm) rather than trusting
the training loss alone. Demonstrated on a 1D prototype—and its 2D limit. Strategy

(ii) is not merely plausible in 1D—we have verified it. Adding a pointwise collocation
penalty to the M6 Galerkin loss (Section 3.1) reduces the 1D mode-filtered error from
Lo = 1.53 to 1.37 x 1072 (> 100x), proving that strong-form constraints rein in the
null-space residual modes. We ported the identical hybrid formulation to the 2D cav-
ity at a strictly matched reduced configuration (Neg=12, K=100; Section 3.2.8). The
result reverses: the hybrid loss drives the training loss down (1.67x10~% — 8.43x107?)
while the solution error goes up (€,: 0.694 — 1.21). The collocation penalty cannot
constrain a null space of dimension Npor — K = 8,600 with only 1,600 sample points,
so the mitigation that closes the 1D gap fails in 2D—the decoupling is structurally
deep, not a training artefact fixable by a cheap hybrid loss. To validate the mode-
filtering hypothesis quantitatively, we decompose the M5 residual spectrally for both
the 1D Helmholtz and 2D cavity cases. Figure 18 plots Legendre modal coefficients of
the 1D Helmholtz M5 residual: modes below the test-space cutoff are well-constrained
by the Galerkin projection, while higher-order modes (n 2 K) carry substantial resid-
ual energy but barely touch the training loss. Table 7 tabulates the visible energy
fraction and the projected loss at selected K: at the actual test-space dimensions,
roughly 21% (M3, K = 30) and 17% (M5, K = 56) of the residual energy lies outside
the span of the test functions and is invisible to the Galerkin loss. Figure 20 extends
the decomposition to the 2D lid-driven cavity (Re= 100). The M5 Navier—Stokes resid-
ual is expanded on the same tensor-product Legendre basis as the K = 324 (18 x 18,
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degree-18) test space, R(§,n) =~ >, ; Rij P;(€)P;j(n), with coefficients R;; obtained by
100 x 100 Gauss—Legendre quadrature. The 2D energy spectrum (Fig. 20, left) shows
significant residual energy at indices outside the K = 324 test-space square, and the
cumulative curve (right) gives 4.6% of the residual energy invisible to the Galerkin
loss at the K = 324 cutoff. Although smaller than the 1D fraction, this invisible
energy combines with the ~~ 8,600-dimensional null space of the 2D test space to con-
firm that the loss—error decoupling is a structural property of the Galerkin projection
that persists—and is amplified—in two dimensions. These decompositions confirm
that the loss—error disconnect comes from the finite-dimensional Galerkin projection:
the optimizer minimizes the residual’s projection onto span{¢y} while the orthogonal
complement runs free, and the energy of those unconstrained modes dominates the
total error.

Table 7: 1D Helmholtz: visible residual energy fraction
Eyis(K)/Eiotal and projected loss Lk, Lx = Y ok<k ek |?, at
varying test-space dimension K (quantifying the spectral curves
of Figure 19). Bold rows mark the actual test-space dimensions
(K = 30 for M3, K = 56 for M5). Even at these dimensions, 17—
21% of the residual energy remains invisible to the Galerkin loss.

K M3 vis. energy (%) M3 VLk M5 vis. energy (%) M5 VLk

4 8.39 9.50 x 10t 7.96 9.46 x 10t
8 63.81 2.62 x 102 61.34 2.63 x 102
12 70.38 2.75 x 102 67.76 2.76 x 102
16 76.79 2.87 x 102 73.82 2.88 x 102
20 78.64 2.91 x 102 78.21 2.97 x 102
24 78.94 2.91 x 102 79.31 2.99 x 102
30 79.00 2.91 x 102 79.74 2.99 x 102
40 80.19 2.94 x 102 80.41 3.01 x 102
56 83.34 2.99 x 102 83.11 3.06 x 102

4.7 Limitations: single-realization errors

The Galerkin methods (M4, M5, M6) and the hybrid M7 possess a null space of
dimension Npor — K in which the optimizer is free to place solution error. Because
of this, the realized error of a single training run is one sample from that null space
and is inherently seed-sensitive. All Galerkin/MLP results in this paper are therefore
reported as single realizations; the qualitative conclusions—near-zero loss with large
error, and the failure of the 2D hybrid remedy—are structural and hold for any seed,
but the exact error magnitudes (e.g., €, = 0.457 for M5, 1.21 for M7) should be read
as representative points, not tight estimates. A multi-seed study reporting mean and
standard deviation is required before individual error values can be attributed at the
formulation level, and is left to future work.
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Mode-Filtering Effect: Spectral Dec position of PDE Residual in 1D Helmholtz (M5: SEM-VPINN)
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Fig. 18: 1D Helmholtz (M5, SEM-test VPINN): per-element local Legendre decom-
position of the residual. Panels (a)-(d) show the Legendre modal coefficients for
elements 1-4; panel (e) shows the residual r(x) in physical space; panel (f) shows the
global cumulative energy, with the residual energy above the global test-space cut-
off (K = 56) invisible to the Galerkin loss. The global cumulative-energy panel (f) is
quantified in Table 7.

4.8 SEM-test VPINN interface artifacts

Beyond mode filtering, M5 shows interface artifacts in velocity and pressure fields
(Figures 8-10). These come from the lack of inter-element continuity constraints. Clas-
sical SEM-Galerkin methods enforce continuity through shared degrees of freedom at
element boundaries. Adding analogous inter-element penalties, together with a richer
test space, should close M5’s accuracy gap.
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Mode-Filtering Effect: Spectral Evil from 1D

(a) Global Legendre spectral decomposition of PDE residual (b) M5 (SEM-VPINN) residual per element
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Fig. 19: 1D Helmholtz (M5): global Legendre decomposition and loss—error decou-
pling. The residual energy above the global test-space cutoff (K = 56) is invisible to
the Galerkin loss; this spectral curve is quantified in Table 7.

Mode-Filtering Spectral Evidence: 2D Cavity Driven Flow (Re=100, M5 SEM-test VPINN)

(c1) 2D residual energy spectrum logio Ej (c2) Visible energy vs test-space cutoff
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Fig. 20: 2D lid-driven cavity (Re= 100, M5): tensor-product Legendre spectrum of
the Navier—Stokes residual. The 2D energy spectrum (left) shows substantial residual
energy outside the K = 324 (18 x 18) test-space square; 4.6% of the residual energy is
invisible to the Galerkin loss at this cutoff (right), confirming the mechanism in two
dimensions.
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5 Conclusions

We have compared six neural PDE solvers that span the full design space of trial
and test space combinations, using the 1D Helmholtz equation and 2D steady lid-
driven cavity flow at Re = 100. All methods share the same jaxfun implementation
and a common two-phase Adam+IL-BFGS training protocol, so the comparison is fair
and reproducible. (Remaining differences in quadrature density and MLP capacity are
discussed in Section 4.4.) Five conclusions stand out:

(1)

Global spectral trial functions (M2) beat all MLP-based methods by 2-3 orders
of magnitude in training loss and train 9x faster (0.54 h vs. 4.79 h for M1). This
confirms the exponential convergence advantage of spectral approximations for
smooth PDEs.

Among MLP-based methods, pure PINN (M1) gives the best solution accuracy
(€y = 3.24x1073), followed by M3 (1.23 x 10~2) and M4 (1.68 x10~1). M5 (SEM-
test VPINN) has one of the lowest training losses of any MLP-based method
(7.45 x 107%) but the worst solution errors (e, = 0.457, €, = 0.825, ¢, = 0.719).
We demonstrate the mode-filtering effect quantitatively on both cases and vali-
date it through Legendre spectral decomposition (Figures 18-20): M5 (SEM-test
VPINN) achieves a near-zero Galerkin training loss on the 1D problem (L-BFGS
diverges because the Galerkin loss Hessian is singular, so Adam-only is used) but
its Ly error is 2.23 x 1072—three orders of magnitude above the least-squares
methods. On 2D, M5 attains a near-zero Galerkin loss (7.45 x 107%) yet ¢, =
0.457—two orders of magnitude above the least-squares solvers—demonstrating
that minimizing the projected residual does not minimize the true error. Spectral
decomposition shows that the dominant residual energy lives in modes beyond
the test-space cutoff—direct quantitative evidence that the loss—error disconnect
comes from the finite-dimensional Galerkin projection. M6 pushes this further:
its loss (1.41 x 1077) is 21x below M1’s, but €, = 0.627 is 193x above—the
most extreme loss—error decoupling case in this study, driven by mode-filtering
compounded with spectral basis representability limits near the cavity corners.
All six methods capture the right qualitative flow structure (primary vortex,
secondary corner recirculations, centerline profiles). M1-M3 and M6 agree closely
on centerline velocity profiles; M5 deviates visibly, consistent with its 141 larger
velocity error relative to M1.

M6 (Spectral-trial/ MLP-test VPINN) uses Legendre spectral trial functions with
MLP test functions, trains in 0.128 h—37x faster than M1, 56x faster than
M3—and reaches the lowest training loss (1.41 x 10~7) of all Galerkin-projection
methods (M4, M5, M6). But its global spectral trial basis cannot handle the
corner singularities in the 2D cavity: €, = 0.627, €, = 8.59—the largest errors in
the study. M6 is the most dramatic illustration of mode-filtering, and it shows
that compact spectral coefficient parameterizations slash optimization cost at the
expense of geometric flexibility.

Future work will extend this study to higher Reynolds numbers (Re € {400, 1000}),
three-dimensional geometries, and time-dependent flows. We prototyped a hybrid
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Galerkin—collocation remedy on the 1D Helmholtz case (> 100X error suppression)
and stress-tested it on the 2D cavity: at the K=100 configuration the hybrid loss fails
to transfer because the null-space dimension (Npor — K ~ 8,600) dwarfs the colloca-
tion count. Effective 2D remedies therefore require either growing K toward Npor (full
Galerkin, expensive) or collocation densities that scale with the null-space dimension—
both costly and left to future work. A capacity ablation quantifies the MLP-size effect
at ~ 7.5x. Adding proper inter-element continuity constraints to the SEM-test VPINN
framework should close the M5 accuracy gap. Hybrid trial/test formulations—spectral
trial functions in smooth subdomains paired with MLP functions near complex bound-
aries, an approach informed by the M6 results—are a promising path toward extending
M2’s benefits to general geometries.
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