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Abstract

Quadratic regularization stabilizes least-squares problems, but bounds on condi-
tioning and coefficient amplification also constrain the attainable fit. For a fixed
nonzero real design matrix, we construct an explicit penalty that minimizes every
unitarily invariant norm of the fitted-target distortion under a positive penalty
floor, a Hessian condition-number ceiling, and a target-to-coefficient amplification
ceiling. The optimization is over all admissible symmetric penalties, including
noncommuting ones. A sharp inverse-Hessian diagonal bound, attained simulta-
neously in all singular directions, and weak majorization establish the common
optimum. We characterize the fitted-target and coefficient maps of all Frobenius
minimizers and obtain uniqueness of the penalty at full column rank. For an
individual target, a noncommuting penalty can improve upon this norm-optimal
rule. We prove an exact convex reduction of that problem to the positive singu-
lar subspace, with a lift preserving the objective and all constraints. The explicit
solution is evaluated by a singular value decomposition and scalar maxima; its
relation to modified Tikhonov flooring is made precise. Independent conic com-
putations, prescribed-spectrum checks, and comparisons with ridge and modified
Tikhonov regularization examine the formulas and their numerical implications.
Six fixed-feature learning benchmarks illustrate reduced training-fit distortion,
while validation-selected predictive outcomes remain mixed.

Keywords: Quadratic regularization, numerical linear algebra, unitarily invariant
norms, weak majorization, condition-number constraints, rank reduction



1 Introduction

Quadratic regularization is a standard tool in numerical linear algebra for stabilizing
least-squares problems and controlling the sensitivity of their solutions. Its numerical
effect depends on both the spectrum of the regularized Hessian and the amplifica-
tion of the target-to-coefficient map. Ridge regression uses a scalar multiple of the
identity as the penalty, whereas modified Tikhonov methods adjust different singu-
lar directions separately [1-3]. This raises a matrix approximation question: under
simultaneous bounds on conditioning and coefficient amplification, which admissible
quadratic penalty changes the least-squares fitted-target map the least?

We study this question for a fixed design matrix and a positive lower bound on the
penalty. The admissible penalties are arbitrary real symmetric matrices satisfying two
further conditions: an upper bound on the condition number of the regularized Hessian
and an upper bound on the norm of the target-to-coefficient map. In particular, a
competing penalty need not commute with the Gram matrix. The objective is the
difference between the regularized fitted-target map and the orthogonal projection
onto the range of the design.

Our main contribution is an explicit solution theory for this joint feasible class,
covering simultaneous norm optimality, identification of all Frobenius-optimal esti-
mators, and exact target-dependent dimension reduction. It consists of the following

three results.

(i) One optimizer for an entire family of norms. We construct a penalty Q., deter-
mined only by the design and the three budgets, that minimizes every unitarily
invariant fitted-target distortion norm over all admissible symmetric penalties
(Theorem 3.4). A sharp bound on each inverse-Hessian diagonal entry is attained
simultaneously; weak majorization then proves the common optimality. Thus the

choice of norm does not require a new optimizer, and commutation with the



Gram matrix is a property of the constructed solution, not a restriction on its
competitors.

(i) Identification through equality. Every Frobenius minimizer induces the same
fitted-target map and the same coefficient map. The equality argument excludes
coupling between the positive singular subspace and the null coefficient space.
In particular, the penalty itself is unique at full column rank (Proposition 3.5).
This identifies the estimators associated with all minimizing penalties, beyond
determining the optimal objective value.

(i) Ezact reduction for individual targets. The common norm optimizer need not
be optimal for a specified target. We give a noncommuting improvement and
prove that the target-dependent problem reduces exactly to the positive singular
subspace. Every reduced optimizer has a feasible lift preserving the objective and
all three constraints (Theorem 3.7); no commutation assumption is imposed on

its active block.

The operator-norm specialization gives three necessary and sufficient fit-feasibility
conditions (Theorem 3.1 and Corollary 3.2). Diagonal target second moments yield the
average-fit consequence in Corollary 3.6. These are consequences of the same attainable
inverse bound.

The distinction from earlier work concerns these explicit solutions and structural
properties. The fixed-target and squared Frobenius problems fit the general ConMOM
model of Li et al. [4], and the Frobenius objective can also be represented in the
moment-fitting code accompanying Livne et al. [5, 6]. We make these connections
explicit in Section 2 and after Theorem 3.7. Our contributions are the common closed-
form optimizer, its equality characterization, and the exact reduction and lift for the

specified joint constraints.



One application is output-layer training in an extreme learning machine, where
the nonlinear hidden features are fixed before solving a least-squares problem [7]. In
this setting, sensitivity of the inverse map and error in its numerical evaluation are
separate questions [8, 9]. Our results apply conditionally on the realized features.
Numerical comparisons with ridge and modified Tikhonov regularization illustrate the
training-fit conclusions; they do not give a generalization guarantee.

This article extends the ICICPE 2026 report [10], which concerns the unregularized
map HTT, its perturbation bound, and pseudoinverse solvers. The joint constrained
optimization problem and the results on simultaneous norm optimality, equality cases,
second moments, and target-dependent rank reduction were not contained in that
report. The extreme learning machine (ELM) setting, compact SVD, and inverse-
iteration family are common background. The numerical records below are separate
from the conference success-count table and heatmap, neither of which is reproduced
or pooled with the present experiments.

The paper is organized as follows. Section 2 reviews the relevant literature and fixes
notation. Section 3 contains the main results and their proofs. Section 4 gives numerical
examples and benchmark comparisons. We conclude with the scope of the results and
some further questions. The appendices contain scalar feasibility conditions, inverse-

iteration identities, residual estimates, and details of the numerical protocols.

2 Preliminaries and related work

2.1 Relation to earlier optimization problems

Spectral regularization and parameter selection are established topics. Ridge regres-
sion replaces reciprocal singular values by bounded filters [1]. OCReP chooses a ridge
parameter by conditioning the regularized pseudoinverse [11], whereas our condition

bound applies to the Hessian. Numerical-rank effects in pseudoinverse learning have



been studied directly [12]. A scalar diagonal shift enforcing a condition ceiling is stan-
dard reconditioning algebra [13]; neither that shift nor a new ridge estimator is claimed
here.

Modified Tikhonov regularization is a close antecedent. Fuhry and Reichel [2,
Theorem 2.1] give a matrix-nearness characterization of a spectral floor, and Noschese
and Reichel [3] develop related condition and nearness constructions. These results
already allow general symmetric perturbations and yield commuting solutions. Won
et al. [14] study condition-constrained covariance estimation and use a scalar spec-
tral sandwich. Tanaka and Nakata [15, Theorems 1-2] reduce condition-constrained
invariant-norm matrix nearness to spectral optimization, using standard pinching.
Their objective measures distance to a prescribed matrix; ours measures the design-
weighted inverse map P—®(A+Q)~1®T under simultaneous floor, gain, and condition
constraints. For the latter objective, we obtain a common optimizer from a bound on
the inverse Hessian that is attained in every singular direction.

Li et al. [4, problem (1.2)] consider a more general condition-number-constrained
least-squares matrix problem, with an arbitrary linear operator and an additional
closed convex constraint set. After an inverse-Hessian change of variables, both our
fixed-target problem and our squared Frobenius distortion problem are special cases
of that model; the identification is given after Theorem 3.7. Their Lemma 2.2 gives
spectral clipping for the nearest-matrix subproblem, and their Theorem 3.1 establishes
convergence of a partial inexact alternating direction method. The present work gives
an explicit common optimizer across unitarily invariant distortion norms for a partic-
ular joint constraint set, characterizes its Frobenius equality case, and proves an exact
compression and lift for the fixed-target problem.

Livne et al. [5] study conditioned positive definite estimation by regularized

Cholesky optimization (RCO). Their publicly available CPD implementation [6]



includes least-squares moment fitting, numerical continuation, and Newton—CG opti-
mization. There is a direct overlap at the objective level: with the variable X =
(A+Q)~1, the squared Frobenius distortion HP - (I>X<I>TH§ is a single-term moment-
fitting objective, apart from a constant normalization. This objective alone therefore
does not distinguish our problem. In the CPD implementation of RCO, the default

regularizer for an m x m positive definite matrix M is
(M) = logtr(M) — m~ ! log det(M).

Continuation selects a trade-off using the residual and the measured condition num-
ber. This scale-invariant regularizer does not by itself impose our inverse-floor and
gain constraints. CPD also includes a separate Tanaka-Nakata routine for condition-
bounded matrix nearness; that routine must be distinguished from RCO. Our results
concern the explicit simultaneous norm optimum and the equality and lifting prop-
erties for the particular joint feasible set, rather than a new general framework for
conditioned positive definite estimation.

Earlier biased-estimation theory also optimizes variance subject to bias-gradient
bounds, with closed forms in commuting cases and semidefinite formulations more
generally [16]. Our amplification ceiling bounds a worst-case operator norm, not
total variance; the positive penalty floor and Hessian condition ceiling are addi-
tional constraints. The target-specific formulation below uses standard inverse-order,
spectral-sandwich, and norm-LMI tools [14, 17]. Its particular exact rank reduction is
the useful structural result.

These relations locate the present results within existing matrix optimization.
Model inclusion and objective overlap do not by themselves supply the common opti-
mizer in Theorem 3.4, the coefficient-map equality characterization in Proposition 3.5,

or the constraint-preserving lift in Theorem 3.7. We establish these properties directly



for the joint feasible class below, using standard spectral and convex-analytic tools.
Approximation and generalization for random features form a separate subject; see,

for example, [18].

2.2 Notation and the ridge objective

Throughout the paper, all matrices are real. We use |[|-||, and ||-|| for the operator and
Frobenius norms, respectively, and < for the Loewner order on symmetric matrices.
The symbol I,,, denotes the identity matrix of order m. Let H € RV*Z be nonzero and
let 7' € RV *€ contain training targets. Write sy = ||H||p and ® = H/sg; all held-out

feature rows use the same training-derived scale. Set P = ®®*. For A > 0, define

2 2
JA(B) = %”‘I)B_T”F"‘%HBHF, (1)
Gr=3T0+ )\, C=9"T, By=G,'C=R\T, Ry=G,'d". (2
The original-coordinate coefficients are 8\ = B,/sg and the corresponding ridge

parameter for H is s%4\. Thus predictions are unchanged by this bookkeeping nor-
malization. A gain bound for B must be divided by sy to obtain a bound for f;
coeflicient gains should not be compared across unreported feature units. In particu-
lar, ko(cH) = ko(H) whereas [[(cH)T|, = |[HT ||y /|c| for ¢ # 0: conditioning alone
does not determine absolute target amplification. For inconsistent targets, the unregu-
larized fitted value is HHTT = Py T, the orthogonal projection onto range(H ), rather
than T itself.

Let ® = U, %, V,T be the compact singular value decomposition (SVD), with r =

rank(®) > 1 and o9 > -+ > 0, > 0. Define

a = Amin (T ®), b=o2, ay = o2 (3)

<



If r < L, including a wide full-row-rank matrix, then a = 0 whereas a; > 0. The
Hessian sees null coefficient directions; the target-to-coefficient operator does not.

Classical diagonalization gives

D

k2(Gy) = ma

. 0 T g;
Ry =V, diag ((T?h\) U, gx=|Rx,= mﬁxm'

At fixed ® and A, the sharp bound

IBAMT + AT) = BA(T) |l < 9x |AT |l ()

holds, with equality for a target perturbation in a maximizing left-singular direction.
This is not a result about redrawing features, reselecting A, or the correctness of a
classification label. Computational error B-B A is also distinct from regularization

bias relative to ®1T.

3 Optimal quadratic regularization under joint

constraints

In this section, we determine an optimal quadratic penalty under the three prescribed
constraints. We first treat the operator norm, then prove simultaneous optimality for
all unitarily invariant norms and characterize the Frobenius equality case. We then
treat the error for a fixed target and describe how to evaluate the resulting spectral
rule.

For a fixed A\g > 0, let Q@ = Q7 = Aol and set

A=0"®, Go=A+Q, Rg=G,'®", So=>®Rg. (6)



The objective is Jo(B) = 3 ||[®B — T||§ + $tr(BTQB) and its minimizer is By =
RQT. Fix K, >1and I' > 0, and define

Q={Q=Q" = NI : r2(Gq) < K., |Rgll, <T}. (7)

When a horizon is imposed, use the K, of Lemma A.1 and initialize the inverse
iteration with I,/ Amax(Gg). The same eigenvalue argument makes this horizon exactly
equivalent to the corresponding condition ceiling.

Complete V,. to an orthogonal matrix V' and extend the singular values by s; = o;

for ¢« < r and s; = 0 for ¢ > r. Define

c; = max{s? + Ao, s;/T'}, C, = max¢; = max{b+ Ao, Vb/T'}, (8)

df = max{c;, O,/ K.}, G, = Vdiag(d)V?, Q.=G,—A. (9)

The matrices in (9) are independent of the choice of basis in each repeated-singular-
value subspace, since the corresponding values d coincide. The same observation
applies to the null space.

We begin with the operator-norm optimum.

Theorem 3.1 (Sharp uniform fit boundary over all quadratic penalties) The matriz Qx

belongs to Q and

2
. g;
win [P = S|, = 0+ = m( 71) (10)
== 7
)\0 K*a+
= — 1-T 1-— . 11
max{a++xo’ o Cs } (1)

Thus a penalty in Q with uniform fit distortion at most 0 exists if and only if O« < 0.
The lower bound holds without assuming that Q and A commute. The term “minimax”
refers to worst-case unit-norm training-target distortion, not statistical risk or out-of-sample

prediction.



Proof First we verify that Q« is feasible. By construction, dj > sz2 + Ao and df > s;/T;
also Cx/Kx < df < Cy and max; d; = Cx. Consequently Q« = oI, k2(Gx) < K, and
HG;lCDTHZ = max;<, 5;/d; <T. Its distortion is the right-hand side of (10).

For the converse, take any Q € Q and put X = Gél and xz; = viTXvi > 0. Inversion

reverses the positive-definite order, so

_ 1
0<X<(A+XI) Y, o< . 12
=( olL) Y (12)
For ¢ < r, the gain condition gives s;x; < s; || Xvi|ly = HXCIDTui ) < T. For i > r only (12)

is needed. Hence x; < 1/c¢; for every i. Choose j with ¢; = Cx. The Rayleigh principle and

the condition constraint give
Amin(X) €25 O Amax(X) € Kidmin(X) < Ka/Ch.

Combining these inequalities yields x; < min{l/c;, K+«/C«} = 1/d;. Furthermore, (12)

implies 0 < Sg = P. Therefore, for every positive singular direction,
||P — SQH2 > u;?r(P - Sqlu; =1-— six; > 1— sf/d’:

Taking the maximum over i proves (10). To obtain the second expression, observe that

82

- — max &171-\817}{*82
max{s2? + X\, s/T,Cs/K+} 2+ Ao , R .

Each of the three functions decreases with s > 0; their maximum over the positive spectrum

is attained at s = o,. This proves (11) and the feasibility equivalence. O

Corollary 3.2 (Three necessary and sufficient budget tests) For 0 < 0 < 1, uniform

feasibility over Q is equivalent to

)

1-6’ ,/a+’ = a4 '

Ao <

(13)

Proof By Theorem 3.1, feasibility is equivalent to requiring each term in (11) to be at most

0. Rearranging these three inequalities gives (13), since all denominators are positive. O

10



The gain obstruction persists even if the condition ceiling is relaxed. The condition
obstruction uses the smallest positive squared singular value, while null coefficient
directions are regularized separately. This explains why the scalar-ridge obstruction

need not be fundamental.

Proposition 3.3 (Least spectral Hessian and comparison with ridge) Among the members
of Q diagonal in the chosen singular basis, d* is the componentwise least Hessian spectrum.

For every such member with eigenvalues d; and every target matriz T,

Bi — <1>+TH < HB - cI>+TH . 15
In particular these inequalities hold against every feasible scalar ridge parameter A > Amin,

where the explicit floor is given by (31) in Appendiz A. A strict improvement occurs if some

i <1 has d; > d} and (UL'T);. #0.

Proof Feasibility gives d; > c;, whence max;d; > Cx. The condition constraint implies
d; > max;jd;j/K« > C«/Kx, so d; > di. The squared quantities in (14) and (15) are,

respectively,
2
,

Both scalar factors are positive and strictly increasing in d; > 522 + Ao. This proves the

LS () e

i<r

= (1= 2) et

i<r

inequalities and the stated sufficient condition for strictness. A feasible scalar ridge is a

member of this class with d; = s7 4 \. O

A strict separation example. Let & = diag(+/0.9,1/0.1), K, = 2, T' = 10, and
Ao = 1073, Then C, = 0.901, d* = (0.901,0.4505), and ©, = 1 — 0.1/0.4505 =~
0.7780244. Every feasible scalar ridge has A > 0.7 and uniform distortion at least

0.7/(0.140.7) = 0.875. Thus § = 0.8 is feasible for matrix regularization and infeasible

11



for scalar ridge. This is a training-fit comparison under fixed numerical budgets; it

implies no universal test-risk advantage.

3.1 Simultaneous norm optimality and equality cases

We now use the inverse bound from the preceding proof to compare the whole

distortion spectrum. Put

e;=1-o07/df, i=1,....,r, Eg=P-Sg.

We write e; for the ith standard coordinate vector (distinct from the scalar e}). For
vectors sorted in decreasing order, x <,, y means that every partial sum of x is bounded
by the corresponding partial sum of y. This is weak majorization, not coordinatewise

eigenvalue ordering or a Loewner inequality.
Theorem 3.4 (A common optimizer for every unitarily invariant norm) Let e* be the
decreasing rearrangement of (€], ..., ey) padded with N —r zeros. For every Q € Q,

e" <w MEQ). (16)

Consequently the same Q« minimizes HP — S@Hui over Q for every unitarily invariant norm

on RNXN Ip particular,

min [|P - Sos,

r 1/1’
<Z(e§‘)”> , 1<p<oo, (17)

QeQ )
min(k,r)
gl -Saly = X ey 1skEN 9

where Sp denotes the Schatten norm, (k) the Ky Fan norm, and erj] the decreasing

rearrangement. The case p = oo is Theorem 3.1.

Proof The proof of Theorem 3.1 gives z; = viTGélvi < 1/d} for every feasible penalty.

Moreover Eg = 0 and Eg = PEgP. Its compression F' = U,TEQUT has diagonal entries

12



fi=1- 01-21:1- > e > 0. For k < r, let I}, index the k largest entries of e*. The Ky Fan
variational principle gives

k
SN = max a(WTEW) 2 Y iz Y.
j=1

WIW=Ix i€l,  j=1
For k > r, zero padding gives the same inequality. Since Eg is positive semidefinite, its
eigenvalues are its singular values. The Ky Fan dominance theorem therefore yields the
inequality for every unitarily invariant norm [19]. At Q«, F = diag(e}), so all inequalities
attain equality simultaneously. The stated specializations follow from the definitions of the

norms. O

The finite-p and Ky Fan optima depend in general on the whole positive spectrum.
The operator-norm optimum is the special case that reduces to the two endpoints in
(11).

The next proposition describes all Frobenius minimizers.

Proposition 3.5 (Frobenius equality and identification of the predictor) If Q € Q minimizes
HP — SQ”F, then Sg = S« and Rg = Rs«. Every such Q commutes with A. If r = L, the
unique minimizing penalty is Q«. If r < L, only the penalty on the null coefficient space can
remain undetermined by this objective. No corresponding uniqueness claim is made for the

operator norm alone.

Proof Let @ be a Frobenius minimizer and let F' = UIEQUT as in the preceding proof. Then
IFIF =D 72+ D FG 2 Y (e
i i£] i
Equality forces F' = diag(e;) and z; = 1/d] for every i < r. Set X = Gél. At least one
defining bound is active for each d}. If df = s7 + o, then the positive semidefinite matrix
(A+ )\OI)_l — X has zero quadratic form on v;, so Xv; = z;v;. If d] = s;/T", the inequalities
z; < || Xvillg <T/s; = a; give the same conclusion. If df = Cx/Kx, use X =< (Kix/Cx)I and

the identical zero-quadratic-form argument. Thus Xv; = v;/d; for every positive direction.

13



Symmetry eliminates coupling to the null space, and
x0T =V, diag(s; /d}) UL = R..

The positive block of X is fixed and diagonal, while its null block commutes with the zero

block of A. Inverting preserves this block structure. If there is no null block, X = G;l and
Q = Qx. O

Strict convexity of the squared Frobenius norm already gives uniqueness of the
fitted map Sg over the convex inverse feasible set. Proposition 3.5 additionally iden-
tifies the coefficient map Rg: the active inverse bounds exclude coupling between the

positive singular subspace and the null coefficient space.

Corollary 3.6 (Average fit for diagonal target second moments) Fiz ® and the budgets.

Suppose T is random with finite second moment and
T Tirr e
U; E[TT" U, = diag(wy,...,wr), w; > 0.
Among penalties selected before observing T,
. 2
min E (P = 5Q)T g = 3 wilel)*, (19)
i

attained by Q«. Isotropic second moments give a multiple of the squared Frobenius optimum.

Proof Since Eg = UTFUF, IEHEQTH% = >, w; ||Fez\|§ > z:zwlfz2 >3, wi(e;)z. The

diagonal F' at @« attains the bound. O

The second moment E[TTT] need not be a covariance matrix. The requirement
that @ be chosen before observing T is essential to the stated optimization problem.
The corollary concerns average training fit and does not assert out-of-sample risk
optimality. For off-diagonal second moments, the optimizer may differ, as the following

example shows.

14



3.2 Target-specific optimization without a commutation

assumption

We first show that the commutation restriction in Proposition 3.3 cannot be omitted.
Retain the parameters of the preceding two-dimensional example and set T = (1,1)%.

Consider
1.09 0.25
X = , Q=X"1-A
0.25 1.90
This is feasible: Q = 0.001L, r(X) ~ 1.93410 < 2, and || X®T||, ~ 1.08945 < 10.
The first condition also follows directly from X = diag(1/0.901,1/0.101): both
diagonal entries of the difference are positive and its determinant is positive. Never-

theless, [|(I — ®X®7)T||> = 0.543361, below the value 0.6053232 for Q.. The uniform

minimax theorem and this target-specific improvement are compatible.

Theorem 3.7 (An exact rank-reduced convex formulation) Write Z = UIT and ¥ = .

If Z # 0, the minimum of H(P — S@)TH% over Q € Q equals the minimum of

BB, - 20 HVA
subject to X < (3% + Nolr) ™Y, thr < Xy < Kutly, 20)
Il X%
SX, TI |
Every optimizer has Xy > 0 and t > 0. Completing Vi by Vo, the lift
X=vx, VI +tvpyvfd, @Q=x1-4 (21)

is an optimal feasible penalty. The null term is omitted when r = L. If Z = 0, all feasible

penalties have zero loss and Q« can be used.

15



Proof We prove the equality of the optimal values by compression and lifting. If X = Gél -

0, the full-space constraints are equivalent to
X < (A+Xolp)7Y, t; < X < Kutly, HX<1>TH2 <T

for some t > 0. Inverse order gives the first equivalence; the spectral sandwich gives the con-
dition bound; the Schur complement represents the gain as a norm LMI. These are standard
convex formulations [14, 17]; the full-space least-squares problem is a specialization of [4,
problem (1.2)].

Compress X to X, = VTTXVT. Principal compression preserves the order and sandwich
constraints, and || X,X||y < || XViX]y = HX<I>TH2. The objective depends only on this com-
pression and equals the displayed squared norm. Thus every full feasible penalty supplies a
feasible reduced point with the same objective.

Conversely, at a reduced feasible point with ¢ > 0, the lift (21) is positive definite and has
spectrum in [t, K«t]. The active floor holds by assumption. Also t < ef Xre; < 1/(b+ Ao) <
1/Xo, so the lifted null block satisfies the floor constraint. The lifted gain equals || X X||, < T,
and its objective is unchanged. Therefore this lift yields a full feasible penalty.

It remains to prove that an optimal reduced solution admits this lift. The reduced feasible
set is nonempty, closed, and bounded, so the continuous convex objective attains a minimum.
A singular feasible X, forces t = 0 and X, = 0. For small € > 0, (Xy,t) = (elr, ¢) is feasible,
and the derivative of the objective at zero is —2 ||EZH% < 0. Thus no optimizer is singular,

proving attainability of the inverse lift and equality of the optimal values. O

The formulation has r(r + 1)/2 4+ 1 scalar variables and a largest displayed LMI
of order 2r, instead of the full-space gain LMI of order L + N. Computing the SVD
and Z still depends on N and L. The lift proves the existence of an optimizer with-
out active-null coupling; it does not restrict the active block to commute with X2,
nor identify every full-space optimizer. The squared-norm objective has a standard
semidefinite epigraph if a linear-objective SDP is required. This is an exact specializa-

tion and dimension reduction, not a new general technique for representing condition

16



constraints. Since the optimizing penalty depends on T, fixed-@ gain bounds do not
automatically bound the effect of reoptimizing after target perturbation.
Relation to the ConMOM model. The relation to [4, problem (1.2)] can be made

explicit. With X = Gél, define the linear map and the closed convex set

Lr(X)=0XdTT, Cr = PT, (22)

Dy ={X=X":0=2X =2 (A+NI)" ", || X0"||, <T}. (23)

The fixed-target objective is || £7(X) — Cp|%. Thus, apart from the immaterial factor
1/2, it has the form of their objective, with D = Dg and condition bound K,. For
squared Frobenius distortion, take instead £(X) = ®X®7T and C' = P. More generally,
for a fixed target second moment M = E[TTT] = 0, expected squared fit has this
form with £/(X) = ®X®T M2 and Cy; = PM'/2. Corollary 3.6 gives an explicit
optimizer under its diagonal-moment hypothesis.

To state the correspondence at the boundary, we use the closed condition cone
Ok, ={X = 0: Apax(X) S KAmin(X)} ={X : I >0, tI, < X < K.t}

Its only singular member is zero; we do not assign a ratio condition number to that
matrix. If PT # 0, the proof of Theorem 3.7 excludes zero from the optimum, so the
closed formulation and the positive-definite inverse problem have the same optimal
value. If PT = 0, both values are zero and @, is a feasible penalty. The Frobenius
case follows by taking T' = I, for which PT = P # 0.

This inclusion of models does not by itself supply a formula for the optimizer. In
particular, [4, Lemma 2.1] compares eigenvector alignments for fixed spectra under
unitarily invariant norms; it does not select one spectrum solving our design-weighted

problem for every such norm. The additional assertions here are the attainable inverse

17



bound, the common optimizer and equality case, and the exact rank reduction with a
feasible lift. Applying the iterative method of [4] would also require handling projection
onto D¢ and verifying its algorithmic assumptions; we do not infer an inexpensive

projection or a performance advantage from the model inclusion.

3.3 Evaluation and computational cost of the spectral solution

The optimizer can be applied without forming a dense inverse Hessian, a full orthog-
onal completion of V., or the N x N fitted-target map. Algorithm 1 evaluates the

formulas of Theorems 3.1 and 3.4.

Algorithm 1. Jointly constrained spectral regularization

Input: nonzero ® € RV*L  targets T € RV*¢ and budgets Ao > 0, K, > 1,

r>o.

1. Compute ® = U, 3, V,I', with positive singular values o; and b = o3.

2. Set C, = max{b+ Ao, vVb/T'} and

di = max{o? + Xo,04/T,C./K.}, i=1,...,r

3. Compute Z = UL'T and return B, =V, diag(c;/d})Z. If needed, compute the
fitted targets as U, diag(o?/d;)Z.

4. Report the gain max;o;/d; and distortion max;(1 — o2/d}). For the
full Hessian condition number, include the null-direction eigenvalue dy =

max{Ao, Ci/K.} when r < L.

Optional penalty: with dy as above, Q. = dol, + V. diag(d} — o2 — do)V,T.

T
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For a dense design, a standard economy-size SVD costs O(NLmin{N, L}) arith-
metic operations. Given its positive singular factors, the budget-dependent scalar work
is O(r) and coefficient evaluation costs O((N + L)rc); these costs exclude explicitly
forming the optional dense penalty. The same factors and Z can be reused for differ-
ent budgets and scalar offsets. Thus evaluating the common norm optimizer requires
no iterative matrix optimization after the decomposition. This statement concerns the
explicit norm optimizer, not the target-specific conic solve in Theorem 3.7. Computing
small singular directions and deciding numerical rank remain separate floating-point
issues; the exact-rank theorem does not certify a cutoff chosen in finite precision.

For the closed-form choice, one SVD and scalar maxima suffice. To allow validation
beyond the least-distorting point, the path G.(7) = G. + 71, 7 > 0, preserves all
numerical constraints: the condition number is nonincreasing, and each gain s; /(df +7)
with s; > 0 strictly decreases. The condition number is constant when G, is a scalar
multiple of Ij. Validation over a predeclared grid containing 0 is possible; it need
not select 7 = 0. The exact distortion at each 7 is max;<,(1 — s?/(d; + 7)). Direct

coefficients and positive-direction hyperpower filters are

B, =V, diag (;’) UTT,  V:@" =V, diag <§j[1 —(1- d;*/c*)f’k]> ur.

7 3

The gain is at most I' at every exact-arithmetic iterate. Stationarity bounds in
Theorem B.2 extend by replacing AB with Q*§ and a + A with min; d;.

The theoretical proofs are independent of numerical rank decisions. In compu-
tation, singular values below a specified relative cutoff are treated explicitly as a
diagnostic subspace, as detailed below. When )\ | 0 and the gain constraint is inac-
tive, (9) reduces to the familiar floor d; = max{s?,b/K.} [2, 3]. The joint-constraint

theorem includes this established special case.
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4 Numerical evaluation

4.1 Direct checks of the optimization statements

We first test the matrix problem independently of prediction. Three prescribed spec-
tra are used: (0.8,0.19,0.01)*/2 in three dimensions; (0.7,0.1,0.1,0.05,0.05)'/2 in
five dimensions; and the first spectrum with three null coefficient directions. For
Ao € {107%,0.02,0.2}, 25 logarithmically spaced values of K, € [1.1,1000], and 25
values of T' € [0.2,100], there are 5,625 budget combinations. All evaluated floors,
gains, condition bounds, and the two forms of ©, agree within the recorded tolerances
(relative tolerance 10710 for the condition and gain ceilings, and absolute tolerance
1072 for the identity). Figure 1 displays one slice and the scalar-ridge gap. A further
400 randomly generated feasible, generally noncommuting competitors satisfy every
checked Ky Fan partial-sum inequality and the diagonal-second-moment inequality

within 10710, These computations support consistency; the proofs establish the results.

We separately solve the reduced feasible problem using Clarabel and SCS through
CVXPY. Each solver minimizes target loss, spectral distortion, and squared Frobenius
distortion on four cases, giving 24 solves. The first two cases use the two-dimensional
separation example with Z = (1,1)7 or Z = I,. The gain-active case uses squared
spectrum (0.8,0.19,0.01), Z = (1,1,1)7, K, = 20, T' = 0.5, and \g = 0.001. The wide
case has r = 3, L = 7, the same spectrum, Z; . = (1,0), Z. = (0.5,1), Z3. = (1,0.3),
K, =4, T = 3, and Ay = 0.01. A separate full-space solve checks equality of the
wide-case target value with the reduced formulation.

Table 1 compares the closed-form rule with the independent conic solutions.

The two solvers agree with the spectral and Frobenius formulas to the displayed
precision. For the separation target, the numerical target optimum is about 0.525083,
below 0.605323 for Q.; for the wide target, the values are about 0.927552 and 0.989919.

The wide full-space solve gives 0.9275516381. The most negative evaluated constraint
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Fig. 1 Budget sweep for squared spectrum (0.8,0.19,0.01) and Ao = 0.02. (a) Term attaining the
sharp maximum (ties assigned in formula order): F, floor; G, gain; C, condition. (b) Optimal uniform
distortion. (c) Least-feasible ridge distortion minus the optimum

slack over the 24 reduced solves is approximately —5.37x 107 and the largest available
SCS gap is 1.31 x 107?. These are ordinary solver diagnostics, not rigorous optimality

enclosures. The tests do not establish scalability for large rank.
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Table 1 Independent conic solves of the reduced feasible set. Target and
Frobenius objectives are squared losses; spectral is the operator norm. Numerical
agreement is a consistency check, not an interval certificate.

Case Objective Closed-form rule Clarabel SCS
separation-target target 0.605323  0.525083 0.525083
separation-target spectral 0.778024 0.778024 0.778024
separation-target frobenius 0.605323 0.605323 0.605323
separation-isotropic target 0.605323 0.605323 0.605323
separation-isotropic spectral 0.778024 0.778024 0.778024
separation-isotropic frobenius 0.605323 0.605323 0.605323
gain-target target 1.819683 1.819683 1.819683
gain-target spectral 0.950000 0.950000 0.950000
gain-target frobenius 1.819683 1.819683 1.819683
wide-target target 0.989919 0.927552 0.927552
wide-target spectral 0.950617 0.950617 0.950617
wide-target frobenius 0.907636 0.907636 0.907636

4.2 A calibrated modified Tikhonov comparator

To compare with the closest spectral-floor construction [2, 3], apply modified Tikhonov

flooring to A+ Aol and calibrate its threshold to the same budgets. Put by = b+ A and

pa = max {bO/K*, N Si}}—‘lg}s%"!‘)\(] SZ/F} ) dMT = max{s? + Ao, u}, (24)
where an empty inner maximum is zero. This threshold is sufficient for conditioning
because all eigenvalues lie between 13 and max(bg, u2) whenever the floor acts; if it does
not act, their minimum already exceeds by /K. It also lifts every direction that would
violate the gain ceiling. Thus it is a feasible spectral comparator and Proposition 3.3
applies. This is a budget-calibrated adaptation of the published filter, not a replication
of its original discrepancy-based parameter selection. It isolates the cost of applying

one common spectral floor when gain constraints are direction dependent.
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Table 2 Benchmark sizes before partitioning and candidate hidden widths.
No sample cap is applied to these bundled data sets.

Data set Observations Inputs Task Widths
Iris 150 4  Classification 64,128
Wine 178 13 Classification 64,128
Breast Cancer 569 30 Classification 64,128
Digits 1,797 64 Classification 64,128
Diabetes 442 10 Regression 64,128
RAND HIE 20,190 9 Regression 128,256,512

4.3 Matched validation on six benchmarks

Table 2 lists the benchmarks. Preprocessing, seeded splits, grouped splitting for RAND
HIE, feature generation, and target scaling are specified in Appendix C. The com-
parison uses identical matrices, validation losses, test splits, and tie-breaking rules for

three paths:

() = 2 4 Ain + 7, AT (1) = max{s? + Ao, pd + 7}, dPVE(r) = dF 4 7.

All use twelve predeclared offset evaluations 7 € {0} U {10719 ... 10%}; modified
Tikhonov evaluations can coincide before the threshold becomes active. Every path
remains feasible. Validation selects the offset and representation without inspecting
test targets. These offset grids differ from the supplementary clamped ridge grid and
are not pooled with it.

The default budgets are K, = 10%, I' = 100, and Ao = 107'2; the gain-tight regime
changes only I" to 10. There are 390 feature matrices, 780 paired design-regime cases,
2,340 estimator—configuration records, and 360 selected-model records. The evaluated
gain and condition constraints hold with relative tolerance 10~°. At zero offset the
envelope never has greater retained-target distortion than either comparator, and

Table 3 quantifies strict improvements. The gain term changes at least one envelope
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Table 3 Zero-offset reduction in relative retained-target distortion, comparator
minus the matrix envelope. Positive values favor the envelope. All comparisons use
identical designs and budgets; strict means greater than 10712,

Regime Comparator Strict reduction =~ Median Maximum
Default Ridge 364/390 0.014871  0.056373
Default Modified Tikhonov 347/390 0.008877  0.077136
Gain-tight Ridge 390/390 0.018921  0.037802
Gain-tight Modified Tikhonov 390/390 0.044068  0.123541

eigenvalue relative to the condition-only envelope in 354/390 default cases and all 390
gain-tight cases.

For these empirical matrices define Iy, = {i: 0; > no1}, Py =3 o u;ul , and use
the reported diagnostic

1Py(P — So)T,
%, T)= )
() 15,71,

n=10""% (25)

with zero assigned when the denominator vanishes. The projector and numerator use
the same retained subspace. This compares retained training-target energy, not exact-
rank uniform feasibility. An additional controlled audit varies the cutoff between the
designed exact spectrum, 1074, 1072, and 1071° (Appendix D).

Table 4 reports the validation-selected predictive results for the three regularization
paths.

Predictive outcomes are mixed. The matrix rule does not consistently beat ridge or
modified Tikhonov on held-out scores, and its mean Diabetes RMSE exceeds ridge in
both regimes. Standard deviations describe ten overlapping seeded split-and-feature
runs; no statistical significance or population-level superiority is asserted. The conic
target optimizer is used only in the small direct optimization checks, not in these

benchmark predictions.
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Table 4 Matched validation over twelve offset evaluations per design. Entries are mean +
sample standard deviation over ten seeds. Accuracy is in percent (larger is better); RMSE is in
original units (smaller is better).

Modified Matrix
Regime Data Metric Ridge Tikhonov envelope
Default Iris Accuracy 95.33 £4.77 96.00 £ 3.78 95.33 £4.77
Default Wine Accuracy 97.78 £ 1.76 97.50 £+ 1.58 97.50 £+ 1.58
Default Breast Cancer Accuracy 97.19 £ 1.15 97.28 +£ 0.97 97.19 £ 1.15
Default Digits Accuracy 95.17 £ 0.85 94.64 £1.08 95.17 £ 0.85
Default Diabetes RMSE 55.335 +3.832 55.082 + 3.337 55.450 + 3.669
Default RAND HIE RMSE 4.301 +£0.335 4.303 +0.333  4.302 £+ 0.335
Gain-tight Iris Accuracy 95.00 £+ 5.03 94.67 £ 3.58 94.67 £4.77
Gain-tight Wine Accuracy 98.06 £+ 2.29 98.33 £1.94 97.78 £2.19
Gain-tight Breast Cancer Accuracy 97.63 £ 0.83 97.54 £1.00 97.89 £0.74
Gain-tight Digits Accuracy 94.14 £ 1.08 92.67 £ 1.48 94.17£1.21
Gain-tight Diabetes RMSE 54.262 4+ 3.162 54.551 + 3.037 54.635 +£ 3.039
Gain-tight RAND HIE RMSE 4.294+£0.332 4.295+£0.331 4.294 4+ 0.332

5 Concluding remarks

We have determined a single explicit penalty that solves an entire family of distortion-
norm minimization problems under simultaneous floor, gain, and condition constraints.
Its optimality holds against every admissible symmetric penalty, including noncom-
muting competitors. The mathematical mechanism is a sharp inverse-Hessian diagonal
bound attained in every singular direction, followed by weak majorization. The equal-
ity analysis identifies both the fitted-target and coefficient maps of every Frobenius
minimizer and gives penalty uniqueness at full column rank.

For individual targets, noncommuting penalties can improve the fit. The exact
compression and feasible lift characterize this second optimization problem with-
out retaining irrelevant null-space variables. Together, the common norm optimizer,
the equality characterization, and the target-dependent reduction form the struc-
tural contribution of this work within established condition-constrained matrix

optimization.
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The computational contribution is the direct spectral evaluation of the common
optimizer and the exact reduction of the target-specific problem to rank-sized matrix
variables. The empirical evidence supports the structural statements without a uni-
versal prediction claim. The calibrated modified Tikhonov comparison directly tests
the extra directional gain constraint; independent conic solves test the optimization
formulas. Exact-rank and retained-subspace feasibility are reported separately. Scalar
residual diagnostics concern the chosen objective, while repeated timing includes
reusing coefficients already obtained during validation. Dense direct solvers remain
strong references in this CPU setting.

Several limits remain. The target-dependent convex formulation has no general
large-rank complexity advantage beyond the exact dimension reduction. Diagonal
target second moments are a substantive restriction for the average-fit corollary.
Fixed-penalty gain bounds do not cover revalidation, input perturbations, or fea-
ture resampling. Numerical residuals and conic gaps are nominal double-precision
diagnostics, not certified enclosures. The small classification benchmarks and two
regression tasks do not establish broad predictive superiority; grouped covariate splits
do not replace unavailable participant identifiers. Further work can address vali-
dated rounding, structured large-rank optimization, and statistically justified budget

selection.

A Scalar feasibility and compatible training fit

A.1 An iteration horizon is a condition-number ceiling

Fix K > 1, " > 0, an integer polynomial order p > 2, an integer update horizon

M > 0, an inverse-residual tolerance 0 < p < 1, and Ay > 0. Consider

I oy
Vo=t Be=I1-G\Yi Yin =YY B (26)
j=0
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Order two is Newton—Schulz. The initialization ensures nonnegative scalar error

factors, not optimal minimax scaling. The three operational specifications are
ka(Grh) < K, g <T,  |Eumlly <p. (27)

Lemma A.1 (Reduction of the horizon constraint) For (26) in ezact arithmetic,

M b—a 1
Eumly=d" , = == oGy 2
IEMmlly =q =5 k2(G ) =

Consequently, the last inequality of (27) is equivalent to

1

< = —.
k2(Gy) < Kn v

(29)

The first and third specifications together are therefore exactly the single ceiling Ky« :=
min{K, Kps}.

Proof The finite geometric identity gives G)\Yi+1 = (I, — Eg) Z?;é Ei = I — E£7 SO
Epp1 = Ei. Since Yp is a scalar matrix, all iterates commute with G . Its eigenvalues lie in
[a + A, b+ A]; those of Ey lie in [0, (b — a)/(b+ A)]. The upper endpoint is attained, which
proves the first identity. The second follows from (4). Rearranging ¢ < pl/ P proves (29). If

a =b, then Ey = 0 and k2(Gy) = 1, so the same statement holds. O

Remark A.2 (Dependent specifications) The horizon is a solver-dependent interpretation
of conditioning, not an independent source of stability. For p = 2, M = 20, and p = 10787
Ky = 56924. Thus K = 10* already enforces the default horizon in the experiments. Smaller
horizons can become restrictive. The statement concerns matrix-polynomial updates, not

wall-clock time, equal work across orders, or attained floating-point accuracy.

Theorem A.3 (Least admissible regularization) Set

_ [b—Ka _ Ti _ 2
’\C_{K*lh’ AF_maX{O’fgf‘%‘r(r "1)}’ (30)
Amin = max{Ag, A\c, A\r}. (31)
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Then (27) and X > Ao hold if and only if X > Apin- In particular, (31) is an exact minimum,

not just a sufficient reqularization rule.

Proof Lemma A.1 reduces the two condition specifications to (b + \)/(a + ) < K. Since
K, > 1, this is equivalent to A > (b — K«a)/(K« — 1). For each positive singular value,
o/ (012 + A) <T is equivalent to A > o;/T" — a?. Intersecting all scalar upper intervals with

[Ao, o0) gives exactly (31), proving necessity, sufficiency, and minimality. O

The theorem combines a classical ridge shift, ridge gains, and the explicit itera-
tion identity. Its operational content is the feasible parameter set and the distinction
between independent and dependent requirements. It does not establish statistical
optimality of the minimum parameter.

For numerical evaluation, writing ¢ = log(p)/p™ gives

1
~ expml (/)

b— Ka

K =
M K—1

, Ak = [ ] ;A = [(b—a)expml(—f) —a], . (32)
+

Use \c = A\ if K < Ky and A\c = Ay otherwise. This equivalent evaluation avoids

subtracting nearly equal numbers in Kj; —1 when K is close to one. The independent

four-term expression max(Ag, Ak, Anr, Ar) is retained as a software consistency check.

A.2 Uniform stability—fit feasibility

Let P = ®®' and S\, = ®R,. The unregularized least-squares fitted targets are
PT, while ridge fits S\T. A fit-distortion requirement constrains their difference, not

generalization error.

Theorem A.4 (Uniform feasibility interval) For 0 < 6 < 1,

A

P = .
1P =8l =
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Therefore (27), A > Ao, and ||P — Sy|ly < 0 are simultaneously feasible if and only if

Oa

fi
Amin < Anfax = 1—9

. (34)

Every admissible parameter lies in [Amin, ,\ﬁfax]. On this interval the smallest parameter min-
imizes training residual and coefficient bias relative to ®T for every fized T. Both minima

are unique when PT # 0; when PT = 0, every feasible parameter is a minimizer.

Proof On range(®), the eigenvalues of P — Sy are A/(0? 4+ ), while on its orthogonal com-
plement they are zero. The largest is (33). Rearrangement gives the upper endpoint and

Theorem A.3 gives the lower endpoint. Write T' = U, Z+T'| , UTTTJ_ = 0. Orthogonality gives
2 2 A 2 2
fomy— T =7t + 3 (2 ) 1.
; oy + A

s -ers =5 (s ) el

i

All terms are nondecreasing in A > 0. If PT # 0, at least one weight HZng is positive,
so both quantities are strictly increasing and their minima occur uniquely at the smallest
feasible parameter. If PT = 0, all these weights vanish and both quantities are constant on

the feasible interval. O

For example, ® = diag(1,107%)/v/1 + 10-12 with K = 10* requires approximately
A > 10~*. Requiring # = 0.1 imposes A < 1.11 x 10713, No scalar ridge parameter can
meet both requirements. Infeasibility is a property of the specifications, not a failure

of the optimizer.

A.3 Target-specific fit and a less conservative interval

A uniform requirement protects every target direction, including directions containing
negligible target energy. When the actual fitted target is known, an explicit scalar test

can be less conservative.
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Proposition A.5 (Target-specific feasibility) Assume PT # 0 and define

, I(P—syTI2 T+ N2 |UF ), E
g - : 35
o 1P AR (35)

The function r is continuous and strictly increasing on (0,00), with limits 0 and 1. For
every 0 < 0 < 1 there is a unique Ag. 7 > 0 with Y (Xg,7) = 0. Joint numerical and target-fit

feasibility holds exactly when
Amin < Ag,7- Moreover, g1 > /\Eltax. (36)

The upper endpoint can be computed by bracketing and bisection. If PT = 0, both fitted targets

are zero and the unnormalized fit-distortion requirement imposes no upper bound.

Proof Expanding (P — S))T in Uy gives (35). Each summand is continuous and strictly
increasing whenever its target weight is positive. At least one such weight is positive because
PT # 0, proving strict monotonicity and the limits. The intermediate value theorem gives the
unique root and the interval test. Furthermore, 17 (X) < ||P — Sy||,, so the uniform upper
endpoint is always admissible for the target-specific condition. The case PT = 0 follows from

ur'r =o. O

This result is a target-energy refinement of classical spectral filtering, not a new loss
function. It permits a direct feasibility audit rather than assuming that conditioning
and preservation of the fitted targets must be compatible. The predictive bench-
mark below selects parameters without an upper fit constraint; a separate synthetic

experiment tests both fit intervals.
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B All-iterate bounds and residual-controlled

computation

B.1 Monotone filters along the inverse iteration

Theorem B.1 (Amplification during iteration) For (26), let By = Y, ®1T and e; = 1 —

(62 4+ X)/(b+ \). Then

. k

V@' =V, diag [ 2—(1—¢l ) ) UL, 37
7 = Veding (- ) v (37)
If X > Amin, every exact-arithmetic iterate satisfies

k
[ee”|, <<t IBu—Bally <a” Bl (38)

More precisely,

2 2
2 _ 2p* o} Ty
”Bk - B)\HF - El :ei (0.22 _,i )\)2 H(Ur T)z,: ’2~ (39)

k k
Proof From G,Y}, = I, — Ef , write Y}, = G;l(IL — E} ) and diagonalize on the singular
k
bases. This gives (37). Since 0 < e; < ¢ < 1, the factor 1 — ef lies in [0, 1], proving the gain

bound. Subtract the ridge filter, use orthonormality for (39), and bound every e; by q. O

The all-iterate result depends on the nonnegative scalar error factors. Alterna-
tive initialization, another high-order polynomial, or arbitrary roundoff perturbations
need not preserve it. Qur implementations use orders two and three, symmetrize the
approximate inverse, and recompute residuals; they are not assumed to satisfy the

exact filter identity bit for bit.

B.2 A posteriori coefficient and prediction error

Theorem B.2 (Stationarity residual bounds) For any approzimate coefficient matrix E,

define its exact original-design residual

D =T (T - ®B)— AB. (40)
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Then

IDllg
a4\’

J§—BH 41
|35, (1)

. B DI?
INB) = I(By) = L(D7G5 D) < A2

< Sty (42)

For a normalized held-out feature vector h € RL, the mazimum absolute score error is at most

_ 17l I Dlle

| =B < o0 ==

(43)

If the largest entry of the exact product hT B s unique and exceeds the second largest by more
than 20(h), its class equals that of the exact ridge predictor. For a floating-point score vector z

with a validated bound Hgf hTEH < escore, a margin greater than 2(0(h) + score) suffices.
o0

Proof The normal equations imply B — By = folD and HG;l H2 = (a+\)"1, giving (41).
Expanding the quadratic objective about its minimizer cancels the linear term and yields one
half of the squared G y-norm of the coefficient error. Substituting —G;lD proves (42). Apply
Cauchy-Schwarz to each score coordinate for (43). A top score can decrease by at most d(h)
while a competitor can increase by at most d(h); the stated margin therefore preserves the

top class. O

The coefficient and objective inequalities are consequences of positive-definite
quadratic optimization. Their use here is as solver-independent stopping diagnostics.
Agreement with the exact ridge classifier is not correctness relative to the unknown

label, and is not an adversarial-input or clinical reliability claim.

Corollary B.3 (Combined target and solver error) Keep ® and A\ > Anin fized. If an

approzimate solve for T + AT has exact residual norm at most n, then

Ba — BA(D)|_ <T|AT|p + . (44)
| |+ 3

Proof Insert By(T + AT), use (5) and Theorem B.2, and apply the triangle inequality. O
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In floating point, an evaluated residual D is not the exact D. Given validated
bounds HD — ZA)H <ep and 0 < a < a, with outward-rounded norm and arithmetic
F

evaluation, a rigorous computable counterpart is

_ D] +=0
B-B H <l - 15
H Mg = a+ A (45)
Our experiments use double precision, an SVD point estimate of a, and ep = 0.

The reported values are therefore nominal residual diagnostics, not outward-rounded
interval certificates. Recomputing (40) with the original feature matrix avoids using
only the residual of an already rounded normal-equation matrix, but it does not by

itself eliminate rounding error.

B.3 Spectrum-free feasibility and calibration cost

Proposition B.4 (A spectrum-free sufficient rule) For ||®|y = 1, a sufficient regularization
floor is

1 1
Amin:max{)\o,m,ﬁ}. (46)

Using Yo = I /(1 + X) then satisfies the specified inverse horizon in exact arithmetic. In

general, (46) is sufficient rather than minimal.

Proof Unit Frobenius norm gives b < 1 and a > 0, hence k2(Gy) < (14+A)/A. Also, s/T'—s% <
1/(4T7?) for every s > 0. For the stated initialization, the initial error eigenvalues lie in
[0,1/(14X)]. Thus its residual after M updates is at most (1/(1+)\))pM. The term 1/(K+—1)
enforces both the curvature ceiling and this worst-case horizon. Together these observations

prove the sufficient rule. O

The spectrum-free rule uses only normalization and budgets. Validation can be

performed by Cholesky solves without an SVD. Exact spectral calibration usually
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permits less regularization, whereas the conservative rule removes the decomposi-
tion cost; neither option is universally preferable. General certified spectral enclosures
can interpolate between these extremes. Uncertified singular-value estimates remain

diagnostics, not guaranteed enclosures.

C Data and supplementary scalar protocol

C.1 Numerical feasibility and validation

For a base grid £, a lower floor f, and an optional upper fit limit u, define

L(f,u) ={max((, f) : £ € L, max((, f) < u}, (47)

with duplicate parameters removed. An empty set is reported as candidate-grid infea-
sibility. This does not alone imply that the continuous feasible interval is empty: the
grid may omit a feasible endpoint. The main prediction experiments use u = oco; the
fit experiments investigate finite u. All condition-, gain-, horizon-, and joint-constraint
ablations use the same base grid, validation loss, data splits, and candidate hidden
matrices. Differences in parameter tuning are therefore not mistaken for evidence

about one constraint.
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Algorithm 2. Feasibility-constrained output training

Input: training/validation features and targets, numerical budgets, candidate

parameters, coefficient tolerance ep.

1. Normalize all feature splits with the training Frobenius norm. Obtain either
the exact spectral floor (31) or the sufficient floor (46).

2. Select a feasible parameter by validation mean squared error (MSE); select
the feature configuration by the same validation rule. Do not inspect test
targets.

3. Freeze the chosen features and A. Solve the ridge objective using a direct
solver or the stated hyperpower iteration.

4. Recompute (40). Accept an iterative solve when || Dl /(a + ) < € ||T ||,
or use a validated version when available. Use the valid lower bound a = 0
in a spectrum-free branch without spectral information. Record the update
limit and nonfinite failures explicitly.

5. Return coefficients, selected parameter, diagnostics, and optional margin-
based predictor-agreement checks. Any fallback uses the same objective and

has separately reported cost.

Calibration by SVD is part of the exact-floor implementation, not a hidden free
operation. Dense formation of ®7® costs O(N L?) and each inverse-polynomial matrix
product costs O(L?). For a small number of target columns, direct solves or conjugate
gradients can be cheaper than an inverse approximation. We compare these possi-
bilities at the same chosen ), and separately measure complete fixed-representation

training pipelines.
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C.2 Synthetic matrices and formula audits

The controlled solver experiment uses (N,L) = (240,80), (96,96), (80, 160). Inde-
pendent Gaussian QR factors define singular bases. With m = min(N, L), the
well-conditioned spectrum decreases linearly from 1 to 10~!; the moderate and severe
spectra decrease geometrically from 1 to 10~% and 107!2, respectively. For the rank-
deficient and clustered spectra, the first m — [m/10] values decrease linearly from
1 to 107!, and the remaining |m/10] values are set to zero or 1074, respectively.
Matrices are normalized to unit Frobenius norm. Ten seeds per shape—spectrum pair
give 150 designs; orders two and three give 300 same-parameter ridge solves. Targets
have three Gaussian columns. These records were regenerated from the accompanying
baseline script, not transcribed from conference tables.

A separate audit checks the collapsed and uncollapsed floors, the condition—horizon
identity, active-constraint minimality, and residual bounds on 200 small random
designs with orders two to four, horizons zero to nine, and varied budgets. Another
300 cases compare uniform and target-specific fit feasibility: 50 designs, Gaussian or
leading-five-direction targets, and 6 € {0.1,0.5,0.9}. The latter experiment defines
a numerical positive singular subspace using cutoff 10~'2¢; its displayed projectors
use that same subspace. This convention is distinct from asserting an exact rank in

floating point. Numerical checks supplement, and do not replace, the proofs.

C.3 Classification and regression data

Table 2 lists four classification benchmarks and two regression benchmarks. Bundled
scikit-learn data [20-22] and the statsmodels RAND HIE subset [23] are used through
the recorded package versions. Digits consists of 8 x 8 images and is not MNIST. RAND
HIE predicts the count of outpatient visits as a squared-error regression benchmark,

not a count-distribution model or a clinical/causal application.
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Seeds 0-9 define training/validation/test partitions. Classification uses stratified
60/20/20 partitions; Diabetes uses random partitions of the same proportions. RAND
HIE contains 2,760 distinct covariate rows among 20,190 observations. Its split groups
identical covariate rows and assigns groups, not rows, in 60/20/20 proportions. Thus
no identical covariate vector crosses splits, but participant identifiers are unavailable;
we do not claim patient-independent evaluation. Actual row counts are retained in the
split manifest.

Input standardization is fitted only on training samples. Regression targets are
centered and scaled using training mean and population standard deviation; root mean
squared error (RMSE) is converted back to original target units. Hidden weights are
Gaussian with variance 1/d, biases are uniform on [—1,1], and activations are tanh,
ReLU, and sigmoid. Widths are 64 and 128 for the five smaller data sets, and 128, 256,
and 512 for RAND HIE. Identical preactivations are used across activation choices for
a given seed and width. Classification uses one-hot targets, with no additional output
intercept. Each estimator selects its parameter and width/activation by validation
MSE; test scores never enter selection and no train-validation refit is performed.

The design gives 390 realized feature matrices, 3,510 estimator—configuration
records, and 540 selected-model records. Only ten selected test scores per estimator
and data set enter predictive summaries. Standard deviations describe the seeded split-
and-feature protocol; overlapping splits are not treated as independent populations

and no universal significance claim is made.

C.4 Baselines, constraints, and perturbations

The shared ridge grid is £ = {1071°,107?,...,10°}. Five common-validation vari-
ants use no additional constraint (Ridge-CV), a condition floor (Condition-CV),
a gain floor (Gain-CV), a horizon floor (Horizon-CV), or the joint floor (Joint-
CV). Spectrum-free-CV uses (46) and Cholesky-based validation; SVD is used
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only for its ex-post audit, not to choose its parameter. A pseudoinverse base-
line retains singular values above 107'2¢01; TSVD-CV selects a relative cutoff from
{10712,1076,107%,1073,1072, 107 }. The OCReP-rule baseline uses o0, on the same
numerical positive spectrum. In wide or rank-deficient designs this is an explicitly
defined extension of that scalar rule, not a full replication of OCReP.

The default specifications are

K=10% T =100, p=2 M=20, p=10"% X =10"'2, eg=10"".
(48)
They are operational choices, not statistically optimal constants. The order-two floor
also suffices for order three, and both orders solve the same selected ridge objec-
tive. The inverse-residual specification and the absolute coefficient stopping target are
distinct.

For every realized feature matrix, matched solves use Cholesky, augmented QR via
LAPACK gelsy, conjugate gradients (relative tolerance 10~1!, at most 10L steps per
right-hand side), and hyperpower orders two and three (at most 20 updates). Resid-
uals are evaluated with the original design. The independently computed SVD ridge
solution supplies the reference, not a rank-truncated unregularized pseudoinverse.
Non-accepted runs are preserved and no fallback is hidden.

Fixed-design regression perturbations wuse relative target magnitudes
104,102,107 ! in Gaussian and maximizing singular directions, for pseudoinverse,
Ridge-CV, and Joint-CV. Features and selected parameters remain fixed. The exper-
iment records gain and noisy-test RMSE; it does not represent revalidation after
noisy observations. A separate synthetic perturbation test provides the same operator
check at four magnitudes. The purpose is to evaluate (5), not claim that random

noise usually realizes the worst direction.
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C.5 Implementation, timing, and reproducibility

The scalar tables use the recorded reproduction of 29 September 2026, with Python
3.12.14, NumPy 2.3.5, SciPy 1.17.0, scikit-learn 1.8.0, pandas 2.2.3, and statsmodels
0.14.6. New matrix, conic, cutoff, and timing records use Python 3.12.14 and the
same numerical package versions. Conic computations additionally use CVXPY 1.9.3,
Clarabel 0.11.1, and SCS 3.3.1. Exact versions, CPU model, thread settings, and
source-data hashes are in the manifests. All timed BLAS computations use one thread.

The timing table and figure are regenerated exclusively from one new controlled
run. Each fixed-representation pipeline includes standardization, feature construction,
normalization, calibration, parameter validation, and a final solve or reuse of the
already selected coefficients. Loading, split construction, and outer architecture search
are excluded. Five policies are compared: exact SVD calibration followed by Cholesky
or hyperpower-2, spectrum-free calibration followed by Cholesky, and a reuse variant of
each calibration policy. Reuse returns the coefficients already evaluated during valida-
tion. One warm-up and five measurements for each of six designs give 150 records, with
rotated execution order. The conservative spectrum-free floor may select a different
parameter. Historical timing aggregates are not mixed into this run.

Online Resource 1 includes complete build scripts, numerical records, split indices,
data hashes, and environment manifests. The scalar and new matrix data directories
are separate. Every displayed table and figure can be rebuilt from the supplied records
without an unavailable manuscript template. Rerunning the experiments requires the

listed dependencies and publicly available bundled data.
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Table 5 Fit feasibility on the designed exact spectrum and on the retained spectrum
(n =10712). Each row has five spectra and ten seeds. Exact-spectrum calculations use the
prescribed singular values and bases, not a numerical rank estimate.

Target 0 Exact uniform Exact target Retained uniform Retained target
Gaussian 0.1 20/50 20/50 30/50 30/50
Gaussian 0.5 20/50 30/50 30/50 30/50
Gaussian 0.9 20/50 46/50 30/50 47/50
Leading 0.1 20/50 50/50 30/50 50/50
Leading 0.5 20/50 50/50 30/50 50/50
Leading 0.9 20/50 50/50 30/50 50/50

D Supporting scalar numerical results

D.1 Numerical feasibility and target-specific fit

All 200 randomized formula checks and 48 explicit boundary cases pass. The largest
computed discrepancy in ¢ = 1 — 1/k2(G)) is 2.70 x 1071%; the reduced and four-
term floors agree numerically. Boundary cases include isotropic, rank-one, wide, and
severely ill-conditioned spectra and horizon zero; invalid budgets are rejected. In
the 390 expanded realized feature matrices, the pre-validation floor is driven by the
condition constraint in 305 cases, the gain constraint in 59 cases, and the positive
numerical floor in 26 cases. The horizon never independently determines the default
floor, as Remark A.2 requires. Validation chooses the exact joint floor in 118 of these
configurations.

The exact designed-spectrum audit accepts 120/300 cases under the uniform cri-
terion and 246/300 under the target-specific criterion. With the relative cutoff 10712
the corresponding counts are 180/300 and 257/300. Table 5 reports both, and Table 6
shows the cutoff sensitivity. These are different subspace questions; the retained-
subspace counts must not be interpreted as exact-rank feasibility. Figure 2 makes the

distinction explicit.
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Table 6 Sensitivity of feasibility to the
relative spectral cutoff. The designed exact
spectrum retains all prescribed positive
singular values, including the 10~14 cluster.

Cutoff Uniform Target-specific

Exact design  120/300 246/300

10714 180/300 256,300

10712 180/300 257/300

10710 180/300 259/300
I Uniform

73 Gaussian target
EEE Leading target

(@)

Feasible cases / 50

0.1
Allowed distortion

Fig. 2 Feasible cases among 50 controlled designs for each target type and fit tolerance. The operator
condition protects every target; the target-specific condition uses projected training-target energy.

0.5

0.9

(D)

0.1
Allowed distortion

0.5 0.9

(a) The prescribed exact spectrum. (b) The retained subspace at relative cutoff 10712

The target-specific improvement is not automatic predictive improvement. It says
that protecting every weak feature direction can be stricter than protecting the target
energy actually present. A target-specific feasible interval should not be interpreted

as preserving unseen targets or guaranteeing generalization. The main prediction

comparisons do not impose this upper constraint.
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Table 7 Same-parameter ridge solves across 390 feature configurations. Step counts are
not equal computational work; CG reports the maximum across target columns.
Classification disagreement is measured against the SVD ridge predictor, not ground truth.

Solver Accepted Median steps Max. relative error Disagreements
Cholesky 390,390 - 5.44 x 10713 0
Augmented QR 390,390 - 2.65 x 10714 0
CG 390/390 48 3.98 x 107° 0
Hyperpower-2 390/390 14 2.25 x 1078 0
Hyperpower-3 390/390 9 3.70 x 1078 0

D.2 Matched ridge solves and nominal diagnostics

All 300 regenerated synthetic hyperpower solves meet the stopping target, with max-
imum relative error 4.94 x 107Y against the same-parameter SVD ridge reference.
All 1950 expanded matched-objective solves, including 780 hyperpower solves, also
meet the implemented nominal coefficient target. Table 7 reports errors separately
from stopping flags. There are no observed classification-label disagreements with the
exact-ridge reference; all such predictions pass the nominal margin test.

Finite-precision diagnostic bounds are not strict verified enclosures. The largest
error-to-nominal-bound ratio among all expanded solves is 2.5838, for an augmented-
QR result with absolute error 1.10 x 1072, relative error 1.30 x 10~'4, and nominal
bound 4.28 x 10713, At this scale, residual evaluation and reference error cannot be
ignored. The maximum ratio among the hyperpower runs is 0.9999996. The full records
preserve these discrepancies rather than converting diagnostic values into machine-
verified guarantees.

Figure 3 compares measured coefficient errors with the nominal residual bounds.

A solve that reaches the residual target approximates its chosen regularized
objective. It does not recover the unregularized pseudoinverse to the same accu-
racy. Similarly, successful margin diagnostics indicate agreement with the reference

predictor, not correctness of all test labels.
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Fig. 3 Measured coefficient errors against same-parameter SVD ridge references versus nominal
stationarity-residual bounds. These are floating-point diagnostics, not interval-validated enclosures;
errors near roundoff include reference-solution error

Table 8 Test accuracy (%, mean + sample standard deviation over ten seeded partitions and
feature draws). Every validation-based variant uses the same selection protocol; no test score
enters model selection.

Estimator Iris Wine Breast Cancer Digits
Pseudoinverse 89.33 +£5.40 93.33 £2.99 96.93 +£1.19 94.94 +0.83
TSVD + validation 95.00 £ 4.78 97.50 + 2.43 97.11 +£0.72 94.94 +0.83
Ridge + validation 95.00 +4.51 98.33 +1.43 97.19 £1.00 95.17 +0.85
OCReP spectral rule 96.00 £3.78 97.78 +2.19 97.11+£1.02 92.97+0.96
Condition + validation 95.33 +£4.77 97.50 + 1.58 97.19 £1.00 95.17 +0.85
Gain + validation 95.33 £4.77 98.06 +1.34 97.19 £ 1.00 95.17 +0.85
Horizon + validation 95.33 £4.77 98.33 +1.43 97.19 £ 1.00 95.17+0.85
Joint 4 validation 95.33 +£4.77 97.50 + 1.58 97.19 £1.00 95.17 +0.85
Spectrum-free + validation 95.33 £4.77 97.50 £+ 1.58 97.19 £1.00 95.17 +0.85

D.3 Common-validation ablations and predictive performance

Tables 8 and 9 report held-out classification and regression scores under the common

validation protocol.
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Table 9 Regression in original target units: RMSE (mean + sample standard deviation)
and mean test R? over ten seeded partitions. RAND HIE uses identical-covariate-group
splits and squared loss; this is not a clinical or count-distribution claim.

Estimator Diabetes RMSE ~ R?> RAND HIE RMSE ~ R?
Pseudoinverse 59.973 + 3.850 0.339 4.382 £ 0.309 0.032
TSVD + validation 54.623 +2.802 0.453 4.303 £0.336 0.067
Ridge + validation 55.153 +3.167 0.442 4.299 +0.334 0.069
OCReP spectral rule 54.881 4+ 3.424 0.447 4.302 +£0.334 0.068
Condition + validation 55.153 & 3.167 0.442 4.300 £ 0.335 0.069
Gain + validation 55.039 4+ 3.220 0.445 4.302 £ 0.335 0.068
Horizon + validation 55.068 &+ 3.203 0.444 4.299 +£0.334 0.069
Joint + validation 55.153 +3.167 0.442 4.300 £0.335 0.069
Spectrum-free + validation 55.153 + 3.167 0.442 4.299 +0.334 0.069

Joint-CV has no uniform predictive advantage. It matches Ridge-CV on Breast
Cancer, Digits, and Diabetes, has a small descriptive increase on Iris, and is less accu-
rate on Wine; RAND HIE RMSE values are close. Neither these differences nor any
table entry is declared statistically significant. RAND HIE mean R? is low (approxi-
mately 0.07), so the medium-size experiment demonstrates numerical behavior under
the specified squared-error model rather than strong predictive fit.

Condition-CV and Joint-CV select the same representation and parameter in all
60 default selected-model cases. This is an important negative ablation result: the gain
constraint does not improve their selected predictions in this default protocol. Never-
theless, Ridge-CV meets the gain and condition ceilings in only 50/60 selected cases,
versus 60/60 for Joint-CV. Validation alone and numerical feasibility are therefore
distinguishable even when their predictive scores are similar.

To test binding regimes explicitly, a diagnostic follow-up fixes width 128 and
sigmoid features on Iris, Digits, Diabetes, and RAND HIE. With ten seeds, five
common-validation policies, and three regimes (default, I' = 10, or M = 8), it con-
tains 600 rows. This follow-up is designed to probe the constraints, not to tune final
predictive settings using test results. In the gain-tight regime, Condition-CV meets

the gain ceiling in only 1/40 cases; Joint-CV meets it in 40/40. In the horizon-tight
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Table 10 Constraint fulfilment in the fixed-width sigmoid stress
diagnostic. Gain-tight uses I' = 10; horizon-tight uses M = 8; all
other budgets remain at their defaults. Every method uses the same
validation-grid rule.

Regime Method Condition  Gain Horizon
Default Ridge-CV 17/40 17/40  17/40
Default Condition-CV 40/40 40/40 40/40
Default Gain-CV 16/40 40/40  40/40
Default Horizon-CV 17/40 17/40 40/40
Default Joint-CV 40/40 40/40 40/40
Gain-tight  Ridge-CV 17/40  1/40  17/40
Gain-tight Condition-CV 40/40  1/40 40/40
Gain-tight Gain-CV 40/40 40/40 40/40
Gain-tight Horizon-CV 17/40  1/40 40/40
Gain-tight Joint-CV 40/40 40/40 40/40
Horizon-tight Ridge-CV 17/40 17/40 0/40
Horizon-tight Condition-CV 40/40 40/40 0/40
Horizon-tight Gain-CV 16/40 40/40 0/40
Horizon-tight Horizon-CV 40/40 40/40 40/40
Horizon-tight Joint-CV 40/40 40/40 40/40

regime, Condition-CV meets the stricter horizon in 0/40 cases, versus 40/40 for Joint-
CV. These are different requested operating points; they do not overturn the exact
condition—horizon equivalence.

Table 10 records constraint fulfilment in the three stress regimes.

All constraint variants use validation on the same base-grid rule. This avoids con-
founding a single assigned parameter with a searched grid. The horizon-only variant
is weaker than the condition-only variant at the default settings, as Lemma A.1 pre-
dicts. Equal predictions from different variants are not evidence that the constraints
are universally equivalent; they can result from validation selecting the same interior
parameter.

Figure 4 compares the coefficient gains of paired validation-only and jointly

constrained fits.
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Fig. 4 Target-to-coefficient gains for the 60 selected models, paired by data set and seed, under
ordinary ridge validation and joint constraints. Dashed reference lines mark the prescribed gain ceiling
of 100. Similar predictive scores need not imply identical numerical sensitivity

D.4 Noise and computation—accuracy trade-offs

The expanded regression perturbation study contains 2,700 records. Maximizing
directions attain the exact fixed-parameter operator gain with maximum relative
discrepancy 2.89 x 1071°. Gaussian-direction gains are smaller; their maximum
observed-to-operator-gain ratio is 0.521. These calculations evaluate a linear response
at a fixed parameter, not a robustness claim for a reselected model. The corre-
sponding noisy RMSE records are supplied without assuming monotone or universal
improvements in generalization. Figure 5 shows the observed gains for Gaussian and
maximizing perturbation directions.

Table 11 compares complete pipeline times for the five training policies.

In this run, the ratio of exact-calibration to spectrum-free median time is 1.88—
2.92 for the resolve policies and 2.19-3.64 for reuse. These are policy comparisons: the

conservative floor can change the selected parameter. Reusing the selected coefficients
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Fig. 5 Observed target-noise gain for joint-constrained regression fits compared with the exact fixed-
parameter ridge gain. Maximizing directions attain the operator norm up to numerical error, while
Gaussian directions generally do not. No parameter re-selection follows perturbation

Table 11 Median complete fixed-representation pipeline times (ms), five repetitions, one
controlled run. Resolve policies recompute the selected coefficients; reuse policies return the
coefficients retained during validation. Quartiles and component times are in Online Resource 1.

Data Width Exact/Chol. Exact/HP2 Free/Chol. Exact/reuse Free/reuse
Digits 128 13.4 22.8 7.1 12.6 5.8
Digits 256 36.3 80.0 16.5 32.1 12.4
Digits 512 147.9 430.3 55.8 135.5 39.4
RAND HIE 128 133.1 144.8 49.5 124.1 38.7
RAND HIE 256 318.1 413.3 120.9 295.3 96.5
RAND HIE 512 938.5 1247.7 320.9 877.4 240.8

avoids an unnecessary final solve; it does not remove the preceding validation cost.
There is no hardware-independent speed claim. The exact hyperpower pipeline is
slower than exact Cholesky in all six designs in this run.

Figure 6 displays these median pipeline times across the six fixed designs.
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Fig. 6 Median complete fixed-representation pipeline time over five repetitions. Preprocessing, cal-
ibration, parameter search, and final solution are included; the outer architecture search is not. A
spectrum-free floor changes the admissible parameters, so these curves compare training policies, not
equal-objective solver kernels
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