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9 Abstract

10 Fitting an ordinary differential equation (ODE) model to data is routine in
1 mathematical biology, yet first attempts often end with a poor fit or with esti-
12 mates that change from one initial guess to the next. We give a five-step recipe
13 that works with any ODE solver and least-squares routine: rescale the problem,
14 tighten the solver tolerance, start from a gradient-matching estimate, check the
15 residuals, and report intervals on the log scale. The step that matters most is easy
16 to miss. At the default relative tolerance of 10~2 in Python, MATLAB and Julia,
17 the finite-difference Jacobian of the default explicit solver is up to 31% wrong,
18 whatever the difference step. On a Lotka—Volterra problem, tightening the toler-
19 ance to 1079 raises the success rate from 30-36% to 58-68% across three data
20 sets and two optimisers. In 400 trials on four textbook models, each step rescues
21 a different model, and the full recipe reaches the best fit in every trial. For the
2 1978 boarding-school influenza outbreak, the residual check exposes a flaw of the
23 SIR model; a two-stage model removes it and lowers Rg from 3.96 to 3.18 (95%
2% interval 2.82-3.65). Each step is a rule with a number and a warning sign.

25 Keywords: parameter estimation, model calibration, ordinary differential equations,
26 solver tolerance, profile likelihood, gradient matching

» 1 Introduction

23 Most models in mathematical biology contain parameters that cannot be measured
o directly: a transmission rate, a predation rate, an elimination constant. They are
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estimated by choosing the values for which the solution of the ODE model matches
the data best, usually in the least-squares sense. This step is taught in every modelling
course and used in thousands of papers, and the quality of every later prediction
depends on it.

The step is harder than it looks because a failed fit rarely announces itself. The
optimiser stops after a few iterations and reports success, or two initial guesses return
two different answers, and the modeller is left to guess whether the cause is the model,
the data, the optimiser or the code. The naive approach, which runs a general-purpose
least-squares routine with its default settings from one initial guess, hides three sep-
arate difficulties: parameters on scales that differ by orders of magnitude, a Jacobian
that is computed from inexact ODE solutions, and a cost surface with several minima.

Experienced groups have collected the remedies. Raue et al. [1] list lessons from a
decade of fitting models in systems biology, a protocol by Villaverde et al. [2] sets out
the full calibration workflow, benchmark collections compare optimisers on realistic
problems [3, 4], and dedicated tools such as Data2Dynamics [5] and pyPESTO [6] build
these lessons in. These works address users of specialised software and large models;
the present guide addresses the newcomer who fits a small model with a general-
purpose solver. Tutorials in this journal and elsewhere explain the statistical side of
fitting epidemic models [7, 8], identifiability and prediction [9, 10], measurement-error
models [11], and model building from data [12]; the present guide complements them
with the numerical side. The primer on nonlinear regression by O’Brien and Silcox [13]
explains why likelihood-based intervals are preferable to Wald intervals and names
compartmental models based on differential equations, computational algorithms and
starting values as topics for further study. This guide takes up these three topics.

Many newcomers fit their first models with the general-purpose ODE solvers and
least-squares routines of Python, MATLAB, R or Julia, and with the default settings
of those routines. This guide is written for that reader. It packages the remedies into
five steps, each with a concrete setting and a warning sign that appears when the step
is skipped (Section 3), and it measures how much each step helps on four test models
and two classic data sets. The central finding concerns a setting that is invisible in
most code. We show that the default solver tolerance, rather than the optimiser or the
difference step, is the main hidden cause of failed fits in our tests, because the finite-
difference Jacobian inherits the solver error, which reaches 31% at the default relative
tolerance of 1073 used by SciPy [14], MATLAB [15] and DifferentialEquations.jl [16].

The contributions of this guide are:

® 3 five-step recipe stated with numerical settings and warning signs, applicable with
any ODE solver and least-squares routine (Section 3);

® 3 measurement of the effect of the solver tolerance and the difference step on the
Jacobian and on the success of the fit, across random seeds, solvers and optimisers
(Sections 3.2 and 4);

® an ablation on four textbook models in which the full recipe reaches the best fit in
all 400 trials, with gradient matching as the most efficient start for an oscillating
model (Section 4);

® 3 worked analysis of two classic data sets, including intervals and a residual check
that shows where each model needs refinement (Section 5).
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The individual techniques are established; the contribution lies in their measured effect
and in a form that a newcomer can apply directly. Section 2 shows the problem on
one example, Section 6 discusses the results and their scope, and Section 7 answers
common practical questions.

2 A fit that fails for a hidden reason

We write the model as

x(t) =£(x(t),p),  x(0) =x0(p), (1)

with state vector x and parameter vector p, and we observe some function of the state,
v; =~ g(x(t;),p), at times ¢1,...,t,. The least-squares estimate minimises the sum of
squared residuals

SSE(p) = Y _ly; — (x(t;:p).p)]* = ()" 2)

Every evaluation of r(p) requires a numerical solution of (1). Gauss—Newton-type
methods such as Levenberg-Marquardt or trust-region least squares also need the
Jacobian J = Or/dp, which general-purpose routines approximate by finite differ-
ences: each parameter is perturbed by a small step and the model is solved again.
Throughout, bold lowercase letters denote vectors, bold capitals denote matrices, func-
tions such as log and | - | act componentwise on vectors, and model variables keep the
conventional names of their field, such as S, I and Ry.

Figure 1 shows the consequence on the Lotka—Volterra predator—prey model
(Table 1) with 31 observations of both species and 2% noise. Both panels use the same
data, the same initial guess and the same least-squares routine. With the default solver
tolerance 10~2 the routine stops after 22 model evaluations at parameters that are up
to 287% wrong, and the fitted curves are visibly out of phase with the data (Fig. 1a).
With the tolerance 1079 it stops after 8 evaluations with all parameters within 2.4%
of the true values (Fig. 1b). Nothing in the output of the first run signals a problem:
the routine reports successful termination.

3 The recipe

Figure 2 summarises the five steps. Steps 1-3 make the optimisation reliable, and
Steps 4-5 tell the modeller whether the result can be trusted. Each subsection states
what to do, why it helps, and what warning sign appears when the step is skipped.

3.1 Step 1: rescale parameters and residuals

Biological parameters are positive and often differ by orders of magnitude; in the
pharmacokinetic model of Table 1, the volume is 10 and the rate constants are between
0.2 and 1.5. We therefore estimate 8 = log p instead of p. This keeps every parameter
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Fig. 1 The default solver tolerance alone can make a fit fail. Lotka—Volterra data (circles, 2% noise)
and the fitted model (lines) from one initial guess with the relative solver tolerance (a) 1073, the
default in several environments, and (b) 1076. In (a) the fit stops after 22 model evaluations with
parameters up to 287% wrong; in (b) it stops after 8 evaluations with all parameters within 2.4% of
the truth.

Step What to do Warning sign if skipped
fit log-parameters; parameters differ by
weight residuals by the noise orders of magnitude

relative tolerance 10 ° fit stops early or
(default is 10-3) changes with the start

gradient matching if all states different starts give
are observed, else 10 starts  different optima

plot residuals; lag-1 residuals show a
autocorrelation, runs pattern in time
profile-likelihood intervals profile is flat or
for each parameter open on one side

Fig. 2 The five-step recipe. The right-hand column lists the warning sign that typically appears
when a step is skipped.

positive, makes a step of 0.1 mean “about 10%” for every parameter, and usually
makes the cost surface closer to a quadratic bowl [17].

The residuals in (2) are scaled to match the noise. The choice of noise model matters
for both the estimate and its uncertainty [11]. When the noise is roughly proportional
to the signal, as for population counts or concentrations, we compare logarithms,
logy; — logg;. For counts with Poisson-like noise, such as daily case numbers, we
compare square roots, \/y; — ,/g;. When several outputs are fitted together and no
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noise model is known, each output is divided by its typical size so that no output
dominates only because of its units.

Warning sign: estimates that hit zero or become negative, or one output that is
fitted well while the other is ignored.

3.2 Step 2: tighten the solver tolerance

Adaptive ODE solvers choose their time steps so that the estimated local error stays
below a tolerance of the form atol + rtol - |x|, with a relative tolerance rtol and an
absolute tolerance atol. A relative tolerance of 10~3 means that the computed solution
is correct to about three digits. This is adequate for plotting a solution, but a fit
needs more, because the Jacobian is computed from differences of solutions. When
the parameter is perturbed, the solver error changes as well, and the difference of two
solutions contains the difference of two errors.

Figure 3 measures this effect on the Lotka—Volterra model. The relative error of
the finite-difference Jacobian is about 31% at rtol = 1073, 0.6% at 10~%, and 4 x 1075
at 1076, It hardly depends on the difference step h over seven orders of magnitude,
because the adaptive solver takes almost the same time steps for nearby parameter
values, so the difference quotient differentiates the discrete solution and inherits its
error. This is the internal differentiation effect described by Bock [18]. The practical
rule is therefore: choose the solver tolerance, and leave the difference step at its default.

solver tolerance
— 10" 107" 10° —— 10° —— 10"
default step

0

10° -

relative Jacobian error
L

10° 107" 10° 10° 107"

finite-difference step h
Fig. 3 The finite-difference Jacobian is only as accurate as the ODE solver. Relative error of the
forward-difference Jacobian of the Lotka—Volterra model (log-parameters, at the true values) against

the difference step h, for five solver tolerances. The dotted line marks the default step v/ ~ 1.5x 10785,
The error is set by the tolerance and is nearly independent of h up to h ~ 10~3.

Rule: set the relative tolerance to 107 and the absolute tolerance three orders
of magnitude below the smallest state value of interest. On our test problems a fit
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at 1076 took about 1.4 times the wall time of a fit at 1073, because fewer iterations
were needed (Section 4). The solvers of the R package deSolve [19] already use 1076
by default. An alternative is to compute J from the sensitivity equations [20], which
several dedicated tools do [5, 6]. For the Lotka—Volterra model, the Jacobian from
sensitivity equations has an error of 0.5% at the default tolerance 10~3, about 70 times
smaller than the finite-difference error, and of 3 x 107 at 1076. Sensitivities therefore
remove most of the problem; the tolerance rule remains useful because the solution
itself is accurate to only about 1% at 1073,

Warning sign: the fit stops early with “success”, or the estimate changes when the
tolerance is changed. A quick test is to refit from the final estimate with a tolerance
ten times smaller; a reliable estimate does not move.

3.3 Step 3: start close to the answer

Local optimisers find the minimum nearest to the initial guess, and ODE models,
especially oscillating ones, can have several. Two remedies are cheap.

Gradient matching. When every state is observed, we can estimate the derivative
% directly from the data and avoid solving the ODE altogether [21-24]. Weak-form
versions of the idea avoid differentiating noisy data and are an active topic in this
journal [25, 26]. We fit a smoothing spline through each observed series, with the
smoothing level set by the noise, and differentiate the spline. For many models the
right-hand side is linear in the parameters, and the parameters then follow from a
linear least-squares problem. For Lotka—Volterra with prey v and predator v,

E:a—bv7 E:—c—i—du, (3)
u v

so regressing the smoothed 4/u on v gives (a, b), and regressing v/v on u gives (¢, d).
The result is used as the initial guess for the full least-squares fit.

Multistart. When some states are unobserved, or the model is not linear in its
parameters, we run the fit from about ten initial guesses spread over a plausible range
on the log scale and keep the best. For small models this costs seconds.

Warning sign: different initial guesses give different estimates whose SSE differs
by more than 1%.

3.4 Step 4: check the residuals

A small SSE does not show that the model is adequate. We plot the scaled residuals
against time. If the model captures the data, they look like noise: no trend, no waves,
and about as many sign changes as a coin would produce. Two numbers summarise
this. The lag-1 autocorrelation of the residuals should be below about 2/y/n, and the
number of runs of equal sign should be near n/2 4+ 1. A systematic pattern indicates
that the model misses a mechanism, or that the noise model of Step 1 is wrong, and
it makes the uncertainty estimates of Step 5 too optimistic.

Warning sign: residuals that form waves or a trend, or a lag-1 autocorrelation

above 2/y/n.
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3.5 Step 5: report intervals on the log scale

The Jacobian at the optimum gives the usual approximate covariance s2(J ' J) ™!, with
5?2 = SSE/(m — n,) for m residuals and n, parameters. Computed for 8 = logp, it
gives the interval

pi € |Die” 17, Pie??, (4)

where o; is the square root of the ith diagonal element and ¢ is the 97.5% quantile
of the Student ¢ distribution with m — n, degrees of freedom. On the log scale this
interval is asymmetric in p;, as it should be for a positive parameter.

The profile likelihood [10, 27-29] checks this interval without relying on the
quadratic approximation. We fix 6; at a sequence of values, refit all other parameters
at each value, and record A(6;) = mlog(SSE(6;)/SSEmin ). The 95% interval contains
the values where A < mlog(l + Flomn,/(m — np)), with F ;5 —p, the 95% quantile
of the F' distribution; this threshold matches the quantile ¢ in (4) and tends to the
familiar 3.84 for large m. A profile that stays flat on one side signals a parameter that
the data cannot determine [28].

Warning sign: a profile that is flat or open on one side, or an interval that spans
more than an order of magnitude.

4 How much each step helps

A recipe earns its place when each step makes a measurable difference. This section
measures that difference on simulated data, where the true parameters are known: first
the effect of the solver tolerance and the difference step, then its robustness across data
sets, solvers and optimisers, and finally the gain from adding the steps one at a time.

4.1 Test problems

We tested the recipe on four models that a mathematical biologist meets early
(Table 1): logistic growth, an SIR outbreak in which only the infected fraction is
observed, a two-compartment pharmacokinetic (PK) model with oral dosing in which
only the central concentration is observed, and the Lotka—Volterra model. Data were
generated from the true parameters with multiplicative Gaussian noise. Appendix A
gives the remaining details.

We call a fit successful when its SSE, recomputed with the relative tolerance 10719,
is within 1% of the best SSE found for the same data set. This criterion judges each
method by the minimum of its own objective and does not require the parameters
to be identifiable. For the PK model, for example, the well-known “flip-flop” solution
with k, and k1o exchanged fits equally well and is counted as a success.

4.2 Solver tolerance and difference step

For the Lotka—Volterra and SIR models we ran 50 initial guesses on a grid of seven
tolerances (1072 to 1071Y) and six difference steps (Fig. 4). For Lotka—Volterra, all
tolerances of 10~% and below give the same result, 32-34 of 50 fits within 5% of the
global optimum, at a median of 10-19 model evaluations. At 1072 only 10-20 fits
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Table 1 Test models: N is the population size with growth rate r» and carrying capacity K;

S and I are the susceptible and infected fractions; Ay, A. and A, are the drug amounts in
the gut, central and peripheral compartments, with volume V' and rate constants k., k1o,

k12, k21; u and v are prey and predator. All parameters are estimated on the log scale; “obs.”
is the observed quantity and n the number of observation times.

Model Equations True parameters Obs. n
Logistic N =rN(1 - N/K) r = 08 K = 100, N 25
Nog =2
SIR S =—BSI, I =BSI—~I B=17,v=045 I = I 15
3/763
PK Ag = —kaAy, ko = 1.5, ko = 0.2, Ac/V 12
Ac = kaAg — (k1o + k12)Ac + k12 = 0.5, k21 = 0.3,
k21 Ap, V=10
Ap = k12Ac — k21 Ap; dose 100
LV u = au — buv, v = —cv + duv a=1,b=01,¢c=15wuv 31

d = 0.075; wg

v9g =95

10,

succeed, and they need 22-26 evaluations. The difference step changes these numbers
little in any row, which confirms the message of Fig. 3. The SIR outbreak is short and

does not oscillate. There, all 50 fits succeed at every grid point. The fits at 1073 are

nevertheless biased: their SSE is 0.3% above the minimum, and their parameters differ
from it by 0.8%. The effect of the tolerance therefore depends on the model, and it
is largest for oscillating systems, in which small errors in the period accumulate over

time.

a successful fits (of 50)

10°%420 14 13 10 10 14

solver tolerance

def. 10 10° 10" 10 10

finite-difference step

Fig. 4 Tolerance decides, difference step does not. Lotka—Volterra, 50 initial guesses per cell: (a) num-
ber of fits within 5% of the global optimum, (b) median number of model evaluations per fit. Columns

b median model evaluations

"n 1 1 12
110 10 10 1 12
110 10 11 1 n
110 10 1 12 12
110 10 10 1 12
110 10 10 1 12

T T T T T

def. 40 10 10 10 10

finite-difference step

are difference steps (“def.” is the default ~ 1.5 x 10~8), rows are relative solver tolerances.

-2
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4.3 Other seeds, solvers and optimisers

The numbers above come from one data set and one solver. We therefore repeated
the Lotka—Volterra experiment with three independent data sets, three solvers (the
explicit Runge-Kutta method RK45, the automatic stiff/non-stiff switcher LSODA,
and the implicit BDF method) and two optimisers (trust-region least squares and
Levenberg—Marquardt), with 50 initial guesses each (Table 2). For the explicit Runge—
Kutta solver, the type used by default in SciPy, MATLAB and Julia, tightening the
tolerance from 1072 to 107 raises the success count from 15-18 to 29-34 of 50 on
every data set and with both optimisers, and reduces the median cost from 29 to 10
model evaluations with the trust-region method. For LSODA the gain is smaller (23—
28 to 27-34), and BDF gives 28-33 successes already at 1073, at three to five times
the computing time per fit. The Jacobian error explains the difference: at 1073 it is
3% for BDF, 31% for RK45, 110% for LSODA and 170% for the eighth-order Runge—
Kutta method DOP853, and at 1075 it is below 0.2% for all four. At 1076, all six
combinations of solver and optimiser reach success counts within two fits of each other
on every data set. The rule of Step 2 therefore holds for every solver tested, and it
matters most for the explicit methods that newcomers use by default.

Table 2 The tolerance rule holds across data sets, solvers and optimisers. Lotka—Volterra, three
independent data sets with 50 initial guesses each; entries give the range over the data sets of the
number of fits within 5% of the global optimum, and the median number of model evaluations.
TREF: trust-region least squares; LM: Levenberg-Marquardt.

rtol = 1073 rtol =107

Solver Optimiser successes evaluations successes evaluations
RK45 TRF 16-18 29 29-34 10

LM 15-18 107 29-34 46
LSODA TRF 23-28 25 27-34 11

LM 25-27 88 28-34 54
BDF TRF 29-33 28 29-34 10

LM 28-30 93 29-33 46

4.4 Adding the steps one at a time

We then added the steps one at a time, with 100 trials per model; each trial used new
noise (5%) and a new initial guess up to a factor e &~ 2.7 from the truth. SO is the
naive fit: original parameters, unweighted residuals, default tolerance and one initial
guess. S1 adds Step 1, S2 adds Step 2, and S3 adds a ten-point multistart. For the
two fully observed models we also ran gradient matching (GM) followed by a single
fit with Steps 1-2.

Figure 5 shows that each step helps a different model. Logistic growth is the least
demanding model, with 99 of 100 naive fits successful. Rescaling (S1) helps the PK
model most, from 79 to 93 successes, because its parameters differ by two orders of
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Fig. 5 Each step rescues a different model. Four models, 100 trials each, with the steps of the recipe
added cumulatively: (a) percentage of successful fits with Wilson 95% intervals [30], (b) median
number of model evaluations per fit (log scale; S3 counts all ten starts). GM is gradient matching
followed by one fit, shown for the two fully observed models.

magnitude. The tighter tolerance (S2) completes the SIR model, from 93 to 100, and
lifts Lotka—Volterra from 1 to 45. Multistart (S3) brings every model to 100 of 100,
at about ten times the cost. Gradient matching is the most efficient start for Lotka—
Volterra: 100 of 100 successes at a median of 8 model evaluations, fewer than a single
fit from a random start. For logistic growth it succeeds in 84 trials, because a spline
describes the early, nearly flat part of the curve poorly; there the multistart of S3 is
the better choice. No single step suffices for all four models, and this is the reason to
apply all of them.

5 Two classic data sets

Simulated data show how often each step helps; real data show what the recipe delivers
in practice. We apply the full recipe to two data sets that are widely used in teaching,
one from epidemiology and one from ecology, and follow all five steps through to the
reported intervals.

5.1 Data and models

The first data set is the influenza outbreak in an English boarding school in January
1978 [31]: of 763 boys, the number confined to bed was recorded daily for 14 days.
We use the series digitised by King and co-workers (Statements); another widely used
digitisation differs by up to five cases on some days. We fit the SIR model S =
—RyySI/N, I = RyySI/N — ~I with N = 763, S(0) = N — I, and the observed
number in bed equal to I. Its parameters are the basic reproduction number Ry, the
recovery rate v and the initial number of infected boys Iy, so that Ry is estimated
directly, and we compare square roots of the counts (Step 1). The second data set
is the annual number of hare and lynx pelts traded by the Hudson Bay Company in

10
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1900-1920 [32], a standard test of the Lotka—Volterra model [33]. We fit the four rates
and the two initial populations hqy (hare) and Iy (lynx), six parameters in total, and
compare logarithms.

5.2 Results

The recipe raises the success rate from random initial guesses for both data sets. For
the influenza data, 34 of 50 naive fits reach the minimum of their own objective, and
42 of 50 fits with Steps 1-2 do so, at a median of 11 model evaluations against 22. For
the lynx—hare data the numbers are 4 and 14 of 50, which shows that a six-parameter
oscillating model needs Step 3. Gradient matching reaches the best fit in a single run
with 9 model evaluations. The resulting estimates for the lynx—hare data, a = 0.540,
b =0.0272, ¢ = 0.796 and d = 0.0237 per year, agree with a Bayesian analysis of the
same data [33].

a b
125 -
o data o haredata © lynxdata
400 1 — sIRfit — 100 J— harefit — lynxfit
- —=- two-stage SIR fit "é’
2 300 1 S
£ 3
2 200 - s
3 2
100 - g
0

0.0

residual
(sqrt scale)

residual
(log scale)

T -0.5 1 T T T
5 10 1900 1910 1920
day (January 1978) year

Fig. 6 The recipe fits two classic data sets, and the residuals show what each model misses. (a) Boys
confined to bed during the 1978 boarding-school influenza outbreak (N = 763) with the SIR fit and
the fit of an SIR model with two stages in bed; (b) Hudson Bay hare and lynx pelts, 1900-1920, and
the Lotka—Volterra fit; (c, d) residuals on the scale used in the fit. The lag-1 autocorrelation of the
residuals is 0.66 for the SIR fit and 0.34 for the two-stage fit of the influenza data, and 0.58 (hare)
and 0.39 (lynx), against the thresholds 2//n = 0.53 and 0.44.

The fits look good at first sight (Fig. 6a, b), and the residual check of Step 4 adds
a qualification. For the influenza data the residuals are small and of mixed sign until
the peak, positive on days 8-11 and negative on days 12-14 (Fig. 6¢), with a lag-1
autocorrelation of 0.66, above the threshold 0.53. The observed decline is first slower
and then faster than the SIR model allows, a shape that a single exponential recovery
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cannot produce. Avilov et al. [34] showed that the classic SEIR model also misses
these data, and that a model with separate bed-confined and convalescent states and
non-exponential residence times fits them; the residual pattern points to the same
refinement without any additional analysis. For the hare series the autocorrelation is
0.58 against a threshold of 0.44, and the residuals change slowly from year to year, as
expected for a two-species model of a system that involves more species. The intervals
of Step 5 should therefore be read as lower bounds on the uncertainty.

The residual pattern also suggests a simple remedy. In the SIR model the time in
bed is exponentially distributed, so most boys recover within a day or two and a few
stay in bed for a long time. Splitting the bed-confined state into two consecutive stages,
each left at rate 27, keeps the mean time in bed at 1/4 but makes its distribution
peaked, which is the non-exponential residence time that Avilov et al. [34] found
necessary. Fitted with the same recipe, this model has the same number of parameters,
reduces the SSE from 16.1 to 9.7, lowers the lag-1 autocorrelation of the residuals from
0.66 to 0.34, below the threshold, and is preferred by the small-sample Akaike criterion
(AICc 3.3 against 10.3). Three or four stages give similar fits, and adding a latent
period instead (an SEIR model) lowers the SSE less (13.0) and leaves the residual
pattern (0.55). The basic reproduction number of the two-stage model is Ry = 3.18
(Jacobian interval 2.80-3.61, profile 2.82-3.65), with a mean time in bed of 2.1 days.
This interval overlaps the SIR interval of Table 3 only between 3.30 and 3.65: the
choice of model structure moves Ry more than the noise in the data does, and the
residual check is what reveals it.

Table 3 Estimates and 95% intervals for the two data sets: Jacobian interval on the log scale,
Eq. (4), and profile-likelihood interval with the matching threshold.

Data Parameter Estimate Jacobian interval Profile interval
Influenza Ro 3.96 3.23-4.85 3.30—4.89
v (day—1) 0.496 0.437-0.562 0.439-0.562
Io 1.16 0.34-3.93 0.30-3.28
Lynx—hare a (year—1) 0.540 0.432-0.675 0.429-0.672
b 0.0272 0.0204-0.0362 0.0203-0.0362
c (year—1) 0.796 0.643-0.986 0.645-0.993
d 0.0237 0.0179-0.0314 0.0180-0.0316
ho 34.6 29.1-41.1 29.4-40.8
lo 5.85 4.95-6.90 4.95-6.91

Table 3 and Fig. 7 compare the two kinds of interval. For eight of the nine param-
eters, the Jacobian interval on the log scale and the profile interval agree within a few
per cent in width. For the number of initially infected boys, Iy, the profile is asymmet-
ric and its upper limit is 3.3 instead of 3.9: the data constrain the early phase of the
outbreak only weakly. This agrees with the caveat of O’Brien and Silcox [13] about
Wald intervals: on the original scale the Jacobian interval for Iy would even include
negative values, and the log scale removes most, though not all, of the difference. The
practical message is that the Jacobian interval on the log scale is a good first answer,
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and that the profile is worth computing for parameters with wide intervals. Under the
SIR model, the basic reproduction number of the outbreak is Ry = 3.96 (3.30-4.89)
and the mean time in bed is 1/v = 2.0 days.

=== profile interval =====_Jacobian interval (log scale)  ------ 95% threshold

profile deviance

15 30 45 045 060 075 06 08 1.0
Ry (flu) Iy (flu) a (lynx—hare) ¢ (lynx—hare)

Fig. 7 On the log scale, Jacobian and profile-likelihood intervals agree, and the profile shows where
they do not. Profile deviance for four parameters with the 95% threshold (dotted) and the two
intervals. Only the weakly determined initial number of infected boys, Iy (b), shows a clear difference.

6 Discussion

The five steps address three separate causes of failure, and the experiments show that
each cause dominates for a different kind of model. Rescaling matters when parameters
differ by orders of magnitude, as in the pharmacokinetic model. The solver tolerance
matters when the solution oscillates, because a small error in the period grows over
the time span and enters the finite-difference Jacobian. A good start matters when the
cost surface has several minima, again most of all for oscillating models. A newcomer
who meets only the first kind of model may conclude that the default settings are
adequate, and then meet the second kind in a research project. Applying all five steps
from the start removes this risk at a cost of seconds for small models.

The tolerance result agrees with the experience of groups that develop dedicated
software, which compute the Jacobian from sensitivity equations and recommend tight
tolerances [1, 5, 6]. Our measurements add two points that matter for users of general-
purpose routines. First, the error of the finite-difference Jacobian is set by the solver
tolerance and hardly by the difference step, so tuning the step brings little benefit.
Second, the size of the error at the default tolerance depends on the solver, from 3%
for BDF to 170% for DOP853, while a relative tolerance of 10~% brings it below 0.2%
for every solver we tested. A single rule therefore covers all of them.

The residual check of Step 4 turns the recipe from a tool for estimation into a tool
for modelling. In both classic data sets the best fit of the textbook model leaves resid-
uals with a clear time pattern, and this pattern points to the refinement that a later
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study found necessary for the influenza outbreak, non-exponential residence times [34].
For the influenza data, a two-stage model with the same number of parameters removes
the pattern and moves the estimate of Ry from 3.96 to 3.18. For teaching, this is a
useful sequence: fit the simple model reliably first, then let the residuals suggest the
next model.

The recipe is designed for, and tested on, models with up to six parameters, deter-
ministic ODEs, and observation noise that is additive on the scale chosen in Step 1.
The test problems cover monotone, saturating and oscillating dynamics, full and par-
tial observation, and noise levels of 2% and 5%. For models with tens of parameters,
stiff systems with many states, or data from several experimental conditions, the same
principles apply, and the dedicated tools discussed in Section 7 provide them with
sensitivity-based derivatives. Each step is stated with a number and a warning sign,
so it can be checked on a new model in the same way as in this guide.

7 Practical questions

My model is stiff. Does Step 2 still apply?
Yes. Stiff models need an implicit solver (BDF, Rosenbrock or LSODA-type methods),

and the same tolerance rule applies. A fit that becomes 10 or more times slower with
an explicit solver at tight tolerance is a strong hint of stiffness.

Some states are not observed. Can I use gradient matching?

Not directly, because the derivative of an unobserved state cannot be smoothed from
data. Use the multistart of Step 3, or use gradient matching for the observed part of
the model when the equations allow it.

The profile of one parameter is flat.

The data do not determine that parameter. Fix it from independent information,
reparametrise the model (as we did with Ry), or design a new experiment; the tutorials
in [9, 28] discuss these options.

When should I move to dedicated software or Bayesian methods?

For models with tens of parameters, many experimental conditions, or partial and
censored observations, dedicated tools such as Data2Dynamics [5] and pyPESTO [6]
provide sensitivity-based gradients, multistart and profiles in one package. Bayesian
methods are the natural next step when prior information is available or when the full
uncertainty distribution is needed [7, 33, 35]. The steps of this guide remain useful
there, because a good starting point and well-scaled parameters help every method.

Exercises for a computer laboratory

The following exercises reproduce the main findings with any ODE solver and least-
squares routine. Answers are given in Appendix B.
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E1 (Step 2). Simulate the Lotka—Volterra model of Table 1 with 2% multiplicative
noise. Fit it from 50 initial guesses drawn log-uniformly within a factor %" of the
truth, once with relative tolerance 10~3 and once with 1076, Count the fits whose
parameters lie within 5% of the best fit, and record the number of model evaluations.

E2 (Step 2). At the true parameters, compute the finite-difference Jacobian with
tolerance 102 and steps 10_8, 1076 and 10_4, and compare it with a Jacobian com-
puted at tolerance 1070, Which setting changes the error, the step or the tolerance?
E3 (Step 3). For the lynx—hare data, smooth the logarithm of each series with a
spline, differentiate it, and estimate a, b, c,d from the linear regressions (3). Use the
result as the initial guess of a full fit and compare it with the final estimate.

E4 (Steps 4-5). Fit the SIR model to the influenza data and compute the lag-1 auto-
correlation of the residuals. Then split the bed-confined state into two stages, each left
at rate 2+, refit, and compare the residuals, the AICc and the estimate of Ryg.

E5 (discussion). Repeat E1 with an implicit solver such as BDF. Why is the result
less sensitive to the tolerance, and what does it cost?

8 Conclusions

Fitting an ODE model to data becomes reliable with five habits: estimate log-
parameters and scale the residuals to the noise; set the relative solver tolerance to
1075; start from gradient matching or from about ten spread initial guesses; look at
the residuals before believing the fit; and report intervals on the log scale, checked by
a profile for the weak parameters. Of these, the solver tolerance is the easiest to over-
look, because the default of 10~3 gives no error message, and on an oscillating model
it roughly halves the success rate of the default explicit solver. Together the five steps
took every one of 400 test fits to the best solution and turned two classic data sets
into estimates with honest intervals, together with a clear signal of where each model
can be improved.

Checklist

[0 Parameters estimated on the log scale; residuals scaled to the noise.

O Relative tolerance 10~%; estimate unchanged when the tolerance is reduced
tenfold.

O Start from gradient matching (all states observed) or from about ten spread
guesses.

O Residual plot shows no pattern; lag-1 autocorrelation below 2/4/n.

[ Intervals on the log scale; profile computed for parameters with wide inter-
vals.
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Appendix A Details of the numerical experiments

Use of an AI assistant.

The authors used an AT assistant (Claude, Anthropic, 2026) under their direction to
write and run the simulation and analysis scripts, to prepare the figures, to search
and verify the literature, and to draft parts of the text. The authors chose the topic,
the test problems and the data sets, checked every numerical result by rerunning the
archived scripts, verified each reference against its source, and revised the full text.
They take responsibility for the final version of the manuscript.

Optimiser and solver.

All fits used a trust-region least-squares method [36] with forward-difference Jacobians
and an adaptive Runge-Kutta solver of order 5(4), as provided by SciPy 1.15 [14].
Each simulation was limited to 20000 right-hand-side evaluations and counted as a
failure beyond that limit. Absolute tolerances were 103 times the relative tolerance
times the typical state size, except in SO and S1, which used the default 10~°.

Grid (Fig. 4).
Lotka—Volterra and SIR with 2% noise; 50 initial guesses drawn log-uniformly within a

factor e¥-7 of the truth; tolerances 1073,1074,...,1078,1071°; relative difference steps
default, 1075, ...,1072. Success: all parameters within 5% of the global optimum.
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Seeds, solvers and optimisers (Table 2).

Lotka—Volterra with 2% noise; three data sets (random seeds 0, 1 and 2), each with
its own 50 initial guesses drawn as for the grid; solvers RK45, LSODA and BDF;
trust-region and Levenberg-Marquardt least squares; absolute tolerance 10™2 times
the relative tolerance; at most 40000 right-hand-side evaluations per simulation. The
global optimum of each data set was obtained from the true parameters with relative
tolerance 10710, Jacobian errors were measured as for Fig. 3 at the default difference
step.

Ablation (Fig. 5).

100 trials per model; in each trial new data with 5% multiplicative noise and ten
initial guesses drawn log-uniformly within a factor e of the truth; S0-S2 used the first
guess, S3 all ten. The reference minimum of each trial was the smallest SSE over all
its fits and a fit started at the truth. The naive fits (S0) were also judged against the
minimum of their own unweighted objective; the success counts were identical.

Gradient matching.

Cubic smoothing splines with smoothing parameter no?, where ¢ is the noise level on
the scale of the data (Lotka—Volterra test model) or of their logarithms (lynx-hare);
derivatives evaluated at 200-400 equally spaced points; parameters from linear least
squares as in (3).

Influenza model comparison.

SIR models with £ = 1,...,4 bed-confined stages, each left at rate kv, and SEIR
variants with a latent rate o; square-root residuals, log-parameters, relative tol-
erance 107% with the LSODA solver, and 20 initial guesses per model. AICc =
mlog(SSE/m) + 2n, + 2n,(n, +1)/(m — np — 1) with m = 14.

Real data.

50 initial guesses drawn log-uniformly in boxes Ry € [1.1,20], v € [0.05,3], Iy €
[0.1,20] (influenza) and a,c € [0.1,2], b,d € [0.005,0.1], ho € [10,100], Iy € [1,20]
(lynx—hare). Profiles were computed on grids of step 0.05 in logp;, and the interval
limits were obtained by linear interpolation.

Appendix B Answers to the exercises

E1.

With an explicit Runge-Kutta solver, about one third of the fits succeed at 1073 (15—
18 of 50 in our three data sets) and about two thirds at 1076 (29-34 of 50), with two to
three times fewer model evaluations at the tighter tolerance (Table 2). The remaining
failures start in another basin of the cost; Step 3 removes them.

E2.

The tolerance. At 1073 the relative Jacobian error is about 30% for every step between
10719 and 1073; at 1076 it is about 4 x 1075 (Fig. 3).
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E3.

With a smoothing level matched to about 10% noise on the log scale, gradient
matching gives (a, b, ¢,d) ~ (0.507, 0.0252, 0.746, 0.0230), within 8% of the final esti-
mate (0.540, 0.0272, 0.796, 0.0237). The full fit from this start converges in 9 model
evaluations.

E4.

For the SIR model, the lag-1 autocorrelation is 0.66, above 2/v/14 = 0.53, and Ry =
3.96. The two-stage model gives 0.34, a lower AICc (3.3 against 10.3) and Ry = 3.18
(2.82-3.65).

E5.

BDF computes the Jacobian more accurately at loose tolerance (3% error at 10~3 for
this problem), so 28-33 of 50 fits succeed already at 10~3; each fit takes three to five
times longer. The rule of Step 2 works for every solver, so it is the safer habit.
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