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Abstract

We propose a new model for nonlinear unsteady flow through porous
media in the framework of the volume-averaged momentum equation.
The drag is decomposed into the accelerative pressure drag, the vis-
cous pressure drag, the convective pressure drag and the friction drag.
The accelerative pressure drag is given in terms of the tortuosity and
the macroscopic pressure gradient. The convective pressure drag is mod-
elled by a Forchheimer-type nonlinearity. The friction drag and the
viscous pressure drag are modelled together by a history term that
is constructed by blending the equivalent fluid model of Pride et al.
(Phys. Rev. B, 1993) with a steady laminar boundary layer scaling.
The model is validated against direct numerical simulations of oscil-
latory flow through a hexagonal sphere pack and compared with
models from the literature. The proposed model accurately repre-
sents linear flow and significantly improves the prediction of nonlin-
ear flow at intermediate frequencies compared to the existing mod-
els. The model errors increase gradually from linear unsteady flow
and nonlinear quasi-stationary flow to high-frequency nonlinear flow.

Keywords: unsteady flow, porous media, model equation, direct numerical
simulation
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1 Introduction

Nonlinear unsteady flow through porous media occurs in wave-induced flow
through the seabed [1], coral reefs [2] or breakwaters [3]. Unsteady flow can
lead to increased heat and mass transfer rates, higher mixing and more uniform
velocity distributions compared to steady flow [4]. Therefore, unsteady flow
through porous media is of engineering interest for systems such as cryocooler
regenerators [5, 6] or chemical reactors [7, 8].

Flow through porous media is usually described in a statistical fashion due
to the complex geometry of the pore space [9, p.13]. The microscopic velocity
u and pressure p are averaged over a volume V containing a fluid volume V¢
to form the superficial velocity

(u), = —/ udV (1)
Vi
and the intrinsic pressure

W=7 [ pav, )

which are the basic quantities of interest for flow through porous media. The
governing equations for these quantities are derived from the incompressible
Navier-Stokes equations by separating the variations in velocity and pressure
occurring at the pore scale ¢ from those occurring at the field scale L. This can
be achieved using homogenisation theory for periodic porous media [10, 11],
which seeks an asymptotic description in the limit ¢/L — 0, or using volume-
averaging theory for general porous media [12, 13], in which a filter of width ro
(¢ < rg < L) is applied to the equations. If the pore scale and the field scale are
sufficiently well separated, the forces due to gradients of the superficial velocity
are small and a local balance between the macroscopic pressure gradient, the
drag and the local acceleration results

d{u)
dt

s _ 1 / SmdA — -
eV (p), v AfspndA v /. TwdA. (3)
Here, p is the density, Ag is the fluid-solid interface area, p = p — (p), is the
pressure deviation from the intrinsic volume average and 7, is the wall shear
stress transmitted from the fluid onto the solid. The aim of modelling is to
parametrise the drag integrals in equation (3), which depend on the pore scale
pressure and velocity distributions, in terms of the superficial velocity and the
macroscopic pressure gradient.

Linear unsteady flow through porous media is commonly described with
the equivalent fluid model [14-17], which constructs the transfer function
(“dynamic permeability” or “dynamic tortuosity”) between the macroscopic
pressure gradient and the superficial velocity in the frequency domain based
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on the asymptotic behaviour at low and high frequencies. On the other hand,
models for nonlinear unsteady flow are formulated in the time domain. A
simple model is the unsteady Forchheimer equation [18, 19|

d(u)

S = =V (p), —au), — bl(w),| (), . @

which is common in marine engineering and ocean science applications [1—
3]. However, there is some uncertainty about the choice of the coefficients in
the unsteady Forchheimer equation [20]: The coefficients a and b are usually
determined from stationary flow experiments, but there are also frequency-
dependent correlations for oscillatory flow. Moreover, for many porous media
different values for @ and b result in laminar or turbulent flow [20, 21]. Finally,
the correct definition of the acceleration coefficient ¢ is unclear [20]. A more
refined approach has been proposed by Turo and Umnova [22] for the descrip-
tion of nonlinear pulse propagation, who additively combined the time domain
formulation of a simplified equivalent fluid model with a quadratic Forchheimer
nonlinearity. Their model can be written as

p2 MW 9, — ), bl (),

5)
%0 [t dlu), 1 (
B p\/lj eA oo dr 7r(t - 7') dr

with the kinematic viscosity v, the porosity €, the Darcy permeability K,
the high-frequency limit of the dynamic tortuosity e [14], which describes
the ratio € <u2>s / <u)§ in potential flow, and the characteristic viscous length
A, which describes the ratio of pore volume to surface area weighted by the
square of the potential flow velocity [14]. The last term in the above equation
describes the drag due to unsteady boundary layers and is analogous to the
Basset history force on a moving particle [22]. A similar model, but based on
the equivalent fluid model of [14-17], has been recently used by Moufid et al.
[23] to investigate the nonlinear response of acoustic liners.

In our recent contribution [24], we have compared the above models based
on a direct numerical simulation dataset of stationary and oscillatory flow
through a hexagonal close-packed arrangement of spheres. The coefficient of
the nonlinear term b in the equations (4) and (5) was determined using the sta-
tionary flow data. We found that the models (4) and (5) could not accurately
represent linear flow over the entire frequency range: The unsteady Forch-
heimer equation showed large errors at intermediate to high frequencies and
the model of Turo and Umnova [22] showed large errors at low frequencies.
A model similar to the one used by Moufid et al. [23] was able to accurately
represent linear flow at all frequencies. Nonlinear flow was found to be well
predicted at low frequencies, but the errors increased towards high-frequency
nonlinear flow, suggesting that the nonlinear drag is not adequately repre-
sented by the quadratic nonlinearity. Surprisingly, the unsteady Forchheimer
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equation exhibited relatively small errors for high-frequency nonlinear flow,
which could be related to a compensation of a too small damping in the accel-
eration term and a too large drag in the nonlinear term. In the present paper,
we develop a new model for nonlinear unsteady flow which improves upon the
nonlinear extension of the equivalent fluid model.

The new model builds upon the findings of our study [25], where we
decomposed the drag force of direct numerical simulations of stationary and
oscillatory flow through a hexagonal sphere pack according to the pres-
sure source terms and investigated the Reynolds number scaling of these
components. The volume-averaged momentum equation (3) is decomposed as

d(u)
dt

==Vt o, 1) BV E (6)

The friction drag is given as

=—— wdA
fro=y [ T (™)

and was observed to follow a linear scaling for small and a laminar boundary
layer scaling for large Reynolds numbers. The latter observation is consistent
with the wall shear stress measurements of Jolls and Hanratty [26] in sta-
tionary flow through a packed bed. The viscous pressure drag arises from the
divergence of the wall shear stress and can be written as

» 1
fé):v A (Veod) ' r,dA, (8)

where ® is an auxiliary potential describing the influence of a pressure source
onto the pressure drag. Like the friction drag, the viscous pressure drag exhibits
a linear scaling at small and steady laminar boundary layer scaling at large
Reynolds numbers. The accelerative pressure drag is directly proportional to
the macroscopic pressure gradient

1

flo — <V [ <I>®ndA)~V<p)i=(1—€)A'V<P>i’ (©)

where A is the tensor of virtual inertia [27, p.403]. It is the only component
that is nonzero in a potential flow and represents the resistance of the flow
to acceleration. At the pore scale, the accelerative pressure guides the flow
around the curved walls and prevents the fluid from accelerating normal to
the wall. Finally, the convective pressure drag arises from the divergence of
the convective acceleration and can be written as

fz(f):é Vf<I>[—pV-V-(u®u)] dv. (10)
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It shows a cubic scaling at small Reynolds numbers and the contribution of
the time-averaged velocity field to the convective pressure drag approaches a
quadratic scaling at large Reynolds numbers.

In this contribution, we construct a new model for unsteady flow through
porous media based on the drag decomposition outlined above. We validate
the model based on a direct numerical simulation dataset of oscillatory flow
through a hexagonal close-packing of spheres and compare the predictions to
models from the literature. Note that the proposed model was developed in
the dissertation [28], but we aim to give a self-contained and more detailed
description and validation below.

2 Derivation of the model

In this section, we derive our new model based on the decomposition of the
drag outlined above. We will assume an isotropic porous medium, such that
the tensor of virtual inertia is given in terms of the high-frequency limit of
the dynamic tortuosity a., [25]. The accelerative pressure drag can then be
simplified to
1

i =e (1 — %o> Vp); , (11)
where o is defined in terms of the potential flow. It is related to the electrical
formation factor F' = a/€ [29] for which many correlations have been pro-
posed [30]. Hence, the accelerative pressure drag does not need to be modelled.
The volume-averaged momentum equation is then given as

dw), e

T AT S U 7y . (12)
S — ~~

viscous drag convective pressure drag

where the viscous drag, which is composed of the friction drag and the viscous
pressure drag, and the convective pressure drag will be modelled separately.
First, we present the parametrisations of the viscous drag and the convective
pressure drag. We then derive the steady-state resistance law implied by our
model, which is used to determine the model parameters in section 3.3.

2.1 Parametrisation of the friction drag and the viscous
pressure drag

We start by modelling the friction drag and the viscous pressure drag. Since
both have the same scaling behaviour and depend on the wall shear stress field
(cf. equations 7 and 8), they are modelled together.

The model is based on the physical understanding that an impulsive change
in the velocity initially leads to a potential flow with Stokes boundary layers.
The boundary layers diffuse over time, weakening the velocity gradient at the
wall and thus reducing the drag. The diffusion process reaches a steady state
when the diffusion length v/2vt is of the order of the pore size, resulting in a
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Stokes flow, or when the diffusion is limited by convection, resulting in steady
laminar boundary layers. This leads us to consider a model of the form

I A (¢ = 7, ) (7)) (13)

oo AT

where the product p h, (t — 7, [(u),(7)]) d(u), can be loosely interpreted as the
drag at time t caused by a change d(u), in the superficial velocity at time 7.

The kernel h,, will be constructed as a blending between two asymptotic
expressions for low and high Reynolds number flow according to the method
of Churchill and Usagi [31]. The blending of Churchill and Usagi [31] has been
used to obtain a universally valid expression for the transient boundary layer
flow over a flat plate from the Stokes and Blasius solutions [32], and we have
used it to derive a model for the dissipation rate in linear unsteady flow through
porous media [33]. The kernel is thus written as

(£ = 7| () (7)) = [(G1in(t = 7))" + (Gmontin((0) (T) )] (14)

where the function g (¢t — 7) represents the (unsteady) linear flow behaviour
and the function gnoniin(|(w).(7)|) represents the (steady) nonlinear flow
behaviour. The exponent n is generally a real number and controls the width of
the Reynolds number range over which the transition between the asymptotes
occurs.

Next, we formulate the limiting behaviour for linear and nonlinear flow
and then choose an appropriate blending parameter n. In [24], linear flow was
found to be accurately described by the equivalent fluid model of Pride et al.
[16]. The friction and viscous pressure drag of the model of Pride et al. [16]
can be written as the convolution integral

v(t—T)
b d(u) € 2 e AZp? 2 v(t—1)
= s hd 2 ae| /BT g
fhn u[@@ dr aocK + A 7TV(t—T) AQBerC A262 T

=: Giin(t — 7)

(15)
This expression follows from the time-domain formulation of the model of
Pride et al. [16] given in [24] using integration by parts, wherein (u)_ (—oc0) =0
was assumed. The model of Pride et al. [16] has five parameters which are
defined in terms of the pore geometry and the velocity fields in Stokes and
potential flow: The porosity €, the permeability K, the characteristic viscous
length A, the high-frequency limit of the dynamic tortuosity a, and the ratio
B = ag/as — 1, where ag is the static viscous tortuosity, which describes the
ratio € (u?)_/ (u)i in Stokes flow. Note that the integral over the history of
the superficial velocity is essential to appropriately represent the behaviour of
strongly unsteady flow. This is due to the boundary layer behaviour in the
small-time or high-frequency limit, where the friction and viscous pressure
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drag takes the form of a semiderivative [14, 22]

lim i (fTW +f§f>> = —pﬁ% /_too dgfs W(l dr.  (16)

v(t—r J—
W t—1)

To comply with this asymptotic expression, we construct our nonlinear model
in the form of a history term.

The nonlinear behaviour of the friction and viscous pressure drag is repre-
sented by a steady laminar boundary layer scaling. With the sphere diameter
d, the friction and viscous pressure drag follow the relation [25]

B () | (), 1 ()]
-fnonlin - _CPWT - d

(17)

where the term 1/d can be interpreted as the surface-to-volume ratio, the
square root term represents the inverse of the boundary layer thickness and
C is an unknown geometry-dependent dimensionless constant. Note that the
formulation of the boundary layer drag by Skjetne and Auriault [34] uses a
tensor-valued coefficient. To bring the model (17) into a form compatible with
the ansatz (13), we follow the same approach as in Unglehrt and Manhart [33]
and rewrite the drag law as the integral of its time derivative

fod () [ ? (u),
fnonlin = _/ E (Op\/;d3/2 dT

_ bodf), |3, [[{u) (18)
B —M[m dr [QC vd? 1 dr,
(e ——

= Gnonlin (| <u>q | (T))

where again (u)_ (—oo) was assumed. It is important to note that this equation
still represents a quasi-steady drag despite the integral over the history of the
superficial velocity.

Finally, we determine a value of the blending parameter n based on the
behaviour of weakly nonlinear flow. According to the theory of Mei and Auri-
ault [35] for isotropic porous media, the drag at small Reynolds numbers is the
sum of a linear and a cubic term in the Reynolds number, where the former
represents the Darcy drag and the latter is a nonlinear correction. Consider-
ing the structure of our model (13), the kernel h,,(t — 7,|(u),(7)|) must consist
of a constant and a quadratic term with respect to the Reynolds number. At
small Reynolds numbers, the kernel (14) can be expanded using the Taylor
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Fig. 1: Kernel hy(t — 7, [(u),(7)|) as a function of the time difference ¢t — 7 for
different values of the Reynolds number at time 7 (left) and as a function of the
Reynolds number for v(t — 7)/(A238%) — oo (right). The material parameters
are set to the values for the hexagonal sphere pack and the blending parameter
is set to n = 4.

series of the power function [36, eq. 3.6.9] as

ho(t = 7, [(w)s(T)]) = gun(t = 7) |1+ (W> ]n
= Giin(t —7) 1+;<W) +] 19)
- 3 2 n
= Qn(t —7) 1+Tll<ghzng/jl7)) Re(r)? +...

If n = 4, the desired behaviour of the kernel at small Reynolds numbers is
obtained.

Figure 1 shows the kernel as a function of the time difference t — 7 and
of the Reynolds number Re(r) = |(u), (7)|d/v. At small time differences,
the kernel is independent of the Reynolds number and follows the asymptote
for the Stokes boundary layer. At large time differences, the kernel becomes
steady and depends only on the Reynolds number at the time when the step
change d(u), is applied: The kernel tends to Darcy’s law for small Reynolds
numbers and approaches the steady laminar boundary layer expression for
large Reynolds numbers

2.2 Parametrisation of the convective pressure drag

The second term that needs to be modelled is the convective pressure drag.
First, we summarise what is known about the convective pressure drag. At
small Reynolds numbers, the convective pressure drag has a cubic scaling
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(25, 35]. Based on the resistance behaviour at large Reynolds numbers [37],
the convective pressure drag can be expected to follow a quadratic scaling for
large Reynolds numbers. Skjetne and Auriault [34] discussed different mecha-
nisms that could explain this behaviour. At moderate Reynolds numbers, the
quadratic scaling could come from the dissipation in free shear layers and triple
decks combined with a narrowing of the flow cross-section. At large Reynolds
numbers, the quadratic scaling could be caused by turbulence for which the
largest scales are fixed by the pore size. Finally, we found that in unsteady
flow the convective pressure drag is not always in phase with the superficial
velocity and shows a hysteresis [25].

In the absence of a quantitative theory for the convective pressure drag,
we model it with a Forchheimer-type quadratic nonlinearity

e pB

5 =as

[{w)| (), (20)

where B is a dimensionless coefficient. The ratio pB/d corresponds to the
Forchheimer coefficient b, but is expected to have a smaller value, since some of
the nonlinear drag is represented by the viscous drag. Note that this parametri-
sation is not appropriate at small Reynolds numbers, where the convective
pressure drag should have a Re® scaling.

2.3 Complete model

We now summarise the proposed model, which is the main result of our paper.
The volume-averaged momentum equation is modelled as

A LR B S X IE -
e pB
T o d (w)g| (), ,

where the kernel is given as

n

_w(t=7)
e = 10,000 = || 25+ 3 e @f( X}ﬂ)
3 nNE
+<2C |<:;>§|H |
(21b)

The porous medium enters the model through the parameters €, as, A, 3,
K, B and C. Note that the former five parameters are defined in terms of the
geometry, the Stokes flow and the potential flow and can be taken from the
literature, e.g. [38], whereas the latter two parameters have to be calibrated.
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As previously discussed, we suggest to use the value n = 4 for the blending
parameter.

In order to solve the model in time, the complete acceleration history needs
to be specified. For flow started from rest at t = 0, the acceleration must be
set to zero for all ¢t < 0.

2.4 Steady-state resistance law

In this section, we will derive the steady-state resistance law implied by the
model (21). Analogously to the Forchheimer equation, this explicit resistance
law can be used to determine the unknown model parameters B and C' from
stationary flow data. In the following, we assume unidirectional flow in order to
obtain a closed-form expression for the resistance law. When the viscous time
scale d?/v is taken to be much smaller than the time scale of the superficial
velocity, the time-dependent parts of the kernel (21b) are negligible and the
sum of the friction and viscous pressure drag can be simplified to

et 22 () + ()]

—00

With the initial condition (u) (—o0) = 0, this integral is only a function of
(u)(t) and has no history dependence. This can be seen by changing the
integration variable to

y— <; C(:C?;K> ? (u),(r)d (23)

which leads to

43 ed® (3 ed® \°
] 4 _ 3
[ffw‘“ + ”“] pv? oK <2 CaooK)

/<30333K>2Re
0

Note that the equation has been nondimensionalised with the factor d®/(pv?)
and the signed Reynolds number Re = (u) (t) d/v has been introduced. As is
demonstrated in appendix A, the integral can be expressed in terms of Gauss’
hypergeometric function o F(a, b; ¢; z) as

(24)

1
(14 11%) " an.

d3 ed?
(v)}izf
|:f7'w,.1 + fp,:c pl/2 aOOK Re
z 25
s 12 n+2 3CanK 2R AN
201 n’'n n 2 ed? ¢
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The hypergeometric function is defined as the analytic continuation of the
Gauss hypergeometric series

2F1(a,b; c; z) =

I'(c) i": T(a+k)T(b+k) 2> (26)

prs L(c+ k) k!
in the complex variable z, where I'(z) is the gamma function [39, ch.2].
Implementations of the hypergeometric function are available in the MAT-
LAB (hypergeom), Python (scipy.special.hyp2f1) and C programming
languages (cf. Numerical Recipes [40, pp.271-273]).

Finally, the total resistance law is obtained as

YV (p).|d3
Hy = Vsl <p>;| = B|Re| Re
pv
n 27
+d2RF 12 n+2 3 Cas K 232 (27)
as 12 C_|(3CaxENT o
K €251 n'n’ n’ 2 ed?

with the Hagen number Hg and the unknown parameters B and C' and,
possibly, n.

Figure 2 shows the above resistance law as a function of the Reynolds
number. The blending parameter is set to n = 4 and the material parameters
for a hexagonal close-packing of spheres were used (cf. section 3.3). At small
Reynolds numbers, the viscous drag tends to Darcy’s law while the convective
pressure drag tends to zero. The viscous drag is larger than convective pressure
drag for Reynolds numbers up to about 250. Due to the weak increase of
the viscous drag with the Reynolds number, the total drag approaches the
quadratic Reynolds number scaling very slowly. Notably, although the model
parameters B and C' were determined by a fit to the total resistance, the
viscous drag component and the convective pressure drag component are in
line with the values determined in [25] from the direct numerical simulations
of Sakai and Manhart [41] (cf. also Sakai et al. [42]).

3 Methodology

3.1 Numerical method

The direct numerical simulations were conducted using the code MGLET [43].
The incompressible Navier-Stokes equations are solved on a block-structured
Cartesian grid with a staggered arrangement of variables. The spatial deriva-
tives are discretised using a second order symmetry-preserving finite volume
scheme [44]. The time integration employs a third order low storage explicit
Runge-Kutta scheme [45] and the projection method [46] is used to determine
the pressure update in each sub-step. The no-slip and no-penetration bound-
ary conditions on a complex geometry are imposed using a ghost cell immersed
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total drag

friction and viscous pressure drag
convective pressure drag

— — Darcy drag

’ 0 100 200 300 400
Re
Fig. 2: Modelled steady-state resistance law (27) as a function of the Reynolds
number. The drag is normalised with the Darcy drag p/K (u),. The symbols
represent the values of the terms determined in [25] from the direct numerical
simulations of stationary flow through a hexagonal sphere pack of Sakai and
Manhart [41].

boundary method and flux correction procedure ensures the conservation of
mass on the intersected cells [47].

3.2 Simulation dataset

We have carried out direct numerical simulations of oscillatory flow through
a hexagonal close-packed array of spheres. The spheres of diameter d are
arranged on a triply periodic lattice belonging to the hexagonal crystal system.
The domain size is {L;, Ly, L.} = {2d,+/3d,2v/6/3d}, which corresponds to
two Cartesian unit cells stacked in the main flow direction. The grid resolu-
tion was 384 (and in some cases 768) cells per sphere diameter. The flow was
driven by a pressure gradient with a sinusoidal time variation of amplitude g,
and frequency (). These two parameters define the two dimensionless groups
determining the flow, the Womersley number Wo = /Qd?/v and the Hagen
number Hg = g,d®/(pv?). The flow, including the instantaneous Reymnolds
number, is then a unique function of these two dimensionless numbers. We
chose three Womersley numbers to cover the low- (Wo = 10), the medium-
(Wo = 31.62) and the high-frequency regime (Wo = 100). We used the Hagen
number to control whether the flow was in the linear, non-linear, transitional
or turbulent regime.

Table 1 gives an overview of the flow parameters and regimes. The Reynolds
number characterising the flow is calculated from the cycle-maximum superfi-
cial velocity max |(u),| obtained in the last simulated cycle, the sphere diameter
d and the kinematic viscosity v. A detailed description and analysis of the data
sets can be found in [25, 48, 49].
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Case Hg Wo Re number of simulated cycles  flow regime

LF1 @ 1.00 - 103 10 0.171 1.5 linear

LF2® 1.00-10* 10 1.7 2.25 linear

LF3 ¢ 1.00 - 105 10 14.8 1.4 laminar nonlinear
LF4 @ 1.00-10% 10 76.7 1.25 laminar nonlinear
LF5 3.16-10% 10 158 2.27 transitional
LF6°% 1.00-107 10 307 1.56 turbulence-like
MF1¢ 1.00-10* 316 0.857 3 linear

MF2 @ 1.00 - 10° 31.6 8.57 3 linear

MF3® 3.16-10° 31.6 26.9 3 laminar nonlinear
MF4 @ 1.00-108 316 73.1 3 laminar nonlinear
MF5°% 3.16-10° 31.6 157 6.4 transitional
MF6°® 1.00-107 31.6 298 2.26 turbulence-like
HF1 @ 1.00 - 10° 100 1.3 20.4 linear

HF2 @ 1.00-10% 100 13 19.9 linear

HF3 @ 1.00-107 100 132 6.32 laminar nonlinear
HF4 @ 1.78 -107 100 252 8 laminar nonlinear
HF5° 3.16-107 100 465 6 transitional

HF6 © 1.00-10% 100 1090 3.91 turbulence-like
HF7°¢ 1.00-10° 100 3620 10 turbulence-like

Table 1: Parameters of the simulations of oscillatory flow through a hexagonal
close-packing of spheres. “From Unglehrt and Manhart [48]. *From Unglehrt
and Manhart [25]. “From Unglehrt and Manhart [49].

Symbol  Value Name

€ 0.2595 porosity

K 1.731-10~%4d?  permeability

ap 2.657 static viscous tortuosity

Qoo 1.622 high-frequency limit of the dynamic tortuosity

A 5.904-1072d characteristic viscous length

B 55.8 convective pressure drag coefficient (defined in eq. 20)

C 141.9 boundary layer drag coeflicient (defined in eq. 17)

a u/K linear coefficient of the unsteady Forchheimer equation (4)

b 88.9p/d nonlinear coefficient of the unsteady Forchheimer equation (4)
c Pl /€ acceleration coefficient of the unsteady Forchheimer equation

(4)

Table 2: Parameters for the hexagonal close-packing of spheres.

3.3 Determination of the model coefficients

Table 2 summarises the parameter values that are used to evaluate the model
in the following. The parameters of the model of Pride et al. [16] are defined in
terms of the Stokes flow and the potential flow. Their values for the hexagonal
close-packing are given in [33] and a reasonable agreement with the values of
Lee et al. [38] is observed. The coefficients B and C have no definition from
first principles, and so they must be determined empirically. Here, we fit the
steady resistance law (27) to the total drag of the direct numerical simulations
of Sakai and Manhart [41]. As shown in figure 2, a good quality of fit is achieved
and even the individual components of the drag are recovered with a good
accuracy.
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3.4 Discretisation of the model

In this section, we describe the discretisation of the proposed model, which is
given by equation (21). The time derivative on the left hand side of the volume-
averaged momentum equation is discretised by the implicit Euler method and
the history term is numerically integrated using the midpoint rule

W)t e k1
P Al = @V@%
__EPB B g
Tt !
RN T AR (T (28)
f T A

(w)] + (u)] "

S S

(k-5 5) o )t

Since the kernel h,(t — 7, |(u) (7)|) has the singularity 1/y/7(t — 1) for 7 —
t, the order of convergence of the midpoint rule is reduced to At'/2 [50].
Consequently, the entire discretisation is half-order accurate. When evaluating
the model, the time step was determined by successively halving At until
the relative change in the root mean square superficial velocity was below a
tolerance of 2.5 - 1073,

The order of accuracy of the discretisation might be improved by splitting
off the square root singularity from the kernel h,,(t — 7, |(u),(7)|) and treating
it separately, e.g. using the approach of van Hinsberg et al. [51]. The remaining
integrand could be evaluated with the midpoint rule at an order of At3/2. The
computational complexity of the discretisation might be decreased by limiting
the integration of the history term to a sliding time window of fixed length. The
rest of the history term could be approximated by the steady-state resistance
law (27).

4 Results

In this section, we will compare our proposed model to the direct numerical
simulations of oscillatory flow through a hexagonal close-packing of spheres.
In the a priori evaluation (section 4.1), the parametrisations (13) and (20)
are evaluated for the simulated time series of the superficial velocity and com-
pared to the drag components evaluated from the direct numerical simulations.
In the a posteriori evaluation (section 4.2), the complete model (21) is eval-
uated for a suddenly applied sinusoidal macroscopic pressure gradient. The
resulting superficial velocity is compared to the results of the direct numerical
simulations.
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Fig. 3: A priori comparison of the viscous drag parametrisation (13) (solid
red) to the sum of the friction and the viscous pressure drag calculated from
the direct numerical simulations at Wo = 10 (solid blue). Also shown is the
linear parametrisation (15) of Pride et al. [16] (dash-dotted yellow).

4.1 A priori evaluation

In the following we investigate the error inherent in the parametrisations of
the individual drag terms. Therefore, the parametrisations are evaluated using
the time series of the superficial velocity from the direct numerical simulations
and the results are compared to the sum of the friction and viscous pressure
drag and to the convective pressure drag, respectively, that were determined
in [25].

We begin with the friction and viscous pressure drag, which are modelled
together. The parametrisation is given by the equations (13) and (21b). Figures
3,4 and 5 show the comparison between the parametrisation and the drag from
the direct numerical simulations for the last simulated period at Wo = 10,
Wo = 31.62 and Wo = 100, respectively. The drag is normalised by the ampli-
tude eg, of the body force acting on the fluid. In the linear cases LF2, MF2
and HF2, the proposed parametrisation reduces to the model of Pride et al.
[16], which is also included in the graphs. For the larger Reynolds numbers,
the nonlinear part of the parametrisation becomes active which can be seen
from the difference to the linear model of Pride et al. [16]. In the cases LF4,
LF6, MF6 and HF6 the model of Pride et al. [16] exhibits sharp kinks that
are caused by sudden drops in the acceleration due to the appearance of flow
separation [25]. The proposed parametrisation does not show these kinks, but
introduces an appropriate amount of nonlinear drag. Overall, the parametrisa-
tion accurately represents the shape and amplitude of the drag curves despite
the significantly unsteady behaviour at Wo = 31.62 and Wo = 100. For the
case HF5, the amplitude of the viscous drag is somewhat overpredicted.
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Fig. 4: A priori comparison of the viscous drag parametrisation (13) (solid
red) to the sum of the friction and the viscous pressure drag calculated from
the direct numerical simulations at Wo = 31.62 (solid blue). Also shown is the
linear parametrisation (15) of Pride et al. [16] (dash-dotted yellow).

HF2 (linear, Re = 13) HF4 (lam. nonlinear, Re = 252) HF5 (turb., Re = 465)

Py 0.2 0.2 /\
S y
= 01 / 0.1 (B
~
O 0.0 0.0
By
+ 0.1 0.1
g
— 0.2 0.2
0 z ™ o2 0 z ™ o2 0 z ™ o oor
—— DNS new model linear

Fig. 5: A priori comparison of the viscous drag parametrisation (13) (solid
red) to the sum of the friction and the viscous pressure drag calculated from
the direct numerical simulations at Wo = 100 (solid blue). Also shown is the
linear parametrisation (15) of Pride et al. [16] (dash-dotted yellow).

Next, we consider the convective pressure drag, which is parametrised by
equation (20). Figures 6, 7 and 8 show the simulated and the modelled con-
vective pressure drag at Wo = 10, Wo = 31.62 and Wo = 100, respectively.
For the linear cases LF2, MF2 and HF2, the parametrisation (20) overpredicts
the convective pressure drag, which is due to the quadratic dependence in the
model compared to the correct cubic dependence. However, the contribution
of the convective pressure drag is much smaller than the contribution of the
friction and the viscous pressure drag, such that this error is not significant
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Fig. 6: A priori comparison of the convective pressure drag parametrisation
(20) (red) to the convective pressure drag calculated from the direct numerical
simulations at Wo = 10 (solid blue).

in the overall model. For the remaining low-frequency cases LF4 and LF6,
the quadratic parametrisation works well and could probably be calibrated to
exactly match the simulations. For the mid-frequency cases MF4 and MF6, the
model gives a reasonable approximation, but the phase of the convective pres-
sure drag in the case MF4 is not captured accurately. For the high-frequency
cases HF4 and HF'5 we observe a significant misprediction of the phase and the
waveform of the convective pressure drag. In particular, the parametrisation
(20) leads to saddle points that are absent from the simulations. In conclu-
sion, the Forchheimer-type parametrisation of the convective pressure drag is
appropriate at low frequencies, but its accuracy deteriorates towards high fre-
quencies. This result was expected since the convective pressure drag in the
mid- and high-frequency cases is not in phase with the superficial velocity [25].

4.2 A posteriori evaluation

In this section, we evaluate the model predictions in response to a given time
series of the macroscopic pressure gradient

—V{(p); = gosin(Q) e, (29)

for different amplitudes g,, and frequencies Q2. The predicted superficial velocity
is compared to the superficial velocity obtained from the direct numeri-
cal simulations. Moreover, the model accuracy is compared to the unsteady
Forchheimer equation (4), to the model of Turo and Umnova [22] given by
(5) and to an extension of the model of Pride et al. [16] with a quadratic
nonlinearity, which can be obtained by substituting the equations (15) and
f](oc) = —b|(u),| (u), into the volume-averaged momentum equation (12). As
discussed in section 3.3, the nonlinear model coefficients have been determined
by a fit to the stationary flow data.
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Fig. 7: A priori comparison of the convective pressure drag parametrisation
(20) (red) to the convective pressure drag calculated from the direct numerical
simulations at Wo = 31.62 (solid blue).
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Fig. 8: A priori comparison of the convective pressure drag parametrisation
(20) (red) to the convective pressure drag calculated from the direct numerical
simulations at Wo = 100 (solid blue).

We measure the model error by taking the L? norm of the difference
between the superficial velocity predicted by the model and the direct numer-
ical simulation over the last simulated period. We normalise this error by the
amplitude of the superficial velocity in the last simulated period. Table 3 lists
the normalised L? error. For the low frequency cases, the unsteady Forchheimer
equation, the modified Pride et al. [16] model and our proposed model predict
the superficial velocity with an acceptable accuracy. On the other hand, the
model of Turo and Umnova [22] has large prediction errors especially for the
linear cases LF1-LF3. At the intermediate frequency, the proposed model has
errors in the range of 0.4—4.8%, while the unsteady Forchheimer equation and
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unsteady Turo &  modification of new
case Forchheimer eq.  Umnova Pride et al. model
LF1 4.8 % 17.7 % 0.5 % 1.2 %
LF2 4.9 % 179 % 1.8 % 2.3 %
LF3 52 % 17.5 % 3.8 % 2.2 %
LF4 2.3 % 9.7 % 2.1 % 0.5 %
LF5 2.5 % 6.7 % 2.7 % 1.1 %
LF6 1.1 % 4.9 % 1.6 % 0.8 %
MF1 279 % 19.1 % 1.0 % 0.4 %
MEF2 24.7 % 20.1 % 3.2 % 1.7 %
MF3 17.3 % 19.9 % 6.1 % 3.6 %
MF4 7.2 % 17.9 % 10.1 % 4.5 %
MF5 4.1 % 14.9 % 11.1 % 3.5 %
MF6 3.2 % 12.6 % 10.1 % 4.8 %
HF1 18.0 % 6.3 % 2.8 % 1.1 %
HF2 17.4 % 7.0 % 3.4 % 1.5 %
HF3 12.7 % 12.2 % 8.3 % 9.4 %
HF4 6.6 % 15.5 % 125 % 9.8 %
HF5 4.9 % 16.6 % 151 % 10.8 %
HF6 8.4 % 16.5 % 16.1 % 11.8 %
HF7 6.9 % 10.7 % 10.2 % 6.5 %

Table 3: Prediction errors of the different models with respect to the direct
numerical simulations of oscillatory flow through a hexagonal close-packing.
The prediction error is measured by the L? error over the last simulated period
and is normalised by the amplitude of the superficial velocity. For each row,
the smallest error is underlined.

the model of Turo and Umnova [22] have errors between 3.2-27.9% and 12.6—
20.1%, respectively. At the highest frequency, the proposed model accurately
predicts the linear cases HF1 and HF2, for which the unsteady Forchheimer
equation has large errors. For the nonlinear cases HF3-HF6, the model has
errors between 9.4-11.8%. This is mainly caused by the parametrisation of the
convective pressure drag that, as discussed in the preceding section, does not
have the correct phase and waveform. For the same cases, the model of Turo
and Umnova [22] and the modified Pride et al. [16] model have errors around
15%. The unsteady Forchheiemr equation is found to have low errors for the
cases HF4-HF7. This is due to an error compensation between a too small
inertia and a too large drag [24].

In conclusion, the proposed model has the smallest error among all models
for 12 out of the 19 simulation cases and has the second-smallest error for the
remaining 7 cases. The most significant improvements over the existing mod-
els are found for flow at the intermediate frequency, where viscous, unsteady
and convective effects are of comparable importance. The largest errors of
the proposed model are found for nonlinear flow at the highest frequency
(HF3-HF6).
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5 Conclusion

We have proposed a new model for nonlinear unsteady flow through porous
media, which is based on the decomposition of the drag in the volume-averaged
momentum equation in [25]. The drag is represented by three contributions:
The accelerative pressure drag is available in closed form and does not need
to be modelled. The friction and the viscous pressure drag are parametrised
together and are modelled by blending a drag expression from the equivalent
fluid model of Pride et al. [16] for small Reynolds with an expression for steady
laminar boundary layers for large Reynolds numbers. The convective pressure
drag is modelled by a quadratic Forchheimer-type nonlinearity.

The model was validated against direct numerical simulations of oscilla-
tory flow through a hexagonal close-packing of spheres. Given the simulated
superficial velocity, the parametrisation of the friction and viscous pressure
drag can reproduce the values from the simulation with good accuracy. In con-
trast, the parametrisation of the convective pressure drag overestimates the
drag at small Reynolds numbers and cannot reproduce the correct phase of
the convective pressure drag at high frequencies.

The model predictions were compared to the unsteady Forchheimer
equation, the model of Turo and Umnova [22] and a nonlinear extension of the
model of Pride et al. [16] similar to the one employed by Moufid et al. [23]. The
proposed model can accurately represent low- and medium-frequency flow as
well as high-frequency linear flow. Its largest errors are for nonlinear flow at
high frequencies, where the unsteady Forchheimer equation is more accurate.
Compared to the existing models, the proposed model results in significantly
improved predictions for flow at intermediate frequencies.

Future work should investigate the proposed model equation for different
porous medium geometries. In particular, the validity of the laminar boundary
layer scaling of the friction and viscous pressure drag needs to be confirmed.
Furthermore, the understanding of the model coefficients B and C, which have
been defined based on scaling arguments, could be improved by understanding
their dependence on the pore geometry. The proposed model could be further
improved by developing a more accurate parametrisation for the convective
pressure drag. Moreover, the boundary layers may be strongly affected by the
turbulence in the core flow beyond Reynolds numbers in the order of magnitude
of 103 to 10*. We expect that a different parametrisation of the friction and
the viscous pressure drag would be necessary in this regime. Due to the rapid
time scales introduced by turbulent fluctuations, such a model could probably
be formulated without a history term. Finally, we note that the sum of the
friction and the viscous pressure drag is explicitly available in the proposed
model. As the heat and mass transfer rate at the wall are often correlated with
the wall shear stress, it appears promising to use our model as a basis for the
description of scalar transport processes in porous media.
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Appendix A Drag integral in terms of the
Gauss hypergeometric function

In this appendix, the integral

/Ou (1+|s|%)”% ds (A1)

is evaluated in terms of Gauss’ hypergeometric function. Following
Abramowitz and Stegun [36, eq. 15.3.1], the hypergeometric function has the
following integral representation

1
oF1(a,b; ¢; 2) = I‘(l))II“((Cc)—I))/O (1 — )77 (1 — t2) 7% dt. (A2)

The right arguments of the hypergeometric function were guessed based on
symbolic integrations for small integer values of n using the WolframAlpha
computer algebra system. Inserting these arguments, the following identity is
obtained

1 2 2 n 2 [t n\ &
2F1(— 2. n+ ; —u|2> :f/ a1 <1+t\u|2) dt. (A3)
nJo

»
nn n

Note that ¢ can be pulled into the absolute value as it ranges from 0 to 1. Using
the substitution s = u#*/" with ds = % ut?/"=1 the integral can be rewritten

as
12 2 n T N
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The final result is obtained after multiplication by wu.
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