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Abstract

In this paper, we consider adaptive inertial first-order methods for noncon-
vex optimization in smooth and composite settings. For smooth objectives, we
propose an adaptive multi-step inertial gradient method with line search. For
composite objectives, we extend the scheme to an adaptive multi-step inertial
proximal gradient method. The above two algorithms combine the local curvature
information of the smooth part of the objective function, the information at sta-
tionary points, and the coefficients of multi-step inertia to adaptively control the
inertial term. They also employ line search techniques to prevent overshooting
caused by the inertial term and to select an appropriate step size, thereby improv-
ing the overall performance of the algorithm. Under standard assumptions, we
prove finite termination of the line search, global convergence to stationarity, and
an O(ϵ−2) complexity bound in terms of the gradient norm or proximal gradient
mapping. Numerical results on logistic regression and sparse learning problems
are reported

Keywords: Nonconvex optimization, Multi-step inertial method, Gradient method,
Line search, Complexity analysis

1 Introduction

Nonconvex optimization has become one of the central topics in modern optimization
theory and its applications. A wide range of problems arising from signal processing,
machine learning, statistics, image reconstruction, sparse recovery, matrix comple-
tion, and deep learning can be formulated as nonconvex optimization models. Typical
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examples include sparse regression with nonconvex penalties, low-rank matrix recov-
ery, robust principal component analysis, compressed sensing, dictionary learning, and
nonconvex regularized empirical risk minimization [6–9, 12]. Compared with convex
models, nonconvex formulations are often able to better capture intrinsic structures
of practical problems, such as sparsity, low rankness, discontinuity, and sharp transi-
tions. However, the lack of global convexity also brings substantial challenges to the
design and convergence analysis of efficient numerical algorithms.

In this paper, we consider a class of nonconvex optimization problems as follows,

min
x∈Rm

F (x). (1)

In this paper, we consider two representative F := f , where F is possibly nonconvex
and smooth and F := f+h, where f is possibly nonconvex and smooth and h is proper
lower semicontinuous function. The model (1) with above two forms covers many
important regularized optimization problems, including ℓ1-regularized least squares,
total variation regularization, constrained optimization through indicator functions,
nuclear norm regularization, and sparse or low-rank learning models [4, 5, 10, 13].

When F := f , we focus on the nonconvex smooth optimization,

min
x∈Rm

f(x). (2)

The gradient-type methods are among the most fundamental approaches for solving
smooth optimization problems. For problem (2), the classical gradient descent method
generates

xk+1 = xk − γk∇f(xk),

where γk > 0 is a stepsize. Under the Lipschitz continuity of ∇f , gradient descent with
a sufficiently small fixed stepsize admits a standard descent property and converges to
a stationary point in the sense that ∥∇f(xk)∥ → 0 [15]. Nevertheless, the performance
of gradient descent is often sensitive to the choice of the stepsize. If the stepsize is
too small, the method may converge slowly; if it is too large, the objective value
may increase or the algorithm may even diverge. This issue becomes more serious in
nonconvex optimization, where the local curvature may vary dramatically along the
iterations.

To improve practical performance, adaptive stepsize strategies have been exten-
sively studied. Classical line-search techniques, such as Armijo backtracking, guarantee
sufficient descent without requiring an exact knowledge of the global Lipschitz con-
stant. Such strategies are particularly attractive in nonconvex settings because they
provide a safeguard against instability caused by local nonconvex curvature. On the
other hand, Barzilai-Borwein-type spectral stepsizes and local curvature estimators
have also been widely used to accelerate gradient-type methods by exploiting local
second-order information implicitly. These adaptive strategies often lead to signifi-
cantly better numerical performance than conservative fixed stepsize rules, especially
for large-scale problems where computing or estimating the global Lipschitz constant
is expensive.
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Another important technique for accelerating first-order methods is inertia or
extrapolation which was inspired by the heavy-ball method [17, 18] or the Nesterov
method [14]. The inertial methods incorporate information from previous iterates into
the current update. A typical inertial gradient step in [17, 18] takes the form

xk+1 = xk − γk∇f(xk) + βk(x
k − xk−1),

where βk is an inertial parameter. Inertial mechanisms have been shown to be highly
effective in both convex and nonconvex optimization. They can reduce oscillations,
exploit the historical trajectory, and accelerate convergence in many applications
[15, 18]. As suggested by Polyak in [18] , the multi-step inertial techniques, which use
several previous displacements rather than only the most recent one, have attracted
increasing attention in recent years. Compared with one-step inertia, multi-step inertia
can utilize richer historical information and may provide stronger acceleration effects.
However, inertial terms may also destroy descent, especially in nonconvex optimiza-
tion. Therefore, a major theoretical and practical issue is how to design inertial terms
that are aggressive enough to accelerate the algorithm but sufficiently controlled to
maintain convergence.

When F := f + h, which corresponding optimization problem is also called
composite optimization,

min
x∈Rm

f(x) + h(x). (3)

For the problem (3), the proximal gradient methods constitute a standard and powerful
class of algorithms. Given a stepsize γ > 0, the proximal gradient step is

xk+1 = proxγh
(
xk − γ∇f(xk)

)
,

where

proxγh(v) := argmin
x

{
h(x) +

1

2γ
∥x− v∥2

}
,

is the proximal operator. The proximal gradient methods and their accelerated vari-
ants have been widely investigated for convex and nonconvex composite optimization
[1–3] and the inertial strategy has also good performance in proximal gradient meth-
ods [11, 16, 21–23]. In particular, the framework of proximal alternating linearized
minimization and the Kurdyka-Lojasiewicz property has provided a powerful tool for
establishing global convergence of nonconvex nonsmooth algorithms [1, 3, 20].

Despite the success of existing methods, several limitations remain. First, many
inertial methods require restrictive conditions on inertial parameters to guarantee
convergence. These conditions are often conservative and may limit the acceleration
effect in practice. Second, fixed or globally estimated stepsizes may be inefficient for
problems with highly nonuniform local curvature. Third, in nonconvex optimization,
local curvature estimators may be unreliable and may lead to nonmonotone or unstable
behavior if no safeguard is imposed. Fourth, for composite nonsmooth problems, the
interaction between the proximal operator, the inertial perturbation, and the sufficient
descent condition is more delicate than in the smooth case. Therefore, it is desirable

3



to develop algorithms that can simultaneously exploit local curvature information,
multi-step historical information, and line-search safeguards.

Motivated by these considerations, this paper proposes two adaptive multi-step
inertial proximal-gradient-type algorithms for nonconvex optimization. For the smooth
problem (2), we propose a nonconvex adaptive multi-step inertial gradient method
with sufficient line search, referred to as AMIGls. At each iteration, the method
constructs a multi-step inertial term from a weighted combination of historical dis-
placements. The weights decay geometrically, so that recent directions play a more
important role while older directions are still partially retained. The inertial magni-
tude is adaptively controlled by the current gradient norm, a local curvature estimate,
and the historical displacement norm. Furthermore, the inertial perturbation is scaled
in the line-search procedure to ensure that it is dominated by the gradient descent
component. This design allows the method to enjoy acceleration from historical infor-
mation while preserving a provable descent property. For the composite problem (3),
we generalize AMIGls and propose a nonconvex adaptive multi-step inertial Proximal
gradient method with sufficient line search, referred to as AMIPGMls. In this method,
the trial point is generated by

x+ = proxγkh

(
xk − γk∇f(xk) + ξ̃k

)
,

where ξ̃k is a controlled multi-step inertial perturbation. By explicitly enforcing suffi-
cient descent through backtracking, the proposed method remains robust even when
the local curvature estimate is inaccurate.

The proposed algorithms have several attractive advantages. First, they incorpo-
rate multi-step inertial information instead of using only one previous displacement.
This enables the algorithms to better exploit the historical trajectory and may improve
practical acceleration. Second, the inertial term is adaptively scaled according to the
current stationarity measure. Therefore, the inertial effect naturally weakens as the
iterates approach stationarity, which is beneficial for convergence. Third, a local cur-
vature estimator is used to adapt the initial trial stepsize and the inertial magnitude.
This avoids the need for a precise global Lipschitz constant and makes the method
more responsive to local geometry. Fourth, the sufficient descent line search provides
an effective safeguard for nonconvex problems. Even if the curvature estimate is inac-
curate or the inertial term is too aggressive, the backtracking strategy can reduce the
stepsize until descent is achieved. Finally, the algorithms are simple to implement and
require only gradient evaluations and proximal operations, making them suitable for
large-scale applications.

From the theoretical perspective, we establish global convergence properties of the
proposed methods under standard assumptions. For the smooth case, we prove that
the line search terminates finitely at every iteration and that the accepted stepsizes
are uniformly bounded away from zero. Based on the sufficient descent condition, we
show that the method achieves the standard first-order complexity bound with O(ϵ−2).
For the composite case, under finite termination and a positive lower bound on the
accepted stepsizes, we prove that the method also has the first-order complexity bound
with O(ϵ−2).
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The rest of this paper is organized as follows. Section 2 introduces notation and pre-
liminary results used throughout the paper. Section 3 presents the proposed nonconvex
AMIGls method for smooth optimization and establishes its descent and convergence
properties. Section 4 develops the AMIPGMls method for nonconvex composite opti-
mization and analyzes its proximal gradient complexity. Numerical experiments are
reported in Section 5 to demonstrate the efficiency and robustness of the proposed
algorithms. Finally, Section 6 concludes the paper.

2 Notations and Preliminaries

In this section, we summarize some notations and preliminaries. For a subset S ⊆
R

q and a point x ∈ R
q, if S ̸= ∅, let dist(x, S) = inf

y∈S
∥y − x∥, and if S = ∅, let

dist(x, S) = +∞. For function f : Rq → R∪{+∞}, the effective domain is defined by
domf = {x ∈ R

q : f(x)<+∞}. The function f is proper if domf ̸= ∅ and f > −∞.

Definition 2.1 [19] Let h: Rm → R ∪ {+∞} be a proper lower semi-continuous function.
(i) The Fréchet subdifferential of g at x ∈ domg, denoted by ∂̂h(x), is defined as

∂̂h(x) =

{
x∗ ∈ R

m : lim
y ̸=x

inf
y→x

h(y)− h(x)− ⟨x∗, y − x⟩

∥y − x∥
⩾ 0

}
.

When x ̸∈domh, let ∂̂h(x) = ∅.
(ii) The limiting-subdifferential of h at x ∈ domh is defined as

∂h(x) = {x∗ ∈ R
m : ∃ xk → x, h(xk) → h(x), x̂k ∈ ∂̂h(xk), x̂k → x∗}. (4)

3 AMIGls and Convergence Analysis

We first give some assumptions for the problem (2).

Assumption 3.1 The function f : Rm → R is continuously differentiable and bounded from

below. Moreover, ∇f is Lipschitz continuous with constant L > 0, namely

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥, ∀x, y ∈ R
m.

Let finf := infx∈Rm f(x) > −∞.

Then we give detail explanations and framework of AMIGls. It is noteworthy that
the classical gradient-type methods rely on a globally conservative Lipschitz constant
are often robust but conservative, thus we would like to seek to exploit local geometry
instead. We have following definition.

Definition 3.1 For any u, v ∈ R
m, define the local curvature estimator

L(u, v) := −
1

2

∥∇f(u)−∇f(v)∥2

f(u)− f(v) + ⟨∇f(u), v − u⟩
, (5)

whenever the denominator is nonzero. In the nonconvex case, the estimator is truncated as

L̂k+1 = min
{
Lmax,max

{
Lmin, |L(x

k, xk−1)|
}}

, (6)

where 0 < Lmin ≤ Lmax < ∞.
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The quantity L̂k is a truncated local curvature estimator. Its purpose is to approx-
imate the local smoothness level of f along the current trajectory without requiring
knowledge of the global Lipschitz constant L. In practice, this makes the method more
adaptive and often less conservative than fixed-step gradient descent. The truncation
between Lmin and Lmax prevents the estimator from becoming numerically unstable,
excessively small, or overly large.

We now consider the inertial strategy. The AMIGls starts from an initial point x0

and extends it artificially to x−m = · · · = x−1 = x0. This initialization is standard in
multi-step inertial schemes and ensures that the first few historical displacements are
well-defined. The memory length m ≥ 1 determines how many previous steps are used
to form the inertial term. A larger m allows the method to capture richer trajectory
information, but also increases the risk of over-extrapolation. The geometric weights
qj−1 with q ∈ (0, 1) naturally prioritize recent displacements while still retaining a
fading memory of older ones. We also know that the inertial strategy could acceler-
ate the algorithm but may lose stability if the extrapolation is too aggressive. To take
advantages of the inertial strategy, we try to balance these two aspects by letting the
inertial strength depend on the current stationarity level and by scaling the extrap-
olation with the local curvature estimate. As a result, the algorithm becomes more
aggressive in the early stage and automatically becomes more cautious near a station-
ary point. Then we enforce a sufficient-descent condition through backtracking so that
the inertial term and the adaptive stepsize remain under control even in the presence

of nonconvexity. We denote d
(j)
k = xk−j+1 − xk−j , j = 1, . . . ,m, and introduce the

term

Hk =

⎛
⎝

m∑

j=1

q2(j−1)∥d(j)k ∥2
⎞
⎠

1/2

, (7)

to measure the magnitude of recent motion of the iterates. It plays the role of a
local history indicator: if the iterates are moving rapidly, then Hk becomes large and
the algorithm reduces the inertial magnitude, if the iterates are stabilizing, then Hk

becomes small and the algorithm may permit a larger extrapolation. This mechanism
helps the method adapt automatically to different phases of the optimization process.
Then the inertial parameter is chosen as

ωk = min

{
ωmax, η

∥∇f(xk)∥
L̂kHk + ε

}
. (8)

This formula reflects the central idea of the method. The factor ∥∇f(xk)∥measures the
current nonstationarity, so the inertial effect is stronger when the gradient is large and
weaker near stationarity. The denominator combines local curvature information and
historical displacement size, thereby preventing excessive extrapolation when the local
geometry is steep or the trajectory is highly oscillatory. The cap ωmax is introduced
only for safety and does not affect the basic structure of the method. The raw inertial
vector

ξ̃k =

m∑

j=1

ωkq
j−1d

(j)
k (9)
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aggregates several past displacements. Compared with one-step inertia, this con-
struction can better exploit the curvature and momentum accumulated over several
iterations. The geometric decay qj−1 ensures that earlier displacements have progres-
sively smaller influence. This is important because older displacements may correspond
to outdated local geometry and should not dominate the current update.

We give the initial trial stepsize of gradient method, which is set to

γk = min

{
γmax,

c

L̂k

}
. (10)

This is a curvature-aware initialization. If the estimated curvature is high, the trial
stepsize is small; if the estimated curvature is mild, the method allows a larger
trial step. This choice significantly reduces the number of backtracking reductions in
practice. On this basis, we need to employ a line search technique to determine an
appropriate step size γk. However, as discussed earlier, the inertial step may disrupt
the structure of the line search. Therefore, it is necessary to impose a restriction (11)
on the inertial term, the role of which will be introduced later.

αk(γ
k) = min

{
1,

θγk∥∇f(xk)∥
∥ξ̃k∥+ ε

}
, ξ̃k = αk(γ

k)ξk. (11)

The trial point is
x+ = xk − γk∇f(xk) + ξ̃k.

This is a gradient step perturbed by a controlled inertial correction. The acceptance
criterion

f(x+) ≤ f(xk)− σγk∥∇f(xk)∥2,
forces a strict decrease in the objective. This condition is stronger than mere nonin-
crease and is essential for convergence analysis in the nonconvex setting. It prevents
the algorithm from accepting excessively long or unstable steps. Moreover, it is worth
emphasizing that when q = 0, the algorithm loses its inertial effect and reduces to
a class of gradient methods that perform line searches using only local curvature
information. We now give the detailed AMIGls in Algorithm 1.

Next, we present the convergence analysis of AMIGls. We first show that the line
search in AMIGls is well defined.

Lemma 3.1 For Algorithm 1, for every trial stepsize γk > 0, the scaled inertial term satisfies

∥ξ̃k∥ ≤ θγk∥∇f(xk)∥. (12)

Proof By the definition of αk(γ
k),

αk(γ
k) ≤

θγk∥∇f(xk)∥

∥ξk∥+ ε
.

Hence

∥ξ̃k∥ = αk(γ
k)∥ξk∥ ≤

θγk∥∇f(xk)∥∥ξk∥

∥ξk∥+ ε
≤ θγk∥∇f(xk)∥.
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Algorithm 1 AMIGls

1: Choose x0 ∈ R
d, memory length m ≥ 1, q ∈ [0, 1), η > 0, ωmax > 0, θ ∈ [0, 1),

σ ∈ (0, 1− θ), τ > 1, c > 0, smax > 0, 0 < Lmin ≤ Lmax <∞, and ε > 0.

2: Set x−m = · · · = x−1 = x0 and choose L̂0 ∈ [Lmin, Lmax].
3: for k = 0, 1, 2, . . . do
4: Compute historical displacements

d
(j)
k = xk−j+1 − xk−j , j = 1, . . . ,m.

5: Compute the weighted historical norm as (7).
6: Set the inertial parameter as (8).
7: Form the raw multi-step inertial term (9).
8: Initialize the stepsize with (10).
9: repeat

10: Compute ξk(s) with (11).
11: Compute the trial point

x+ = xk − γk∇f(xk) + ξk(s).

12: if f(x+) ≤ f(xk)− σγk∥∇f(xk)∥2 then

13: Accept xk+1 = x+.
14: else

15: Set γk ← γk/τ .
16: end if

17: until the trial point is accepted
18: Update L̂k+1 by (6).
19: end for

□

This is a crucial safeguard. It guarantees that the perturbation is never too large
relative to the gradient step. In particular, the bound

∥ξ̃k∥ ≤ θγk∥∇f(xk)∥

is precisely what enables the sufficient-descent proof. In other words, the inertial term
is allowed to accelerate the method, but it is always subordinate to the gradient descent
component.

Lemma 3.2 Suppose Assumption 3.1 holds. Let θ ∈ [0, 1) and σ ∈ (0, 1 − θ). Then, at

every iteration k, the line search in Algorithm 1 terminates after finitely many reductions.

Moreover, if the initial trial stepsizes are bounded above by γmax, then the accepted stepsizes

satisfy

γk ≥ γ̂min > 0, (13)
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where one may take

γ̂min := min

{
γmax,

c

Lmax
,
1

τ

2(1− θ − σ)

L(1 + θ)2

}
. (14)

Proof Let
pk(γ

k) = x+ − xk = −γk∇f(xk) + ξ̃k.

By Lemma 3.1,

⟨∇f(xk), pk(γ
k)⟩ = −γk∥∇f(xk)∥2 + ⟨∇f(xk), ξ̃k⟩ ≤ −(1− θ)γk∥∇f(xk)∥2,

and
∥pk(γ

k)∥ ≤ γk∥∇f(xk)∥+ ∥ξ̃k∥ ≤ (1 + θ)γk∥∇f(xk)∥.

By the descent lemma for functions with Lipschitz continuous gradient,

f(x+) ≤ f(xk) + ⟨∇f(xk), pk(γ
k)⟩+

L

2
∥pk(γ

k)∥2

≤ f(xk)−

[
(1− θ)γk −

L

2
(1 + θ)2(γk)2

]
∥∇f(xk)∥2.

Therefore the sufficient descent condition

f(x+) ≤ f(xk)− σγk∥∇f(xk)∥2

holds whenever

(1− θ)γk −
L

2
(1 + θ)2(γk)2 ≥ σγk,

that is, whenever

γk ≤ γ̄ :=
2(1− θ − σ)

L(1 + θ)2
> 0.

Since backtracking replaces γk by γk/τ , finite termination follows. The lower bound (14)
follows from the boundedness of the initial trial stepsize and the fact that the first accepted
stepsize is larger than γ̄/τ unless it is accepted before reaching γ̄. □

Lemma 3.3 Suppose Assumption 3.1 holds. Then the sequence generated by Algorithm 1

satisfies

f(xk+1) ≤ f(xk)− σγk∥∇f(xk)∥2, k = 0, 1, 2, . . . . (15)

Consequently, {f(xk)} is monotonically nonincreasing and convergent.

Proof The inequality (15) is exactly the acceptance condition in Algorithm 1. Because f is
bounded from below by Assumption 3.1, the monotone sequence {f(xk)} converges. □

Theorem 3.1 Suppose Assumption 3.1 holds. Let {xk} be generated by Algorithm 1. Then

∞∑

k=0

∥∇f(xk)∥2 < ∞, lim
k→∞

∥∇f(xk)∥ = 0. (16)

Moreover, for every integer N ≥ 0,

min
0≤k≤N

∥∇f(xk)∥2 ≤
f(x0)− finf
σsmin(N + 1)

. (17)
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Consequently, Algorithm 1 finds an ε-stationary point, namely a point xk satisfying

∥∇f(xk)∥ ≤ ϵ,

in at most O(ϵ−2) iterations.

Proof By the acceptance criterion,

f(xk+1) ≤ f(xk)− σγk∥∇f(xk)∥2.

Using Lemma 3.2, γk ≥ γ̂min > 0, hence

σγ̂min∥∇f(xk)∥2 ≤ f(xk)− f(xk+1).

Summing from k = 0 to N gives

σγ̂min

N∑

k=0

∥∇f(xk)∥2 ≤ f(x0)− f(xN+1) ≤ f(x0)− finf .

Letting N → ∞ yields the summability in (16). Therefore ∥∇f(xk)∥ → 0. Also,

(N + 1) min
0≤k≤N

∥∇f(xk)∥2 ≤
N∑

k=0

∥∇f(xk)∥2,

which gives (17). The O(ϵ−2) bound follows immediately. □

Corollary 3.1 Suppose the assumptions of Theorem 3.1 hold and the sequence {xk} is

bounded. Then every cluster point of {xk} is a stationary point of f .

Proof Let x̄ be a cluster point. Then there exists a subsequence {xkj} such that xkj → x̄.
By Theorem 3.1, ∥∇f(xkj )∥ → 0. Since ∇f is continuous, ∇f(x̄) = 0. □

4 AMIPGMls and Convergence Analysis

In this section, we extend the techniques embedded in AMIGls to the proximal gradient
setting, yielding AMIPGMls. We first give some assumptions on the problem (3).

Assumption 4.1 The following conditions hold.

1. f : Rm → R is continuously differentiable and ∇f is Lipschitz continuous with

constant L > 0.
2. h : Rm → (−∞,+∞] is proper, lower semicontinuous.

3. F = f + h is bounded from below on R
m, and Finf := infx∈Rm F (x) > −∞.

4. For every γ > 0, the proximal operator

proxγh(v) = argmin
x

{
h(x) +

1

2γ
∥x− v∥2

}

is well defined and nonexpansive.
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From the perspective of algorithmic structure, this extension is quite natural; how-
ever, it should be noted that in Algorithm 1, the inertial coefficient is scaled using
∥∇f(xk)∥ which is not appropriate for the composite optimization. Then, we denote
the quantity

Gγ(x) =
1

γ

(
x− proxγh(x− γ∇f(x))

)
(18)

This is the natural generalization of the gradient to composite problems. If Gγ(x) = 0,
then x satisfies the first-order condition

0 ∈ ∇f(x) + ∂h(x).

Thus, controlling ∥Gγk(xk)∥ provides a principled way to measure convergence. In
addition, it should be made clear that γ or γk here denote the step sizes required for
computing the proximal operator, although they are initialized in the same manner
as in Algorithm 1. This choice remains natural in the composite setting because the
smooth part f is still governed by local curvature. The proximal step then handles the
nonsmooth term exactly, which helps preserve stability and often improves robustness
relative to linearized nonsmooth treatments.

Subsequently, we compute L̂k, Hk and ωk in the same manner as in Algorithm 1.
To ensure that the line search proceeds smoothly, we still need to impose a constraint
on the total inertia. Unlike in (11), however, the update must be carried out using the
quantity Gγ(x). We therefore obtain the following inertial constraint:

αk(γ
k) = min

{
1,

θγk∥Gγk(xk)∥
∥ξk∥+ ε

}
, ξ̃k = αk(γ

k)ξk. (19)

Now we can give the AMIPGMls in Algorithm 2.
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Algorithm 2 AMIPGMls

1: Choose x0 ∈ domh, memory length m ≥ 1, q ∈ [0, 1), η > 0, ωmax > 0, θ ∈
[0,
√
5− 2), σ > 0, τ > 1, c > 0, smax > 0, 0 < Lmin ≤ Lmax <∞, and ε > 0.

2: Set x−m = · · · = x−1 = x0 and choose L̂0 ∈ [Lmin, Lmax].
3: for k = 0, 1, 2, . . . do
4: Compute

d
(j)
k = xk−j+1 − xk−j , j = 1, . . . ,m.

5: Compute the weighted historical norm as (7).
6: Set the inertial parameter as (8).
7: Initialize the stepsize γk with (10).
8: Compute Gγk(xk) from (18).
9: Form the raw multi-step inertial term (9).

10: repeat

11: Recompute Gγk(xk).
12: Compute ξk(s) with (19).
13: Compute the trial point

x+ = proxγkh

(
xk − γk∇f(xk) + ξ̃k

)
.

14: if F (x+) ≤ F (xk)− σγk∥Gγk(xk)∥2 then

15: Accept xk+1 = x+.
16: else

17: Set γk ← γk/τ .
18: end if

19: until the trial point is accepted
20: Update L̂k+1 by (6)
21: end for

Although AMIPGMls can be regarded as a direct generalization of AMIGls, its con-
vergence analysis differs slightly, particularly in the establishment of sufficient descent
under the line-search scheme. We first show that the line search in AMIPGMls is well
defined.

Lemma 4.1 For Algorithm 2, for every trial stepsize γk > 0, the scaled inertial term satisfies

∥ξ̃k∥ ≤ θγk∥Gγk (x
k)∥.

Lemma 4.2 Suppose that Assumption 4.1 holds. Let θ ∈ [0, 1) and assume that

0 < σ <
1− 4θ − θ2

2
.

Then, at every iteration k, the line search in Algorithm 2 terminates after finitely many

reductions. Moreover, if the initial trial stepsizes are bounded above by smax, then the accepted

stepsizes satisfy

γk ≥ γ̂min > 0,

12



where one may take

γ̂min := min

{
γ̂max,

c

Lmax
,
1

τ

1− θ2 − 2σ

L(1 + θ)2

}
.

Proof Fix an iteration index k. Denote

∇f(xk) := ∇f(xk), G := Gγk (x
k).

The trial point generated in Algorithm 2 is

x+ = proxγkh

(
xk − γk∇f(xk) + ξ̃k

)
.

Moreover, define the unperturbed proximal point

z := proxγkh(x
k − γk∇f(xk)).

By the definition of the proximal gradient mapping,

Gγk (x
k) =

1

γk
(xk − z),

and hence
∥z − xk∥ = γk∥Gγk (x

k)∥.

Since the proximal operator of a proper closed convex function is nonexpansive, we have

∥x+ − z∥ ≤ ∥ξ̃k∥.

Using the scaling condition of the inertial perturbation,

∥ξ̃k∥ ≤ θγk∥Gk
γ(x

k)∥,

it follows that

∥x+ − xk∥ ≤ ∥x+ − z∥+ ∥z − xk∥ ≤ ∥ξ̃k∥+ γk∥Gk
γ(x

k)∥ ≤ (1 + θ)γk∥Gk
γ(x

k)∥,

and

∥x+ − xk∥ ≥ ∥z − xk∥ − ∥x+ − z∥ ≥ γk∥Gk
γ(x

k)∥ − ∥ξ̃k∥ ≥ (1− θ)γk∥Gk
γ(x

k)∥.

Let
∆x+ := x+ − xk.

By the definition of x+ as a proximal point, for any x, we have

h(x+) +
1

2γk
∥x+ − (xk − γk∇f(xk) + ξ̃k)∥2 ≤ h(x) +

1

2γk
∥x− (xk − γk∇f(xk) + ξ̃k)∥2.

Taking x = xk gives

h(x+) +
1

2γk
∥x+ − xk + γk∇f(xk)− ξ̃k∥2 ≤ h(xk) +

1

2γk
∥γk∇f(xk)− ξ̃k∥2.

Since ∆x+ = x+ − xk, this becomes

h(x+) +
1

2γk
∥∆x+ + γk∇f(xk)− ξ̃k∥2 ≤ h(xk) +

1

2γk
∥γk∇f(xk)− ξ̃k∥2.

Expanding the squared norm yields

h(x+) ≤ h(xk)− ⟨∇f(xk),∆x+⟩+
1

γk
⟨∆x+, ξ̃k⟩ −

1

2γk
∥∆x+∥2.

13



On the other hand, since ∇f is Lipschitz continuous with constant L, the descent lemma gives

f(x+) ≤ f(xk) + ⟨∇f(xk),∆x+⟩+
L

2
∥∆x+∥2.

Adding the last two inequalities, we obtain

F (x+) ≤ F (xk) +

(
L

2
−

1

2γk

)
∥∆x+∥2 +

1

γk
⟨∆x+, ξ̃k⟩.

Using the Cauchy–Schwarz inequality, together with

∥∆x+∥ ≤ (1 + θ)γk∥Gγk (x
k)∥, ∥ξ̃k∥ ≤ θγk∥Gγk (x

k)∥,

we have
1

γk
⟨∆x+, ξ̃k⟩ ≤

1

γk
∥∆x+∥∥ξ̃k∥ ≤ θ(1 + θ)γk∥Gγk (x

k)∥2,

and

∥∆x+∥2 ≤ (1 + θ)2γk
2
∥Gγk (x

k)∥2.

Therefore, when γk ≤ 1
L , such that

F (x+) ≤ F (xk) +

(
L

2
−

1

2γk

)
(1− θ)2γk

2
∥Gγk (x

k)∥2 + θ(1 + θ)γk∥Gγk (x
k)∥2

= F (xk)− γk
[
(1− θ)2

2
− θ(1 + θ)−

L

2
(1− θ)2γk

]
∥Gγk (x

k)∥2

= F (xk)− γk
[
1− 4θ − θ2

2
−

L

2
(1− θ)2γk

]
∥Gγk (x

k)∥2.

Hence, if

γk ≤ γ̄ :=
1− 4θ − θ2 − 2σ

L(1− θ)2
,

then γ̄ > 0 and
1− 4θ − θ2

2
−

L

2
(1− θ)2γk ≥ σ.

Consequently,
F (x+) ≤ F (xk)− σγk∥Gγk (x

k)∥2,

which is exactly the sufficient descent condition in Algorithm 2.
Since the backtracking line search replaces γk by γk/τ with τ > 1 whenever the suffi-

cient descent condition fails, the trial stepsizes converge to zero after repeated reductions.
Therefore, after finitely many reductions, one must have γk ≤ γ̄, and the sufficient descent
condition is satisfied. Thus, the line search terminates after finitely many reductions. □

Lemma 4.3 Suppose Assumption 4.1 holds. Then the sequence generated by Algorithm 2

satisfies

F (xk+1) ≤ F (xk)− σγk∥Gγk (x
k)∥2, k = 0, 1, 2, . . . . (20)

Consequently, {F (xk)} is monotonically nonincreasing and convergent.

Proof The inequality (20) is exactly the acceptance condition in Algorithm 2. Since γk > 0
and σ > 0, it follows that

F (xk+1) ≤ F (xk).

Because F is bounded from below by Assumption 4.1, the monotone sequence {F (xk)}
converges. □
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Theorem 4.1 Suppose Assumption 4.1 holds. Let {xk} be generated by Algorithm 2. Then

∞∑

k=0

∥Gγk (x
k)∥2 < ∞, lim

k→∞
∥Gγk (x

k)∥ = 0. (21)

Moreover, for every integer N ≥ 0,

min
0≤k≤N

∥Gγk (x
k)∥2 ≤

F (x0)− Finf

σγ̂min(N + 1)
. (22)

Consequently, Algorithm 2 finds an ε-proximal stationary point, namely a point xk satisfying

∥Gγk (x
k)∥ ≤ ϵ,

in at most O(ε−2) iterations.

Proof By Lemmas 4.2 and 4.3,

σγ̂min∥Gγk (x
k)∥2 ≤ F (xk)− F (xk+1).

Summing from k = 0 to N gives

σγ̂min

N∑

k=0

∥Gγk (x
k)∥2 ≤ F (x0)− F (xN+1) ≤ F (x0)− Finf .

Letting N → ∞ yields
∞∑

k=0

∥Gγk (x
k)∥2 < ∞,

and hence ∥Gγk (xk)∥ → 0. Furthermore,

(N + 1) min
0≤k≤N

∥Gγk (x
k)∥2 ≤

N∑

k=0

∥Gγk (x
k)∥2,

which proves (21) and (22). The O(ϵ−2) iteration bound follows immediately. □

Lemma 4.4 Suppose Assumption 4.1. Assume further that {xk} is bounded and that the

stepsizes satisfy γk ≤ γmax < ∞. If x̄ is a cluster point of {xk} and the proximal gradient

mapping is continuous along the convergent subsequence, then

0 ∈ ∇f(x̄) + ∂h(x̄). (23)

Proof Let xkj → x̄. By Theorem 4.1,

∥G
γkj (x

kj )∥ → 0.

Let
ykj = prox

γkjh

(
xkj − γkj∇f(xkj )

)
.

Then

G
γkj (x

kj ) =
xkj − ykj

γkj
,

and since γkj ≤ γmax,
∥xkj − ykj∥ ≤ γmax∥Gγkj (x

kj )∥ → 0.
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Thus ykj → x̄. By the optimality condition of the proximal step,

0 ∈ ∂h(ykj ) +∇f(xkj ) +
1

γkj
(ykj − xkj ).

Equivalently,
−∇f(xkj ) +G

γkj (x
kj ) ∈ ∂h(ykj ).

Passing to the limit and using the continuity of ∇f , the convergence of G
γkj (x

kj ) to zero,

and the closedness of the graph of ∂h for function h, we obtain

−∇f(x̄) ∈ ∂h(x̄),

which obtains (23). □

5 Numerical Experiments

In this section, we conduct numerical experiments to evaluate the performance of
the proposed AMIGls method for ℓ2-regularized logistic regression and AMIPGMls
method for SCAD penalty problem to verify the performance of the proposed methods.
All numerical experiments are carried out in 64-bit MATLAB R2019b on 64-bit PC
with Intel(R) core(TM)i7-6700HQ CPU@2.6GHz and 32GB of RAM.

5.1 ℓ2-regularized logistic regression

We test the proposed method on a large-scale binary classification problem with an
ℓ2-regularized logistic regression model:

min f(x) :=
1

n

n∑

i=1

log
(
1 + exp(−bia⊤i x)

)
+

λ

2
∥x∥2, (28)

where ai ∈ R
m is the feature vector, bi ∈ {−1, 1} is the class label and x ∈ R

m is
the weight vector. For this problem, it is easy to know that the f is L-smooth with
L = 1

4n∥A∥2 + λ, where A = (a⊤1 , . . . , a
⊤
n )

⊤.
To illustrate the performance of AMIGls, We compare the proposed AMIGls

method with the following baselines:

• AMIGls-I with non-inertial accelerated (m = 0 in Algorithm 1);
• AMIGls-II with 2-step inertial accelerated (m = 2 in Algorithm 1);
• Gradient descent with backtracking line search (GD);
• Nesterov accelerated gradient (NAG) in [14].

For the proposed AMIGls method, we use the parameter setting recommended by
the implementation: q = 0.6, η = 0.8, ωmax = 0.95, θ = 0.22, σ = 10−4, τ = 2,
c = 1, γmax = 10

max{L,10−12} , Lmin = 10−12, ε = 10−12, where L0 is an initial Lipschitz

estimate computed from the augmented data matrix. For GD, the same sufficient
descent parameter and backtracking ratio are used. For NAG, the initial stepsize is
set according to the same Lipschitz estimate.

In this experiment, the regularization parameter is set to λ = 10−3, and the initial
point is chosen as x0 = 0. we run all algorithms for following termination condition

∥∇f(xk)∥ ≤ 10−8 or k > 1500.
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(n = 2000,m = 500) Iter Obj log(∥∇f(xk)∥) Time (s)

AMIGls-I 335 0.0537 -18.4480 0.0360
AMIGls-II 232 0.0537 -18.4380 0.0213
GD 1500 0.0537 -12.2820 0.1260
NAG 1500 0.0537 -15.7240 0.2401

(n = 3000,m = 1000)

AMIGls-I 488 0.0466 -18.4240 0.1303
AMIGls-II 342 0.0466 -18.4410 0.0722
GD 1500 0.0466 -9.8936 0.2769
NAG 1500 0.0466 -14.4380 0.5307

(n = 4000,m = 2000)

AMIGls-I 740 0.0332 -18.4240 0.6558
AMIGls-II 522 0.0332 -18.4410 0.4234
GD 1500 0.0332 -9.8936 1.2045
NAG 1500 0.0332 -14.4380 2.2766

Table 1: Experimental results with different (n, d)

In Table 1, We report results with following performance metrics: iteration numbers
(Iter), final objective value (Obj), log(∇f(xk)) and total running time in seconds
(Time (s)).

To compare the convergence behavior more clearly, we also plot the objective gap to
the best final value among all methods (denote log(|f(xk)− f∗|)) along with iteration
numbers in Figure 1.
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Fig. 1: Comparison of different algorithms
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From the above experimental results, we can draw the following conclusions. Com-
pared with NAG and GD, AMIGls exhibits favorable numerical performance even
without inertia, that is, under the zero-inertia setting. It requires fewer iterations and
less computational time, indicating that the line search strategy and the use of local
curvature in place of the global gradient Lipschitz constant can effectively improve
both the stability and efficiency of the algorithm. After incorporating a single inertial
step, AMIGls shows further performance gains, with substantial reductions in com-
putational time and iteration count, which also demonstrates the effectiveness of the
inertial strategy.

5.2 SCAD penalty problem

In this subsection, we apply the proposed method to solve the SCAD penalty problem
in statistical learning. The SCAD penalty problem [8] can be characterized as

min
x

n∑

i=1

gκ(| xi |) +
1

2
∥Ax− b∥2 (24)

where A ∈ R
n×m, b ∈ R

n, and gκ(·) is defined by

gκ(θ) =

⎧
⎪⎨
⎪⎩

κθ, θ ⩽ κ,
−θ2+2cκθ−κ2

2(c−1) , κ<θ ⩽ cκ,
(c+1)κ2

2 , θ>cκ,

with c > 2 and κ > 0 being the knots of quadratic spline function. Noticing that the
solution of the following problem

min
x∈Rm

1

2v
∥x− q∥2 +

n∑

i=1

gκ(| xi |),

with 1 + v ⩽ c and known q, can be produced by [8, 24], i.e.,

xi :=

⎧
⎨
⎩

sign(qi)(| qi | −κv)+, | qi |⩽ (1 + v)κ,
(c−1)qi−sign(qi)cκv

c−1−v , (1 + v)κ< | qi |⩽ cκ,

qi, | qi | >cκ.

We can transform (24) into the sum of a smooth nonconvex function f and a convex
nonsmooth function h, where

f(x) =
1

2
∥Ax− b∥2 − 1

2
∥x∥2, h(x) =

n∑

i=1

gκ(| xi |) +
1

2
∥x∥2.

It is easy to see that f has Lipschitz continuous gradient and h is convex [24]. Then,
we could apply the AMIPGMls to the problem (24) due to proxγh(·) is nonexpansive.
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In our experiments, we choose Aij ∼ N (0, 1) and then normalize the columns.
Next, we generate a random spares vector in R

n with the density 100
n as x∗, and

the vector b = Ax∗ + ϵ with the noise vector ϵ ∼ N (0, 0.01I). For the sole purpose
of showing the numerical efficiency, we simply take some parameters as constants,
i.e., c = 3.7, κ = 0.1. To illustrate the performance of AMIPGMls, We conducted
comparative experiments using the following algorithms.

• AMIPGMls-I with non-inertial accelerated (m = 0 in Algorithm 2);
• AMIPGMls-II with 1-step inertial accelerated (m = 1 in Algorithm 2);
• Ordinary PG with stepsize 1

L ;

• IPGM in [11], whose inertial factor ω = 0.8, and stepsize γk = 0.999∗(2−2ω)
L ;

• iPiano in [16], whose inertial factor ω = 0.8, and stepsize γk = 0.999∗(2−2ω)
L .

For the AMIGls-I and II, we use the parameter as follows, q = 0.6, η = 0.8,
ωmax = 0.95, θ = 0.22, σ = 10−4, τ = 2, c = 1, γmax = 10

max{L,10−12} , Lmin = 10−12,

ε = 10−12.
In this experiment, the initial point is chosen as x0 = 0. we run all algorithms for

following terminate condition

∥xk+1 − xk∥
max{∥xk+1∥, 1} ≤ 10−6 or k > 1000.

In Table 2, We report results with following performance metrics: iteration numbers
(Iter), final objective value (Obj), log(∥Gγk(xk)∥) and total running time in seconds
(Time (s)).
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Fig. 2: Comparison of different algorithms
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(n = 500,m = 1000) Iter Obj log(∥Gγk (xk)∥) Time (s)

AMIPGMls-I 125 2.2379 -12.6992 0.015
AMIPGMls-II 92 2.2379 -13.7053 0.011
PGM 709 2.2379 -11.2947 0.046
IPGM 344 2.2379 -12.1772 0.032
iPiano 372 2.2379 -12.0755 0.034

(n = 1000,m = 2000)

AMIPGMls-I 220 4.5142 -14.0360 0.085
AMIPGMls-II 154 4.5142 -12.2741 0.062
PGM 1000 4.5142 -8.8664 0.218
IPGM 636 4.5142 -11.4912 0.139
iPiano 681 4.5142 -11.3974 0.174

(n = 2000,m = 4000)

AMIPGMls-I 191 9.1093 -11.6054 0.988
AMIPGMls-II 147 9.1093 -12.3912 0.742
PGM 1000 9.1093 -10.0611 2.896
IPGM 521 9.1093 -10.9193 1.453
iPiano 566 9.1093 -10.8172 1.665

Table 2: Experimental results with different (m,n)

To compare the convergence behavior more clearly, we also plot the objective
gap to the best final value among all methods (denote log(|f(xk) − f∗|)) along with
iteration numbers in Figure 2. The results show that the AMIPGMls also exhibits
favorable numerical performance in the absence of inertia. Compared with IPGM and
iPiano, which incorporate inertial acceleration but employ fixed-parameter updates,
AMIPGMls adopts a more aggressive adaptive local-curvature strategy and with the
aid of line search, achieves safe and rapid convergence. After introducing inertia, the
numerical performance of AMIPGMls is further improved, which also confirms the
effectiveness of inertial acceleration.

6 Conclusion

We proposed adaptive multi-step inertial gradient and proximal gradient methods
for nonconvex optimization. The methods use local curvature information, multi-step
extrapolation, and a sufficient-descent line search. The inertial term is scaled by the
current stationarity measure, which reduces the extrapolation near critical points and
allows larger steps away from stationarity. For the composite case, the same mechanism
is combined with the proximal mapping.

We proved finite termination of the line search, monotone decrease of the objective
values, and convergence of the gradient norm or proximal gradient mapping to zero.
We also derived an O(ϵ−2) iteration complexity bound. The numerical experiments
are consistent with the theory and show that the proposed methods compare favorably
with the tested first-order baselines.
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