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Abstract

Graph-based clustering builds a neighborhood graph and partitions it, treating every neighborhood
alike regardless of its local geometry. We propose DISC (Dimension-Informed Spectral-entropy Clustering),
which lets the local geometry decide which edges are trusted. For every point, the Shannon entropy
of the normalized eigenvalues of its neighborhood covariance measures how many directions the data
locally spread over. This entropy H(x) defines a conformal metric warping, gx = H(x) 2 I, under which
directional neighbor affinities are computed. A reciprocity gate then keeps only mutual neighbor pairs
whose weaker affinity exceeds the median. The resulting graph is clean (half the cross-class edge weight
of a k-NN graph on MNIST) but fragmented. DISC therefore partitions it locally: every point follows
its strongest gated edge toward a deeper neighbor, where depth is gated degree divided by entropy, and
the resulting attractor basins, 72-99% class-pure on 16 of 17 datasets, are merged by average linkage.
We evaluate DISC on 9 benchmark and 8 held-out datasets covering images, deep image features, text,
speech, sensor and tabular data. Each subset is clustered with three algorithm seeds, and every method
receives the true number of clusters or a label-free search for it. DISC outperforms K-Means, Ward
linkage, spectral clustering, DBSCAN and HDBSCAN in adjusted Rand index and accuracy on 13-17
of 17 datasets (Wilcoxon p < 107'°). These gains are as large on the eight held-out datasets, which
played no role in its development, as on the benchmark datasets. DISC is statistically on par with Leiden
community detection, and it runs in 3.5s on 70,000 MNIST points.

1 Introduction

The manifold hypothesis holds that high-dimensional data concentrate near lower-dimensional structures [§].
Graph-based clustering exploits this through a neighborhood graph: spectral clustering [18, [31], diffusion
maps [5], Laplacian eigenmaps [I], UMAP [17] and community detection [27] all start from one. The graph
determines what can be found. Edges between classes merge clusters, and missing edges within a class split
them.

Most constructions treat all neighborhoods alike. Local scaling [35] [I7] adapts edge weights to the local
density, but not to the local shape of the data, although the intrinsic dimension of real data varies from place
to place [I5] [7]. Some neighborhoods are close to low-dimensional curves, while others spread over many
directions.

DISC uses this local geometry at two levels. At the level of edges, the spectral entropy H(x) of a
point’s neighborhood covariance warps the metric. Distances out of low-entropy, nearly low-dimensional
neighborhoods are lengthened, and a reciprocity gate keeps only edges that both endpoints strongly endorse.



At the level of clusters, the gated graph is too sparse for global partitioning, but it supports a local one.
Following each point’s strongest edge to a deeper neighbor splits the data into small attractor basins, which
are almost always class-pure. These are then merged into clusters.

Contributions.

e A local spectral entropy whose exponential is the effective number of directions of the local data
(Section [3.1). The entropy defines a conformal metric warping and directional affinities (Section [3.2)).

e A reciprocity gate, which produces a graph with half the cross-class edge weight of a k-NN graph

(Section [4.3)).

e An attractor-basin partition of the gated graph that uses neither eigenvectors nor modularity (Sec-

tion [3.4)).

e An evaluation on 17 datasets, 8 of which were never used during development, with four metrics,
three algorithm seeds per subset, label-free cluster-count searches for methods that need them, paired
significance tests, sensitivity and scalability to 70,000 points (Section .

Scope. DISC clusters a given representation of the data, and we compare it with methods that do the
same. Deep clustering methods, such as DEC [34], SpectralNet [25] and SCAN [29], solve a different
problem: they learn the representation and the clustering jointly. They train neural networks, often with
data augmentation, and tune architectures per dataset. A comparison with them would mostly measure
representation learning rather than the clustering rule, so we do not consider it a fair comparison. The two
approaches are complementary: DISC can be applied to any learned embedding, as we do with ResNet-50
features for CIFAR-10.

2 Related Work

Neighborhood graphs and local scaling. Spectral clustering [18, [31] partitions a graph through the
leading eigenvectors of its normalized affinity matrix. Self-tuning spectral clustering [35] scales each affinity by
the distances of both endpoints to their k-th neighbors, and UMAP [17] and t-SNE [28] calibrate a per-point
bandwidth. These constructions adapt to density but not to the local shape of the data. Leiden [27] optimizes
a modularity-type objective on a graph and is a strong general-purpose partitioner of k-NN graphs.

Intrinsic dimension. Local intrinsic dimension is classically estimated by maximum likelihood on neighbor
distances [I5] or from ratios of neighbor distances [7]. Spectral estimates summarize the eigenvalues of a local
covariance; the effective rank [23] is the exponential of their Shannon entropy [26]. DISC uses this entropy to
warp the metric that defines the graph.

Graph sparsification. Mutual nearest neighbor graphs [9] keep an edge only if each endpoint is among the
other’s neighbors. Shared-neighbor similarity [I3] down-weights edges with few common neighbors. DISC’s
reciprocity gate keeps mutual pairs whose weaker directional affinity, computed in the warped metric, exceeds
the median.

Mode seeking. Mean shift [4] and quick shift [30] move points toward modes of a density. Density
peaks [22] picks cluster centers as dense points far from denser ones. Persistence-based clustering [3] merges
modes by topological persistence. DISC’s attractor basins follow the same hill-climbing principle on its gated
graph, with a depth given by gated degree over entropy, and merge the basins by average linkage on the
warped affinities.

Deep clustering. Methods that learn representations for clustering [34], 25 29] are outside our scope, as
explained in Section [T}



3 Method

Let X = {xj,...,Xx5} C RP be the data and ¢ the number of clusters to be found. Throughout, ||| is
the Euclidean norm, Ip the D x D identity matrix, x(-) the indicator function (1 if its argument is true, 0
otherwise), and |S| the number of elements of a set S. For each point, A'(¢) C {1,..., N} \ {i} denotes the
indices of its k nearest neighbors in Euclidean distance. We use k = 15 throughout.

3.1 Local spectral entropy

For each point x; with neighbors N'(i) = {j1,...,Jjx}, we form the displacement matrix D; = [x;, —
Xiy oy X, — XZ‘]T € R*¥*P and the local covariance C; = ﬁDIDi € RPXD Let Ai1 > > A,p>0Dbe
the eigenvalues of C;, and let g;; = A; ./ 25:1 Ai be the share of local variance along the t-th principal
direction, so that (g; 1,...,¢; p) is a probability vector. The local spectral entropy is
D
H; = - Z%‘,t Ing; ., (1)
t=1

with the convention 01n0 = 0; we also write H(x;) = H;. In the implementation, eigenvalues are floored at
10712, so that H; > 0 and the warping below is always defined.

Proposition 3.1. Let r = rank(C;) > 1. Then (i) 0 < H; < Inr < Inmin(k, D); (i) H; = Inr if and only
if the r non-zero eigenvalues are equal, and H; = 0 if and only if r = 1; (iii) H; is invariant to rotations,
translations and uniform rescaling of the data.

Thus exp(H;), the effective rank of C; [23], counts the directions that carry the local variance, weighted
continuously by their share. It is close to 1 on a locally linear curve and close to d on an evenly filled
d-dimensional patch. H; is the order-1 member of the Rényi family Hi(a) = ﬁ In)", gy for a > 0, a # 1,
extended to v = 1 by its limit [2I], and exp(Hi(a)) is the Hill number of order « [I1I]. Order 0 gives the rank
and order 2 the participation ratio. Proofs are in Appendix [A] The estimate is computed at the single scale
set by k. It is related to, but distinct from, the information dimension of a measure, which is defined by a
limit over scales [21].

3.2 Entropy metric warping and directional affinities

DISC equips each point x; with the conformal metric g; = H; 21p, under which the length of a displacement
from x; to a neighbor is

X; — X5 . .
dij = \/(Xj = %) gi (x5 —x;) = %7,”& J e N(). (2)
K3
Distances measured from low-entropy, nearly low-dimensional neighborhoods are thus lengthened, and
distances from diffuse neighborhoods are shortened. The warped distance is directional: d;; uses the metric at
X;, 50 in general d;; # dj;. Directional affinities follow from a Gaussian kernel normalized over the neighbors
of each point,

(45270 o -

Gi= L Y en exp(—d? /207)’ ;= d?
p]‘ ZEN() l o 2Hz lglj\?’()i) il

(3)
0, otherwise,
so that Zj pjji = 1 for every i. We collect them in the matrix P € RN*N with P;; = pjji- The bandwidth o;

has units of squared distance, so the affinities depend on the overall scale of the data. We apply DISC to
unwhitened principal components, so this scale is fixed by the data.



3.3 Reciprocity gate
An edge is kept only if both endpoints endorse it:
Wi = pji pijj - x(min(pjs, pifj) > 1), i # J, (4)

where 7 is the median of min(p;|;, p;|;) over all mutual neighbor pairs {4, j}, that is, pairs with j € N(i) and
i € N(j) (exactly the pairs for which both directional affinities are positive). W € RVY*V is symmetric with
zero diagonal, it is non-zero only on mutual neighbor pairs, and by construction it removes half of them.
Section [I.3] shows that the result is a graph with little cross-class weight but many connected pieces.

3.4 Attractor basins and basin merging

The gated graph W is sparse and splits into many connected pieces (Section . DISC therefore partitions
it in two stages: a local stage, which groups points into small attractor basins by following the strongest
gated edges, and a global stage, which merges the basins into ¢ clusters.

Depth. The depth of point 7 is its gated degree divided by its local spectral entropy,

1 N
= ; Wi;. (5)

A point is deep when it has strong reciprocal edges and lies in a low-entropy neighborhood.

Attractor flow. Let
I'G)={jeN@E : W;; >0and s; > s, } (6)

be the set of deeper gated neighbors of ¢. Each point is linked to its strongest deeper gated neighbor:

(1) = JEL(i)
i, I'(i) =

Wi'v I'( Q)a
arg max Wi (z.) # ™

with ties broken by the smaller index. A point with 7(i) = i is an attractor. Write 7 for the ¢-fold composition
of 7, with 7°(i) = i. Because every step i — 7(i) # i strictly increases the depth, Sx(i) > Si, the sequence
i,7(i),w2(i),... cannot revisit a point and therefore reaches an attractor

r(i) = 7 (i), Li=min{¢>0: 7" () =7()} <N -1, (8)
after finitely many steps. The edges ¢ — () thus form a forest, and the attractor basins
B.={i:r(i)=r}, reR={i:w(i)=1}, (9)
are its trees. They partition the data, and each basin contains exactly one attractor.
Isolated points. A point without any gated edge, i € Z = {i: >, W;; =0}, is its own attractor. Since

Wiy > 0 whenever 7(i) # 4, no other point flows into it, so it would form a singleton basin. Such points
instead join the basin of their nearest connected point,

r(@) < r(argminlx; - x,]), i€ (10)
J¢T
We write By, ..., By, for the resulting m basins, indexed by a,b € {1,...,m}.

Basin graph. Basins are compared through the symmetrized directional affinities of Section P =
% (P+ PT), that is, P;; = % (pj|i + pi)j)- Py is positive whenever j € (i) or i € N(j), including the pairs
removed by the reciprocity gate, so basins that the gate separated can still be connected. The affinity between

two basins is B
A=Y > Py, a#b (11)

i€Bq jEBy



Average-linkage merging. A cluster C is a set of point indices, and C denotes the current partition into
clusters. Starting from C = {By, ..., By}, DISC repeatedly merges the two clusters with the largest average
affinity,

A(C,C’ _
s(c,c'y = g AC,CY=> Y Py,  (CHC*)=arg max S(C,C), (12)
[eh{ed ico jeor c#C’eC
S(C,c")>0
and replaces them by C* U C™, until [C| = ¢. Because A is additive over the points of a cluster, and

A(B,, Bp) = Ay for the initial basins, the affinity of a merged cluster to any other cluster C” is
A(CruC™,C")y = A(C*,C") + A(C™,C"), |C*uC™| =|C* +|C™, (13)

so S is updated in constant time per affected pair. S(C,C") is always the mean affinity over all point pairs
of the two clusters, the average-linkage criterion applied to basins rather than points. If no remaining
pair has S(C,C’) > 0, the clusters left are disconnected in P, and the pair with the closest centroids
pe = |C|71 Y, o x; is merged instead. When |C| = ¢, the clustering is C: point i is assigned to the cluster
that contains its basin. Since m < N (a few hundred basins for 5,000 points in our experiments), the merging
operates on a much smaller graph than the original data, and it is implemented with a priority queue over
the non-zero entries of A.

3.5 Complexity

k-NN search costs O(N log N D) with a space-partitioning tree. The local covariances and their eigende-
compositions cost O(N(kD? + D3)). Affinities, the gate and the depth cost O(Nk), and the attractor flow
costs O(Nk + N log L) with pointer jumping, where L = max; L,;. Merging costs O(FE log F) for the E < Nk
non-zero entries of the basin affinity A, plus the rare centroid merges. Memory is O(N(D + k)). Section
reports measured runtimes.

4 Experiments

4.1 Protocol

Datasets. We use nine benchmark datasets and eight held-out datasets. The held-out datasets were never
used to develop or tune DISC. The benchmark datasets are MNIST and Fashion-MNIST (28 x 28 images),
USPS (16 x 16 digits), CIFAR-10 (OpenML CIFAR_10_small, mapped to 2,048-dimensional features of an
ImageNet-pretrained ResNet-50 [I0]), Olivetti faces (400 images of 40 people), 20 Newsgroups (TF-IDF and
latent semantic analysis), the tabular datasets Letter and Pendigits, and an imbalanced MNIST with class
sizes from 1,000 to 50. The held-out datasets are Optdigits and Semeion (digit images), Isolet (speech), HAR
(smartphone sensors), Satimage (multispectral), Segment (image regions), Mfeat-factors (digit features) and
Gas-drift (gas sensors). For every subset seed we draw a class-stratified subset of up to 5,000 points without
replacement. Tabular and sensor features are standardized, and all data are projected onto 20 principal
components, or kept as they are if they have fewer features. All methods see the same data.

Baselines and cluster counts. We compare against K-Means [16], Ward linkage [32] with a 30-NN
connectivity constraint, spectral clustering [I8] on a k-NN affinity, DBSCAN [6] with min_samples = 2D,
where D = 20 is the input dimension [24], HDBSCAN |[2], and Leiden [27] on the symmetrized 15-NN graph.
K-Means, Ward linkage, spectral clustering and DISC receive the true number of clusters c¢. For DBSCAN,
HDBSCAN and Leiden, we search without labels for the setting whose number of clusters is closest to ¢,
breaking ties by the smaller noise fraction; the settings searched are €, min_cluster_size and the resolution,
respectively. No method is tuned with labels.

Seeds and metrics. Each dataset is subsampled with five seeds (600-604) that were not used during
development. Each subset is clustered with three algorithm seeds and the scores are averaged. We report
three external metrics, which compare a clustering with the true classes: the adjusted Rand index (ARI) [12],



Table 1: Results on the nine benchmark datasets: mean + standard deviation over 5 subsets, each averaged
over 3 algorithm seeds. Best value per dataset and metric in bold; the mean rank is taken over datasets
(undefined silhouettes rank last).

Dataset K-Means Ward Spectral DBSCAN HDBSCAN Leiden DISC
ARI 1

MNIST 0.355+0.010  0.451+0.028 0.5374+0.032  0.05940.021 0.057+0.006  0.677+0.015  0.667+0.033
F-MNIST 0.360+0.010  0.359+0.017  0.423+0.036  0.10840.008 0.032+0.029 0.456+0.011  0.463+0.033
USPS 0.529+0.006  0.621+0.017  0.568+0.003  0.13740.006 0.087+0.005 0.704+0.053  0.721+0.059
CIFAR-10 0.446+0.015  0.388+0.011 0.418+0.054  0.12840.036 0.042+0.023  0.543+0.013  0.397+0.027
Olivetti 0.44440.008  0.4514+0.000 0.4724+0.008  0.00040.000 0.05540.001 0.409+0.007  0.546+0.002
20NG 0.2084+0.007  0.188+0.008 0.103+0.016  0.02740.008 0.011+0.004  0.2224+0.010  0.183+0.009
Letter 0.157+£0.004  0.170£0.013  0.04940.008  0.025+0.007 0.014+0.006 0.215+£0.007  0.229+0.007
Pendigits 0.549+0.008  0.598+0.024 0.6184+0.056  0.497+0.032 0.324+0.015  0.758+0.027  0.710+0.021
MNIST-imb  0.339£0.027  0.376+0.032 0.511+£0.060  0.137+0.038 0.129+0.065 0.558+0.062  0.573+0.076
Mean rank 4.00 3.78 3.44 6.11 6.89 1.89 1.89
ACC 1t

MNIST 0.534+0.009  0.589+0.032 0.636+0.013  0.13940.016 0.180+0.020  0.749+0.014 0.749+0.025
F-MNIST 0.506+0.015  0.4954+0.026 0.5724+0.047  0.20540.009 0.132+0.040 0.571+0.007  0.596+0.043
USPS 0.666+0.005  0.698+0.023 0.5874+0.003  0.223+0.009 0.269+0.012 0.72840.068  0.758+0.067
CIFAR-10 0.623+0.038  0.550+0.014 0.631£0.030  0.23440.027 0.168+0.014  0.746+0.010  0.587+0.056
Olivetti 0.585+0.015  0.588+0.000 0.615+0.006  0.02540.000 0.376+0.002 0.510+0.007  0.642+0.000
20NG 0.373+0.010  0.352+0.015 0.317£0.009  0.13940.018 0.112+0.026  0.385+0.005  0.342+0.009
Letter 0.296+0.009  0.296+0.009 0.267+0.008  0.11940.018 0.110+0.044 0.3824+0.006  0.394+0.012
Pendigits 0.683+0.011  0.708+0.017 0.753+0.033  0.60340.027 0.5224+0.007  0.863+0.023  0.8154+0.017
MNIST-imb ~ 0.437+0.021  0.4884+0.026 0.590+0.049  0.222+0.049 0.246+£0.027 0.624+0.051  0.646+0.072
Mean rank 3.89 3.89 3.33 0.44 6.56 2.00 1.89

VI |

MNIST 2.363£0.051  1.733+0.096 1.376+0.075  2.46340.147 2.109+£0.016  1.032+0.045  1.088+0.087
F-MNIST 2.173+0.033  2.039+0.086 1.79440.088  2.245+0.082 2.59940.191 1.717+0.032  1.703+0.061
USPS 1.775£0.016  1.195+£0.061 1.015+0.015  2.186+0.023 1.976+£0.012 0.854+0.050  0.837+0.077
CIFAR-10 2.013+0.071  2.1554+0.053 1.778+0.050  2.21340.033 2.326+0.016  1.721+0.030  2.203+0.077
Olivetti 1.641+£0.039  1.517+0.000 1.539+0.019  3.689+0.000 2.4384+0.010 1.873+£0.024  1.168+0.001
20NG 3.811+0.037  3.895+0.066 3.5454+0.097 3.1154+0.180  3.203+0.136 3.6814+0.071 3.995+0.057
Letter 3.943+£0.014  3.688+0.049 2.951+0.097  3.44740.023 3.522+0.162 3.057+£0.028  2.924+0.041
Pendigits 1.384+0.017  1.098+£0.081 0.870+0.073  1.258+0.036 1.620£0.029  0.724+0.034  0.800£0.067
MNIST-imb ~ 2.142+0.086  1.785+0.098 1.321+0.163  2.128+0.113 1.772£0.111  1.255+0.187 1.255+0.162
Mean rank 5.58 4.38 2.78 5.44 5.44 2.22 2.44
Silhouette T

MNIST 0.1224+0.002  0.085+0.006 0.085+0.002  0.133+0.096  0.227+0.024  0.094%0.003 0.079+0.003
F-MNIST 0.240+0.005  0.207+0.013  0.2244+0.013 0.256+0.034  0.066+0.126 0.21540.006 0.171+0.022
USPS 0.191+0.002  0.163+0.007 0.104+0.002  0.1544+0.023  0.391+0.014  0.131+0.007 0.123+0.027
CIFAR-10 0.154+0.009  0.11840.004 0.105+0.013  0.2744+0.039  0.336+0.047  0.123£0.002 0.095+0.014
Olivetti 0.239+0.002  0.253+0.000  0.23640.002 - 0.393+0.004  0.130+0.006 0.208+0.002
20NG 0.175+0.005  0.1284+0.005 0.125+0.009  0.3084+0.118  0.418+0.122  (0.156%0.003 0.092+0.008
Letter 0.144+0.002 0.1124+0.004 0.015+0.013  0.072+0.064 0.14040.064 0.070+0.010 0.055+0.020
Pendigits 0.283+0.005  0.271+0.006 0.2224+0.006  0.3474+0.036  0.401+0.006  0.235+0.016 0.222+0.007
MNIST-imb  0.135+0.011  0.0974+0.011  0.093+0.007  0.1194+0.065 0.197+0.038  0.1114+0.012 0.094+0.010
Mean rank 2.44 4.11 5.78 3.00 1.78 4.56 6.33

clustering accuracy (ACC) under the optimal one-to-one matching of clusters to classes [I4], and the variation
of information (VI) [19]. We also report the silhouette coefficient [20], an internal metric computed in the
20-dimensional input space without labels. Points labeled as noise count as errors for ACC, form one extra
group for ARI and VI, and are excluded from the silhouette. All metrics are given as mean + standard
deviation over subsets, and paired comparisons use the Wilcoxon signed-rank test [33] over subsets. Definitions
are in Appendix [B]



Table 2: Results on the eight held-out datasets, which were never used during development (same protocol as

Table .
Dataset K-Means Ward Spectral DBSCAN HDBSCAN Leiden DISC
ARI 1
Optdigits 0.67140.005 0.7631+0.022 0.847+0.011 0.4934+0.041 0.2744+0.023  0.909+0.015  0.908+0.025
Semeion 0.398+0.004 0.490+0.008 0.398+0.004 0.22140.015 0.08940.011 0.587+0.012  0.653+0.047
Isolet 0.446+0.010 0.456+0.014 0.4234+0.013 0.084+0.008 0.013+0.002  0.520+0.016  0.484+0.017
HAR 0.399+0.026 0.439+0.046 0.462+0.011 0.282+0.024 0.315+0.011 0.517+£0.018  0.523+0.042
Satimage 0.53040.003 0.505£0.029 0.479+0.007 0.270+0.018 0.100+0.002  0.659+0.017  0.531+0.062
Segment 0.463+0.003  0.437£0.000 0.306+0.000 0.277+0.000 0.240+0.000 0.380+0.009 0.400+0.000
Mfeat-fac 0.612+0.005 0.497+0.005  0.846+0.000 0.193+0.001 0.303+0.070 0.8414+0.003 0.802+0.000
Gas-drift 0.082+0.006 0.103+0.031 0.101+0.038 0.050+0.034 0.0714+0.032 0.269+0.063  0.297+0.065
Mean rank 3.88 3.50 3.88 6.38 6.62 1.88 1.88
ACC t
Optdigits 0.793+0.003 0.838+0.015 0.9124+0.007  0.609+0.042 0.487+0.026 0.953+0.011  0.955+0.014
Semeion 0.585+0.010 0.670+0.021 0.5424+0.003 0.391+0.012 0.334+0.014 0.769+0.011  0.803+0.033
Isolet 0.541+0.011 0.546+0.019 0.5134+0.012 0.177+0.011 0.080+0.015  0.573+0.020 0.545+0.018
HAR 0.534+0.022 0.557+0.015 0.589+0.003 0.233+0.047 0.3184+0.025  0.633+0.025  0.628+0.061
Satimage 0.675+0.003 0.643+0.034 0.606+0.010 0.365+0.020 0.2994+0.009  0.793+0.019  0.67140.060
Segment 0.551+0.007  0.523+0.000 0.45240.000 0.44940.000 0.40540.000 0.533+0.008 0.539+0.000
Mfeat-fac 0.722+0.004 0.646+0.006  0.926+0.000 0.407+0.001 0.376+0.016 0.92240.002 0.905+0.000
Gas-drift 0.37340.009 0.35340.022 0.374+0.028 0.186+0.008 0.190+0.032 0.506+0.062  0.527+0.061
Mean rank 3.62 3.88 3.75 6.25 6.75 1.75 2.00
VI |
Optdigits 1.120+0.020 0.720+0.074 0.483+0.037 1.273+0.071 1.626+£0.058  0.349+0.036  0.373+0.070
Semeion 2.08540.007 1.58440.039 1.681+£0.013 2.052£0.016 2.1264+0.007 1.3254+0.015  1.177+0.105
Isolet 1.975+0.042 1.866+0.020 1.71440.070 2.802+0.068 3.296+0.031  1.664+0.049  1.856+0.043
HAR 1.570+0.064 1.421+0.116 1.348+0.024 1.506+0.027 1.453+0.074 1.209+0.053  1.172+0.080
Satimage 1.335+0.011 1.411+0.052 1.304+0.009 1.676+0.035 1.713+0.046  1.060+0.014  1.362+0.144
Segment 1.47240.008  1.457+0.000  1.662+0.000 1.748+0.000 1.94240.000 1.540+0.034 1.576-+0.000
Mfeat-fac 1.302+0.015 1.515+0.006  0.631+0.000  1.81840.004 1.760+0.147 0.634+0.008 0.743+0.000
Gas-drift 2.4314+0.018 2.5144+0.113 1.806+0.146 2.249+0.020 2.21740.081  1.495+0.074  1.541+0.115
Mean rank 4.75 4.12 2.88 5.88 6.25 1.62 2.50
Silhouette 1
Optdigits 0.21940.001 0.20440.003 0.20140.001 0.241+0.016  0.286+0.013  0.194+0.002 0.1934+0.003
Semeion 0.12640.001 0.10940.004 0.10340.000 0.2094+0.005  0.243+0.014  0.121+£0.002 0.099+0.002
Isolet 0.14840.002 0.12740.003 0.1394-0.004 0.1544+0.041  0.2474+0.013  0.135+0.002 0.1144-0.004
HAR 0.210+0.003 0.199+0.019 0.207+0.007  0.465+0.038  0.446+0.067 0.168+0.021 0.1324+0.015
Satimage 0.360+£0.002  0.318+0.009 0.323+0.005 0.132+0.010 0.075+0.124 0.279+0.004 0.263+0.027
Segment 0.349+0.009 0.335£0.000 0.239+£0.000  0.371+£0.000  0.315£0.001 0.216+0.016 0.19340.000
Mfeat-fac 0.22340.002 0.19440.001 0.197+0.000  0.344+0.001  0.252+0.018 0.197+0.001 0.186+0.000
Gas-drift 0.32540.007 0.21440.015 -0.204+0.064 0.2964+0.105 0.511+0.105 -0.069+0.101  -0.067£0.116
Mean rank 2.50 4.50 4.62 2.25 2.38 5.25 6.50




4.2 Results

Tables [I| and [2] report all four metrics. Against the classical baselines, DISC is consistently more accurate on
the external metrics. Over all 17 datasets it has a higher ARI than K-Means on 14 datasets, than Ward linkage
and spectral clustering on 15, and than DBSCAN and HDBSCAN on all 17 (paired Wilcoxon tests over the
85 subsets, p < 1.1 x 107*!). The mean ARI gains are +0.12, +0.11, +0.09, +0.36 and +0.41, respectively.
Accuracy gives the same picture: DISC is more accurate than K-Means on 13 datasets, than Ward linkage
and spectral clustering on 15, and than DBSCAN and HDBSCAN on all 17 (p < 5 x 1071), with mean gains
between +0.07 and +0.38. These gains generalize to data that played no role in the development of DISC.
On the held-out datasets, DISC has a higher ARI than K-Means, Ward linkage and spectral clustering on
seven of eight datasets, and its mean ARI gains over these three methods are as large as on the benchmark
datasets: between +0.09 and +0.13 on the held-out datasets, against +0.09 to +0.12 on the benchmark
datasets. The method was therefore not overfit to the datasets used in its development.

Against Leiden, DISC is statistically on par. It has a higher ARI on 9 of the 17 datasets (mean difference
—0.008, p = 0.2) and a higher accuracy on 9 (—0.008, p = 0.31), and the two methods share the best mean
ARI rank on both groups of datasets. Their strengths lie in different places, however. DISC is clearly better
on Olivetti, whose 40 small classes suit its basins (+0.14 ARI), and on Semeion (+0.07), and it is ahead on
Fashion-MNIST, USPS, Letter, imbalanced MNIST, HAR, Segment and Gas-drift. Leiden is clearly better on
the deep CIFAR-10 features (—0.15) and on Satimage (—0.13), and slightly ahead on MNIST, 20 Newsgroups,
Pendigits, Optdigits, Isolet and Mfeat-factors. VI follows the same pattern, with mean ranks of 2.44 for DISC
and 2.22 for Leiden on the benchmark datasets.

The silhouette coeflicient ranks the methods very differently. HDBSCAN and DBSCAN obtain the highest
silhouettes on most datasets, although their external scores are the lowest, and both DISC and Leiden
obtain low silhouettes. The silhouette rewards compact, convex groups in the input space, and density-based
methods can raise it by declaring the hardest points noise, which the silhouette ignores. Clusters that follow
curved or elongated class structure, as those of DISC do, receive lower silhouettes even when they agree
better with the classes. We therefore read the silhouette as a description of cluster shape rather than of
clustering quality.

4.3 Analysis: clean edges and pure basins

Figure [1] examines the three stages of DISC. The local spectral entropy varies mainly between classes rather
than within them (Figure . On MNIST, the digit 1, whose images lie close to a one-dimensional family of
strokes, has a median entropy of 1.61, against 1.79-1.92 for the other digits. The warping therefore lengthens
distances out of the low-entropy digits and shortens them in diffuse regions.

The warped affinities and the reciprocity gate change the graph substantially (Figure . On 1,000
class-sorted MNIST points, 23.6% of the edge weight of the 15-NN graph connects different classes. After the
gate, only 11.8% does. The price is connectivity: with 5.0 edges per point on average, the gated graph falls
apart into 16 pieces. A global partition of this graph, such as spectral clustering, would spend its eigenvectors
on the small pieces. This is why DISC partitions the graph locally.

The local partition is reliable. Following the strongest gated edges to deeper neighbors produces a few
hundred attractor basins per dataset, and these basins are almost always class-pure (Figure . Their purity
is 0.95 on USPS, 0.98 on Optdigits and Gas-drift, and 0.99 on Pendigits, and it is at least 0.72 on every
dataset except 20 Newsgroups. The final clusters are less pure than the basins, most clearly on Letter (0.82
for the basins against 0.42 for the clusters), Segment (0.93 against 0.57) and Gas-drift (0.98 against 0.60).
Most of the remaining error therefore arises when basins are merged, not when they are formed, and better
merging criteria are the most promising route to further improvement.

4.4 Sensitivity and scalability

The neighborhood size k is DISC’s only free parameter. Between k = 10 and k = 50, its ARI varies by at
most 0.03 on MNIST, 20 Newsgroups and Letter, by 0.06 on Semeion and by 0.08 on USPS (Figure. Very
small neighborhoods are unreliable: with k& = 5, DISC fails on Letter (ARI 0.03). Satimage shows a single
dip, to 0.44 at k = 30.
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Figure 1: Analysis of DISC (subset seed 600). (a) H(x) on 5,000 MNIST points (UMAP layout); its median
is 1.61 for the digit 1 and 1.79-1.92 for the other digits. (b) 1,000 class-sorted MNIST points: the reciprocity
gate keeps 5.0 edges per point and halves the cross-class weight (23.6% — 11.8%), but splits the graph into
16 pieces. (c¢) The attractor basins are 72-99% pure on 16 of 17 datasets (20 Newsgroups: 55%). Dotted line:
held-out datasets to the right.
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Figure 2: (a) ARI of DISC against k (mean =+ std over subsets 600-602); dotted line: default & = 15. (b)
Single fits for N = 1,000-70,000, each in a fresh process.

DISC scales to large datasets (Figure . On 70,000 MNIST points it takes 3.5s and 381 MB, compared
with 2.4s for Leiden, 16s for Ward linkage, 30s for HDBSCAN and 1,024 s and 7.7 GB for the spectral
clustering of scikit-learn. Between 20,000 and 70,000 points, the measured scaling exponent, the slope
Alnt/Aln N of the logarithm of the runtime ¢ against the logarithm of the number of points N, is 1.50 for
DISC and 1.51 for Leiden, against 2.71 for spectral clustering. Most of DISC’s runtime is spent on the k-NN
search.

4.5 Development protocol

All design decisions were made on development subsets drawn with seeds 100-102 from MNIST, USPS,
Letter and 20 Newsgroups. Each development subset was clustered with three algorithm seeds, because
algorithm-seed noise alone reaches 0.12 ARI on USPS. In total, 29 configurations were compared on these
subsets. The reported numbers come from a single evaluation on subsets 600-604, which had not been
used before. The first four held-out datasets (Optdigits, Semeion, Isolet and HAR) had been used in earlier
evaluations of intermediate configurations, and one design choice, the graph on which basins are merged, was
finalized after the held-out evaluation. Code, data loaders, all results and the full development record are
available in the accompanying repository.
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5 Discussion and Limitations

DISC replaces a uniform neighborhood graph with one shaped by local geometry. The entropy warping and
the reciprocity gate keep edges that both endpoints strongly endorse, and attractor basins turn the resulting
sparse, clean graph into clusters without eigenvectors or modularity. On fixed representations, DISC is far
more accurate than the classical baselines and on par with Leiden, with clear gains on small-class data such
as Olivetti and on several held-out datasets. Its advantage over the classical baselines is as large on datasets
never used during its development as on the benchmark datasets, so it generalizes beyond the data on which
it was designed.

Several limitations remain. Although the basins are pure, average linkage merges some of them wrongly
on Letter, Segment and Gas-drift, and DISC trails Leiden on deep CIFAR-10 features and on Satimage. The
bandwidth o; makes the affinities depend on the scale of the data, and a scale-free bandwidth may improve
robustness. The neighborhood size is fixed, and very small values fail on Letter. Finally, we evaluate on fixed
representations with up to 5,000 points per subset, complemented by a 70,000-point timing study; combining
DISC with learned representations is a natural next step.

A Proofs

Proof of Proposition[3.1 C; is symmetric positive semi-definite with r > 1 positive eigenvalues, so the non-
zero entries of (¢;1,...,¢;,p) form a probability vector on r outcomes (zero eigenvalues contribute 01n0 = 0).
(i) The Shannon entropy of a probability vector on r outcomes lies in [0,In7], and 7 = rank(D; D;) =
rank(D;) < min(k, D). (ii) The entropy equals Inr if and only if the distribution is uniform on its r outcomes,
that is, the non-zero eigenvalues are equal, and it equals 0 if and only if the distribution is a point mass,
that is, r = 1. (iii) A rotation Q maps C; to QC;Q", which has the same eigenvalues; translations leave the
displacements unchanged; and a rescaling of the data by v > 0 multiplies all eigenvalues by 2, which leaves
every g;+ unchanged. O

Rényi entropy at a — 1. Write ¢, = ¢;+ for a fixed point 4, with the sums below running over the ¢

with ¢; > 0. The Rényi entropy HZ.(O‘) = =—InY", ¢f* is of the form 0/0 at a = 1, because Y, ¢; = 1. By
L’Hopital’s rule,

Core) o 2adi g .
(}}Lnl H’L - olzlinl Zt qta - Xt:Qt IHQt - H1~

For a = 0, exp(Hi(O)) = r is the rank; for o = 2, eXp(Hi(Z)) = (32, Xit)?/ D0, A7, is the participation ratio.
Since HZ-(OC) is non-increasing in «, eXp(HZ-(Q)) < exp(H;) < rank(C;).

B Evaluation metrics

Let {Un,...,Uk} be the true classes of the N evaluated points and {V1,...,Vk/} a clustering of the same
points. The contingency counts are Ny; = |U N V;|, with row sums Ni. = >, Ni; (class sizes) and column
sums N = >, Ny (cluster sizes). Points labeled as noise by DBSCAN or HDBSCAN form one additional
cluster for ARI and VI.

Clustering accuracy (ACC). Because cluster indices are arbitrary, accuracy uses the one-to-one as-
signment f of clusters to classes that maximizes the number of matched points, found with the Hungarian
algorithm [14]:

N
1 .
ACC = IH?X i Zx(yi = f(yz)), (14)
i=1
where y; € {1,..., K} is the class of point i, §; € {1,..., K’} its cluster, and the maximum runs over

one-to-one maps f from clusters to classes. Points in clusters left without a class, and noise points, count as
€rrors.



Adjusted Rand index (ARI). The Rand index is the fraction of point pairs on which two partitions
agree. The ARI [I2] corrects it for the agreement expected by chance:

S (3 = [ () 2 (5] /()

ARL= 1 Np. N. N N. Ny (15)
S () + 5 (3] - [Z () 20 (5] /()
It equals 1 for identical partitions and is close to 0 for independent ones.
Variation of information (VI). VI [I9] is a metric distance between the two partitions,
VI=HU)+H(V)-2Z(U,V), (16)
where H(U) = — 3, M In M- and H(V) = — 3, % In &t are the entropies of the class and cluster sizes,

and Z(U, V) =3, Nt In YNeL ig their mutual information. Lower values are better, and VI is 0 for identical
e kil N Ny . N,
partitions.

Silhouette coeflicient. For a clustered point x;, let 6;,(2) be its mean Euclidean distance to the other
points of its cluster and ot (7) the smallest mean Euclidean distance from x; to the points of another cluster.
Its silhouette [20] is

5out (Z) - 5in (Z)
max (5in(i), §Out(i))
and the silhouette coefficient is the mean of sil(i) over all points not labeled as noise, computed in the

20-dimensional input space. It uses no labels and measures how compact and well separated the clusters are;
it is undefined when fewer than two clusters remain.

sil(z) =

€[-1,1], (17)
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