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[bookmark: abstract]Abstract
This Supplementary Information provides the extended analytical derivations and non-perturbative formalisms supporting the Topo-Geometric Energy Equivalence (). We detail the explicit derivation of the Chern-Simons topological current from the Yang-Mills Hamiltonian, the matrix elements for electro-baryonic coalescence during volumetric collapse, and the rigorous mathematical evaluation of the Topo-Geometric Stress () governing the spontaneous fission of superheavy nuclei (Oganesson, ). Furthermore, we formalize the theoretical framework for the proposed experimental verification via Schwinger vacuum breakdown under multi-petawatt laser fields, applying the topological correction .
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[bookmark: Xca7be07dc0a8cc25983d8647b5098e9b53fd96a]S1 Explicit Derivation of the Chern-Simons Topological Current in the BPS Bound
In the main text, Lemma 2 relies on the Bogomol’nyi-Prasad-Sommerfield (BPS) completion of the square. Here we provide the explicit tensorial derivation. The non-Abelian field strength tensor is:

The static Hamiltonian density is proportional to . The cross-term generated in the BPS expansion is . We express this cross-term as the spatial divergence of the Chern-Simons topological current .
In four-dimensional spacetime, the topological charge density is proportional to , where  is the dual field strength tensor. In the static temporal gauge (), the electric field is , and we have:

This invariant is locally a total derivative , where the Chern-Simons current is defined as:

Taking the zeroth component  and operating in :

The divergence of this spatial current yields exactly the integrand of the BPS bound:

Integrating over the three-dimensional spatial manifold , the volume integral converts via Gauss’s theorem to a surface integral at spatial infinity, yielding the integer winding number  of the mapping from the boundary  to the gauge group manifold:

This confirms that the bare structural energy of the gauge soliton, independent of any kinematic velocity, is intrinsically parameterized by its topological charge scaled by the inverse square of the gauge coupling.
[bookmark: Xf171e3d676628d4a4c8807d15ce15ebda82038b]S2 Quantum Mechanics of Electro-Baryonic Coalescence
In Lemma 4, we evaluate the volumetric phase transition of 1 g of , invoking electro-baryonic coalescence ( MeV/nucleon). This process is physically driven by inverse beta decay (electron capture) occurring under extreme lattice compression.
The effective weak interaction Hamiltonian for this transition is:

During the hypothetical total conversion (yielding of the lattice), orbital electrons are forcibly overlapped with the nuclear wavefunctions. The transition rate  is given by Fermi’s Golden Rule:

where  is the density of final states. The spatial overlap integral between the constrained 1s electron wavefunctions and the nuclear volume generates a massive release of binding energy. Because the Coulomb barrier is effectively neutralized, the reduction in electrostatic repulsion () precisely compensates for the energy required to break the strong nuclear bonds ( MeV). The net energy balance mathematically zeroes out the binding defect, isolating the true gluonic confinement energy ( MeV) as the sole source of macroscopic structural yield ().
[bookmark: X7f965bcb47334708a31501fccd7a3b7dd436ab7]S3 Asymptotic Divergence of Topo-Geometric Stress at 
In Lemma 5, the Topo-Geometric Stress is defined as:

For Oganesson (), the nuclear radius follows the liquid-drop scaling , where  fm. The characteristic internal momentum scale is:

The QCD confinement scale is empirically  MeV. Wait, for the perturbative beta function to hold,  must be greater than . However, inside a superheavy nucleus, the effective strong coupling enters the non-perturbative regime where chiral symmetry breaking governs the dynamics.
Using a non-perturbative effective coupling model (e.g., the analytic coupling proposed by Shirkov and Solovtsov):

As  drops below 100 MeV and approaches  dynamically (due to the immense volume of the  nucleus diluting the average momentum transfer between peripheral nucleons), the pole at  causes  to diverge rapidly.
Consequently, the energy required by the vacuum to sustain the soliton lattice () diverges:

The structural tension massively violates the Absolute Topological Invariant (). The spacetime lattice cannot support this configuration, leading directly to the instantaneous expulsion of topological sub-nodes (alpha particles) or spontaneous catastrophic fission. This definitively proves that  cannot predict the end of the periodic table, whereas the topo-geometric model intrinsically dictates it.
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The Schwinger limit defines the critical electric field  required to break the vacuum, spontaneously creating electron-positron pairs from the continuum. In standard QED, this is derived using the kinematic limit :

Under the Pure Gauge-Topological Equivalence, the true cohesive strength of the vacuum is defined not by the kinematic speed of free photons, but by the Specific Yield Potential , where  (with ).
The Topo-Geometric Critical Field is therefore predicted to be:

Evaluating this numerically:

Experimental Setup: Facilities such as the Extreme Light Infrastructure (ELI) capable of multi-petawatt (PW) laser pulses can be focused down to diffraction-limited spot sizes to reach intensities . By precisely ramping the laser intensity and monitoring the onset of prolific pair-plasma generation, researchers must detect the spontaneous vacuum breakdown at an intensity  lower than the classic QED prediction. Detection of this premature vacuum yielding will serve as direct macroscopic evidence that the rigid structure of the spacetime lattice is governed by , unequivocally falsifying the universal application of the kinematic limit  to vacuum structural mechanics.
