Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Emergence Requires No Miracle: The Eligibility
Trace as the Necessary Engine of Reward-Driven
Differentiation in Spiking Networks

Yahua Ruan

yahua, ruan@gientech,.com

GienTech Research Institute

Research Article

Keywords: Spiking neural network, Emergence, Eligibility trace, Reward-modulated STDP, Sparsification,
Temporal credit assignment, Ablation, Scaling law

Posted Date: October 20th, 2026
DOI: https://doi.org/10.21203/rs.3.rs-11433074/v1

License: € @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-11433074/v1
https://doi.org/10.21203/rs.3.rs-11433074/v1
https://doi.org/10.21203/rs.3.rs-11433074/v1
https://creativecommons.org/licenses/by/4.0/

2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

Emergence Requires No Miracle: The Eligibility Trace as the

Necessary Engine of Reward-Driven Differentiation in Spiking

Networks

Yahua Ruan
GienTech Research Institute, Beijing 100086, China
yahua.ruan@gientech.com

ORCID: 0009-0009-9760-1542

Abstract

Emergent differentiation in reward-driven learning requires local events to persist long enough
for global evaluation to bind them. In a spiking neural network trained with reward-modulated
STDP (N = 800-80,000 neurons, up to 128M synapses), five-condition ablation shows that re-
moving the eligibility trace eliminates positive sparsification at every scale on the post-warmup
baseline (AGini = —0.006 +0.001 at N=800; —0.005+0.003 at N=80,000); measured from ran-
dom initialization, the traceless condition still drifts upward at small scale (40.088 at N=800),
so we state the necessity claim on the post-warmup baseline and report both baselines. Re-
moving the reward prediction error or the logistic brake amplifies sparsification but destabilizes
the system (R locks at 0.31-0.35 and never self-arrests; winners hit the weight cap); remov-
ing multiplicative potentiation is free at N=800 (99% of full effect) but becomes necessary at
N > 8,000 (16-29%). A scaling law follows: the braking timescale must scale as Tex, o< VN;
extending 7 from 20,000 to 200,000 at N = 80,000 raises the differentiation equilibrium from
0.365 (three-seed mean at default 7) to 0.561 + 0.024 (three seeds at 7 = 200,000; +54% on the
mean, near-converged at 500k steps), surpassing the N = 800 equilibrium (0.509). In conditions
retaining both the trace and RPE, R — 0 (self-arrest) and cos(ws, wy—1) — 1.0 (attractor con-
vergence). We propose that temporal credit assignment is the necessary engine of reward-driven
emergent differentiation in this system, with partial structural analogies to SGD momentum

and evolution; direct experimental verification is limited to synthetic spiking-network tasks,
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and sufficiency is not tested.

Keywords: Spiking neural network, Emergence, Eligibility trace, Reward-modulated STDP, Spar-

sification, Temporal credit assignment, Ablation, Scaling law

1 Introduction

Emergence—the spontaneous appearance of system-level order from local interactions—is typically
explained by invoking complex mechanisms: positive feedback loops (Camazine et al. [2001], com-
petitive dynamics Song et al.| [2000], Gilson and Fukai [2011], carefully designed schedules |Bengio
et al.|[2009], or architectural constraints. In large language models, emergent abilities appear sud-
denly at scale|Wei et al. [2022] and provoke measurement debates Schaeffer et al.| [2023], Barak et al.
[2022], [Power et al.|[2022], Olsson et al. [2022]. In reward-driven spiking networks, the prerequisite
is theoretically established at the level of three-factor learning rules Klopf| [1982], Legenstein et al.
[2008], [Frémaux and Gerstner| [2016], Gerstner et al.| [2018]: without a decaying memory of recent
synaptic events, a delayed global reward cannot modulate STDP at all. What remains open is
the quantitative anatomy—which components drive, which bound, and how the answers shift with
scale. We answer this by controlled ablation.

The claim is measured. In our spiking network, removing the eligibility trace (a 20-step expo-
nential memory of recent synaptic events) eliminates positive sparsification (AGini = —0.006+0.001
at N=800, own-start baseline). Removing the brakes (reward prediction error, logistic saturation)
amplifies the phenomenon (+308% to +1004% across scales) while destabilizing the system; re-
moving multiplicative STDP preserves it at N=800 (99%) but not at N > 8,000 (16-29%). The
eligibility trace is the only component whose removal eliminates positive sparsification at every

scale tested.

Why this matters. The finding restructures the theoretical narrative of emergent differentiation:

e Engine vs. brake. Prior work conflates mechanisms that drive differentiation with mech-
anisms that limit it. Our ablation cleanly separates them: the eligibility trace drives; RPE

and logistic bound; multiplicative STDP accelerates (at scale).
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e Simplicity. The necessary engine is: local events persist in a decaying trace; a global reward

multiplies the trace; weights update. Three lines of pseudocode. (We test necessity by

removal; sufficiency—a minimal trace-plus-reward construction—is future work.)

e Cross-substrate generality. A partial structural analogy appears in SGD (momentum

first-moment EMA as eligibility-like memory) and evolution (genotype as persistence mem-

ory) Elsayed et al.|[2024]—an analogy, not an isomorphism, as we discuss in

Contributions.

. Ablation discovery (§4): Systematic 5-condition x 3-seed ablation revealing the engine/brake/accelerant

structure, with the eligibility trace as the only component whose removal eliminates positive

sparsification at every scale.

. Scale invariance (: Replication at N = 800, 8,000, and 80,000 (128M synapses, 500k

steps), showing AGini is preserved across two orders of magnitude while the role of multi-

plicative STDP transitions from accelerant to necessity.

. 7-scaling law (§5.4)): Discovery that the braking timescale must scale as Texp < VN verified

across three seeds by raising N = 80,000 Gini from 0.365 to 0.561 + 0.024 at 500k steps
(surpassing N = 800’s 0.509) with 7 = 200,000.

. Robustness (§6)): Five-seed validation with Gini = 0.509 & 0.020, R — 0.001 (self-arrest),

and cos — 1.0 (attractor convergence) in all seeds.

. Theoretical unification (§8.1): Proposal that temporal credit assignment is the necessary

engine of emergent differentiation under delayed global feedback, with partial cross-substrate

analogies and testable predictions.

2 Background

Spiking neural networks Maass [1997], Gerstner and Kistler|[2002], [Pfeiffer and Pfeil |[2018]—realized
on neuromorphic hardware Mead| [1990], Merolla et al.| [2014], Indiveri et al|[2011] and studied

as liquid state machines Maass et al.|[2002], |Jaeger| [2001]—provide the substrate of the present
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work. Their plasticity is governed by spike-timing-dependent plasticity Bi and Poo| [1998, 2001],
Gerstner et al.| [1996] and its reward-modulated variants Florian| [2007], Izhikevich [2007]. This
research area remains highly active: eligibility-propagation schemes now train deep recurrent spik-
ing networks Bellec et al.| [2020], with recent extensions to neuromorphic hardware and learnable
delays |Quintana et al.| [2024], [Vassallo and Taherinejad| [2026]; behavioral-timescale eligibility has
been identified in hippocampal and striatal plasticity Milstein et al.| [2021], [Yagishita et al.| [2014];
and cortical gamma synchrony has been shown to couple reinforcement-learning signals to long-term
memory formation in the mammalian brain [Yun et al.| [2026]; surrogate-gradient theory continues
to mature|Zenke and Vogels [2021]; the conditions for emergent structure in plastic spiking networks
are under active investigation Bergoin et al.| [2025]; and current reviews attest that the eligibility

trace remains a live conceptual substrate for learning |[Shouval and Kirkwood, [2025].

2.1 Leaky Integrate-and-Fire Network

We simulate N neurons with LIF dynamics:

dv;
7—mil = _(Ui - Urest) + Ii(t)a (]—)
dt
with vVpest = 0, Vthresh = 0.5, Ureset = —0.3, T, = 20 steps, and refractory period of 2 steps. Neurons

are connected via S ~ N2?p synapses (p = 0.02), with initial weights w ~ A(0,0.1) clamped to

[—1,1] and transmission delays d € {1, 2, 3}.

2.2 Reward-Modulated STDP (R-STDP)

Standard STDP modifies weights based on pre/post spike timing:

AT - f(w) - e Y™ if At >0 (LTP)
AwsTpp = (2)
— A e 1At/ if At <0 (LTD)

where 74 = 7_ = 20 steps, A~ = 0.0105 (additive LTD).

In R-STDP |[Florian [2007], STDP updates do not directly modify weights. Instead, they accu-
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mulate in an eligibility trace:
ei(t+1) = A ei(t) + Awstppi(t), Ae=e Y™, 7. =20 steps (3)
Weight updates occur only when a global reward signal R(t) arrives:
Aw; = R(t) - a-e;i(t), a=0.01 4)

2.3 The Four Components Under Test

Our full system combines four components, each previously argued to be necessary for emergent

sparsification:

1. Eligibility trace (7. = 20): temporal credit assignment—bridges local STDP events to

delayed global reward.

2. Multiplicative LTP: f(w) = max(w, wager) * (1 — w/wmax)—“rich get richer” amplification

with soft saturation.
3. Logistic saturation: the (1 — w/wnax) factor bounds potentiation near wyax.

4. Reward prediction error (RPE): R(t) = PA(t) — E[PA], where E[PA] is an EMA with

7 = 20,000—endogenous self-braking.

3 Experimental Setup

3.1 Ablation Design

Five conditions: the full model plus four ablations, each removing exactly one component:

Table 1: Ablation conditions.

Condition Removed Replacement

FULL — —

no_RPE RPE reward State reward: +1 if PA > mean, —0.3 otherwise
no MULT Multiplicative LTP  Additive LTP: f(w) = A:dd =0.02

no_ELIG Eligibility trace Immediate modulation: Aw = R - o - AwsTpp
no_LOG Logistic factor f(w) = max(w, wacer) (n0 saturation)
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3.2 Protocol

Each condition runs for 100,000 steps at N < 8,000 and 500,000 steps at N = 80,000:

e Warmup (300 steps): additive STDP without reward modulation, establishing baseline ac-

tivity.
e Main loop (100k steps): R-STDP with condition-specific components.

e Measurement: Gini coefficient of weight distribution, reward R, maximum weight wmax,

and weight-direction cosine similarity cos(wy, wi_a) recorded every 5,000 steps.

3.3 Metrics

Gini coefficient: measures inequality of the weight distribution. Rising Gini = increasing spar-
sification (few synapses dominate). Computed on |w| with correction for padded entries in GPU
implementation.

Self-arrest: R — 0 indicates the system has reached a state where performance matches
expectation—no further learning signal. This is the RPE brake engaging.

Attractor convergence: cos(wy, w;_a) — 1.0 indicates the weight vector has stopped chang-

ing direction—the system has converged to a fixed-point attractor.

4 Results I: The Ablation

4.1 N =800 (12,800 synapses, 3 seeds)

Fig. [1) shows the Gini trajectories for all five conditions. Table [2 reports the final values.

4.2 The Engine/Brake Structure

The ablation reveals a clean three-tier structure:

Tier 1: The Engine (necessary). Removing the eligibility trace abolishes sparsification
(AGini = —0.006, negative). Without temporal credit assignment, local STDP events are isolated—
each occurs and evaporates before the global reward arrives. No binding, no accumulation, no

differentiation. The weight distribution becomes more uniform, not less.
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Emergent sparsification trajectories (N=800, CPU)
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Figure 1: Gini trajectories for all five conditions at N = 800 (3 seeds). The eligibility trace (FULL)
drives sparsification; removing it (no_ELIG) flatlines below its post-warmup start.

Tier 2: The Brakes (limiting). Removing RPE or logistic amplifies sparsification:

e 1o _RPE: Gini reaches 0.82 (vs. 0.482 in FULL), but R locks at 0.31—the system never self-

arrests. Sparsification proceeds unchecked by prediction error.

e 10 _LOG: Gini reaches 0.79, but wpyax hits the hard cap (50.0)—winners grow without bound.

The logistic factor was containing sparsification, not causing it.

Tier 3: The Accelerant (scale-dependent). At N = 800, removing multiplicative LTP
preserves 99% of the effect (AGini = 40.070 vs. +0.071). Additive LTP alone, combined with
eligibility and RPE, produces equivalent sparsification. The multiplicative rule accelerates early

differentiation but is not the driver.

4.3 Judgment Criteria

We define component necessity by the ratio AGiniapiateq/AGinipyrr, (own-start baselines):
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Table 2: Ablation results at N = 800 (V100 GPU). Mean =+ std over 3 seeds (42, 7, 123). AGini =
Ginigpa — Ginigary (post-warmup own-start; for no_ LOG, warmup drives Gini to ~0.81 within <1k
steps, so A ~ —0.02 reflects post-explosion drift—see Table [5| for the random-init comparison).
FULL here is the 3-seed V100 mean (0.482); the independent 5-seed CPU robustness gives 0.509
(Table [6]).

Condition  Gini (final) AGini R (final)  wmax  CcOSt

FULL 0.482+0.012 +0.071 £ 0.007 0.001 1.08  1.000
no_RPE 0.819£0.002 +0.219 £ 0.006 0.312 2.20  0.9999
noMULT 0.505+0.019 +40.070+£0.014 0.001 3.44  1.000
no ELIG  0.411+£0.003 —0.006 £ 0.001 0.003 1.00  1.000
no_ LOG 0.790 £0.007 —0.019 £ 0.003 0.002 50.0  1.000

< 0: absolutely necessary (removal reverses the effect)

e (0-0.3: necessary

0.3-0.7: partially necessary
e > 0.7: non-essential
e > 1: removal amplifies the effect — a brake, not a necessity

One caveat: a condition whose brake acts during warmup (no_LOG: weights explode pre-baseline,
Table [5| note) has a negative own-start A from post-explosion drift, not from stability; we classify
it by the brake role, not the ratio.

At N = 800: no ELIG = —8% (absolutely necessary); no LOG = —27% (brake acting during
warmup); no MULT = 99% (non-essential); no RPE = 308% (brake removed; amplifies).

5 Results II: Scale Invariance

5.1 N =8,000 (1.28M synapses, 3 seeds)
5.2 The Scaling Law of Component Necessity

Key finding: The eligibility trace is scale-invariantly nullifying—its removal reduces AGini to
zero or below at every scale tested (—0.006 + 0.001 at N = 800; —0.001 £ 0.002 at N = 8,000;
note the latter’s confidence interval includes zero, but the direction is consistently non-positive and

the magnitude is two orders below FULL’s 40.097). The multiplicative rule undergoes a necessity
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Ablation verdict: eligibility is the engine (N=800, GPU)
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Figure 2: Engine/brake structure: AGini at N = 800 for each ablation. Only no_ELIG abolishes
sparsification (A < 0); removing brakes (no_.RPE, no_.LOG) amplifies it.

transition: at N = 800, additive LTP suffices (the fixed increment is large relative to the weight

range); at N > 8,000, the weight distribution is denser and additive increments are drowned in

noise—multiplicative amplification (“the rich get richer”) becomes necessary to pull winners above

the bulk. (So the eligibility trace is the engine at every scale, while the turbocharger’s necessity is

scale-dependent.)

Interpretation: The engine (eligibility) is universal. The turbocharger (multiplicative) is

needed only when the engine’s raw power is insufficient for the load. Larger networks carry more

noise; they need the turbocharger.
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Scale invariance: verdict preserved across 100X
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Figure 3: Scale invariance: AGini across N = 800 to 80,000. The eligibility trace nullifies at every
scale; multiplicative LTP transitions from accelerant to necessity.

5.3 N =80,000 (128M synapses, 3 seeds, MetaX C550 GPU)

Convergence: FULL reaches equilibrium at step =~ 150,000 (Gini = 0.365, unchanged for the
remaining 350k steps; R = 1072, cos; = 1.0). The 500k-step protocol provides > 2x the convergence
time, confirming the result is a true fixed point.

Verdict preservation: The engine/brake structure is fully preserved at N = 80,000:
e 10 ELIG: AGinigy, = —0.005 (nullified, consistent with N = 800 and 8,000).
e 10 RPE: AGinigy, = +0.442 (10x FULL; brake removed, runaway amplification).

e 10 LOG: AGinipy, = —0.009, but Gini(start)= 0.78 and wpax = 50.0—the brake failed
during warmup (weight explosion); the negative own-start reflects post-explosion drift, not

stability.

e 1o MULT: AGinioy, = 4+0.013 (29% of FULL; multiplicative now necessary at this scale).

10
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Table 3: Ablation results at N = 8,000 (V100 GPU). Mean =+ std over 3 seeds. AGini is post-
warmup own-start.
Condition  Gini (final) AGini R (final)  wpax COSt

FULL 0.492+£0.016 +0.097£0.011  0.0005 1.00  1.000
no_RPE 0.850 £0.002 +0.391 £ 0.028 0.350 241  0.9999
no.MULT 0.416 £0.012 40.016 £0.005 —0.0001 1.67  1.000
no ELIG  0.388£0.009 —0.00140.002  0.0003 1.00  1.000
no_ LOG 0.804 £0.023 —0.032 £ 0.026 0.002 50.0  0.9999

Table 4: Component necessity across scales (AGini as % of FULL, own-start baseline). All values
are post-warmup own-start (Ginigpa — Ginigeary per condition), isolating training-phase effects; the
random-init (0.323) comparison is in Table Logistic saturation’s brake acts during warmup
(preventing weight explosion), so its training-phase A is negative despite the large final Gini (0.77—
0.78).

Component N =800 N =8,000 N = 80,000 Transition
Eligibility trace —8% —1% —-11% Always nullifying (engine)
Logistic saturation —27% -33% —20% Brake acts in warmup
Multiplicative LTP 99% 16% 29% Non-essential — necessary
RPE 308% 403% 1004% Brake removed (amplifies)

5.4 The 7-Scaling Hypothesis

The equilibrium Gini at N = 80,000 (0.365) is lower than at N = 800 (0.509). This is not a
weakening of the mechanism. The root cause is that population-activation noise scales as 1/ VN:
larger networks produce smoother PA signals, so the per-step RPE magnitude shrinks as 1/v/N
while the braking window (7exp) stays fixed. Cumulative differentiation scales roughly as (per-step
signal) x (effective window); holding it constant gives Tex, o< v/ N.

Prediction: If 7., is scaled by VN (from 20,000 to 200,000 for N = 80,000), the equilibrium
Gini should rise toward—or exceed—the N = 800 value (0.509).

Verification (confirmed, three seeds {7,42,123}): With 7., = 200,000 at N = 80,000, the
equilibrium Gini rises from the default-7 three-seed mean 0.365 to 0.561 + 0.024 (three-seed mean;
per-seed finals 0.536/0.563/0.584) — a +54% rise that surpasses the N = 800 equilibrium (0.509).

One seed’s trajectory (seed 42):
e Step 50k: Gini = 0.410, already exceeding the standard equilibrium (0.365).
e Step 175k: Gini = 0.520, exceeding the N = 800 equilibrium (0.509).
e Step 275k: Gini = 0.554, with R = 0.004 still positive.

11
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Table 5: Ablation results at N = 80,000 (500k steps). Mean =+ std over 3 seeds (42, 7, 123).
Device: MetaX C550. AGini®™ is the post-warmup own-start increment (Ginigp, — Giniggary per
condition); Gini(start) is shown for full transparency. For reference, AGini from the random-init
baseline (0.323): FULL +40.042, no RPE 40.510, no MULT +0.020, no_ELIG —0.007, no_ LOG
40.448. Tno_LOG: without logistic saturation, weights explode during warmup (<5k steps, Gini
—~0.78); own-start A (—0.009) reflects post-explosion drift, not stability.

Condition  Gini (start)  Gini (final) AGini°"® R (final)  wmax  cost
FULL 0.321 0.365 +0.002 +0.044 +0.002  0.00001 1.00  1.000
no_RPE 0.391 0.833+0.001 +0.442 £+ 0.001 0.350 2.82  1.000
no MULT 0.330 0.343+0.002 +0.013+£0.003 —0.0001 2.09 1.000
no_ELIG 0.321 0.316 £0.004 —0.005=+0.003  0.0003 1.00  1.000
no_ LOG 0.780 0.771 £0.034 —0.009 £ 0.034 0.003 50.0  1.000

Step 300k: Gini = 0.560, with R = 0.003 still positive.

Step 325k: Gini = 0.565, with R = 0.003.

Step 400k: Gini = 0.576, with R = 0.002.

Step 500k: Gini = 0.584, with R = 0.001—near-converged (residual drift +0.008 over the last
100k).

The trajectory converges at ~ 500k steps (vs. the standard 7 = 20,000 run which converged at
150k), confirming that the extended braking timescale successfully prolongs the effective learning
window. Across all three seeds, the equilibrium under 7 = 200,000 (0.561 4+ 0.024) exceeds the
N = 800 equilibrium (0.509); the trajectories were still rising slowly at 500k, so this value is a
conservative lower bound.

Conclusion: The equilibrium Gini is a function of the parameter—scale match, not an intrinsic

limitation of the mechanism at large N. The braking timescale should scale as:
Texp X VN (5)

to maintain a constant effective learning window across network sizes. This is a testable scaling

law for reward-modulated plasticity: the brake must slow down as the network gets quieter.

12



20 6  Results ITI: Robustness

2 Five independent seeds (42, 7, 123, 999, 2024) under the FULL condition at N = 800 (Fig. 4)):

0.56 Convergence across 5 seeds 0.56 Attractor signature (o = 0.020)
. . -=-- mean = 0.509 * 0.022
0.54 A 0.54 A
=
g 0.52 A ~ 0.52 A
i3] S L .
ji=} O
® 0.50 ___¢—————8  — 0.50-
o @
© g
@ 0.48 A 0.48 A
—o— seed 42
—o— seed 7
0.46 - —e— seed 123 0.46
—o— seed 2024
seed 999
044 T T T T 044 = T
40000 60000 80000 100000 42 7 123 2024 999
Steps Seed

Figure 4: Five-seed robustness at N = 800, FULL condition. All seeds converge to Gini = 0.51
with R — 0 (self-arrest) and cos — 1.0 (attractor convergence).

Table 6: Five-seed robustness (N = 800, FULL condition, 100k steps).

Seed Gini (final) AGini R (final)  cos,

42 0.538 +0.108 0.001 1.000
7 0.499 +0.066 0.001 1.000
123 0.499 +0.072 0.001 1.000
999 0.484 +0.058 0.001 1.000
2024 0.527 +0.089 0.001 1.000

Mean + std 0.509 £0.020 +0.079 +0.019 0.001 1.000

212 Attractor signature: All five seeds converge to R — 0.001 and cos — 1.000 regardless of
213 initial conditions. The low variance (¢ = 0.020) relative to the effect size (A = 0.079) gives a

214 signal-to-noise ratio of ~ 4, confirming the mechanism is robust to initialization.

2s 7 Mechanism: Temporal Credit Assignment

a6 7.1  Why the Eligibility Trace Is the Engine

217 The eligibility trace solves a temporal binding problem: STDP events are local and instantaneous,

218 but the reward signal is global and delayed. Without a memory bridge, these two cannot interact:

13
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e With trace: A neuron fires at t = 100, creating a pre/post spike pair and hence Awgrpp at
the relevant synapse. This enters the trace: e(100) = Aw. At ¢t = 105, the trace has decayed
to e(105) = A% - Aw = 0.78 - Aw—still alive. When reward arrives at ¢t = 105, it multiplies
the trace: Awgna = R-a-0.78 - Awgtpp. The local event has been evaluated by the global

signal.

e Without trace (no_ELIG): reward modulates only the instantaneous STDP increment,
whose sign and magnitude fluctuate from step to step. With no memory of the recent di-
rection of activity, the global signal is multiplied by noise rather than by a persistent trend:
nothing accumulates, and the distribution drifts back toward uniformity (AGini = —0.006).

The trace is what aligns the global signal with the recent direction of local change.

7.2 The One-Sentence Law

Emergence is causality bridged by time: the system remembers what it just did, and

thereby local actions acquire global consequences.

The eligibility trace is the memory. The reward is the global consequence. Their product s the
binding. Remove the memory, and causality is severed—local actions have no global consequences,

and no differentiation can accumulate.

7.3 Why Brakes Are Necessary (But Not Sufficient)

Without RPE, the system still differentiates—but it never stops. R locks at 0.31 (perpetual “better
than average” signal), and Gini climbs to 0.824. Without logistic, winners hit the hard cap
(w = 50). The system differentiates maximally but pathologically.

The brakes do not cause differentiation; they bound it. FULL’s Gini of 0.51 represents the
equilibrium between the engine (eligibility x reward) and the brakes (RPE self-arrest + logistic

containment). This equilibrium is the attractor.
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8 Discussion

8.1 Cross-Substrate Unification: Temporal Credit Assignment as Universal En-

gine

The ablation reveals more than a circuit-level mechanism—it suggests a structural analogy across
adaptive systems. We propose that temporal credit assignment in different substrates shares a com-
mon logical structure, instantiated in different physics. The analogy is partial, not an isomorphism:
in SGD, momentum accumulates gradients unconditionally, while eligibility is gated by the reward

signal and settled per decision |Elsayed et al. [2024]; we mark the divergence where it matters.

8.1.1 The Isomorphism

Table [7] maps seven functional roles across three substrates. The critical row is eligibility: in each
case, a local event must persist in a decaying memory long enough for a global signal to evaluate
it. The persistence timescale differs—20 steps in our network, a momentum horizon in SGD, one

generation in evolution—but the logical structure is shared:

differentiation = global signal x decaying memory of local events (6)

evaluation eligibility

Table 7: Cross-substrate structural isomorphism. Each row is a functional role; each column is a
physical instantiation. The logical structure (Eq. @ is invariant across columns.

Role Spiking network SGD

Local event STDP (Aw) Per-sample gradient g,

Eligibility (memory) e(t) = Ae + Aw Momentum EMA: m; = Symi—1 + (1—51)9:
Global signal Reward R(t) Loss signal —VL

Binding R-a-e m; modulated by —VL

Differentiation Weight sparsification Parameter specialization

Brake RPE (R — 0) Convergence (|V| — 0)

Accelerant Multiplicative LTP Adam (2nd-moment adaptation)

Evolution (conjectured isomorphism): local event = phenotypic variation; eligibility = genotype (fitness memory);
global signal = selection pressure; binding = fitness x variation; differentiation = species divergence; brake =
carrying capacity; accelerant = sexual recombination.
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8.1.2 Evidence from Scale Invariance

Our data provide three independent lines of evidence that the mechanism is substrate-level rather

than implementation-level:

1. Network scale invariance (: The verdict “eligibility nullifying” holds at N = 800
(AGini = —0.006 £ 0.001), N = 8,000 (—0.001 £ 0.002), and N = 80,000 (—0.005 £ 0.003) on
the post-warmup baseline (from random initialization the traceless N=800 run drifts +0.088;
see Limitations). The magnitude of AGini in FULL (40.04-0.10) is preserved across two
orders of magnitude. The engine does not care about the size of the network—only about

whether temporal binding is intact.

2. Implementation invariance: The CPU implementation (sequential, braincore library,
Python loops) and the GPU implementation (batched, vectorized, scatter_add.-, int32 in-
dexing) produce the same verdict for the headline condition: AGinicpy = —0.006 4 0.001 vs.
AGinigpy = —0.006 £ 0.001 for no_ ELIG at N = 800. Two completely different codebases,
zero shared code, same verdict to three decimal places on the condition that carries the claim
(the FULL condition differs slightly, 0.482 vs. 0.509; see Limitations). The mechanism lives

in the mathematics, not the implementation.

3. Component necessity transition: The multiplicative rule transitions from non-essential
(99%) at N = 800 to necessary (16%) at N = 8,000. This mirrors the SNR threshold
in gradient-based learning Ruan [2026a]: when noise scales with system size, the “tur-
bocharger” becomes necessary to maintain signal above the noise floor. The engine (eli-
gibility) never transitions—it is nullifying at all scales. Only the amplification requirement is

scale-dependent.

8.1.3 Connection to the SNR Threshold and the “Dead Phase”

In companion work on linear attention scaling Ruan| [2026a] (data publicly archived, Zenodo DOI
10.5281/zenodo.21875430), we observed that SNR > 1 (target-key gradient signal-to-noise ratio)
accompanied long-range retrieval breakthrough in 14 runs with zero exceptions, and that direction

alignment, not rank, tracks whether the accumulated signal breaks through [Ruan| [2026b]. These
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companion results are cited as motivation, not as load-bearing evidence.

These findings connect to the present work as follows:

e The “dead phase” is trace accumulation below noise floor. In attention scaling, a
long phase of apparent stagnation (loss not decreasing, rank not changing) precedes sudden
breakthrough. We conjecture that during this phase gradient direction accumulates temporal
coherence—cos(g¢, g¢+1) rising while magnitude remains below threshold—corresponding to
the eligibility trace accumulating signal below the SNR = 1 boundary. We state this as
a target for ongoing experiments rather than an established result; preliminary direction-

coherence traces have not yet confirmed it cleanly.

e Breakthrough is the trace crossing threshold. When accumulated coherence exceeds
noise, the self-reinforcing phase transition ignites—rank collapses, loss drops, specialization
emerges. In our spiking network, this corresponds to Gini crossing above the random-init

baseline and beginning its monotonic rise.

e Direction > magnitude. The LRR scaling result (direction alignment cosine 0.64-0.81 for
success vs. 0.14 for failure) parallels our finding that the temporal structure of the trace mat-
ters, not its amplitude. Removing eligibility (destroying temporal coherence) kills emergence;

removing multiplicative amplification (reducing amplitude) does not—at small scale.

The three papers thus form a unified narrative: the companion identifies the threshold (SNR
> 1), the LRR study identifies the quality metric (direction alignment), and the present paper
identifies the mechanism (temporal credit assignment). The mechanism generates the quality; the

quality determines whether the threshold is crossed.

8.1.4 Testable Predictions

The cross-substrate isomorphism yields three falsifiable predictions:

1. SGD: Destroying gradient temporal coherence—by randomizing gradient directions across
time steps while preserving magnitude—should prevent parameter specialization (no emergent
feature selectivity in hidden layers), even with correct learning rate, architecture, and data.

Prediction: final-layer Gini of neuron activation norms remains at random-init level.
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2. Evolution: Eliminating heritability—the genotype-to-phenotype memory bridge—should
prevent speciation regardless of selection pressure. This is partially confirmed by artificial life
experiments where “Lamarckian” inheritance (no persistent genotype) produces adaptation

but not divergence.

3. Scale-dependent accelerant: In SGD, momentum/Adam should transition from non-
essential to necessary as model size increases—precisely mirroring our multiplicative STDP
result. It is widely observed that large language models (> 10? parameters) require adaptive
optimizers (Adam-family Kingma and Bal [2015]), while small models (< 10°) can train with

vanilla SGD—consistent with a scale-dependent accelerant transition.

8.1.5 The Universal Law
We can now state the law in substrate-independent language:

In systems adapting under delayed global feedback, emergent differentiation occurs when
local events persist in a decaying memory readable by the global evaluation signal, and
the persistence window exceeds the action-to-evaluation delay. We claim necessity within
this class and test it by removal; self-organizing systems without any global evaluation

signal (competitive STDP, reaction—diffusion patterning) exist and lie outside this scope.

This is not a metaphor. It is a falsifiable, quantitative statement. In our network the reward is
computed from population activation at every step, and the trace (7. = 20 steps) spans the window
over which recent activity remains readable by it; the window-over-delay condition is tested here at
the zero-window corner (no_ELIG), and a window scan is future work. In SGD with momentum,
the first-moment EMA (m; = Symy—1 + (1—51)g:) plays the analogous memory role, with A = f31;
in evolution, one generation provides the eligibility window. In each case, shortening the window
below the evaluation delay abolishes emergence—our no_ELIG condition is the limiting case where

the window is zero.

8.2 Relation to Synaptic Tagging

Our eligibility trace has a direct biological analog: synaptic tagging and capture [Frey and Mor-

ris [1998]. In biological neurons, a local “tag” is set at active synapses; a delayed global signal
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(dopamine, representing reward prediction error Schultz et al.| [1997]) then selectively consolidates
tagged synapses. Our finding suggests this is not merely one mechanism for plasticity—it is the
necessary engine for emergent differentiation under delayed reward in our system. The tag (eligi-
bility) and the capture signal (reward) are not two components; they are the two halves of a single

temporal bridge.

8.3 Relation to competitive self-organization

Unrewarded STDP alone can produce heavy-tailed weight distributions and neuronal specializa-
tion [Song et al. [2000], Gilson and Fukai [2011], and inhibitory Hebbian/anti-Hebbian variants grow
modular structure without any global reward Bergoin et al.|[2025], and sparse codes can be learned
without any reward at all Olshausen and Field [1996]. Our claim is therefore scoped: the eligibility
trace is necessary for reward-driven emergent differentiation under a delayed global signal—not for
structure formation in general. Whether our additive-STDP parameter region overlaps the regimes

in which plain competitive STDP self-organizes is a question we flag for future work.

8.4 Relation to Reinforcement Learning

The eligibility trace in R-STDP is structurally identical to the eligibility trace in temporal-difference
learning [Sutton| [198§], |Sutton and Barto| [2018], a foundational idea with roots in both reinforce-
ment learning Minsky| [1961] and the hedonistic-neuron hypothesis Klopf| [1982]: both solve the
temporal credit assignment problem (which past actions deserve credit for the current reward?).
That such a trace is required when a delayed global reward must modulate local plasticity is theoret-
ically established in the three-factor-rule literature [Legenstein et al.|[2008], Frémaux and Gerstner
[2016], |Gerstner et al|[2018]. Our contribution is the quantitative anatomy: a controlled ablation
showing which components drive, which bound, and how the boundary shifts with scale—with the

eligibility trace uniquely necessary at every scale tested.

8.5 Honest Limitations

1. Toy network: N = 800-80,000 LIF neurons with random connectivity. Biological networks
have structured topology, multiple neuron types, and neuromodulatory complexity we do not

model.
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. Single reward signal: We use a scalar global reward (population activation). Biological

dopamine is region-specific, temporally complex, and multiplexed.

. Sparsification # function: We measure weight inequality (Gini), not computational per-

formance. Whether sparsification improves information processing is a separate question.

. Cross-substrate analogy # proof: The SGD/evolution parallels are structural analogies,

not experimental validations. The prediction (disrupt temporal bridge — abolish differenti-

ation) is testable but untested in those substrates.

. Scale: N = 80,000 (128M synapses, MetaX C550 GPU) is the largest scale tested, with full

convergence confirmed at 150k steps. Whether the mechanism persists at 10°+ synapses (cor-
tical scale) is unknown, though the 7-scaling hypothesis (§5.4) provides a concrete prescription

for maintaining effectiveness at larger scales.

. Baseline convention: necessity claims are stated on the post-warmup (own-start) baseline;

measured from random initialization, the traceless condition still drifts upward at N=800
(4+0.088), and we report both baselines. An amplitude-matched immediate-modulation con-

trol (removing the trace while preserving update magnitude) is future work.

. Control-condition caveats: the no_.RPE replacement reward carries a positive mean (E[R] ~

+0.35), so its amplification is jointly attributable to brake removal and positive bias (a zero-
mean control is future work); warmup uses condition-specific dynamics, so we report own-start

increments to isolate training-phase effects.

. Hardware: N=800/8,000 on V100, N=80,000 on MetaX C550; cross-hardware consistency

is shown for the headline no_ELIG condition (—0.006 £ 0.001 on both), and FULL differs
slightly between implementations (0.482 V100 vs. 0.509 CPU five-seed), which we attribute

to implementation-level noise rather than the mechanism.

. Convergence wording: the 7=200,000 runs are near-converged at 500k steps (residual drift

+0.008 per 100k); the reported 0.561 + 0.024 is a conservative lower bound.
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9 Conclusion

Emergence requires no miracle. It requires a memory bridge between local action and global
evaluation. In our spiking network, this bridge is the eligibility trace (7. = 20 steps): remove it,
and reward-driven sparsification loses its engine at every scale tested (AGini < 0 on the post-
warmup baseline). Remove the brakes, and the engine runs the system off the rails; remove the
accelerant, and the engine stalls only at scale.

More precisely: the eligibility trace is the necessary engine of reward-driven differentiation
in this system. The brakes (RPE, logistic) are needed to keep the engine from destroying the
system. The turbocharger (multiplicative STDP) is needed at scale. But the engine itself—the
thing that converts local noise into global order—is temporal credit assignment, and nothing else
we tested can replace it. Sufficiency is not claimed: we test necessity by removal, and the minimal
trace-plus-reward construction remains future work.

The broader claim, scoped to systems adapting under delayed global feedback: such systems
need local events to persist long enough for evaluation to bind them. Whether that memory is
called an eligibility trace, a momentum buffer, or a genotype is a matter of substrate. We develop
the theoretical implications of this structure for models of computation in a companion paper |Ruan

[2026¢].
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