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Abstract

We study the reduced portfolio selection problem in the e-contaminated binomial model
of Petturiti and Vantaggi. We give an explicit finite-state construction of a least favourable
probability measure through a strictly convex continuous quadratic knapsack problem over
the contamination class. This construction specializes the least favourable measure frame-
work for robust utility maximization and connects it to established resource-allocation
algorithms. The auxiliary optimizer is independent of both the utility function and the
initial budget. For increasing, strictly concave utility functions satisfying regularity and
boundary conditions, optimal terminal wealth is reconstructed through inverse marginal
utility and a scalar budget equation. For constant relative risk aversion (CRRA) utility,
the budget equation is solved explicitly for every parameter v > 0, including logarithmic
utility when v = 1.

Given the probability vectors, the auxiliary problem can be solved in O(n logn) time by
sorting and scanning, or in O(n) time using median-search algorithms, where n =T + 1.
For every fixed v > 0, CRRA wealth reconstruction also takes O(n) operations. This
procedure avoids the exponential active-set enumeration used in Algorithm 1 of Petturiti
and Vantaggi. We also present an affine-constrained wealth formulation and illustrative
numerical comparisons for v = 2.

Keywords: Portfolio optimization, Uncertainty modeling, Ambiguity, quadratic knap-
sack problem, e-contamination.

1 Introduction and relation to existing work

Petturiti and Vantaggi [11] study dynamic portfolio selection under ambiguity in a binomial
market. Their Theorem 1(ii) establishes that optimal terminal wealth is a function of the
terminal stock price. This allows a reduction from the 27 price paths to the 7'+ 1 terminal
stock-price states. Building on this property, their Theorem 2 provides equivalent formulations
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as a family of linearly constrained concave subproblems and as a single compact formulation.
We take these results as our starting point.

For CRRA utility, Theorem 3 of [I1] characterizes optimal terminal wealth through 7"+ 1

combinatorial subproblems. The resulting procedure is implemented in Algorithm 1 of [I1] by
exhaustive active-set enumeration. Its exponential enumeration cost limits its applicability
to small horizons. Petturiti and Vantaggi also consider an equivalent nonlinear formulation,
their model (19), which they solve numerically to address larger horizons.
In this paper, we give a direct quadratic resource-allocation construction for the reduced
portfolio problem. The auxiliary probability vector is the unique optimizer of a continuous
quadratic knapsack problem over the contamination class. It depends on the reference and
risk-neutral distributions and on the contamination parameter, but not on the utility function
or the initial budget.

For increasing, strictly concave utility functions satisfying the stated regularity and bound-
ary conditions, we reconstruct optimal terminal wealth through inverse marginal utility and a
scalar budget equation. For CRRA utility, including logarithmic utility, the budget equation
is solved explicitly. The same auxiliary solution can therefore be reused across different utility
functions and budgets.

The continuous quadratic knapsack problem is a classical special case of separable convex
resource allocation with a single resource constraint and bound constraints.

Continuous separable resource allocation has a long history. Patriksson [9] surveys multiplier-
search and pegging (that is, variable fixing) methods; Patriksson and Stréomberg [10] provide
algorithmic developments and computational comparisons. Breakpoint search, sorting, me-
dian selection, and variable fixing for continuous quadratic knapsack problems are studied in
Kiwiel [0 [7, 8]. Related pegging methods are developed by Bretthauer and Shetty [4].

The interpretation of the auxiliary vector is grounded in the literature on least favourable
measures. Schied [14] establishes that, when an appropriate least favourable measure exists,
robust utility maximization reduces to expected-utility maximization under that measure.
His framework includes inverse-marginal-utility reconstruction and a characterization through
convex divergences. Bernard et al. [I] further develop the connections between least favourable
measures, stochastic dominance, and robust cost-efficiency.

Our construction specializes this framework to the reduced finite-state contamination
model. The contribution is the explicit identification of a continuous quadratic knapsack
problem whose optimizer yields a utility-independent least favourable measure, together with
the reconstruction of optimal terminal wealth and the resulting algorithmic complexity bounds
for the CRRA family. We verify these properties directly in the finite-state setting. The gen-
eral reduction through a least favourable measure and the resource-allocation algorithms used
to solve the auxiliary problem are established results; the contribution lies in their explicit
connection for the portfolio problem considered here.

Given the probability vectors, the auxiliary problem can be solved in O(nlogn) time by
sorting and scanning, or in O(n) time using Kiwiel’s established median-search algorithms.
For every fixed CRRA parameter v > 0, wealth reconstruction also requires O(n) operations.
Hence, optimal CRRA terminal wealth can be computed in O(n) time.

In contrast, Algorithm 1 of [IT] examines up to n2"~! = (T+1)27T active-set configurations.
The threshold construction avoids this enumeration and computes the same optimal terminal
wealth throughout the CRRA family, including logarithmic utility.

We also introduce an affine-constrained formulation of the wealth optimization problem.
In the special case v = 2, we present preliminary computational results comparing this formu-
lation with our implementation of formulation (19) from [I1]. These experiments are restricted
to the two nonlinear wealth optimization models and should therefore be viewed independently
of the algorithmic complexity results obtained through the quadratic reformulation. Related
applications of e-contamination include randomized reinsurance with a fixed loss marginal, as



studied in [I2]. Their focus is on optimal retention and the impact of ambiguity on the benefits
of randomization, rather than on the resource-allocation construction considered here.

2 Reduced state space portfolio selection problem

The classical multi-period binomial market model (see, e.g., [5], [13]) considers a perfect (com-
petitive and frictionless) market under no-arbitrage, where two basic securities are traded:
a non-dividend-paying stock and a risk-free bond. We consider model (14) in [II], which
seeks an optimal terminal wealth random variable within the set of all wealth outcomes Vp
attainable from a given initial wealth V. For a detailed description of the model, the reader
is referred to formulation (14) in [11].

Let T € N, T' > 1, denote the finite investment horizon, and set n = T + 1. Working
on the reduced state space of terminal stock prices, represent terminal wealth by a vector
x = (x1)}_, € R, where x;, is the wealth associated with terminal state k. Let P = (Py)}l_;
and ¢ = (qr)}_, denote, respectively, the reference and risk-neutral probability distributions
on this reduced state space. The reference distribution reflects the investor’s beliefs about
the stock-price evolution and can be calibrated using historical data, whereas the risk-neutral
distribution is determined by the market parameters through the no-arbitrage condition [IT].
Assume

P, >0, qe > 0, NP=> ar=1, B= 147"V, >o0.
k k

where r is the risk-free interest rate over each period. The feasible wealth set is
X={reR}, :q ==DB}.
For 0 <e < 1, set a = (1 — )Py, and define
W. ={w € R" : wy, > ay, Zwkzl}.
k

For € > 0, the set W; coincides with the contamination class
{1—¢)P+eR:Re A}, An:{RER’}_:Zszl}.
k=1
Indeed, if w € W, then Ry = (wg — ax)/e is nonnegative and

" 1-Y7
Z Ry = 7219_1 Uk =1.
k=1 €

Conversely, every vector w = a + eR with R € A, belongs to W:.
For any increasing utility function U(-), the worst-case expected utility is therefore
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The third equality follows because a convex combination of the values U(xy) is minimized by
concentrating all probability on a state attaining their minimum. The last equality follows
from the monotonicity of U(:). For £ = 0, the same identity holds directly, since Wy = {P}.
Hence, the reduced problem is

sup F(x).
reX

We recall, in our notation, the reduced formulation established by Theorems 1 and 2 of [I1].
The extreme distributions have coeflicients

h
pé ) = ar + 51{k:h}'

For fixed h, define X, = {z € X : x), < z Vk}. Then X = |J,, &) and F(x) = kalgh)U(xk)
on A&}. Then,

sup F(x) = max sup Zplgh)U($k).

zeX h TEX] k
This explains the permutation notation in formulation (18) of [II]: only its first element
matters, and each subproblem has n — 1 ordering inequalities. When the utility function is of
CRRA type, we consider

=
Uy(z) = — 5 (v>0,v#1),  Ui(z) =logz,

1

so that Ul (z) = 277 and U//(z) = —yz~ 771 <0,

2.1 An affine-constrained formulation

For a strictly increasing utility function U(-), introduce an auxiliary scalar variable m > 0
representing a common lower bound on terminal wealth across all states. For 0 < ¢ < 1, the
reduced problem is equivalent to

>0, m>0

max  »_agU(xy) +eU(m)
k

s.t. qTac = B, (2)
m —xp <0, k=1,...,n.

For any fixed feasible wealth vector x, the constraints imply m < ming zp. Since € > 0 and
U(-) is strictly increasing, the objective is maximized with respect to m at m = miny xg.
Thus, at every optimal solution, m equals the minimum terminal wealth. For CRRA utility,
we take U = U,. In particular, for v = 2, minimizing the negative of the objective yields the
equivalent formulation

a €
min _ G(z,m) =Y - 4 —
z>0,m>0 % Tk m
st. ¢z =B, (3)
m—xp <0, k=1,...,n.

Its Hessian is positive definite on the positive domain. Fach ordering constraint involves only
m and one wealth component. For comparison, using our notation, formulation (19) of [11] is

max b
x>0, beER
s.t. C_[T:L‘ = B, (4)
b— ZakU'y(l”k) —eUy(zp) <0, h=1,...,n.

k



This is also a convex optimization problem, after changing the sign of its linear objective.
Both formulations have n + 1 variables and n inequalities; their difference is structural rather
than a reduction in variable or constraint counts.

3 The auxiliary quadratic allocation problem

This section develops the auxiliary quadratic construction and its application to wealth re-
construction. We first characterize the auxiliary optimizer and verify its least favourable
measure property. We then give the finite-dimensional reconstruction for general utility and
derive the explicit CRRA formula. Finally, we describe threshold algorithms and establish
the computational complexity of the CRRA solution procedure.

Consider the (auxiliary) problem

1 w?
. J _ = Wg
s =50
S.t. Zwk:L (5)
k
wg > ay, k=1,...,n.

This problem has a nonempty compact feasible set and a strictly convex objective, hence a
unique optimizer. The feasible set is exactly W..
Proposition 1. Assume 0 < & < 1 and define

a

Pr= H(c) = Xk:(c% — ak)+-

There is a unique solution ¢ > 0 of H(c) = €, and the unique optimizer of i
wy = max{ag, cqx }. (6)

Proof. The function H is continuous and piecewise affine, is zero for ¢ < miny, pg, is strictly
increasing above that value, and diverges to infinity. Thus, since € > 0, the equation H(c) = ¢
has a unique solution, which satisfies ¢ > ming pr. The optimal vector satisfies w* > a and

Zw;:Zak—i-H(c):l—a—i-Ezl.
k k

For the Lagrangian

J(w) + (g we — 1) + Xy ve(ar — wg),
choose n = —c and vy, = (pr — ¢)4+. Then w}/qp +n — vk =0, v > 0, and vg(ax — wi) = 0.
The KKT conditions are sufficient for this convex problem [3] and strict convexity establishes
uniqueness of the solution. O

The auxiliary optimizer also admits an interpretation as a least favourable probability measure.
The following result establishes this property in terms of first-order stochastic dominance,
following the definition of Bernard et al. [I].

Proposition 2. Under the assumptions of Proposition |1, let w* solve (5), and define {5 =
wi/qx. Then, for every nondecreasing function f: (0,00) — R,

Zwif(fﬁ) < Zwkf(ZZ) for every w € W_.
k k

Thus, w* is a least favourable measure with respect to first-order stochastic dominance in the
sense of Bernard et al. [1.



Proof. Set dj, = wj; — ay, = (cqx — ax)+. Then d >0, >, di = €, and dj, > 0 implies ¢} = c.
Consequently,
ST f(6) = S anf(6) + <f(c).
k k

For any w € W, write w = a 4+ ¢R with R € A,,. Since /;; > c and f is nondecreasing,

S wef(G) =D anf() +e>_ Rif(Lh) = > arf(£) +<f (o).
k K K P

The claimed inequality follows. O

Since both ¢ and w are probability vectors,

(wp, — g)? wi wi
— = £ =2 wp+ Y qr = —£ —1.
Thus, problem can also be interpreted as the projection of the risk-neutral probability vec-
tor g onto W, with respect to the weighted norm ||v]|3_1 = 35, v2/qx. This projection is carried
out in probability space, while the corresponding optimal terminal wealth can subsequently
be reconstructed from w* as established in the theorem presented in the next subsection.

Finally, we observe that Kiwiel [6] 7, 8] considers minv{%vTDv —a'v:BTv=R, { <v<ul,
with positive diagonal D. Thus, problem is obtained by taking

D =diag(1/qx), a=0, =1, R=1, (=a, u=1.

The upper bounds are redundant because the components are positive and sum to one. Ki-
wiel’s clipped multiplier formula, with multiplier ¢ = —¢, gives @ at the optimum. The
scalar threshold equation is then a special case of the classical quadratic knapsack multiplier
equation.

3.1 Wealth reconstruction and the CRRA case

The following result specializes Schied’s least favourable measure reduction [14] to the explicit
finite-state construction obtained above. It records the scalar budget equation needed for
general utility and provides the basis for the explicit CRRA reconstruction.

Theorem 3. Assume 0 < e < 1. Let U : (0,00) — R be continuously differentiable, with a
positive and strictly decreasing derivative satisfying

lim U'(z) = +o00, lim U'(z) = 0,
z]0 xToo

and let I = (U")~L.
Let w* solve (9)), and define

i
=T max{p, c}.

There exists a unique \* > 0 satisfying

> al (2:) = B. (7)
k k

The unique optimizer of 18



Moreover,

rp=m* <= pp<c

The auziliary optimizer w*, the threshold ¢, and the minimum-wealth state set are independent
of both the utility function U and the budget B.

Proof. The assumptions on U’ imply that I : (0,00) — (0,00) is continuous and strictly
decreasing, with

lim I(t) = +o0, lim I(t) = 0.
t}0 tToo

A= anl (2)
k k

is continuous and strictly decreasing on (0, c0), and satisfies

lim ®(\) = +o0, lim ®(\) = 0.
AL0 Moo

Consequently, the function

Thus, there exists a unique A* > 0 solving .
The proposed point (x*,m*) is strictly positive and satisfies the budget constraint. Since
£; > c and I is strictly decreasing,

A* A*
=1 >I|— ) =m".
Tk <£*>— (C) m

Equality holds if and only if ¢ = ¢, equivalently pp < c¢. Since H(c) = € > 0, at least one
index satisfies p, < c. Hence, m* = miny, x.
To verify optimality, minimize the negative objective in . The Lagrangian is

L(z,m,\, pu) = Zakak)—eU( )+ Mq'z—B —|—Z,uk m— Tp).

The stationarity conditions are

—apU'(x) + Aqp — . =0,  —eU'(m) + Zﬂk = 0.

Set 3
dy = (cqr — ag)+, tr = 7dk

Then pf > 0 for every k. If py > ¢, then d, = 0 and £} = p;, = a/qy, so

*

g*

apU'(x}) = ap— = Nq.

If pr < ¢, then 2} = m* and dj, = cq; — a, so
* *

arU'(x}) + pf, = g+ ?(ch —ag) = N qg.

Thus, the stationarity conditions with respect to x hold in both cases.

Furthermore,
il
k

where we used H(c) = > dp = e. This proves stationarity with respect to m.
Complementary slackness follows because pj > 0 implies p;, < ¢ and therefore x; = m*.
The proposed point and multipliers satisfy all KKT conditions, which are sufficient for global
optimality. Finally, U’ strictly decreasing implies that U is strictly concave. Since ag > 0 for
every k and € > 0, the objective in is strictly concave in (z,m), establishing uniqueness. [J

7



We observe that the reconstructed wealth vector and the auxiliary probability measure also
satisfy a saddle-point property. Define

n
L(z,w) = Z wiU (k).
k=1
Then
L(z,w*) < L(z*,w*) < L(z*, w) forallz € X, we W,.
Indeed, the reconstruction formula gives
wil'(z) = Nqx, kE=1,...,n.

By concavity of U and the budget constraint,
n
Liz,w*) = L(a*,w") < 3 will (af) (g — )
k=1

= XNq' (z—2%)=0.

For the second inequality, write w* = a + d, where d, = (cqx — ar)+ and >, dy = . Since
di > 0 implies x}, = m*, we have

L(z*w*) =Y apU(x}) +eU(m*).
k=1

Every w € W, can be written as w = a+¢eR with R € A,,. Since 7 > m* and U is increasing,

L(z*,w) > Z arU(x}) + eU(m*) = L(z*, w™).
k=1
Consequently,

max min L(z,w) = L(z*,w*) = min max L(z,w).
zeX weWe weWe zeX

Thus, w* is a worst-case measure for x*, and x* maximizes expected utility under w*.

For general utility, the reconstruction requires the solution of the scalar budget equation @
For CRRA utility, this equation can be solved explicitly.

Corollary 4. Assume 0 < e < 1 and let U = U, with v > 0, including logarithmic utility
when v = 1. Let w* solve (b)), and define

wy Y 1/
zp = () = max{pg,c} /7, D, = quzk.
qk A
The unique optimizer of 18
Bellv

sz
* *
['Y ['Y

Proof. For CRRA utility,
Ul(x) =27, I(t) =t

Equation becomes
()7 D) = ()7 D, = B
k

Hence,

Substitution into gives @ O



Corollary 5. For v =2, let

w*
Dy =Y qry| =
"
The minimum value of is D3/B.

A=A{k:p, <c}, 2, = \/max{pg, c}.

The threshold equation gives

Proof. Let

Z(qu - ak) =&,
keA
and therefore
Z ap +e=c¢ Z qr.-
keA keA

Using ar = qxpr, we obtain

SO € Zkea®hkhE g Gk
L~k Ve Ve k¢A\/Pk
:\/EZQk+ZQk\/pk
k€A k¢A
= Ds.

By (),
* *_DQ ag € _D%
G(:U,m)——B (E +\ﬁ>_B'

p Ck
O

Remark 1. For € = 0, the contamination class reduces to Wy = {P}. In the CRRA case, the
unique optimal terminal wealth is

B(Py/aqi)'"
> 4i(Pji/gi)t

Thus, the solution is obtained directly from the standard CRRA formula.
At the other endpoint, £ = 1, the robust objective reduces to U(ming zy). For any strictly
increasing utility function U, the unique optimal terminal wealth is 23 = B for every k.

Indeed,

xy =

min xg < =
Un zj, < > qwr = B,
k
and equality is attained only by the constant wealth vector.

3.2 Computing the threshold and algorithmic scope

The threshold equation
H(c) = (cqr—ay)y =¢
k
can be solved by specializing classical breakpoint-search methods for the continuous quadratic
knapsack problem.
Sort the ratios pp = a/qx so that



using the same permutation for a and g. Define

k k
A = Z@(i), Qr = ZQ(W P(n+1) = +00.
=1 =1

On the interval [p), p(kt1)]s
H(C) = CQk — Ak

Thus, if the solution of H(c) = ¢ lies in this interval, it is given by

€+ A
Qr

This gives the following sorting-and-scanning procedure.

cp =

Sorting-and-scanning procedure.

Input: positive probability vectors P,q and 0 < € < 1.

1. Set ap = (1 —e) Py and pg = ag/qr for k=1,...,n.

2. Sort the ratios pg in nondecreasing order, applying the same permutation to
a and gq.

3. Initialize A =0 and @ = 0, and set p(, ;1) = +oc.
4. For k=1,...,n:

(a) Update A <= A+ agy and Q + Q + qqr).-

(b) Set c= (e +A)/Q.

(¢) If pry < ¢ < pit1), stop the scan.

5. Return ¢ and wj = max{ay, cqi} in the original state ordering.

The piecewise-affine representation of H guarantees that the scan identifies the unique
solution of H(c) = e. If the solution coincides with a breakpoint, more than one interval may
satisfy the test, without changing ¢ or w*. Sorting requires O(nlogn) operations, while the
scan and reconstruction of w* require O(n) operations. The procedure uses O(n) storage.

Alternatively, Kiwiel’s median-search algorithms [0 [7] solve the auxiliary quadratic prob-
lem in O(n) time without sorting all breakpoints.

Corollary 6. Given the probability vectors P and q, assume 0 < € < 1 and fix a CRRA param-
eter v > 0. The unique optimal terminal wealth can be computed using O(nlogn) operations
by sorting and scanning, or O(n) operations using Kiwiel’s median-search algorithms.

Proof. The auxiliary problem is a continuous quadratic knapsack problem with the coefficients
specified above. Its optimizer is obtained with the stated complexity by the corresponding
threshold method. Once w* is available, computing z;, D,, and all components of z* in
Corollary |4] requires O(n) operations. O

These bounds concern the computation of terminal wealth on the reduced state space, given
the probability vectors. For general utility satisfying the assumptions of Theorem [3] the auxil-
iary quadratic problem and its complexity are unchanged. Wealth reconstruction additionally
requires solving the scalar budget equation (|7)); its computational cost is separate from the
threshold computation.

Compared with Algorithm 1 of [I1], which examines up to n2"~! = (T + 1)27 active-
set configurations, the threshold construction avoids combinatorial enumeration. For CRRA
utility, it yields the same optimal terminal wealth with the complexity stated in Corollary [6]
The auxiliary optimizer and threshold can be reused when the utility function or budget
changes.

10



4 Some computational comparisons

4.1 Instances and implementation

The experiments compare the affine-constrained formulation with our implementation
of formulation (19) in [I1], represented by in our notation. They provide an illustrative
comparison of the two nonlinear wealth formulations, rather than a computational assessment
of the threshold algorithms in Section 3.2. Both models were implemented in AMPL and
solved using BONMIN 1.8.9, with Cbc 2.10.8 and IPOPT 3.12.13. The experiments were run
on a local Windows installation, calling Python 3.11 from MATLAB. BONMIN [2] was used
for both continuous models, with IPOPT [I5] as its nonlinear optimization component.
We reconstruct the META parameter family from [I1] using

147r—d
p=05528, u=10292, d=0.9717, r=1.0508"%" -1, ¢, = %7

with Vp = 1000, e = 0.02, and v = 2. For j =0,...,T (corresponding to index k = j + 1),
T\ . B T\ . iy
Pji1 = <j>p’(1 -, g = <j)Qﬂp(1 — qup)’ .

The implementation evaluates log-probabilities and normalizes each vector to sum to one
before conversion to ordinary floating-point coefficients. It records the number of coefficients
lost to underflow. The recomputed g, ~ 0.49562133495 differs from the rounded value 0.4963
printed in [II]; the experiments must therefore be identified as reconstructed instances, not
exact replications of the original numerical tables.

Both models use y = x/B, giving ¢y = 1. Our affine-constrained formulation uses s = m/B
and objective Y ar/yr + €/s. The minimization representation of uses objective t and
constraints Y, ax/yx + €/yn < t. Initial values are y = 1, with s = 1 or ¢ = 1. Both use a
numerical lower bound 107'° on positive variables. This bound is not part of the economic
model; sensitivity to it remains to be investigated, although no returned wealth component
was at the bound in the reported tests and the reference solution lies above it.

The recorded options are: bonmin.algorithm=B-BB, tol=1e-9, maz_iter=3000, and bon-
min.time__limit=120; AMPL presolve is disabled. Solution times are measured as the elapsed
time of the AMPL solve call, including communication with the solver but excluding data
and model construction. Each model runs in a separate Python process.

4.2 Reference and validation

We compute a numerical reference solution using the threshold characterization of Proposi-
tion [I] and the wealth-reconstruction formula of Corollary [dl Specifically, we approximate the
unique solution of H(c) = ¢ by 100 bisection steps on [0,2], obtaining c¢**f. The normalized
reference wealth vector is then reconstructed as

yref — max{ﬁka Cref}l/’y
k Z] 4 max{pj,cref}l/V’

with v = 2 in the reported experiments. The implementation evaluates the likelihood ratios
in logarithmic form.

Thus, the reference uses the proposed mathematical reduction, with bisection as the nu-
merical method for computing the threshold. It is used to assess the accuracy of the solutions
returned by BONMIN and is not used to initialize the solver.

11



To compare the two formulations using the same criterion, we evaluate the objective

directly from the normalized terminal wealth vector 3 returned by the solver:
~ Q. g

G(y) = - T .~

L Yk MUDE Yk

The relative objective discrepancy with respect to the numerical reference solution is

_1G@) - Gy
EObj - G(yref) :

We also compare the terminal wealth vectors using the maximum relative componentwise
discrepancy and the probability-weighted absolute discrepancy:

Yk _
Eoo:max ﬁ_]‘ 5 Eq:qu‘yk—yzef
k Yy A

We check the feasibility of each returned solution and assess its accuracy. A feasible solution
passes objective validation if Egp; < 1075, and additionally passes statewise validation if
E+ < 1073, Feasibility is checked using tolerances of 10~7 for the budget and inequality
constraints and 10~ for lower-bound violations.

4.3 Illustrative computational comparisons

In order to test formulations and on large instances, the experiment comprises ten
repetitions for each of the two formulations at each horizon T' € {100,125, 250, 500, 1000},
hence 100 attempted runs. These are repeated executions of five fixed instances, not 100
independently generated portfolio instances. The following tables present the results of the
comparison.

T 1B) (s) (19) (s) Time Ratio Objective validation

100 0.152075  0.324415 2.13 both
125 0.156105  0.469250 3.01 both
250 0.185675  2.584850 13.92 both

500 0.225620 65.483500 290.241 (19) only
1000 0.332255 — — neither validated

t The formulation does not meet the objective-accuracy criterion at this horizon.

Table 1: Median solve-call times (seconds) over ten runs per formulation and horizon. The
ratio is the median time for formulation (19) of [11] divided by that for our formulation (3.

T Eovj: (3) / (19) Eq: (3) / (19)
100 2.9049107° / 1.4797107° 1.5442108 / 8.547810°
125 1.3534107% / 8.7397107° 7.4196107% / 4.768910~%
250 7.5825107° / 8.004410~% 3.3013108 / 3.195410~7
500 2.09541076 / 5.1463107% 4.4433107°¢ / 1.515710~7

1000 9.5300107° / — 9.5395107° / —

Table 2: Median relative objective discrepancies Egp,; and probability-weighted wealth discrep-
ancies I/, with respect to the numerical reference solution, over ten runs per formulation and
horizon.

Both formulations satisfy the feasibility and objective-accuracy criteria in all repetitions
for T' = 100, 125,250. At these horizons, the median solve-call time of formulation (19) is
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approximately 2.13, 3.01, and 13.92 times that of formulation , respectively. At T = 500,
formulation is faster but fails the objective-accuracy criterion, whereas formulation (19)
satisfies it. At T = 1000, formulation returns feasible solutions that fail this criterion,
while all runs of formulation (19) reach the external process timeout without returning a
solution.

None of the returned solutions satisfies the prescribed componentwise accuracy criterion.
Thus, a small objective discrepancy does not ensure accurate wealth reconstruction in every
state. Moreover, at T' = 1000, some reference probabilities underflow to zero, so the floating-
point instances differ from the strictly positive probability model assumed in the analysis.
The results therefore illustrate both the structural differences between the formulations and
the numerical limitations of their implementation.

These comparisons concern only the two nonlinear wealth formulations and are separate
from the complexity results in Section [3.2] The numerical reference is obtained through the
proposed reduction, using bisection to compute the threshold. Its computation is not timed
separately. Accordingly, the experiments do not assess the running times of the sorting-and-
scanning procedure or Kiwiel’s median-search algorithms.

5 Conclusions

We have developed an explicit quadratic resource-allocation construction for the reduced
portfolio selection problem in the e-contaminated binomial model. The auxiliary optimizer is
a least favourable probability measure and is independent of both the utility function and the
initial budget. For increasing, strictly concave utility functions satisfying the stated regularity
and boundary conditions, optimal terminal wealth is reconstructed through inverse marginal
utility and a scalar budget equation. This construction specializes the general least favourable
measure framework of Schied [14]. The emphasis is on its explicit finite-state realization and
its connection to continuous quadratic knapsack algorithms. For CRRA utility, the budget
equation is solved explicitly. Consequently, given the probability vectors and for every fixed
~v > 0, optimal CRRA terminal wealth can be computed using O(nlogn) operations by
sorting and scanning, or O(n) operations using Kiwiel’s established median-search algorithms.
The resulting procedure replaces the active-set enumeration of Algorithm 1 in [II], which
examines up to n2" ! = (T + 1)27 configurations, with a single threshold computation and
explicit wealth reconstruction. The same auxiliary solution can be reused across different
budgets and utility functions.

Further research may examine weaker assumptions on utility, identify additional utility
families with explicit budget normalization, and analyze the numerical solution of the scalar
budget equation when no closed-form reconstruction is available.
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