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Abstract 9 

Adaptive networks can exhibit pronounced dependence on dynamical history, but the 10 

mechanisms controlling the extent and organization of this dependence are not fully 11 

understood. Here we study an adaptive Kuramoto network in which the relative rates of 12 

coupling strengthening and weakening are varied while the total adaptation-rate budget 13 

is held fixed. Weakening-dominated adaptation produces a substantially broader history-14 

dependent synchronization interval than symmetric adaptation, whereas strengthening-15 

dominated adaptation strongly suppresses it. Cross-initialization of phase and weight 16 

histories shows that both components influence the final collective state, while a strong 17 

non-additive phase–weight interaction appears in the weakening-dominated regime. This 18 

indicates that the observed history dependence is associated with the joint organization 19 

of phases and adaptive weights rather than with either subsystem alone. Long-time 20 

simulations further show that the resulting low- and high-history regimes remain 21 

macroscopically separated over timescales much longer than the microscopic adaptation 22 

timescales. A reduced mean-field theory links coherence to the fraction of strengthening 23 

edges, yields an adaptive branch relation and fold condition, and identifies an asymmetry-24 

dependent feedback coefficient Γ(�). The resulting Γ2 scaling reproduces the observed 25 

trend in hysteresis suppression without fitting the numerical widths. Together, these 26 

results show how rate asymmetry can regulate both the extent and organization of history-27 

dependent synchronization in adaptive networks. 28 



 

 

Introduction 29 

Synchronization is a canonical example of collective behavior in nonlinear systems. 30 

Populations of heterogeneous oscillators can spontaneously develop coherent 31 

macroscopic motion despite differences in their intrinsic frequencies, and the Kuramoto 32 

model has become a standard framework for understanding this transition [1-6]. On 33 

complex networks, synchronization depends not only on oscillator heterogeneity and 34 

coupling strength but also on connectivity, network heterogeneity, and correlations 35 

between structural and dynamical variables [4,5,7]. 36 

Many natural and engineered systems, however, violate the assumption that 37 

interactions are fixed. In adaptive networks, the states of the interacting units alter the 38 

interaction strengths or topology, while the changing interactions feed back onto the 39 

node dynamics [8-10]. This reciprocal dependence can generate phenomena that are 40 

absent in static networks, including enhanced synchronization, multistability, cluster 41 

formation, desynchronization transitions, and path-dependent collective states [11-18]. 42 

Phase-oscillator networks provide a particularly transparent setting in which to isolate 43 

these mechanisms. Early work showed that phase-dependent plasticity can organize 44 

synchronized clusters and store information in coupling patterns [15-17], while more 45 

recent studies have demonstrated rich bifurcation structures, recurrent synchronization, 46 

dense multistability, and multiple synchronized patterns under adaptive coupling [19-47 

25]. 48 

A key ingredient of many adaptive processes is rate asymmetry. Formation and 49 

dissolution, potentiation and depression, or reinforcement and decay need not occur at 50 

the same rate. Asymmetric adaptation has been shown to reorganize the dynamics of 51 

oscillator networks and can generate recurrent synchronization or complex bifurcation 52 

structures [20,21]. Adaptive feedback can also enhance synchronization or drive abrupt 53 

and explosive transitions with hysteresis [26-32]. These results suggest that asymmetry 54 

is not merely a quantitative perturbation to a learning rule but can change the 55 

macroscopic organization of an adaptive system. 56 

Two mechanistic questions remain important. First, how does the relative rate of 57 

strengthening and weakening control history dependence when the overall adaptation-58 



 

 

rate scale is controlled? Varying one rate while fixing the other changes both the 59 

asymmetry and the characteristic adaptation speed, making their effects difficult to 60 

separate. Second, when the same external parameters support different history-61 

conditioned collective states, where is the retained history encoded? It may reside 62 

predominantly in oscillator phases, in the adaptive weights, or in correlations between 63 

the two. The distinction is important because identical mean coupling strength can have 64 

different dynamical consequences depending on which oscillator pairs carry the 65 

strongest interactions. 66 

Here we address these questions using a sparse adaptive Kuramoto network with a 67 

fixed binary topology and phase-dependent coupling weights. Existing edges strengthen 68 

at rate � when the phase similarity of their endpoints exceeds a threshold and weaken 69 

at rate � otherwise. The asymmetry parameter is � = �/�. We first map the 70 

synchronization landscape and establish a pronounced forward-backward hysteresis. 71 

We then isolate the effect of rate asymmetry by holding � + � fixed while comparing 72 

weakening-dominated, symmetric, and strengthening-dominated adaptation. 73 

Weakening-dominated dynamics strongly broaden the history-dependent regime, 74 

whereas strengthening-dominated adaptation nearly removes it. Cross-initialization of 75 

phase and weight states shows that the most persistent history dependence is non-76 

additive and belongs to the coupled phase-weight configuration. Finally, a reduced 77 

theory connects the coherence-dependent weight response to the Kuramoto self-78 

consistency condition, derives the fold criterion for a hysteretic branch, and explains 79 

why the corresponding feedback weakens as � increases. The model and coherence-80 

coupling feedback are summarized schematically in Fig. 1. The combined numerical 81 

and analytical results identify a simple route by which local asymmetric adaptation 82 

controls macroscopic memory-like behavior in adaptive dynamical networks. 83 

 84 



 

 

 85 

Figure 1 | Adaptive phase-oscillator model and coherence-coupling feedback. a, Oscillators 86 

are connected by a fixed sparse network whose existing edge weights ��
 evolve dynamically. b, 87 

Edges strengthen at rate � when cos(�� − �
) > �� and weaken at rate � otherwise. c, The ratio 88 � = �/� distinguishes weakening-dominated, symmetric, and strengthening-dominated 89 

adaptation. d, Schematic positive feedback in which phase coherence increases the 90 

strengthening-edge fraction, raises effective coupling, and promotes further coherence. 91 

 92 

 93 

Results 94 

Adaptive coupling creates a broad history-dependent synchronization regime 95 

We first characterized the collective dynamics over global coupling strength � and 96 

adaptation-rate ratio � = �/�. In this exploratory scan, � = 0.1 was fixed while � = ��, 97 

so both the rate ratio and the overall adaptation-rate scale varied. The resulting phase 98 

diagram showed a systematic shift of the synchronization transition toward lower � as 99 

strengthening became faster (Fig. 2a-c). The approximate � = 0.5 crossing decreased 100 

from �� ≃ 2.29 at � = 0.01 to 1.77 at � = 0.1, 0.93 at � = 1, and about 0.79 at � = 10 101 



 

 

and 100. Across the scan, the mean coupling weight and synchronization level were 102 

strongly correlated (# ≈ 0.90), consistent with positive feedback between coherence and 103 

adaptive coupling. The corresponding weight landscape, weight variability, �-% 104 

association, and comparison of three transition estimators are shown in Supplementary 105 

Fig. S1. 106 

 107 

 108 

Figure 2 | Global synchronization landscape under adaptive coupling. a, Mean Kuramoto 109 
order parameter ⟨�⟩ across coupling strength � and adaptation-rate ratio � in the exploratory 110 
scan with fixed � = 0.1. b, Across-realization standard deviation of �. c, Representative 111 
synchronization curves at selected �; marker and line-style differences provide redundant 112 
encoding in addition to color. d, Three complementary transition estimators: the � = 0.5 113 
crossing, maximum local slope, and maximum across-realization SD. The exploratory scan 114 
characterizes phenomenology; controlled rate-asymmetry tests at fixed rate budget are shown 115 
in Fig. 4. 116 
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To test whether this feedback produces path dependence, we performed continuation in 118 � for weakening-dominated adaptation (� = 0.01, � = 0.1, � = 0.1). The forward branch 119 

remained weakly synchronized to substantially larger � than the backward branch, 120 

which retained near-complete synchronization as � was reduced (Fig. 3a). The mean 121 � = 0.5 crossing occurred at �↑ ≃ 1.381 in the forward sweep and at �↓ ≃ 0.463 in the 122 

backward sweep, giving a hysteresis width 123 -� = �↑ − �↓ ≃ 0.917. 124 

The largest mean branch separation was approximately 0.890 near � ≃ 0.64, and the 125 

absolute loop area was approximately 1.058. Thus identical external coupling can 126 

support macroscopically distinct synchronization levels depending on the path by which 127 

the adaptive state is prepared. Realization-level continuation curves and the 128 

distributions of crossing locations, loop widths, loop areas, and maximum branch gaps 129 

are reported in Supplementary Fig. S2. 130 

 131 

 132 

 133 



 

 

 134 

Figure 3 | Hysteretic synchronization and relaxation-time robustness. a, Forward and 135 

backward continuation in � at � = 0.1; shaded regions show across-realization SD. b, Absolute 136 

branch separation |�↓ − �↑|. c, Forward and backward branches for /relax = 100, 200, and 400. 137 

d, Forward and backward � = 0.5 crossings versus relaxation time. e, Hysteresis width and 138 

absolute loop area, each normalized to its value at /relax = 100. Persistence of a large residual 139 

loop with increasing relaxation time argues against a purely short-sweep artifact. 140 

 141 

Finite dwell times can generate dynamic hysteresis even in systems with a unique 142 

asymptotic state. We therefore repeated the continuation while increasing the relaxation 143 

time per coupling value from /relax = 100 to 200 and 400 (Fig. 3b-e). The hysteresis 144 

width decreased from approximately 0.941 to 0.819 and 0.792, respectively, while the 145 

backward crossing remained close to � ≃ 0.45. The loop area likewise decreased from 146 0.903 to 0.787 and 0.703, but remained substantial at the longest relaxation time. The 147 

   
                                 

   

   

   

   

   

   
   
    
      
      
      
    
  

 

                     
                     

   
                                 

   

   

   

   

   

  
 

 
  

  
  

 
 

 

               

 

    
                                 

   

   

   

   

   

   

   
    
      
      
      
    
  

 

                       
                         
                       
                         
                       
                         

                     
                                                 

   

   

   

   

   

   

   
    
   
     
    
      

 

                                                                    

            
           

   

   

   

   

   

   

  
  
  
  
  
  
  
  
  
   
  
  
   

 

     
         



 

 

shift of the forward threshold shows that part of the loop is rate dependent, yet the large 148 

residual separation indicates robust history dependence that is not explained by a short 149 

sweep transient alone. 150 

Controlled rate asymmetry reorganizes the hysteretic interval 151 

The exploratory scan does not isolate asymmetry because changing � at fixed � also 152 

changes the total adaptation-rate scale. We therefore imposed a fixed rate budget 153 5 = � + � = 0.2, 154 

and parameterized the two rates as 155 

� = 5�1 + � ,  � = 51 + �. 156 

This protocol keeps the total strengthening-plus-weakening rate fixed while changing 157 

their directional balance. We compared � = 0.1, 1, and 10 using matched network, 158 

frequency, and initial-phase realizations. 159 

The effect on history dependence was pronounced (Fig. 4a-d). For weakening-160 

dominated adaptation (� = 0.1), the low-history and high-history branches crossed � =161 0.5 at �8 ≃ 1.248 and �9 ≃ 0.497, respectively. The corresponding width was 162 -�0.1 = 0.750 [0.721,  0.772], 163 

where brackets denote a bootstrap 95% confidence interval. Symmetric adaptation 164 

retained a substantial history-dependent region but with a smaller width, 165 -�1 = 0.388 [0.373,  0.406]. 166 

For strengthening-dominated adaptation, the two crossings nearly coincided, 167 -�10 = 0.021 [0.011,  0.030]. 168 

Relative to the symmetric case, weakening-dominated adaptation broadened the 169 

interval by a factor of about 1.93, whereas strengthening-dominated adaptation reduced 170 

it to about 5.5% of the symmetric width. The controlled experiment therefore shows that 171 

rate asymmetry regulates the extent of macroscopic history dependence, rather than 172 



 

 

merely shifting a synchronization threshold. Symmetric adaptation still supports 173 

hysteresis; asymmetry determines how strongly that history dependence is expressed. 174 

 175 

 176 

Figure 4 | Adaptation-rate asymmetry controls the history-dependent regime. a-c, Low- 177 

and high-history branches under a fixed rate budget � + � = 0.2 for � = 0.1, 1, and 10. Shading 178 

denotes bootstrap 95% confidence intervals across matched realizations. d, History-dependent 179 

width -� obtained from the low- and high-history � = 0.5 crossings, with matched-bootstrap 180 

95% confidence intervals. e, Relative numerical widths compared with the reduced-theory 181 

scaling @(�)2; the vertical axis is logarithmic. 182 
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Cross-initialization reveals non-additive phase-weight memory 185 

We next asked which component of the adaptive state carries the history. For each 186 

realization, continuation generated a low-history state (A8 ,B8) and a high-history state 187 (A9,B9). We then recombined phases and weights to create four initial conditions: CC =188 (A8 ,B8), CD = (A8,B9), DC = (A9,B8), and DD = (A9,B9). Their final synchronization 189 

levels at � = 0.8 are shown for � = 0.1, 1, and 10 in Fig. 5a-c, with the non-additive 190 

interaction and factorial phase/weight effects summarized in Fig. 5d,e. 191 

 192 

 193 

Figure 5 | Cross-initialization reveals non-additive phase-weight memory. a-c, Final 194 

synchronization across CC, CD, DC, and DD initializations at � = 0.8 for � = 0.1, 1, and 10. 195 

Open symbols show individual realizations and filled symbols show bootstrap means with 95% 196 

confidence intervals. d, Non-additive phase-weight interaction EFG = �99 − �98 − �89 + �88. e, 197 

Factorial weight-history and phase-history effects, defined as the marginal effect of replacing 198 

        
   

   

   

   

   

   

     
     
   
    
      
      
      
    
  

                      

        
   

   

   

   

   

   

     
     
   
    
      
      
      
    
  

                  

        
   

   

   

   

   

   

     
     
   
    
      
      
      
    
  

                    

                     

    

   

   

   

   

   
    
      
      
     
     
      
      
    
    

  

 

         
                   

    

    

    

    

    

    

    

    

    

   
      
      
    
      
     
   
      
     
 

 

              
             



 

 

the corresponding low-history component by its high-history counterpart while averaging over 199 

the state of the other component. Error bars denote bootstrap 95% confidence intervals. 200 

 201 

 202 

In the strongly history-dependent regime (� = 0.1, � = 0.8), the four conditions evolved 203 

to markedly different outcomes: 204 �88 ≃ 0.375, �89 ≃ 0.404, �98 ≃ 0.314, �99 ≃ 0.975. 205 

High-history weights alone therefore did not reproduce the high-history synchronized 206 

state, and neither did high-history phases alone. 207 

To separate the average contributions of the two history components, we calculated the 208 

factorial weight-history and phase-history effects defined in Methods (Fig. 5e). At � =209 0.1 and � = 0.8, both were substantial, with HG ≃ 0.345 and HF ≃ 0.255. Thus both the 210 

adapted weight configuration and the phase configuration influence the final 211 

synchronization level, with a somewhat larger marginal effect of weight history under 212 

these conditions. These effects are marginal rather than independent contributions, 213 

however, because the same regime exhibits a strong non-additive phase-weight 214 

interaction. 215 

The non-additivity of these contributions was quantified by EFG, defined in Methods, 216 

(Fig. 5d). At � = 0.1 and � = 0.8, the interaction was strongly positive, 217 EFG ≃ 0.633 [0.538,  0.736], 218 

where brackets denote a bootstrap 95% confidence interval. A similarly strong 219 

interaction was observed near � = 0.6. Therefore, although both phase and weight 220 

histories have substantial marginal effects, their combined influence cannot be 221 

represented as the sum of two independent contributions. The strongly synchronized 222 

high-history state depends on their compatible joint organization. 223 

The organization changed with rate asymmetry. At � = 1 and � = 0.8, �88 ≃ 0.749, 224 

whereas �89 ≃ 0.972, �98 ≃ 0.969, and �99 ≃ 0.988. Consistently, the factorial effects 225 

became smaller and nearly equal, HG ≃ 0.121 and HF ≃ 0.118 (Fig. 5e), indicating that 226 



 

 

neither history component clearly dominates in the symmetric regime. The interaction 227 

became negative (EFG ≃ −0.204), consistent with saturation near � = 1: once either 228 

high-history component moves the system close to strong synchronization, little 229 

dynamic range remains for the second component to add independently. At � = 10, all 230 

four conditions converged to approximately the same strongly synchronized state (� ≃231 0.988), and both factorial effects approached zero (Fig. 5e), consistent with the near-232 

complete loss of sensitivity to preparation history. 233 

This behavior motivates a relational interpretation of memory. A high mean weight is not 234 

sufficient if strong edges are no longer associated with phase relationships compatible 235 

with the synchronized state. A natural macroscopic quantity is therefore the phase-236 

weight alignment 237 I = ⟨��
cos(�� − �
)⟩L , 238 

or, equivalently, the covariance between edge weight and phase similarity. The cross-239 

initialization experiment directly perturbs this correspondence while retaining one 240 

subsystem from the high-history state, explaining why DD can remain distinct from both 241 CD and DC. Consistent with this interpretation, random phase initialization alone does 242 

not generate a clean high/low bimodality (Supplementary Fig. S3), interpolation to the 243 

full high-history weight pattern fails to recover the high state after phase randomization 244 

(Supplementary Fig. S4), conditioned states show substantial perturbation robustness 245 

(Supplementary Fig. S5), and the earlier � = 0.1 cross-initialization scan confirms the 246 

same phase-weight mechanism across several � values (Supplementary Fig. S6). 247 

History-conditioned states remain separated over long times 248 

To determine whether the observed branch separation survives far beyond the 249 

conditioning time, we held low- and high-history states at fixed � for / = 3200 in the 250 

original weakening-dominated regime (� = 0.01, � = 0.1). At � = 0.8, the late-time low-251 

history synchronization was 252 �88 = 0.371 [0.359,  0.383], 253 

whereas the high-history state remained near complete synchronization, 254 



 

 

�99 = 0.989 [0.987,  0.991]. 255 

The paired branch separation was therefore 256 �99 − �88 = 0.618 [0.607,  0.629]. 257 

At � = 1.0, the corresponding values were �88 = 0.446 and �99 = 0.992, giving a 258 

separation of 0.546 with a 95% bootstrap interval of [0.514,0.581] (Fig. 6). 259 

The high-history branch was effectively stationary over the late-time window, with mean 260 

slopes of order 10−8. The low-history branch retained a much smaller but detectable 261 

positive drift, of order 10−5. We therefore describe these states conservatively as 262 

persistent history-conditioned regimes rather than claiming a formal proof of two 263 

asymptotically stable attractors. Importantly, the hold time is much larger than the 264 

microscopic timescales 1/� = 10 and 1/� = 100, so the observed separation cannot be 265 

attributed simply to adaptation not having had time to respond. Per-realization late-time 266 

slopes, blockwise changes, tail �-% relations, and paired DD − CC gaps are shown in 267 

Supplementary Fig. S7. 268 

 269 



 

 

 270 

Figure 6 | Long-time persistence of history-conditioned synchronization. a,b, Bootstrap 271 

mean trajectories and 95% confidence bands for synchronization � and mean edge weight % at 272 � = 0.8. c,d, Corresponding trajectories at � = 1.0. e, Late-time paired branch separation �99 −273 �88 with bootstrap 95% confidence intervals. The high-history branch is stationary to numerical 274 

resolution, whereas the low-history branch shows slow residual relaxation while remaining strongly 275 

separated. 276 

 277 

 278 

Mean-field theory of asymmetry-controlled hysteresis 279 

The numerical results suggest a positive feedback loop: phase coherence increases the 280 

fraction of edges that strengthen, larger weights increase the effective coupling, and 281 

stronger coupling promotes further coherence. We developed a reduced mean-field 282 

             
         

   

   

   

   

   

   

   
    
      
      
      
    
  

          

  
  

             
         

   

   

   

   

   

 
    
    
    
    
      
     

 

          

             
         

   

   

   

   

   

   

   
    
      
      
      
    
  

      

  
  

             
         

   

   

   

   

   

 
    
    
    
    
      
     
 

      

                 

   

   

   

   

   

   

   

   
      
      
    
    
  
 

  
   
 

    
 

 



 

 

description that makes this loop explicit and quantifies how its strength depends on the 283 

rate ratio �. 284 

Let 285 P�
 = D[cos(�� − �
) − ��] 286 

indicate whether an edge is instantaneously in the strengthening state, and let S =287 ⟨P�
⟩L be the fraction of strengthening edges. Neglecting phase-weight correlations at 288 

first, the mean edge weight % = ⟨��
⟩L obeys 289 %̇ = �S(1 −%) − �(1 − S)%. 290 

For fixed S, the stationary response is 291 %eq(S; �) = �S1 − S + �S. 292 

In the incoherent limit, phase differences are uniformly distributed and the strengthening 293 

probability is 294 

S0 = W�X ,  W� = arccos��. 295 

With �� = 0.8, S0 ≃ 0.2048. The corresponding incoherent baseline weight is 296 %0(�) = �S01 + (� − 1)S0. 297 

The factorized theory therefore predicts %0 ≃ 0.025 for � = 0.1, 0.205 for � = 1, and 298 0.720 for � = 10. A useful measure of the available low-to-high coupling range is the 299 

adaptive contrast 300 

[(�) = 1 −%0(�) = 1 − S01 + (� − 1)S0. 301 

Thus [ ≃ 0.975, 0.795, and 0.280 for � = 0.1, 1, and 10, respectively. Weakening-302 

dominated adaptation can therefore separate a weakly coupled incoherent history from 303 

a strongly coupled coherent history over a much larger dynamical range, whereas 304 

strengthening-dominated adaptation maintains substantial coupling even when phases 305 

are disordered. 306 



 

 

To connect this adaptive response to synchronization, we use the degree-normalized 307 

annealed approximation appropriate to the relatively homogeneous Erdős-Rényi 308 

network and write the effective oscillator coupling as 309 \ = �%eq(�; �). 310 

For a symmetric unimodal natural-frequency density ](^) in the rotating frame, the 311 

stationary Kuramoto self-consistency condition can be written as [2,3,33-37] 312 

1 = \∫ cos2`/2
−`/2 a ](\�sina) ea. 313 

This relation defines the effective coupling required to sustain a given coherence, \ =314 f(�). The stationary adaptive branch must satisfy both the oscillator and weight 315 

conditions, giving the central branch equation 316 

�(�; �) = f(�)%eq(�; �) . 317 

This branch equation has a direct mechanistic interpretation: the numerator is the 318 

coupling demanded by the oscillator population to maintain coherence �, whereas the 319 

denominator is the coherence-dependent amplification supplied by adaptation. A fold of 320 

the adaptive synchronization branch occurs when 321 e�e� = 0, 322 

or equivalently 323 elnfe� = eln%eqe� . 324 

Backward bending therefore appears when the adaptive increase of coupling with 325 

coherence is sufficiently strong relative to the intrinsic coupling requirement of the 326 

oscillator population. 327 

Near incoherence, the probability that a random edge lies inside the strengthening 328 

window has the expansion 329 



 

 

S(�) = S0 + S2�2 + h(�4),  S2 = 2sinW�X . 330 

The corresponding adaptive response is 331 %eq(�) = %0 +%2�2 + h(�4), 332 

with 333 %2 = �S2[1 + (� − 1)S0]2, 334 

and hence 335 %2%0 = S2S0[1 + (� − 1)S0]. 336 

The Kuramoto self-consistency relation likewise gives 337 

f(�) = \�[1 + jk�2 + h(�4)],  \� = 2X](0), 338 

where 339 

jk = − ]″(0)2X2](0)3. 340 

For the Gaussian frequency distribution used here, jk = 1/X. Combining the oscillator 341 

and adaptive expansions yields 342 

�(�) = �0[1 − @(�)�2 +h(�4)],  �0 = \�%0, 343 

with the asymmetry-dependent feedback coefficient 344 

@(�) = S2S0[1 + (� − 1)S0] − 1X . 345 

The coefficient decreases strongly across the controlled asymmetries: @(0.1) ≃ 1.97, 346 @(1) ≃ 1.55, and @(10) ≃ 0.34. Positive @ means that the adaptive response initially 347 

grows faster than the intrinsic coupling requirement, so the synchronized branch bends 348 

toward lower external coupling as � increases. This local backward bending is the 349 

ingredient required for a subcritical hysteretic onset. The full parameter dependence of 350 



 

 

%0(�), the adaptive contrast 1 −%0, @(�), and the leading @2 scaling is shown in 351 

Supplementary Fig. S8. 352 

The same result can be expressed using the generic quintic amplitude equation 353 no�̇ = p� + q�3 − r�5 +⋯ ,  r > 0, 354 

with q ∝ @(�). The finite-amplitude branch then undergoes a saddle-node at 355 

pSN = − q24r, 356 

so, provided the higher-order saturation varies more weakly with �, the leading 357 

hysteretic scale obeys 358 -�hyst ∝ @(�)2. 359 

Without fitting the simulated widths, this scaling captures the relative suppression well 360 

(Fig. 4e). Normalized to � = 1, the theory predicts width ratios of approximately 1.62 at 361 � = 0.1 and 0.048 at � = 10, compared with numerical ratios of 1.93 and 0.055. The 362 

factorized closure also predicts that the local backward-bending coefficient ultimately 363 

changes sign at � ≃ 24.7 for the present threshold; because this value lies outside the 364 

controlled numerical comparison, we treat it as a qualitative theoretical prediction rather 365 

than a measured bifurcation point (Supplementary Note S4). 366 

The reduced theory is not an exact bifurcation solution of the sparse adaptive network. 367 

It neglects finite-size fluctuations, higher phase harmonics, degree-weight correlations, 368 

and, most importantly, the phase-weight correlations that become strongest inside the 369 

history-dependent regime. Its value is that it converts the numerical trend into an explicit 370 

competition between the coupling required by the oscillators and the coupling generated 371 

by adaptation. 372 

Phase-weight correlations provide a memory variable 373 

The factorized closure also reveals why a scalar mean weight is insufficient to describe 374 

the strongest memory regime. Averaging the microscopic adaptation equation without 375 

assuming independence between edge weight and strengthening state gives the exact 376 

identity 377 



 

 

%̇ = �S(1 −%) − �(1 − S)% + (� − �)Cov(P,�) . 378 

Because aligned edges are preferentially strengthened, the dynamics naturally 379 

generates Cov(P,�) > 0. For weakening-dominated adaptation (� > �), this correlation 380 

contributes positively to the mean-weight dynamics. For symmetric adaptation (� = �), 381 

the covariance term cancels exactly from the equation for %, while for strengthening-382 

dominated adaptation its contribution changes sign. Thus rate asymmetry affects not 383 

only the scalar weight response but also how correlations between dynamical state and 384 

adaptive coupling feed back onto the collective dynamics. 385 

A continuous measure of this relational organization is 386 I = ⟨��
cos(�� − �
)⟩L  387 

which can be decomposed as 388 I = %⟨cos-⟩L + Cov(�, cos-). 389 

The covariance term distinguishes weight configurations with the same mean % but 390 

different placement of strong edges relative to the phase pattern. This provides a direct 391 

theoretical interpretation of the cross-initialization results: DD preserves the 392 

correspondence between strong edges and compatible phase relationships, whereas 393 CD and DC disrupt one side of that correspondence. The large positive EFG at � = 0.1 is 394 

therefore evidence that the relevant memory variable is not � or % separately, but their 395 

joint phase-weight organization. A two-class edge closure that resolves coherent and 396 

incoherent edge populations makes this correlation mechanism explicit and is 397 

developed in Supplementary Note S5. 398 

Discussion 399 

Our results show that adaptation-rate asymmetry controls the extent and organization of 400 

history-dependent synchronization in an adaptive oscillator network. The main effect is 401 

not the mere existence of hysteresis. Adaptive oscillator systems are already known to 402 

support multistability, abrupt transitions, synchronized clusters, and recurrent 403 

synchronization [15-32]. Rather, the controlled rate-budget experiment demonstrates 404 



 

 

that the direction of asymmetry strongly regulates the parameter interval over which 405 

dynamical history remains macroscopically visible. Weakening-dominated adaptation 406 

nearly doubles the history-dependent interval relative to symmetric adaptation, whereas 407 

strengthening-dominated adaptation almost removes it. 408 

The reduced theory explains this behavior through adaptive contrast and, more 409 

generally, through the branch relation �(�; �) = f(�)/%eq(�; �), which makes the fold 410 

mechanism explicit. Detailed derivations and the higher-order correlation closure are 411 

given in Supplementary Notes S1-S5. Even in an incoherent population, about 20% of 412 

random phase differences satisfy the strengthening threshold used here. If 413 

strengthening is slow relative to weakening, these accidental alignments are insufficient 414 

to maintain large weights, and the incoherent baseline coupling remains very small. A 415 

coherent history, by contrast, can keep many edges persistently inside the 416 

strengthening window and build a strongly coupled state. The adaptive network can 417 

therefore separate low- and high-history trajectories over a large region of parameter 418 

space. When strengthening dominates, the same accidental alignments rapidly build 419 

coupling and decay is slow; the nominally low-history state becomes strongly coupled, 420 

compressing the distinction between histories. 421 

This mechanism is consistent with earlier work showing that activity-dependent weights 422 

can enhance synchronization and generate multiple collective regimes [11-18], and with 423 

recent analyses of adaptive Kuramoto systems in which adaptation produces complex 424 

bifurcation structures, continuum multistability, and finite-size switching phenomena [21-425 

23]. It is also conceptually related to adaptive explosive synchronization, where positive 426 

feedback between coherence and coupling produces abrupt collective transitions [28-427 

32]. The present contribution is to isolate a simple rate-ratio control of this feedback and 428 

connect it quantitatively to the width of the history-dependent regime. 429 

The cross-initialization experiment shows that adaptive history cannot generally be 430 

assigned to phases or coupling weights independently. In the weakening-dominated 431 

regime, both components have substantial marginal effects, but their strong positive 432 

interaction shows that the synchronized history-conditioned state depends primarily on 433 

their compatibility. This supports a relational interpretation of memory: what matters is 434 



 

 

not only how strong the interactions are, but which oscillator pairs carry those 435 

interactions relative to the phase configuration. The covariance term in the reduced 436 

weight dynamics and the alignment variable I provide natural macroscopic 437 

representations of this organization. 438 

Rate asymmetry also changes the organization of this memory. Under weakening-439 

dominated adaptation, phase and weight histories act synergistically; under symmetric 440 

adaptation, they become more redundant because either high-history component can 441 

move the system close to strong synchronization; and under strengthening-dominated 442 

adaptation, sensitivity to either component largely disappears. Thus increasing � 443 

changes not only the width of the hysteretic regime but also how dynamical history is 444 

distributed across the adaptive state. 445 

The notion of memory used here is therefore specific. We do not claim associative recall 446 

or explicit information storage. Memory denotes persistent path dependence: the 447 

current macroscopic state depends on how the adaptive system reached the present 448 

parameter values. In this operational sense, the network retains a dynamical history in 449 

the joint state (A,B). Such relational memory may be relevant more broadly in adaptive 450 

systems where slow interactions and fast states coevolve. In neural settings, 451 

potentiation and depression are well known to be temporally asymmetric [38-42], and 452 

recent modeling work shows that asymmetry in synaptic adaptation can reshape 453 

attractor structure and pathological synchronization [43]. Related studies of adaptive 454 

modularity, heterogeneous adaptation, and cluster synchronization emphasize that 455 

correlations between interaction structure and collective state can organize multiple 456 

dynamical patterns [44-51]. Slow synaptic variables have also been proposed as a 457 

substrate for working memory [52]. The present model is deliberately more abstract, but 458 

it isolates a general physical principle: the balance between reinforcement and decay 459 

can determine whether adaptive feedback preserves or erases macroscopic history. 460 

The relational interpretation also suggests experimentally testable analogies beyond 461 

neural plasticity, although these should be viewed as transfers of mechanism rather 462 

than direct applications of the present model. Reduced power-network models and 463 

droop-controlled inverter microgrids can be written as nonuniform or generalized 464 



 

 

Kuramoto systems [53,54]. In such systems, if controller-mediated effective couplings 465 

adapt to local phase or power mismatch, the present results motivate asking whether 466 

recovery from a disturbance depends not only on the mean control gain but also on 467 

which links carry large gains relative to the phase-angle pattern. The analogy is more 468 

direct in memristive and electronic oscillator networks: memristive elements have been 469 

used to implement adaptive couplings whose conductance evolves with state mismatch, 470 

physical oscillator experiments show phase locking mediated by memristive coupling, 471 

and oscillator ensembles can retain a dependence on the initial states of the coupling 472 

elements [55-57]. Phase-oscillator coordination has likewise been used in robotic 473 

control, from oscillator-based central pattern generators to recent decentralized multi-474 

robot exploration schemes in which locally coupled phases transmit coordination 475 

information [58,59]. At a more abstract level, adaptive-network models of social 476 

influence couple individual states to evolving social ties and show that this feedback can 477 

reorganize consensus and polarization [60,61]. A corresponding social analogy is that 478 

two groups with similar aggregate states and similar overall interaction-strength 479 

statistics could nevertheless respond differently if strong influence relationships are 480 

aligned with different subsets of individual states. Because these social models use 481 

different state variables and often adaptive topology rather than continuous edge 482 

weights, this comparison is a conceptual analogy rather than a direct application of the 483 

present oscillator model. 484 

Across these settings, the clearest general prediction is a distribution-preserving 485 

shuffling test. If history is relational, preserving the instantaneous synchronization level, 486 

the mean coupling weight, and even the full marginal distribution of edge weights while 487 

randomly permuting those weights among edges should alter subsequent dynamics by 488 

destroying the correspondence between coupling strength and pairwise phase relation. 489 

Conversely, reinstating the matched state-coupling configuration should recover a 490 

previous collective regime more effectively than restoring either the dynamical state or 491 

the coupling pattern alone. This also yields a measurable prediction: the alignment 492 

variable Q, or an equivalent weight-state covariance, should carry more information 493 

about subsequent synchronization or recovery than the mean weight alone. Such 494 



 

 

perturbation experiments would directly distinguish relational memory from memory 495 

encoded only in node states or in the marginal distribution of coupling strengths. 496 

The long-time tests strengthen the interpretation of the continuation results by showing 497 

that history-conditioned states remain macroscopically separated far beyond the 498 

microscopic adaptation timescales. The high-history branch is effectively stationary over 499 

the simulated interval, whereas the low-history branch retains a small residual drift. We 500 

therefore interpret the observations as persistent history-conditioned regimes and 501 

robust hysteresis, while avoiding the stronger claim that both branches have been 502 

proven to be asymptotically stable attractors. 503 

Several limitations define the scope of the results. We use a single sparse Erdős-Rényi 504 

topology with } = 500 and fixed binary adjacency. The model therefore concerns 505 

adaptive coupling weights rather than structural rewiring. Quantitative transition 506 

locations can depend on network size, degree heterogeneity, and topology 507 

[4,5,23,36,37]. The hard similarity threshold is chosen for mechanistic transparency; 508 

smooth learning functions may alter quantitative boundaries while preserving the same 509 

positive-feedback logic. In addition, fixing � + � controls the overall rate budget but not 510 

the exact state-dependent relaxation rate, which remains ~G = �S + �(1 − S). Finally, 511 

the factorized theory neglects the very phase-weight correlations that become important 512 

in the strongest-memory regime. A natural next step is a closed low-dimensional 513 

description in terms of (�,%,I) or an equivalent covariance variable. 514 

Despite these limitations, the numerical and theoretical results support a unified 515 

mechanism. Phase coherence changes which interactions strengthen; the resulting 516 

weights alter effective coupling; and rate asymmetry determines how strongly this 517 

feedback distinguishes different histories. Weakening-dominated adaptation creates a 518 

large low-to-high coupling contrast and a broad hysteretic regime, while strengthening-519 

dominated adaptation raises the low-coherence coupling floor and collapses the 520 

distinction between histories. Cross-initialization shows that, where history dependence 521 

is strongest, it is stored in the joint phase-weight configuration rather than in either 522 

subsystem alone. 523 



 

 

Conclusions 524 

In this study, we examined how strengthening–weakening rate asymmetry shapes 525 

history-dependent synchronization in an adaptive oscillator network. By varying the rate 526 

ratio while keeping the total adaptation-rate budget fixed, we found that weakening-527 

dominated adaptation supports a broad history-dependent regime, whereas 528 

strengthening-dominated adaptation strongly reduces it. Cross-initialization experiments 529 

further showed that the resulting dependence on history cannot be attributed to the phase 530 

configuration or adaptive weights independently; instead, it is associated with their joint 531 

organization and with non-additive phase–weight interactions. 532 

The reduced theory provides a complementary mechanistic picture. Coherence changes 533 

the fraction of strengthening edges, which modifies the mean adaptive coupling and feeds 534 

back onto synchronization. This feedback weakens as the strengthening-to-weakening 535 

rate ratio increases, and the resulting asymmetry-dependent coefficient Γ(ρ) captures the 536 

observed trend in hysteresis suppression. Long-time simulations indicate that the low- 537 

and high-history regimes can remain well separated over timescales far exceeding the 538 

microscopic adaptation timescales, while the residual drift of the low-history branch 539 

motivates a cautious interpretation in terms of persistent history-conditioned regimes 540 

rather than proven asymptotically stable attractors. 541 

Taken together, the results suggest that rate asymmetry controls not only the extent of 542 

history dependence but also how that history is organized across the coupled phase-543 

weight state. More generally, the study illustrates how local adaptive rules can regulate 544 

macroscopic path dependence through correlations between dynamical states and 545 

interaction strengths. Extending this framework to heterogeneous adaptation, evolving 546 

topology, and reduced descriptions that explicitly track phase-weight correlations may 547 

help clarify how similar mechanisms operate in broader classes of adaptive dynamical 548 

networks. These results therefore motivate a broader, testable hypothesis: in adaptive 549 

networks, macroscopic memory may reside not in the dynamical states or interaction 550 

strengths separately, but in the correlations that bind them. 551 



 

 

Methods 552 

Adaptive oscillator network 553 

We consider } = 500 phase oscillators on an undirected Erdős-Rényi network with 554 

edge probability Sedge = 0.05. The binary adjacency matrix ��
 is symmetric and fixed 555 

throughout each simulation. Oscillator phases evolve according to 556 

�̇� = ^� + ���∑��

 ��
sin(�
 − ��), 557 

where �� = ∑ ��

  is the degree, � is the global coupling strength, and ��
 = �
� ∈ [0,1] 558 

is the adaptive weight of an existing edge. Degree normalization reduces trivial variation 559 

of local input with node degree. Natural frequencies are independently drawn from a 560 

Gaussian distribution with mean ^0 = 1 and standard deviation �� = 0.1. The common 561 

frequency offset is immaterial to phase differences; theoretical calculations are 562 

performed in the corresponding rotating frame. 563 

The initial weight on every existing edge is ��
(0) = 0.5. Unless a continuation protocol 564 

supplies the initial condition, phases are sampled independently with 0 ≤ ��(0) < 2X. 565 

Phase-dependent weight adaptation 566 

Define edge similarity 567 ��
 = cos(�� − �
). 568 

The weight dynamics are 569 

�̇�
 = {�(1 − ��
), ��
 > ��,−���
, ��
 ≤ ��, 570 

with �� = 0.8. Strengthening therefore occurs for wrapped phase separations smaller 571 

than W� = arccos(0.8) ≃ 0.6435 rad. The asymmetry ratio is � = �/�. Because ��
 572 

remains fixed, the model represents adaptive coupling weights and not structural 573 

rewiring. 574 



 

 

Equations were integrated by an explicit Euler scheme with time step -� = 0.02. At each 575 

step the phase state was advanced and the adaptation rule was then evaluated using 576 

the updated phases. Weights were constrained to [0,1]. Observables were sampled 577 

every 50 integration steps, corresponding to one time unit. 578 

Synchronization was quantified by the Kuramoto order parameter 579 

���� = 1}∑��F��

=1 , 580 

and the mean edge weight by 581 

% = 1� ∑ ��
(�,
)∈L . 582 

Exploratory phase diagram and continuation 583 

The exploratory synchronization map used 30 equally spaced values of � ∈ [0,5] and 25 584 

logarithmically spaced values of � ∈ [10−2, 102]. We fixed � = 0.1 and set � = ��. Each 585 

parameter combination was simulated for / = 200 with five realizations. Because this 586 

protocol changes both rate asymmetry and total adaptation speed, it was used only to 587 

map phenomenology. 588 

Hysteresis was measured by full-state continuation. During the forward sweep, the final 589 (A,B) state at one coupling value was used to initialize the next larger � while retaining 590 

the same natural-frequency vector. The procedure was reversed for the backward 591 

sweep. Transition locations were defined by linear interpolation of the � = 0.5 crossings. 592 

The hysteresis width was -� = �↑ − �↓, and the absolute loop area was computed by 593 

numerical integration of |�↓(�) − �↑(�)|. Relaxation robustness was tested using 594 /relax = 100, 200, and 400 per coupling value with 20 realizations. 595 

Fixed-rate-budget asymmetry control 596 

To separate asymmetry from the gross rate scale, final-control simulations fixed 597 5 = � + � = 0.2 598 

and used 599 



 

 

� = 5�1 + � ,  � = 51 + � 600 

for � = 0.1, 1, and 10. Twenty matched realizations were used at each ratio. The same 601 

network, natural-frequency vector, and realization-specific initial phases were retained 602 

for cross-ratio comparison. Low-history states were generated by increasing � from 0 in 603 

steps of 0.2; high-history states were generated by decreasing � from 3. Each 604 

conditioning step was evolved for / = 200. The principal target range was � =605 0.4,0.6, … ,1.6. 606 

Cross-initialization and long-time tests 607 

For each target parameter set, low- and high-history continuation produced (A8,B8) and 608 (A9,B9). Their components were recombined into CC, CD, DC, and DD conditions and 609 

evolved at identical �, �, topology, and natural frequencies for /hold = 800. The factorial 610 

weight and phase effects were 611 

HG = (�89 − �88) + (�99 − �98)2 , 612 

HF = (�98 − �88) + (�99 − �89)2 , 613 

and their non-additive interaction was EFG = �99 − �98 − �89 + �88. 614 

Long-time persistence was tested in the original � = 0.1 parameterization, with � = 0.01 615 

and � = 0.1, at � = 0.8 and 1.0. Ten matched realizations of low- and high-history 616 

states were held for / = 3200. Late-time means were calculated over the final 100 617 

sampled observations. Linear slopes over the final half of each trajectory were used as 618 

a diagnostic of residual drift. 619 

Reduced mean-field theory 620 

Let P�
 = D[cos(�� − �
) − ��], S = ⟨P�
⟩L, and % = ⟨��
⟩L. The exact edge average of 621 

the microscopic adaptation law is 622 %̇ = �S − �% + (� − �)⟨P�⟩. 623 

The factorized closure ⟨P�⟩ ≃ S% gives 624 



 

 

%̇ = �S(1 −%) − �(1 − S)% 625 

and stationary response 626 %eq(S; �) = �S1 − S + �S. 627 

For fixed S, the relaxation rate toward this response is 628 ~G = �S + �(1 − S). 629 

Under the fixed-rate-budget parameterization 5 = � + �, this becomes 630 

~G(S, �) = 51 + � [�S + (1 − S)], 631 

which clarifies that fixing 5 controls the gross rate budget but does not impose an 632 

identical state-dependent relaxation time. 633 

For an annealed random-edge approximation, define the circular phase harmonics �� =634 ⟨���F⟩. The phase-difference density is 635 

��(-) = 12X [1 + 2∑|��|2∞
�=1 cos(�-)], 636 

so integration over the strengthening window gives 637 

S = W�X + 2X∑ |��|2�∞
�=1 sin(�W�). 638 

Near incoherence, �1 = ���� and higher harmonics enter at higher order, giving 639 

S(�) = S0 + S2�2 + h(�4),  S0 = W�X ,  S2 = 2sinW�X . 640 

For the degree-normalized homogeneous-network closure, the oscillator population 641 

experiences effective coupling \ = �%eq. The stationary Kuramoto self-consistency 642 

condition defines \ = f(�) and therefore the adaptive branch 643 

�(�; �) = f(�)%eq(�; �). 644 



 

 

Expanding this branch near incoherence yields the coefficient @(�) reported in the 645 

Results. Retaining the non-factorized contribution ⟨P�⟩ = S% + Cov(P,�) yields the 646 

exact covariance correction used to interpret phase-weight memory. Full derivations, a 647 

von Mises global closure for S(�), the normal-form calculation, the formal crossover 648 

estimate, and a two-class coherent/incoherent edge model are provided in 649 

Supplementary Notes S1-S5. 650 

Statistical analyses 651 

Across-realization variability is reported using sample standard deviations where 652 

appropriate. For the controlled asymmetry, cross-initialization, and long-time 653 

experiments, confidence intervals were obtained by nonparametric bootstrap 654 

resampling of realizations with 3000 bootstrap samples; intervals correspond to the 655 

2.5th and 97.5th percentiles. Matched contrasts were computed realization by 656 

realization before population averaging. 657 
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The datasets generated and/or analysed during the current study are available from the 659 
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Figure legends 815 

Figure 1 | Adaptive phase-oscillator model and coherence-coupling feedback. a, 816 

Oscillators are connected by a fixed sparse network whose existing edge weights ��
 817 



 

 

evolve dynamically. b, Edges strengthen at rate � when cos(�� − �
) > �� and weaken 818 

at rate � otherwise. c, The ratio � = �/� distinguishes weakening-dominated, 819 

symmetric, and strengthening-dominated adaptation. d, Schematic positive feedback in 820 

which phase coherence increases the strengthening-edge fraction, raises effective 821 

coupling, and promotes further coherence. 822 

Figure 2 | Global synchronization landscape under adaptive coupling. a, Mean 823 

Kuramoto order parameter ⟨�⟩ across coupling strength � and adaptation-rate ratio � in 824 

the exploratory scan with fixed � = 0.1. b, Across-realization standard deviation of �. c, 825 

Representative synchronization curves at selected �; marker and line-style differences 826 

provide redundant encoding in addition to color. d, Three complementary transition 827 

estimators: the � = 0.5 crossing, maximum local slope, and maximum across-realization 828 

SD. The exploratory scan characterizes phenomenology; controlled rate-asymmetry 829 

tests at fixed rate budget are shown in Fig. 4. 830 

Figure 3 | Hysteretic synchronization and relaxation-time robustness. a, Forward 831 

and backward continuation in � at � = 0.1; shaded regions show across-realization SD. 832 

b, Absolute branch separation |�↓ − �↑|. c, Forward and backward branches for /relax =833 100, 200, and 400. d, Forward and backward � = 0.5 crossings versus relaxation time. 834 

e, Hysteresis width and absolute loop area, each normalized to its value at /relax = 100. 835 

Persistence of a large residual loop with increasing relaxation time argues against a 836 

purely short-sweep artifact. 837 

Figure 4 | Adaptation-rate asymmetry controls the history-dependent regime. a-c, 838 

Low- and high-history branches under a fixed rate budget � + � = 0.2 for � = 0.1, 1, and 839 10. Shading denotes bootstrap 95% confidence intervals across matched realizations. 840 

d, History-dependent width -� obtained from the low- and high-history � = 0.5 841 

crossings, with matched-bootstrap 95% confidence intervals. e, Relative numerical 842 

widths compared with the reduced-theory scaling @(�)2; the vertical axis is logarithmic. 843 

Figure 5 | Cross-initialization reveals non-additive phase-weight memory. a-c, 844 

Final synchronization across CC, CD, DC, and DD initializations at � = 0.8 for � = 0.1, 1, 845 

and 10. Open symbols show individual realizations and filled symbols show bootstrap 846 

means with 95% confidence intervals. d, Non-additive phase-weight interaction EFG =847 



 

 

�99 − �98 − �89 + �88. e, Factorial weight-history effect HG and phase-history effect 848 HF, defined as the marginal effect of replacing the corresponding low-history component 849 

by its high-history counterpart while averaging over the state of the other component. 850 

Error bars denote bootstrap 95% confidence intervals. 851 

Figure 6 | Long-time persistence of history-conditioned synchronization. a,b, 852 

Bootstrap mean trajectories and 95% confidence bands for synchronization � and mean 853 

edge weight % at � = 0.8. c,d, Corresponding trajectories at � = 1.0. e, Late-time 854 

paired branch separation �99 − �88 with bootstrap 95% confidence intervals. The high-855 

history branch is stationary to numerical resolution, whereas the low-history branch 856 

shows slow residual relaxation while remaining strongly separated. 857 
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