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This Supplementary Information provides the detailed analytical derivations and numerical controls underlying the reduced theory and history-dependence results reported in the main manuscript. The main text retains the mechanism-level equations required to interpret the simulations; the derivations below make explicit the approximations, higher-order closures, and auxiliary tests. Throughout,  denotes the scalar mean edge weight, whereas  denotes the full edge-weight matrix.
[bookmark: Xb0a5da2fa23d516048ba2e051bd07d62ac1be35]Supplementary Note S1. Strengthening-edge probability from the phase distribution
The adaptive rule strengthens an existing edge whenever

Define the wrapped phase difference  and the angular threshold

For the value used in the simulations, , so

Let  be the one-oscillator phase density and define its circular moments

Under the annealed random-edge approximation, the phases at the two ends of an edge are independent samples from . The phase-difference density is therefore the circular autocorrelation of ,

Expanding  in circular harmonics gives

The probability that a random edge is in the strengthening state is

and therefore

This expression is exact within the annealed random-edge approximation. The corresponding weight landscape, - association, and transition-estimator diagnostics from the exploratory scan are summarized in Supplementary Fig. S1. In the incoherent state,  for all , giving

Thus approximately  of random phase pairs satisfy the strengthening criterion even in an incoherent population. This nonzero baseline is important: the effect of rate asymmetry is determined not only by what happens in the coherent state, but also by how efficiently accidental alignments can maintain coupling in the incoherent state.
[bookmark: s1.1-small-amplitude-expansion]S1.1 Small-amplitude expansion
Near incoherence,  and higher harmonics are higher order under a smooth unimodal closure. Keeping the first nonzero correction gives

with

For ,  and

[bookmark: s1.2-optional-global-von-mises-closure]S1.2 Optional global von Mises closure
A convenient one-parameter closure for finite coherence is the von Mises distribution

for which

and

The strengthening probability becomes

We use the small- expansion in the main theory because it yields transparent analytic expressions for the onset and fold mechanism without introducing a global fitting ansatz.
[bookmark: X3999ef1e651163ddd1c50b8fef4f159862a6842]Supplementary Note S2. Mean-weight response, adaptive contrast, and relaxation rate
Let

and denote by  the strengthening-edge fraction. Under the factorized approximation , the edge-averaged weight dynamics are

For fixed , this linear equation has the stationary solution

where .
The relaxation rate toward this state is

Under the controlled parameterization

we obtain

Thus fixing  controls the total rate budget but does not make the local weight-relaxation rate exactly identical in every state. This is why the main manuscript describes the protocol as a fixed rate budget, rather than as a strictly fixed adaptation timescale.
At incoherence,

For the three controlled asymmetries,

Since  as , a natural measure of the available adaptive dynamic range is

This gives

The monotonic decrease  provides the simplest explanation for why strengthening-dominated adaptation erases the contrast between low- and high-history states.
[bookmark: Xbbd876a4ef2424406e2de2e81d17ab0af3a2fa1]Supplementary Note S3. Kuramoto self-consistency and the adaptive branch equation
Within the degree-normalized homogeneous-network approximation, the weighted local field is replaced by its population average and the oscillator dynamics reduce to a Kuramoto population with effective coupling

In the rotating frame, the centered natural-frequency distribution is . The stationary self-consistency equation for a partially synchronized state is

This relation defines the effective coupling required to sustain coherence ,

The adaptive fixed point must simultaneously satisfy

so the external coupling along the stationary adaptive branch is

The fold condition is obtained by differentiating:

Since , the fold is equivalently determined by

This equation expresses the mechanism in differential form. The left-hand side measures how rapidly the oscillator population’s coupling requirement rises with coherence. The right-hand side measures how rapidly adaptation supplies additional coupling as coherence grows. A fold becomes possible when adaptive reinforcement overtakes the intrinsic requirement over part of the branch.
[bookmark: X694510f4c88ca0a71b03276ca35bd40b0f82819]Supplementary Note S4. Small-amplitude coefficient, normal form, and formal crossover
From Supplementary Note S1,

Substitution into the stationary weight response gives

where

and

The Kuramoto self-consistency relation has the expansion

with

and

For a Gaussian distribution,

one has  and the expression simplifies to

The adaptive branch therefore becomes

or

with

For the present threshold,

Positive  produces local backward bending. A generic amplitude normal form consistent with this subcritical structure is

where the cubic coefficient has the same sign as  close to onset. Nonzero steady states satisfy

The saddle-node is found by requiring a repeated root in , giving

If  varies more weakly with  than , the leading hysteretic scale obeys

Normalizing to  gives theoretical ratios

and

compared with the numerical ratios  and , respectively.
The factorized onset coefficient formally changes sign when . For  this gives

This should not be interpreted as a numerically established critical rate ratio for the full sparse adaptive network. The estimate follows from the local factorized closure and neglects finite-size effects and phase-weight correlations. Its role is to predict qualitatively that sufficiently strong strengthening dominance eventually removes the local subcritical tendency. The complete  dependence of , , , and  is visualized in Supplementary Fig. S8.
[bookmark: Xdf13967a2a58f0c6cf9b3cef3f8dd6ac10fb647]Supplementary Note S5. Correlation closure and two edge classes
The factorized approximation sets , but the learning rule itself creates correlations between coherence and weight. Averaging the microscopic equation exactly gives

Using

yields

A particularly transparent representation separates edges into currently coherent and incoherent classes. Let

Then

and

Hence the contrast  directly measures phase-weight organization.
To obtain a minimal closed model, suppose edges switch between incoherent and coherent classes with total mixing rate  and transition rates

which preserve the stationary coherent fraction . The class-resolved weight balances are

and

For fixed , the stationary class means are


and therefore

Two limits are instructive. When phase relationships switch very rapidly, , the two classes mix before adaptation can differentiate them and

The system approaches the factorized closure. In the opposite limit, , coherent edges remain coherent long enough to approach  while incoherent edges approach . Phase-weight correlations then become maximal.
A continuous alignment variable is

with decomposition

This motivates a future three-variable closure in  or an equivalent covariance variable. The cross-initialization experiment in the main manuscript directly probes this missing degree of freedom by exchanging phase and weight states independently.
[bookmark: X9477e0b34f378bf35ed5b57aa5bb80df82fa986]Supplementary Note S6. Numerical diagnostics and auxiliary controls
[bookmark: Xae4cb6c754cf09ba2f279d20c9b4337b7f21dcb]S6.1 Exploratory phase-diagram diagnostics
The exploratory phase scan was complemented by diagnostics of the adaptive-weight landscape. Supplementary Fig. S1a,b shows the mean and across-realization variability of the edge weights over the same  plane used for the synchronization diagram. Supplementary Fig. S1c shows the strong association between mean edge weight and synchronization. Supplementary Fig. S1d compares three transition estimators - the  crossing, the maximum local slope of , and the location of maximum across-realization SD. Their close qualitative agreement shows that the transition shift with  is not an artifact of the particular  convention used for compact reporting in the main text.
[bookmark: Xbdb12e1067dcfa0722163d8bfb6d4ed14da0554]S6.2 Realization-level hysteresis statistics
The mean hysteresis loop in the main text summarizes a set of matched realization-level continuation curves. Supplementary Fig. S2a shows the individual forward and backward trajectories together with their means. The forward crossings are consistently larger than the backward crossings for every realization (Supplementary Fig. S2b). The resulting width distribution remains well separated from zero (Supplementary Fig. S2c), and loop area is positively associated with the maximum branch gap (Supplementary Fig. S2d). These realization-level diagnostics show that the hysteresis reported in the main text is not generated by a small number of outlying runs.
[bookmark: s6.3-random-phase-multistability-scan]S6.3 Random-phase multistability scan
To test whether random phase initialization alone generates two clearly separated final states, we fixed the network, natural-frequency vector, and initial weights and varied only the initial phases across 200 realizations for each target coupling. The parameters were , , and .
	
	
	mean 
	SD()
	low fraction
	intermediate fraction
	high fraction
	KDE peak count

	0.6
	200
	0.066
	0.034
	1.00
	0.00
	0.00
	1

	0.8
	200
	0.082
	0.043
	1.00
	0.00
	0.00
	1

	1.0
	200
	0.110
	0.052
	1.00
	0.00
	0.00
	1

	1.2
	200
	0.143
	0.073
	1.00
	0.00
	0.00
	1

	1.4
	200
	0.239
	0.147
	0.86
	0.13
	0.01
	1


The scan does not show clean bimodality generated by random phases alone. Even at , only  of runs reached the high-state classification and the kernel-density estimate remained single-peaked (Supplementary Fig. S3). This negative result supports the interpretation that the relevant history variable is the full adaptive state rather than the instantaneous phase configuration alone.
[bookmark: X322f5a231e0c06901a2844b5616d353aa533474]S6.4 Weight-basin interpolation with randomized phases
To test whether a high-history weight pattern is sufficient for retrieval, we constructed interpolated weights

and combined them with randomized phases. At , 50 realizations were simulated for each . The high-state fraction remained zero for every , including . At , the final mean order parameter was only  despite using the full high-history weight pattern. Supplementary Fig. S4 further shows the associated mean-weight trajectory and the final - distribution. Thus the weight configuration alone is not sufficient to reconstruct the high-history synchronized state after its compatible phase organization is destroyed.
[bookmark: s6.5-perturbation-robustness]S6.5 Perturbation robustness
We further perturbed conditioned low- and high-history states at . Phase perturbations of amplitude , , and  left the high-history survival fraction equal to  in all 50-realization ensembles. Weight perturbations of amplitude , , and  likewise gave high-history survival fraction . The low-history state was more susceptible, with survival fractions between  and  across the nonzero perturbations. Supplementary Fig. S5 reports both survival fractions and final synchronization values. These tests show that the high-history state is robust to substantial local perturbations while the low-history state occupies a less rigid region of state space.
[bookmark: X1b6c3c53d782c8c867e980691eaa8e24a5aaca2]S6.6 Cross-initialization across coupling strength
The earlier  cross-initialization experiment was repeated across several coupling strengths to determine whether the separation between weight-history and phase-history effects is specific to a single target . Supplementary Fig. S6a shows the final  for all four , , , and  conditions. Supplementary Fig. S6b,c compares the corresponding weight-history and phase-history memory scores and their difference, while Supplementary Fig. S6d shows the final - relation. The results confirm that the relative contribution of the adaptive-weight history varies across the transition region and that the strongest memory cannot be reduced to mean weight alone.
[bookmark: s6.7-long-time-stationarity-diagnostics]S6.7 Long-time stationarity diagnostics
The long-time test in the main text was supplemented by per-realization diagnostics. Supplementary Fig. S7a shows the late-time slope of  for each branch and target coupling, while Supplementary Fig. S7b reports blockwise changes in . The high-history branch is effectively stationary on the simulated timescale, whereas the low-history branch retains a small positive drift. Supplementary Fig. S7c shows that late-time  and mean weight remain strongly associated, and Supplementary Fig. S7d reports the paired  gap for every realization. These diagnostics motivate the conservative description of the two branches as persistent history-conditioned regimes rather than a formal proof of asymptotically stable attractors.
[bookmark: s6.8-relaxation-time-control]S6.8 Relaxation-time control
The continuation loop was repeated with 20 realizations while increasing the relaxation time per  value. The results were:
	
	
	
	
	absolute loop area

	100
	1.387
	0.446
	0.941
	0.903

	200
	1.266
	0.446
	0.819
	0.787

	400
	1.241
	0.449
	0.792
	0.703


The forward transition shifts with increasing dwell time, but the backward threshold is nearly invariant and a large loop persists. These summary quantities correspond to the relaxation-time panels in main Fig. 3; realization-level hysteresis is reported separately in Supplementary Fig. S2.
[bookmark: X45543e0893a0e2bcbc8450c8da3d749e4ef85d4]Supplementary Table S1. Core simulation parameters
	Parameter
	Meaning
	Value

	
	number of oscillators
	500

	
	Erdős-Rényi edge probability
	0.05

	
	mean natural frequency
	1.0

	
	natural-frequency SD
	0.1

	
	initial edge weight
	0.5

	
	phase-similarity threshold
	0.8

	
	Euler integration step
	0.02

	sampling interval
	observable sampling interval
	1 time unit

	
	final-control rate budget
	0.2

	
	controlled asymmetry ratios
	0.1, 1, 10

	bootstrap samples
	final-control confidence intervals
	3000


[bookmark: supplementary-figure-legends]Supplementary figures
[image: ]
Supplementary Figure S1 | Weight landscape and transition diagnostics across the exploratory phase diagram. a, Mean adaptive weight  over coupling strength  and rate ratio . b, Across-realization SD of . c, Association between mean synchronization and mean edge weight, colored by . d, Comparison of the  crossing, maximum-slope estimator, and maximum-SD estimator of the synchronization transition.
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Supplementary Figure S2 | Realization-level hysteresis statistics. a, Individual forward and backward continuation curves together with their means. b, Paired backward and forward  crossings for each realization; the diagonal marks equality. c, Distribution of realization-level hysteresis widths. d, Relationship between absolute loop area and maximum branch separation.
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Supplementary Figure S3 | Targeted random-phase multistability scan. a, Fractions of low-, intermediate-, and high- outcomes as a function of . b, Final  reported as mean  SD. c, Bimodality coefficient with the conventional  reference line. d, Kernel-density estimates of final , vertically offset for the tested coupling strengths. e, Final - relation at the coupling strength with the largest across-realization variability.
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Supplementary Figure S4 | Weight-basin interpolation with randomized phases. a, High-state fraction versus interpolation coefficient  between low- and high-history weight matrices. b, Final synchronization  (mean  SD). c, Final mean weight . d, Final - distribution colored by . Even  fails to recover the high-history synchronized state when the phase configuration is randomized.
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Supplementary Figure S5 | Robustness to phase and weight perturbations. a,b, State-survival fractions under phase and weight perturbations for low- and high-history states. c,d, Corresponding final synchronization values (mean  SD). The high-history state survives all tested perturbation amplitudes.
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Supplementary Figure S6 | Coupling-strength dependence of cross-initialization at . a, Final  for , , , and  conditions across the tested  values. b, Weight-history and phase-history memory scores. c, Difference between the two scores. d, Final - relation colored by .
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Supplementary Figure S7 | Long-time stationarity diagnostics. a, Distribution of late-time slopes  for low- and high-history branches at  and . b, Blockwise changes in . c, Tail-mean - relation. d, Per-realization late-time separation .
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Supplementary Figure S8 | Reduced-theory parameter dependence. a, Incoherent baseline weight . b, Available adaptive contrast . c, Feedback coefficient ; the dashed vertical line marks the formal factorized-closure crossover . d, Leading-order hysteresis scaling  over the region where .
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